
Background : For
any countably

infinite amenable group G,
Ornstein & Weiss

'

87

demonstrated that G- Bernoulli shifts (G
,
K
"

, *G) are completely classified

by the quantity HGH , defined by

Hlk ) = - [ nerd) loyal {✗3)
✗ c- K

'

if IT has a full - measure countable set Vick
,
Hla ) = to otherwise

.

/ Here "

classified
"

is with regards to the relation of being measurably conjugate )

• One wishes to similarly classify other G- systems , for G a countable discrete group ,

by
"

entropy
"

type quantities . Of interest to us here is the das, of G- Bernoulli

shifts for G a ThÉtabdit Sofia group
all groups for today will be this.



A -

ty : Roughly speaking, Sofia groups are groups G for which

"
most of G can mostly be embedded in finite symmetric groups

"

.

Precisely : For MH, let Symlm) be the full symmetricgroup on { 4 . . .,m} .

Let g : G → Symlml be a function (not necessarily a homomorphism ) .

For F E G finite subset
,
let ✓(F)c- {1, -in} be the set of those v such that, for each f.

,
f. c- F.

☐(f) off2) v = off,fz)v and rlf.lv/=rlfz)viff.--fz
"
v thinks that off

If IVCFJI 711 -E) m , then r is an lFapprn to is an injective a

homomorphism
A sofic-approximation.to G is a sequence [ = CHE, , where Tj is an (Fi, E;) - approximation

with Fi E Fit , Hi
, I,Fi=G ,

and lim Ei -0 .

i →no



Finally , G is Sofie if it admits a Sofie approximation .

Remand : G is sofia ⇐ G < ( sylnhdn.mn) )u
"

G is isomorphic f- a subgroup of a metric ultraproduct of

Sym ( m) groups with Hamming distance
"

of interest to us today
The main result

✓of an investigation into entropy invariants for Sofia Bernoulli systems are as follows :

Thy : Let G be Sofie and (ki
,
k
,
)
,
(Kz
, Kz ) be standard Bonet prob. spaces s.t.tt/r.)+Hlkicx .

Then the following are sufficient conditions for HCK. )=H/ki ) :

① (G, K?,k!) and (6,14%1^9) are measurably conjugate ] this is what we'll prove

② G = G
,
✗Gz has no nontrivial normal subgroups , G

,
Gz infinite

,

G. non-amenable
,
and (G

, K.G.vn! ) is OE to (G
,
KI
,
ki' )

③ G ICC property CT) and (GK!, KY) is UNE to (G
,
Ki
,
ki' )



In the case that G is Ornstein , then ⑨ the finiteness assumptions may
be removed

,

⑥ the converses hold . Thus :

Thin : Suppose G is countable
, Sofie, and Ornstein

. Suppose CK , , %)
,

(Knin) are std Borel prob- spaces.

Then : ① ( G, K, ! "F) is visibly conjugate to (G , Ka? KY ) ⇒ 1-14%1=1-11*4

② It G = G, ✗G, inf. countable
,
G
,
non- amen . , and G has no nontrivial finite normal subgrps,

then ( G , K,
"

,n!) OE to (G
,

K?
,
K.GS#Hlkd=Hlrn )

③ If G ICC prop.
E)
,
then ( G, K, ! KY ) v NE lo (G

,
K!
, a.
G) ⇐ Hln

,
) = Hla . )

Rmt : • Ornstein groups must
be countably infinite

• All countably infinite groups are Ornstein (much later)



ThÉ¥rgume_nt : We will first construct a

"

meansof:c entropy,
"

for (G. K ! "G)
with G Sofie

,

WE
,
a)

Sofie I ✓ partition of KG

approximation generates the r- alg .
of K

"

up to null, using
action of G

It will be clear that any measure conjugacy I :(G,
K!
,
K! ) → (G

,
Kim! )

preserves E. and sends such a
"

generating partition
"

✗ of K! to a generating partition

p.tk? .

+ both generating
we will show that, if HlÉÑp) < no

,
then HE,d=hlGp) ,

and we conclude that the quantities hCG, a) are invariants
.

notch ! e)
Finally, if HIK ) ex, we will find a special partition a

, giving ME, ✗a) = Hla) .



Soficentfrpy : We construct Sofia entropy by counting microstates
, which are

"

partitions of {1, . ... m} that

almost match partitions on
KG : abbreviate K

"
= ✗

,

KG =p
(G
, IT

✗ = CA
,
Az
, . . . ) pttn of ✗

• Fix o : G → Symcm) , h unit
- prob' on {! -in } ' ( p= (B, Ba, . . . ) pttn of {!-i}

• For each FEG finite & ¢ : f- → IN
,

denote

A¢ =

f
f Aga, 15¢ = N THI Bola,f-c- F

we set dflx.pl = [ 1µA ¢1 - 4113¢11
¢:F→N

We will be interested in IAP to
,
a : F. a) 1

,

where

A- Plea : F. E) - { ppttnot {1, -in}, ppl = IN , dela,pics}



F E G finite
First, some examples : a-A

, -
) pttnot ✗

• f- = {e}
,
then 13=113

, - I pttn of El, -in}

A¢= A fAqf,4=(4/3) = §, /plAj ) -floe)BjH He

13¢ ←¥,=dH Boat )

⇒ elements of Aplo
, a
:{f}, e) are partitions of {1, -in} r: f- → Symons fanµ,,µg

whose atoms are almost equal in mass to

atoms of ✗
• F-- {f

, f}, then

4=1413) = £ / µ(flAj)^fdA⇐D - ((0111113,1^014)/13*1) /j/E- I

⇒ elements of AP/Ga :{fi
,
f. } , E) are partitions { 1, . . ,m } = .¥Cj,r. such that

• size (f ,lAj)nfz( Aw)) = site ( Cja )
•

•
• Cj ,k = off, ) (Bg) ^ Kfz)(B.=)

,

i.e. ( = HiBV AfDB •



•

☒
" "" = " :

to )

Bj Holtz)Bj

\

# off, , pg nay, ,,,



fofic.eu/-ropy,ct'd--.LetE--GjJj?, be a sofie approximation for G.
Ti : G → Symcm;)

For a finite partition of ✗ , E >0, and FEG finite
,
set

• HIS,a:F, E) = limsupmi-lglAPK.io :F, E) \
i →no

• HIGO : F) =L;¥oHlGa : F. E)

• hCG
,
d) = inf HCGa : F) mean G- entropy of a

FEG

(If ✗ is infinite and 9 Edie .- EX is a sequence of finite pttns refining to 2,

set HIS,✗ : F) = him,- HIE.tn
: F) well - defined )



with Haters

partitions-str-tropyfund-ionsthoneof-o.TK space
Pof msn.ie partitionNot a

prob. Sp. ☒,µ) (up to a.e. equivalence of atoms) admits the following structures :
-

• """""" """" " """" """"" "
"""""""""

§
" """
• Hlavp) = Hca) + Hlpla)

• Order structure :

pea if A c- ✗ FB c- 13 µ(A-B)= 0
• if p c- 8

, HIND ± Http)
• Joining s : ✗ Vp = {An B: Ata, Bep} . at> ✗

F
is cts on P

• (Roblin) metric : dlx, p)=H(✗ Ip)+ Hlplx )
• If F. c- Fz then

df
,
I dfz

• Action by G : g 'd = {YA :Ae✗}

Ital F)a) = - log / E[A×
/F)Cx))

Putting together the joining /G-action : for FEG finite & ✗ c- P
,
set |Hl✗lF)=S×I)hdp

✗
F
= Vfx
f-c-F



Further
, we consider so-called

" S -splittings
"

,
where SEG :P > r is a simp#splitting-0ft

if FseS
, pea s.t.o-xvsp.sc is an E-splittingoff if 72=20

,
. . ,am=r with

✗ in a simple S- splitting of Li , Hi c- {9 . .,m- I} .

If qp have a common S - splitting, then they are said to be 1-equivalent.

The utility of these notions is as follows :

theorem : let G be accountablegroup and SEG a generating set . Let 16,4N be a G-system.

Let P be the space of finite-entropy partitions of ✗.

Suppose f :P→ RuE- no } is upper semi cts and that fcp) = f- (a) whenever

p is an S -splitting of a .

(a) = Meas (f) = Jg - inutlp) up to nulls)Then
,
if a, perp are generating lie . %- inut

we have f-(a) = f-(p)
( Pf is straightforward )



So
,
in order to justify the equality h 14 a) =hlGp ) for a

, p generating,

it suffices to verify the following :

① hCG . ) : P → Ru { - ✗ } is upper semi cts

② h(E. p) = HE,a) if p is a simple S - splitting of ✗ .

We'll check each of these in turn .



HIE,a : Fe) = limsup ⇐ KGIAPI
① Upper semicontinuity of hCG -1 : We first consider the case in

↳" "¥ "'" " ""where all partition are finite and have the same

hllz
,
a) = int HCE,a:F)number of atoms. FEA

-

Suppose ✗ c- P and Papi→ ✗ in CP
,
d) as i → - . By rearranging,

this means (for a - (Ayaz. . . )
, pi = ( Bi, Bi , . . .))

.

f. • Majors;) -0 tf

Then, defining dela, pi ) = [ Ipl Ag)
- plBÉH

,
we have dpla, pit →0 by

¢:F→N

continuity under splittings . By the triangle inequality, for each o, e >o , i20,

A- Pcr,a:F
,
etdp.la/Pi))ZAP(r,pi:F, e)



Then
, for each c > 1

,
since adf.CL,pi ) 7 Et 4=415

) for small e- 0,

Hlf,x:F,cdel4Pi))zH(Go : F
,

e) for saff. small E ,

and hence HIE
,

a :Fic&=cqpiD7H /Gpi :P )

for each c > 1
.

Thus , taking i→a
,

Hlf
,
✗ : F) 7 limsup Hlf,pi: F)

1-→ no

as claimed . Et.



② Invariance of ME
,

. ) under splittings

This takes the form of two lemmas :

④ : If FEG finite and a is an F - splitting of p, then

HIE
,
a : F) c- HCE

, p
: F)

⑥ : For each pop, 1- c- G
,

WE
, pvtp) 7h18, B)

Both ④⑥ will follow from counting microstates.



⑨ : Here FEG finite
,
d is F- splitting of p . Want: Hl Ga : F) c-HIGH F)

We assume find a
, p finite . It suffices to take a =p vf} where FEF

, } -43 .

We want to show that
,
if a has lots of approximating partitions,

then so does P .

The method : show that

→ each approximating partition of ✗ determines an approximating partition of p

→ Any ñ determining a § must be
"

close to
"

a special ñp constructed using a = puts i

thus we can't have too
many
I
giving

a single F



⑨ : Here FEG finite
,
d is F- splitting of p .

We assume find a ,p finite . It suffices to take a =p vf} where FEF
, } -43 .

Then we write
13=113, . . , E) By = U Ai

} = (Xy . .,Xw) i :b Ii)=j
✗ = ( Ai, . . , Au)

and
,
for each 1 Eisai Ai = Bb,,nf✗×,, for some bci)£{4--i}

✗E) c-{ 1
,
. . ,w}

As before
,
this defines a coarsening map

§ :AP(r,a : F.e)→ APG,p : F. e)

LAT ,. . . , A-a) = I → ICI)=p-=/ BT, . . .,B_u)

(
as we cheeked prior, )Éj = ¥bcis=jÑ this is well - defined



If each 1¥45 ) / is small
, then ce conclude

t.APlriaif.dl-EII-H-hecsm.mx/APlgp:r-iYpeAPlqp--r-i)

which is what we're looking for.

Since ✗ = puff let's push } to {4- - in} as well :

} ⇐ P , % B
; E ✗

+↳
for a well-defined to)e{ 1

,
. . ,w } .

Set 5=1×7 . . .tw) by I. = UBigiitcitj
and a-=/AT

,
. .

.

/
A-a) by A-i-BT.ci) ^dfÑxii)

⇒ IN =p



Further
, any other a-

'
c- €115) satisfies

unit. P on Him}→q( AT. OAT ) EE

and hence one gets I
'

from ñ by
"

moving
"

at most TEMT of the elements

of {1
,
. .,M} from one atom to another

.

Thus

I #
"

(f) I ← ( imma)u"" Cech )

and i adding up + taking logs, + using Stirling 's ,

HCE /dit, E) t.2elogz-di-a-zdk.gl#a)+2e1ogu+HlGP:F.4
and for Edo

H({,d : F) EHLE,p:F )



For ✗
, p

not necessarily finite, the full inequality follows by
afnin→✗

, pnf"→p ,
gnf" →g

An = pnvf }n ☒

④ : We wish to show

hCG pvtp ) 2h12, B) TEG

As usual, take PEP to be a finite partition .

Set a := putts = (Ay . . ,Au )

p
- ( By . -

,
Bu )

xcil.gl:) e- { t.su}
Ai = Bai, n t Byci ) injective

assume lay):[a)→[v3'



Surjective;

As before
,
we'll push these partition relations

Some Ai may
be ¢

to the approximating partitions :
Ai = Bali) ^ b- Bye:)

→ Set FEG finite with e,tEF

→ Fix qf>o and 0: G → Symlm) a (F.S ) - approximation to G
, i.e.

if VLF) =

{
c- Ey . -you} : tf,

,
f. c- F , off, ) u-trcf.lu

and self
, )dfz)v= off, f.) u}

then IVLFJI all -8) m
.

→ Define 4:AP( gp : Fuft , E) → APIs, pvpt : F. Et 51ns)

by 445)=I=(AT
, . . ,

A-a)
,

A-i=B⇒^4tByci )



It is very important
that 4 is well-defined

,
but we'll skip it . Instead,

note that 4 is injective : if I = (BT
, . . ,BI # Is

' -115
'

,
E)

then some BJ FBI
4 "

U Ñ
: = UBJ - TAE U Birra)BI=G AT

'

r←[ 4. -yo} i. xci)=w

i. xlifn REG, . . ,u}

so AT =/ AT some i. so 4451=1445 ' )
.

Th"
|AP( o, p : Fuft

, e) I a- lAP( qputp :

Feet 511=1831

for each choice of 45>0 ,
est F G

,
to :G→ syncing
( ES) - app-ox.



Since G is Sofia
, there is some { = { ri }?

,

Sofie approximation with 9- a (F
,
S;) -

approx . for G

with Ossi →0 .

If c > t arbitrary, then

Et 51ft Si E CE for i large
and hence

HK
, p :FuFt , E) s HIE ,pupt:F, cc)

so HIE,p:FoFt ) e HCE, putp : F)



and
, taking an infimum over e. 1-c-FFÉG

gets HIGH EVE
, putp )

when p finite .

Considering chains 13, Epz E-- sp finite , converging top,

we also
get

hlc.pt/hlGputp1

for all pep .

Eh



Finally, we conclude : let S generate G.

→ If a is a simple S - splitting of P ,

i.e. D= put} with TES
,
then

for each FEG finite with + c- F we have

HIE, 2 : F) c- HIE,p
: F)

and hence

HE
,
a) eh IGP)

→ One
may demonstrate that pvtp is an 5-splitting .fi

so similarly
hlfpvtplc-hlqalshlE.pl



→ On the other hand
,

hlhpvtplzhk.is )

and thus
h(E. a) = hCG P)

→ This hCG .) is invariant under simple S - splitting. .

Inducting, we get that

hlc
,
a) =K9p) whenever ✗ i an S-splitting of p



Thus
,
hCG .) : P → E- no}uR is

• upper semicontinuous

• Invariant under S -splittings
and hence h( E. d) = hCG, p) for all generating partitions 2, p

with Hla )+ Hlp) CA .

EA.

Thus
,
if (G. KY, K! ) and (G. K!, *9) are measurably conjugate

and a c- Plk
,
? KY )

are finite -entropy partitions generating
PEPCK!, a! coin the action of G) the f- " o-dy 's

up to null sets
,



Hypotheses :we conclude h(E. a) =h(Gp) .

- (Kj ,Kj) Std Borel

| . Hap , -

It remains to replace hlc.tn/byHlK)hl4plbyHlKd.

To do this
, assuming Hlrn ) < no lie. 3-H' a- K ,

countable , full measure,

HLK, ) = -[ a ,({w}Kgki{
a} <• )reek

'

we set ✗a.
to be the canonical partition of HF :



(9)
} :

die
.

= { ✗K
,
lek

'

oui
"
-

- { eek! :#e) =e }

Then ① ✗a. is generating G- (
G
,
K
,
! " " )

② HE, %) = HIM

and hence HIM is a measure-conjugacy invariant, as long
as it us finite

.



If G is Ornstein
,

"

finiteness of Hla )
"

can be removed; we conclude :

If G is countably infinite + sofia
,
and if (ki

,
k
,
)
,
(Hain )

are std Borel , then

( KY, KY ) elk!, air ) ⇐ Hlm ) = Him)

Et


