


Setting :
• Recall that a I , - factor M with trace e

is said to have propertyGanga if

Hun) new E UCM)
with aunt-O

and Hany -yall,→O Hyatt

( Hzllz := eczz
'T

'")
• A countablegroup

G is said to be innerameabe

if G admits an inner- invariant mean , i.e.

a e ESCALA) such that yoAdy
= 9 for all ge G .

• Thin :[ Effros 19757 If LG is I
,
with Gamma

,

then G inner amenable
.

Does the converse hold?



[Vacs 2009] : No ! We construct the counterexample

by forming G ICC, inner amenable , such that

LG does not have Gamma .

~

Fix Po, pi, Pz , . . . Sequence
of distinct primes .

no

set
Hn:=(¥⇒

'

,

K:' not Hu
=0

Note that A := SLC3.A) Attn

run na k diagonally
we denote by kN = nuHn for each Nao

the finite co- dimensional pieces
of K .

Lastly, we consider the inductive construction

Go:=Kx A



GN↳ Gnn : = Gn *un (Knx-2)

where
kN s th s Kx

= Got GN

and we set G - dim GN
.

Comments :
n←

Icc

^

• .
.
c Keck ,

L K < KAA =GoC Gf Gzc
. . .

with . kn=knn⑤ (PETEY
• Consider a reduued word

µ

. . - *

y
* kin)*g'* . . . E Gµµ=Gw*rwlKn#)

. . .*g*KmoH9nD*g'* . . {8%7%17}
H

• • . *gw
* Co
,
n ) *g- *

. . .

If no, this reduces further. So we can

write words in Gnn as alternating sequences



of nontrivial elements of Gu,# .

We also have the relation

• . . *yW* ( O, n)
#

y
'
* . . .

4

• . • *gt
(Mn ) *y

'
* . . .

I

• . .
*

y
* (o, n) * kg

'
* . . .

But that's
" it

"

.

• Note also kn = Km , ①
Hn
,
so (regarding all sets

as being subsets of G ) Hn a kn and

Hn ^ Kun ={e}

moreover
,

Hn O GN for all Nen :

First
,
for N -- O, Go = KX A clearly

contains Hn as a normal subgroup
abelian

Hnc KO Kxn

Inductively , if Huo Gu and Ntl on
,

then from Gun = GN *kn (KnxEl)



we notice that elements of Hn c kn
"commute across *rn

"

,
and that kn

+ A commuter

with Hu
,
and that g Hng

"
-

- Hn Hy fan .

Hence

( o . . *

g
* Com) * g'* . . . ) Hn (

ooo Lg '5'* (o, -n )*g-
'

*. ..) = Hn

so Hn O GNH as well
.

-
we'll show 3 facts :

⑨ G has ICC

② G is inner amenable

③ LG does not have Gamma .

We show ① first :

terminal
"

For every g
c-Glk,

the set

{ tight :htt is infinite .



We divide into cases depending on where
g

appears in the tower
:

Casely: GE GNH
' GN for some N .

Since Gnu = Gn*rw(KNEE) ,

the elements light are distinct , for distinct htt.

Goofy admits a reduced word representation

g
= . . . * Co,nt*g"* . . . ( perhaps g '=g"Ie)

for some ne#Yo} ; since, for her - {eh,

we have hot KZKN , so

hg
= ht . . . * g' * Co,nS*g"

* a. v)

+ Coo
. *g' * co,nI*g"

* . . .)h

so high
"

-4g for all heMle } .

It follows that tight tight ,
hthtt 't .

Cadets : tf g C- Go ' k , we write

g- ( quote Ken , hate



Then ugh
"

=L- , hhoh
"
)
, her

are all distinct , since d has ICO .

✓

We now show ①, i.e. that G has ICC-

Suppose g te
has finite conjugate

class
.

By the
above
, gtk .

So for some N, ye Kiku
E Gn - ku .

But this in particular means that

GE Gu
*
kn ( Knx #I lkn

has finite conjugacy
class
,
whereas

(o, n)*g* (o, -n ) are all distinct . Intf )
h
.

Thus all gte have ICC . ✓

-
We now show ②

,
that G is inner

amenable.

Embed LG ↳ 1461 by an xse .



Set En = pi
"
[ Sh ELYG)
htHn

[where the kn LG]
-3

Then CK
,
En > = pn-%c4.sn >

= porEl
inHln

butHn

and
cse
,}. > = pi

"
-so .

= I

Take n -N and GE GN . Then

ug3nuj-pn-%fa.hugsnugf-pikf.ie?gng"
=3n

where we use Huo GN .

Thus, for arbitrary gear, the sequence

Huy5nUg* - Ha is eventually 0 .



Thus , for any
F EG finite

,
there is 3. ELZG

with

gneaptllugnuj -Heo and

kn - etsntllhz I - pi"

SO there is no 070 for which

go.af.llugsnuj-3.lk to - M - uhh

and so GnFdl4G) does not have spectral

far thus G is inner amenable.

✓

-
It remains to show③, that LG does not

have Gamma .

By a slight rearrangement, it suffices to show
:

Given (xn) n EULLG ) such that



Hxny
-yxnlh → 0 tyeLG

we must have

Hxn - Tlxn ) - 11/2 → 0

To prove this, we break it up as

thin - Tha ) - Illa E Hxn -full
+ Ryn - Euxnlynlll

¥0

+
It Ecrwlyn ) - Wynn11¥

+ Heyns - l - c-until

for yn
: = EunChay Hn ) .

We analyze each of ⑤
-

separately .

Note that To EB = e
,
so in particular

⑤ =0 always .



⑤ : hot it: G → Ulta) denote the

adjoint rap #g3=ug3ug* .

Then fu : = Xu Se is IT - almost invariant :

High
- 5mHz -_ Hugxnseuj - x. Sell
=H{ugxnuj

- xn} Sell.

= llugxnugf - xnlk
= Hugxn

- xnaglla → 0

In particular, 3. is th) - almost invariant.

Since 1=543,8) has prop . CD,
if P denotes the orthogonal projection in l'G
onto the space of ith) - invariant vectors,

Ksn - Pesa)H→o



Thus, for yn
= Economy kn ) ,

then -fuk → o as n→o⑤

µ
" ""

÷:';÷!



⑤ : we first show that

LG n CLA )
'

= LK -Con )
'

For Kellan CLAY
,
we may

write

X- g§gcgUg (wo - limit)

Then
,
for each heh

, Unix = Xun

x x

Ego. Yanggo.E.cgagnfmult.isseparately no - ok]
"

g€9gh-14g
Thus Cy

-

- ought for
all gfG , heh .

Since G is discrete and , for GEGLK ,
{ high

"
: her} is infinite ,

we must have cg=O HYE G'
K

.



So X -g{way Ug Elk non )
'

,
and hence

(Gr (LN
'

E LK nCLAY ELGIN

as desired .

Thus yn C-LG n CLA)
'

= Ck ncurl
'

so ( in particular) yn
E (LK) , .

To show ⑤ - Kyu - Eceknfynllla→ 0
,

consider

GNH
e GN, F GN *kn ( Knx#)

the canonical generator of the Ef .
Since gun commutes with kN /

Ugm ,
commutes with L kn , so

Ugntiyn Ugt. -yn =Ugµ , lyn
- Ecrwlyntlugiii

+ Ugwu Ecknlfn)Ugfnti
-

Ln



= Ugm , lyn
- Ecrwynthgiii.it Elwyn ) -yn

1¥ c**T

We claim CH
,
(**) orthogonal :

GNH ( K
- kN )grit and K are disjoint

since
Gµ*rw (KnxA) = Gut , ↳ G

since HE fugn, Eun : wekikiugn;]
"

and (**) t LKN

we get txt
,
l**) orthogonal .

Thus 6*3

lhtgnxiynugnn -ynlkzllugn.ly. - EurwYnDugiIHz

> llyn - Eiknlynsllz

So it remains to control



Hagan ynujnn-ynk-Hugm.in Yin -xn
+ ugn.ly.

- Huyton - Lyn -MHz

⇐ Hugmin Ugii , - x.He
→ 0 by des . ofxa

+ Hugnxiyn -Nagin - yn -*Na

tf since Igm,
struts

,

Hxn -yn Ha→ o

and thus

④ = llyn - Elknlynlllz
→0

⑤



⑤ : HEwwynt-elywl.lk
We know yn

= Economy HD
c-CLG)

, .

we will show that, since Io Kw = {e}

and Ecrwcyn) E CKD , ,
→ O

"

Eventful is
in the unit ball of a

UN algebra

that
,
for N large,

is approximately trivial
"

To make this
rigorous,

we use the following
lemma which describes the structure of

LG - CLAY and its subalgebra, :

: Set ( Arie ) to be

the Tracial un algebra
An : = den ⑦ Qu-en ) E Cl

'



with en
,
I-en minimal projections

satisfying zeal = pi
'
.

Set (Az ) : Can
,
e)

Then there is a unique trace -preserving

bijective isomorphism

a : A→ LG nc.LA)
'

satisfying alert = pinyin
In particular, a restricts to a bijection

ultra) → Lknn hrs
'

for each N -



l%fomma2 : Recall from our argument
in IO that LG n CLA )

'

=L kn kn )
'
.

Set Ben :I (Hn ) and define E on Bn

to just be the normalized counting measure
.

Since en c-An has Elen) =p? , we may

view An E Rn by en← Ngo} -

let t denote the action of A on Bn :

(OgHkd
= Fly

-'
x )

for get SoCs.E) ,
x c- Ha = ( Fon# 73

Also set r : A ALK denote the action

Tglux) = Ugx Kahn



The Pontryagin dual HT E Hn
and so the Fourier transform yields a

trace - preserving isomorphism

Ln : Bn → L Hn
H

town )

satisfying the intertwining identity
in 00g

=

4g -groan
"

Fourier transform turns translation into modulation
"

Finally, put ( B, e) : = fine
)

and let A REB diagonally .

The isomorphisms an combine to give



x : B → LK

trace - preserving isom . satisfying
to Og

-

-

qg.gr
ox tget

Notice that, in Go = KYA ,

(oxy
- ' t ) - (yd Is )

-
-

g
- '

Hyo g-
'

T

igx Is)
. ( oxy

-' 5) = yo Cg
- ' 5

So y c-LK commutes
with LA

if and only if rcgytcy
) -y Agen

Pulling
back by a

,
we see that

Lk nuns
'
= at B

"

)
[ fixed-point sabat

of B

Since An e- Bn for each n
,



A = An E Ba -- B
'

a UN subalgebra
- We wish to show that

Afa : A → Lk is an ison . onto

[ KYLA )
'

g by the above
,
we need to

show

B
"

-

- A
.

For he (Hix - -
- x Ha )
,

Ah = Ah , x - -
- XAhn

= U
,

X - - - x Un

with Ug
-

- go} if hj=o
and My = Hg

' {o} otherwise

(SHH aotetraitrdyo- Epa)



Consequently,

ix. in
in

⑦ An
n -1

Taking N →no, we have

B! (E- Bn )
"

=
An -- A

so we're done .

We now show that, for N large tifixed,

HIQ-HEwwlyns-elyntllksm.li .

Since Yu t@N, also Ecqulynle I
'

.

So Eun Yn ) E a
Aw ) by Leann

. 2

and so there exist a sequence



ant Amel )
,

with

Hank Ewwlynl .

Now
,
since pi

'
= Elen) -- EG - Chen) ) ,

and each 1-enzo , and since

EI pi
'
ex

s. that

IInC-pi
' ) converges,

so too does diamantina - en)

converge
to a Cvninimal ) projection fu

with ctfu) -- Iink -pi
')

set en :-.
techs -

for a AD,niAn)



Take b=ag" ,
binary effusion, ↳ Ha - ecas.tl/zE4Ru

'
' ¥.

Recall that ant LEI Aro ) - l Aw) ,
,

Elan) - El Ecrwlynl) -- re ( yn ) ,
so for

any N, n
we how

HEwwcyns-eyns.tl/ze4oen
Which is HIO

,
since Ep -70 as µ -a- .



Thus EO -00

and hence

Axn - axilla -70

implying that LG does not have Gamma,

which is ③ as desired .

So this G is ice
,
inner amenable ,

whole

LG does not have Gamma .


