
Uniformly
Hyperfinite Algebras
( UHF - Algebras)
and their classification



Consider the finite - dimensional matrix algebras

Mn (Cl ) : = fnxn matrices over Q}

for ne IN .
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Q : Mn Ccl)→Mm CdfMadd )

a.→ to:)
i
-
E
Uca) = a⑤ . . .①a = a ④ Id
-
d

As a consequence, for any sequence of positive
integers K, .kz, . . . satisfying KntKnt, the IN,
we have an associated sequence

Mie
,

→Me.CO)-Mr, as . . .

of unital * - embeddings .

Throughout we assume kn L Kat , Hn as well .



If we use these embeddings to realize each algebra
as a unital * - subalgebra of the following algebras,
we consider the E - algebra
(un)

x -

A -- A
""

Emr. Cal
where the closure is with respect to the norm .

Definition: A unital E- algebra A is a

UHF - algebra (uniformly hyperfinite)
(strictly)

if there exists a-increasing sequence
(Anti
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E -subalgebras such that
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- dense in A
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since simple finite - dimensional - algebras are



always isomorphic to MnC¢ ) forsome NEIN
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I. Manco

by considering the diagram

=

A
,

→ Ma
,
Cal

Ii te
idea : A

,
Mnlf )

① ping
isomorphous

p y
Az -shaky

v

g
-

are in bijective .

E :

correspondence
.

→

with the linear bases {Wuji; of

Mudd) sat
. Wy , + Want . - - + Wwa,uEIe.



① For every basis {Va,Bagha , of Ma, Ccl )
sat . Vy , t . -
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with Wy , t . - it Um
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By standard nonsense , this extends to

a - isomorphism
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We wish to find a complete invariant of UHF-

algebras .For the sequence w.lu/hzlky -
-
-

we set
Eck! P) = sup { neff,o

: p
"

1kg

for p prime .

for some j EN} E {0,1, . .., -3
"

E
, Ip) is the number of factors of pkn

x
"

in the sequence ( kn )n=i

Example : If kn = 2.3
"

,
then
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qq.gl3) = tx
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The big result is. . .



theorem
! If killed . -

- and billet - - -

are two sequences as described
a bone,

then
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)

if and only if Eun = Een

That is
,
e defines a complete

invariant for UHF - algebras .
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To show the implication Eun, I Een, ⇒ ACMEAdn'

we proceed by showing that UHF algebras can be put in

a standard form .

Define the sequence of integers

qn :-. It, pgminl
" 9km""

n -- lis . . .

where pi, Pz, . . . is an enumeration of the primes .

→ of , lqzlqzl . -
i and Earns Ecqn ,
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,
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Fix any n =L, 2, . .
.

. If Hn =p? ' . . . p.fi,
then kn I off whenever f-Zi, er, . . .,ei .

Thus we can embed
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To show that this is surjective , note that, for each
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,
2
,
. . . I
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,
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,

i. e
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large r .

Reasons : for each j It, . . ., n , we have 2 cases :

① min (n
, Ecrmglpj )) -- n : then Ecruglpj) xn

so there is some r for which pj/ Hr
② min Ln, Ecrmylpj )) = Ecru ,Cpj) :

then Ecru)
( Pg ) ox, so for some ✓

we have pjcknl
"
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Either way, taking
r at least as large

as described for each j
-
- y - - in separately,

we have qnlrnr .

Then in our above diagram we have
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E Att"

,
as desired

.
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We will now show that

Alki± All
"
⇒ Earnt Elen )

To do this, we need a couple of lemmas ;

Lemmond: Let Abe a E-algebra
and ae Asa such that

Ha - a'Ikki

Then F projection pea with



Ha - plktz

Prod : Since the E- algebra generated by
a is abelian

,
it suffices to take

A abelian
,
i.e .

A = Cool), I locally comport,

since Ha - aah at
,

Hausdorff

ke f imUal)
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late Cocks,
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,
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Thus p :=N/g is a projection
in A satisfying
Ha - plhostz

✓

Lemmond : Let p, f be projections
in a unital E-algebra A such that

Hq - pllal
Then there is a unitary UEA
such that g

-

- up it

and Ill -utter Hq -pH

Proof: Set v= I- p - qt2qp



⇒ Vtv = I - Cq - pp
V v
't

= I - (p - ft = v*V

Now Hq -plot ⇒ Ng -pill
"

Hf - p 1124

Which implies EV invertible
.

Hence there is some w e A with

I = wir = Fu w =
vitae

so V has a left & a right inverse,
hence is invertible .

we set u -- VIVI
'

unitary
We check this works :

up = g- p
-
- GV

⇒ put = if
pv*V = v*qV = v'up&
- -



So that p commutes with Ivf,
hence with

hence with

⇒ Up = vlvl
- '
p = vplvl

"

= gullet
'

= gu
⇒ upM*=f

Next, Rea) = I - Cf -pl
'
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So Reta ) = Recut -H
"

= IVI

Hence Ill -uhh HH - ulli - UHH
= 2111 -Recall

I - teh -t
' = 2111 - will

it to- Cgl ]



faulty E 2 Ill - will
= 2 Hf -pH

'

which is the desired

H - all ER Hot - pH ✓

We may now prove the remainder of the theorem .

It remains to show :

(F) Assuming A'
"¥A"! we have Ecm, a.Gen,

Equivalently, we wish to show that

the IN 3-me IN s. t.hn/lm q(ata)

am

To this end, fix n EIN
.
Since each ManCd)

has a unique tracial state, and these States are

preserved by our isometric embeddings I,



we see that Atm has a unique tracial

state E .

Fix p a rank - one projection in Muff ) .

Writing 4
"

for the inclusion

M.no#Eiaans
we see that TQ

"

is a C-racial state on Mince)
,

hence Ill
"

-
- tr . In particular,
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Since Ill
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we may find

MEN and a c- Me! sa
such that
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and
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(this follows from the density of
⇐ Merced) & A
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,
and the fact

that arbitrary elements of Ct - algebras can be
weighty} ? the linear combination of two self

-adjoint )

Then

ya . all -1147al - 4%411
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projection
By lemma① Fg EMadd) sit. Ha - quake .

Hence
,

HITCH -47g ) lls Hittin -4444+114%1-4Tell
< Yg ttz c l

By lemma ②, Fu E Atl
"

unitary with Eq = cute
"

put
.

Letting T
'

denote the unique tracial state on Atl!

we have



I'4mg = E'Cutty
"

put )

= I'(Ictp ) ( since T'tracial )

= Tfp ( since I -- t 't)

= Han

But also I'4m=fmtr , so
I

T'4hq=Efm
Some d -0,4 . - yen

and so
Hnd = em

as desired . ✓

Corollary : There exist an uncountable number

of UHF algebras that are not
* - isomorphic .

Pt : Indeed
, any distinct functions

E. E
'

:{ primes}→ { 0,1, . . . , no}



(with ppl,neap) = Gp.in?lM--° )
define two IIHF algebras that are
not isomorphic . ✓


