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Abstract

We prove a small cap decoupling theorem for the parabola over a general non-Archimedean
local field for which 2 # 0. We obtain polylogarithmic dependence on the scale parameter R
and polynomial dependence in the residue prime, except for the prime 2 for which the polynomial
depends on degree. Our constants are fully explicit.

1 Introduction

In this note, we prove that the small cap decoupling theorem for the parabola may be extended to
non-Archimedean local fields K of characteristic different from 2. We do so by first adapting the
“high-amplitude wave envelope estimate” of [16]. In addition to recovering the desired power law in
the scale parameter, we also obtain a fully explicit subpolynomial factor whose scale dependence is of
the form (log R)°") with O(1) explicit and not too large, and whose dependence on K is polynomial
in the order of the residue field.

We recall the standard formalism of small cap decouplings, adapted to the non-Archimedean
context. Let R > 1 be in the range of | - |k (the absolute value on K), and write Az—1(P!) for the set

{(z,y) eK?: |z <1, [y — 2% < R}

Here we write P! for the truncated parabola {(z,2%) € K? : |z| < 1}. If O = {z € K : |z| < 1} is
the closed unit ball, and 8 € [%, 1] is such that R’ also belongs to the range of | - |k, then we write
P(O, R~P) for the partition of O into closed balls of radius R~?, and for each I € P(O, R~?) we write
~1 for the set
{(z,y) eK*:z €, ly—2*| <R '}
We will write
Tg(R°Y) ={y:T€PO,R "}

thus, ['g(R™1) is the partition of N1 (P!) into small caps of dimensions R=% x R™L.
For p,q > 1 and R, B as above, we will write D 4(It; B) for the infimal constant such that, for any
Schwartz-Bruhat functlonlﬂ f: K% — C with Fourler support contained in Nz-1(P'), we have

p/q

1oy < Dpg BB | D Il

YELg(R™1)

Here and elsewhere we will write f, for the Fourier projection of f onto .
Our primary goal will be to show the following.

Yi.e. a finite linear combination of indicators of metric balls.



Theorem 1.1 (Small cap decoupling over K). Let p,q > 1 satisfy %4—% <1,R>p*, and B € [%, 1].
Then the small cap decoupling constant satisfies

6

DE(](R’ /B) < = p12(10g R)16+6,3—1 (R/B(pfgfl)*l + Rpﬁ(%*%)) (11)

(logp)
Here p = pk is defined as:

_)p  Kestends Q, or Fp((t)), p > 2,
© 129 K eatends Qy, [K: Qo] =d

The study of non-Archimedean decouplings was initiated in [6], where a bilinear variant of an
inequality of the form DS‘IQ(R; 1) Sqe (log R)?+¢ was established for ¢ > 2 to achieve good discrete
restriction estimates for the parabola. It was continued in [15], where that author observed many
of the features of non-Archimedean analysis that made it particularly appropriate for the setting of
decoupling. In [13], the current author and Lin generalized the decoupling theorem for the moment
curve to the g-adic setting for each ¢ > n (with n the ambient dimension); the result there may be
extended to any local field of characteristic either 0 or greater than n.

Aside from decoupling, there has been a recent flurry of non-Archimedean Fourier and harmonic
analysis in general; see e.g. |1, |4 |9-11} 14, 17, |19] for a short sampling.

Over the real numbers, small cap decouplings were introduced in [3], and the estimate DEP(R; B) Se
RPGE=1+¢ was proved (with the reasonable interpretation of Dﬁq). The work of [5] established the
real version of the estimate we will show, which is a superlevel set estimate implying sharp bounds on
the D, (R; B) in the regime % + ]% < 1. Substantial work has also generalized the idea of small cap
decouplings to other manifolds, such as that contained in [7] and [8].

Theorem will proved by the following auxiliary estimate.

Theorem 1.2 (Wave envelope estimate). Let f : K2 — C be Schwartz-Bruhat with Fourier support
in Np—1(PY). Then, for any a > 0,

e f@)> o)) <1320 R) Y Y S ) |, zw
sep? UeG, 6Cr

p
R-1/2<s<] diam(7)=s

Here we use the following notation: each U € G is a rectangle of dimensions R x sR, with long
edge in the direction of the normal vector to P! at the center of 7, centered at 0; the set G, is the
subset of the standard tiling of K? by such rectangles for which the following holds:

(1 R
o f St

Here #7 denotes the number of 7 of a particular length for which f, #Z 0. We also write 6 for a generic
cap on P! of dimensions R~/2 x R~

In [16], these wave envelope estimates were refined to include only those envelopes corresponding
to “high-amplitude” components of the various square functions. The latter paper demonstrated that
the wave envelope estimate could also be used to derive the small cap results of [5]. Our argument
closely follows our earlier paper [12], which in turn was an adaptation of the method in [16].

We briefly mention the classification of local fields, to supply examples of the fields we will be
working over. Any nondiscrete locally compact topological field K whose topology is induced by an
absolute value (i.e. a multiplicative norm), is necessarily one of the following:




(a) K=R,C (i.e. the Archimedean cases);
(b) K = Q,, for some prime p, or a finite extension thereof; or
(c) K =TFp((t)), for some prime p and natural n.

We will restrict our attention to cases (b), (c), i.e. the non-Archimedean local fields of characteristic
0, resp. p > 2. The reader will generally benefit from imagining the cases Q,,[F,((t)) with p > 2.

We also mention the utility in tracking dependence on p in the above theorems. Over the reals,
Fourier-analytic methods for counting solutions to Diophantine equations frequently entail a subpoly-
nomial loss in the diameter of the variable set. For instance, the Bourgain-Demeter-Guth resolution
[2] of the main conjecture of Vinogradov’s mean value theorem shows the particular result

Jor(A) S diam(A)°(A° + A2 zkk+1)

whenever A C Z has #A = A. Here we use the usual notation of
S
JorlA) = #{ (nm) € A2 Y n] —m] = 0,¥1 < j < k.
=1

for each s,k € N. If we instead use the p-adic decoupling theorem for the moment curve (Theorem
6.1 of [13]), we obtain the alternate estimate

Jsk(A) Spe 0p(A) (A + A2S_%k(’€+1)).

Here 0,(A) = min{|n —m|, : n # m € A}, where |- |, is the usual p-adic norm. In particular, if p does
not divide any of the differences n — m (say, if p > max(|n| : n € A)), then the subpolynomial factor
trivializes. However, there are corresponding losses in the choice of prime. Thus, judicious tracking of
the dependence on p, together with number-theoretic considerations, may reduce the dependence on
features of A other than its cardinality. See 18] for another approach to the same problem.

Next, we record the non-Archimedean version of the “block example” of [5], which demonstrates
that the estimate in cannot be extended to any (p,q) with % + % > 1land p > 242371, in

the small cap regime 3 > 3. Let f = fy = > < J~» where 0 is above B(0,R/?) and each f, =
e(cy - )1, rA)x B(0,R); here each ¢y is an arbitrary point chosen from 7. It is quick to see that f, is

supported in =, for each . Then we have
_1
f1p0,r%)xB(0,R2%) = RO 1B(0,rR%)x B(0,R28)
so that
(B-3)

S

1

1
_1.38 4 38
Iflle > R0 (ZHM%’) =
o

If % + % >1and 8> %, then the corresponding ratio exceeds RB(P%*E) P,

Lastly, we discuss the special role of the prime p = 2 in the above; particularly, why we have
excluded the fields Fqa((t)), and why p is much larger for extensions of Q2. In the case of characteristic
2, say K = F,4((t)), by the Frobenius identity (x + )% = 22 +3? we see that P! is contained in a linear
subspace of K?, when the latter is regarded a vector space over Fpa. In particular, linear equations
among the first powers of frequency variables imply corresponding equations among the second powers.

A straightforward computation (working first over even integer exponents, then interpolating and
. . . . . . . F lp_

comparing with the trivial Cauchy-Schwarz bounds) supplies the identity Dpf;((t))( R; %) — rz D,

for any R € 2N and p > 2. One may compare with the proof of the local bilinear restriction estimate

Theorem [2.4] below to see the effect of the size of 2 in K, when 2 # 0 is small.



1.1 Brief overview of method

We discuss the method for proving Theorem We will adopt several temporary notations for the
sake of an intuitive sketch, which will later be abandoned in favor of the technical approach.
The basic decomposition used in the proof of Theorem is the two-part decomposition

=| 16, 0—0=50=]|66".

Here the sets 60%) are understood as follows: if @ is the cap about 0 for simplicity, that is, § =
B(0, R~'/2) x B(0, R™1), such that in particular # = 30 (in our non-Archimedean setting), then for
0< k< N we write 50%) for

(e

=S
=
i

{(x y) €00 : |z| € (R~ R*—l]}, 1<k<N,
{(:c y) €00 : |z < R™ }
Here N ~ log R is an integer. Other §0 will be decomposed similarly; so too for caps of different sizes,

e.g. the 7 of shape R™1Y3 x R=2/3. Thus, the parameter k measures the distance from the center of
the cap. The raison d’étre of this decomposition is the pair of estimates

Z%wm

(writing of course P4 for the Fourier projection onto a set A), valid whenever k£ > 0 and the 7 have

<Z/Z%wﬂ , (1.3)

0CT

diameter d(7) > R%fl; and the pointwise estimate

2 2

= Z Zpaa(k) LA (1.4)

T |0CT

> Psgw[f]
0

valid whenever k& > 0 and the 7 have diameter d(7) > R_%. and are known as the high
and low lemmas, respectively; see Lemmas [2.2] and below. By repeatedly applying estimates of
the form and , together with the usual L* Cérdoba-Fefferman square function estimate, we
find that for each k > ¢ we have that

/’ > Puwlf ‘ Z Z /‘Z%a(m) fI? ‘

T P 0CT

diam(7)=R™ N d1am(7—) RN

See the proof of Prop. below. It remains to analyze the right-hand side. One may observe that

each ‘209 Psox) Ufﬂ’ is constant on rectangles U of dimension R x R'™¥, oriented as stated in
Theorem Thus, for each U,

/‘ZPJ(M) /1] <M ][Z\Pe

Thus, we are done in the special case that (a) there is some £ and k > £such that f = }__ i (r)=r-on5 Proo [f];

and that (b) for each m > £ and each 7 with diam(r) = R~™/N we have that > ocr Psown [|FI7] i
supported on the rectangles in G,. It happens that this special case may be achieved from the general
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one by a pruning procedure on f; that is, an arbitrary input function f is a sum of functions f3
satisfying (a) and (b), plus an inanity fy which is small for trivial reasons.

The argument we follow will put in front the pruned functions f2, and the Fourier decomposition
we sketched above will be expressed in somewhat different language (i.e. the high/low analysis of
square functions). In particular, the decompositions 66 = | | 80) discussed above are not referenced
past this point.

The principal thrust of the argument is equivalent to that of [16] and |12], though translated to
the non-Archimedean setting. This latter stipulation provides many technical advantages, particularly
related to the absence of Schwartz tails. The most visible consequence of this is the removal of many
technical weights that were present in earlier papers. As a corollary, our analysis is relatively simple,
and may be used as a comparative document for those wishing to study the earlier works.

1.2 Initial notation-setting

Let K be a non-Archimedean local field of characteristic not 2, i.e. a nondiscrete totally disconnected
locally compact topological field which is equipped with a complete absolute value | - | inducing the
topology, for which 2 # 0. We normalize |-| by insisting that it is the modular function for K, regarded
as a LCA group. Let V C (0,00) be the range of |- | on the nonzero members of K. Let m C O be
the maximal ideal, and w € m be a uniformizer. Let 7 € N be minimal such that p = |ww|~" satisfies
p > [2|7!. Fix some R € p, and write N = %logp(R). For 0 < k < N, we write R, = p*. Let
a€ (0,R) and U, = {z € Bg: |f(x)| > a}.

Write By = {z € K2 : |z| < T} for each T € Rs. For each k, write P(O, R;;") for the partition
of the unit ball By into metric balls of radius R,;l. It 1 eP(O, R,;l), we will write 77 for the set

T = (a7 a?) + Ma,wn’“ [OQ]’

where a € I is chosen arbitrarily and, for each A € K*,
|1 0 . 9
Ma)\ = |:a 1:| .dlag()\,)\ )

It is quick to see that 77 is independent of a € I. We will write A, x(z) = (a,a?) + M, \(z). We will
also lift the subset partial order C on the set of metric balls I to the associated caps 77, which we will
write as <. Thus,

ICJ < 717 <71y.

We introduce this special notation < to help clarify at various points that the two objects on either
side of the relation symbol are objects of a special type (i.e. caps), rather than arbitrary subsets of
K2.

Let p denote Haar measure on K' and K?; the choice will always be clear from context. We will
let e : K — C be some choice of character such that e(O) = {1} # e(w10). A convenient choice for
Qp and Fy((¢)) would be

e (Z anp"> = exp(2mia_1p™t), N €Z,{an}n €{0,...,p—1}7
n=N

for Q,, and

o
e <Z ant"> = exp(2mia_1p™t), N € Z {ap}n €{0,...,p— 1}~
n=N

for Fp((2)).



With respect to e and p, we understand the Fourier transform to be

i) = /K e(2€) () dpu(x),

for any Schwartz-Bruhat function f: K — C. Functions on K" will be handled similarly.
For I € P(O, R;"), we will write

N,, = M, .diag(w "NV=F) =)

where we make arbitrary choices of a € I. Let Uy, be the image of the set of translates of O? under
N-,; U does not depend on the choice of a. For U € U,,, define the averaging operator Ay by

Aplf] = p(U)™! /U fdu.

We will use the symbol x for the indicator functions of annuli, and put the radius bounds in the
denominator. Thus,

X<r =1 Xor =1lk2\B.  X(r1me] = 1B,,\B,, -

We will use subscripts to denote Fourier projections, e.g. Py[f] = fp, and hereafter omit the
projection operators P4 discussed exclusively in subseection We will write g- =>4, | fol%.

1.3 Overview of remainder of paper

In Section 2, we prove Theorem In the first subsection we state and prove the basic lemmas
that apply to general functions of the prescribed spectral support, which will be the foundation of
our analysis. In the second subsection [2.2] we fix the particular function f and define a pruning
of that function, to define a decomposition f = 3" f5 + (f — fn) + fo into pieces over which the
preceding lemmas may be applied fruitfully. The upshot of that subsection is a set of estimates that
will resolve Theorem [I.2]in the special case of “broad” domination. In the next subsection 2.3] we run
a broad/narrow analysis to conclude a local version of Theorem In the terminal subsection
we prove the full theorem by removing the local assumption. In Section [3] we prove Theorem by
an essentially elementary manipulation of the conclusion of Theorem [1.2

2 Proof of Theorem [1.2|

We begin by establishing a number of technical high/low decomposition results, applicable to a general
Schwartz-Bruhat function f with Fourier support in N—1(P!). Later, we will fix a single f and perform
a pruning procedure, in order to obtain appropriate functions for which the preceding results are useful.

2.1 Technical lemmas
Lemma 2.1 (Low lemma). Let f have Fourier support in Ng-1(P!). For any 1 <m <k < N, and
0<s<k,

B 2 B 2
N O D Dl LR R o
T =Ts

for any Ts.

Proof. Indeed, if 74, # 7, then for each x € 7; and y € 7/, |z —y| > R,;l. Thus, 7, — 7, is disjoint
from BR;L O



Lemma 2.2 (High Lemmas). Let f have Fourier support in Np-1(PY). For any m,k, and | such that
1<m<N,I<k,andk+1I<N,

(a)
/’ZVQ, *X>Rk/R Z/‘ Z | fol® *X>Rk/R‘ ,

0<Ty,

(b)

2,V
/ ‘ Z |f7’k| * X>Rl;il
Tk
Proof. (a): By Plancherel,

/)zg: ‘f0’2 *X\;Rk/R‘Z - /§|>Rk/R ’ Z Z ‘f9’2‘

Tk 9<Tk

2 2
<127 Y [
Tk

The supports of the summands ), <7 | f£’9|2, ranging over distinct 7, are disjoint outside of the ball
Bg, /r- Applying Plancherel, we conclude.

(b): Note that |fr,|? has Fourier support in the set 7, — 7. Suppose that 73 is centered at (t;)
and 7], is centered at y(t2), for some |t; — ta| > [2|71p!=*. Then, if (7, — 7) N (14 — 74) \ BR1;+1Z is

nontrivial, then we may find a solution ai, as, b1, b € O to the system

jar, [az| > p*~ D,

(w”k(al — CLQ), wQUk(bl — b2) + ank(tlal - tgag)) = (07 0)
By the first condition on the second display, a1 = a2. But then
|2 (by — by) + 200" (t1a1 —taaz)| > |2]pF|ay ||ty —ta] — p~2F|by —by| > p~ (TRFE-R=IHIZR) =2k g

By the strict inequality, the leftmost expression is nonzero, contradicting the previous assummption.
Thus, we know that the 7, — 75 can only overlap on @% \ Bp-1 with those 7;, — 75, corresponding
k+1

to time parameters within a distance of |2|~!p/~*. Thus, appealing to Plancherel,

— 2
/‘Z’fT}c‘Q*X>R _/2 Z‘fm?’
Tk QP\BREL

k+l
Tk

2
<1278 Y [ [
Tk

by the Schur test.
O

Proposition 2.3 (Wave envelope bound of high parts). Let f have Fourier support in Nz-1(P') and
1< /¢ < N. Then

< WYY [ 1 x|

k=0 T 9<Tk

Z\fw *X>Rg/R




Proof. We decompose

2 Y
‘ * X>Rz/R

B X (Ry_r /BB /R

k=0+1
2

\*X(R R

k=0+1

Consider the first summand. By the low lemma

2
/ ’ Z ‘fTe|2 * XE/kal/R»Rk/R]’ = / ‘ Z@: |f9‘2 * X{kal/Rka/R}
e

‘ 2

By the high lemma (a) and Plancherel, we have

/’Z’f9| *XRk I/RRk/R]’ <pZ/ Z|f9| *X<Rk/R’ :

0<1,

Next, for each £+ 1 < k < N, by the low lemma

2 2
2 v o 2 \%
/’ 57_[ ‘fTe| *X(R;1’R;711]‘ /’;’ka_1’ *X(R;17R;E1}
—1

By part (b) of the high lemma n

>

Th—1=Ts

2 V
|ka,1| * X(Rﬁlka

<pZ/|fm Jh

Tk—1

By the reverse square function estimate for P, Prop. ﬁ below,

[iralt<2 [ 3

2
5ol

0<Tr_1

We decompose the right-hand side of the resulting inequality:

2 \%
/ ID DR AR

Tk—1=Ts

The first summand is of the desired form.

Z/’ Z |f9|2*X{Rt—1/Rsz/R

Tk—1 9<Tk,1

2 2
<2y [| 3 10f]
Tk—1 0<TE_1
2
=203 [| 3 1P xln n
Tk—1 0<TE_1
2
2
w2 23 | 16 < innn]
k<t<N Tg—1 0<TE_1

Take now k <t < N. By the high lemma,

2/1x

Tt—1

2.V
| fol *X(Rt_l/R,Rt/R]‘ :
0<Tt—1

By Cauchy-Schwarz and Plancherel, we have

Z/‘ Z | fol® *X(Rt 1/RRt/R‘ <p’ Z/‘ZVM *X<Rt/R‘ .

Tt—1 9‘<7't 1

0<Tt

Summing the above bounds, we achieve the desired result.



We conclude this subsection by recording the Cérdoba-Fefferman argument over K, which is here
represented by two results: Theorem (the local form) and Prop. [2.5[ (the global form).

Theorem 2.4 (Local bilinear restriction). Suppose |2| =€ € (0,1] in K. Let S < D < eI’ <€, and
R > 0. Let J € P(O,T) and L,L' € P(J,e D) be distinct, I,I' € P(L,D),P(L’, D), respectively,

and write T = 11,7 = 11 for the caps above I,I' on P'. Then we have the estimate
2

/ o2 ? < max(L, (T/D)2(SR)~?) / S 12

Br Br \ kep(1,9)

Proof. We may assume that J = B(0,I"). We will use 6, ¥ for various 7x with K € P(J,S). Computing

directly,
/ ’f7|2‘f’r’|2 = Z / f91?92f791T1927
Bgr Br

91,92 <7
91,92<7’

where a given tuple (61, 02,71, 92) produces a nontrivial summand only if (61 — 02+ —¥2)NBr-1 # (.
Suppose this is the case. Let &1, &, 71,72 be such that

(&1,€7) € 01, (£2,83) € 02, (m,n7) € V1, (n2,m3) € V2.

Note that
[(§1 +&2) — (m +m2)| > D;

indeed, the two bracketed expressions belong to distinct members of P(O, |2|e 1 D). By the assumption
on the caps, [(§ — &) + (m —n2)| < R™'. Thus,

G-G+m—m=>E-&)(&G+&)— (m+m)+OTR™1).

The first summand has size > DI|{; — &, so the vanishing condition may hold only if [£; — & <
D~TR~!. Symmetrically, it is necessary for | —no| < D7'TR™L.

If D7'TR™! < S, we are done. Assume now D 'T'R~! > S. For each #; < 7 and ¥; < 7/ we may
find < (D7'T'S~'R™1)2 pairs 0 < 7,99 < 7' for which the corresponding integral is nonzero. Thus,
by the Schur test,

/B Il < (/D) R) /B S 1Pl

R g<r9<7’

The result follows immediately.

Similarly, we may prove:

Proposition 2.5 (Cérdoba-Fefferman square function estimate). Suppose char(K) # 2. If f has
Fourier support in Ng(P!) C Qz, then

[z f @\fer?)Z,

where the caps 6 have size § x §2.



Proof. We expand out

/f\4= > /f01f92f191f192~

01,02,91,92

By essentially the same analysis above, each tuple corresponds to a nontrivial integral only if #; =
92,191 = 192 or 91 = 792,92 = 191. Thus,

fouFopfoufo, <2 | fol [ fol?-
Z /9 02J01.J v %9:/ o1 1]

01,02,91,92

The result follows immediately. O

2.2 Bounding the broad sets

In this section, we fix a single function f satisfying the hypotheses of Theorem We apply the
results of the previous subsection to pruned functions arising from f.
We will first need to define the decomposition. For each I € P(O, R~V 2) and associated 6, write

2
992{U6U9i7€|f0|22262?;h9>2},

and
fnvo=1r Y v, In=)_ fne
U€egGy [/
Inductively, set
S osol > 52
Gry = UeuT:f J{ARp e p——
' ' U9<Tk| " | 262(#Tk)2

and

feo = Trro Y, 1o, fe=)_ ferre

Uegr, 0

We will also write

B B B
fk,o = fro— fe-10, fr = E fk,e
0

We will write gr» = 4, |f,€79’27 gl?,r = o<r ]f]§9|2
Remark 2.6. Each f g, fl?@ is Fourier-supported in 6.

An immediate consequence of the pruning is the following lemma, which demonstrates that the
terms on the right-hand side of Prop. are appropriate for Theorem when applied to the f,ﬁ.

Lemma 2.7 (Wave envelope expansion). (a) For each k and i, we have

/! S 7B x| g/]AuTk 05,0 ]

9<Tk

2

(b) If k > m, then

2

/ ‘Au% 95 ]

<Y ww) (£, X 1nf

UEQTk 0<7

10



Proof. (a): The Fourier support of 3 4| £B o125 xY Ry R 18 contained in the set

U(9 0) N Br,/r € U}, g

0<1g

where U p is a rectangle of dimensions Ry, /R x R~! with long edge parallel to tc, . Thus

/‘ Z |fm€‘ X<Rk/R’ :/ Z |f/ﬁ?\2Xng/R‘2
0=<k 0=k

< [1 X mPw |
=<1y,

— [, [ X 1807

0<7x

as claimed.

(b): Since k > m, |fB7 S0

/’Aufk[z vl s/)AuTk[gk,m}
0<Ty

By the definition of the pruning, g -, is supported on the union over G, , so

/ ‘AuTk[gk,Tk > / ‘Auf,c k.7

UeGr,

2

On the other hand, Ay, [gk,r,] is constant on each such box, so that

> /‘Au,k Ghm)| = ][Z|fk0|2

UEG-, Ueg% U o=,

O

We now initiate a decomposition of the left-hand side of Theorem [1.2] which has the effect of
isolating the contributions of the various ffz. This portion of the argument follows closely the approach
of [16], Section 3. Recall that U, is defined as the set

Uy ={z € Br:|f(2)] > a}.

We consider also the auxiliary set

V, = {g; € Br:|fn(z)| > (1 — mm}'

We note the relation
Uy C Va§ (21)

indeed, for any x, from the difference

|f(x) @I <D o) fola

0 UgGy

11



together with the fact that each |fp| is constant on the sets U, we see that for any U € Gy and z € U,

we have the bound 12
9 o

Summing over the 6, we obtain (2.1)).
By the definition of the prunings,

Vo {o Vo @)l = (V4 )7 @} 0 U {o e Vo Il = N7+ 87 (o) }

(2.2)

We may immediately verify that the set U? is acceptable from the point of view of Theorem

Proposition 2.8 (Case m = 0).

4 0 10 2
a*p(US) <AN' > u(U) (ﬁ]g\fa! )

U€eGr,

Proof. Take any x € U?. Then G,, # (), in particular is composed of the set Br. Hence we have

| fo(z |_‘21BR ) fro(z)|.

/Ug fol? < g/BereP.

2 2
]{BR%]fel > a?.

Multiplying the two inequalities together,

2
o /Ug Fol? < u() (é; !fe|2>

Finally, on U2 we have |fo(x)| > (1

Thus, we have an inequality

Since Br € G, we have

— 375 ) oo the result follows. 0

In order to bound the contributions of the U[", we will need to assert an extra “broad” hypothesis.
It will happen that this entails a high-frequency dominance property, which will allow us to apply
Prop. 2.3} The basic result is in the following lemma.

Lemma 2.9 (Weak high-domination of bad parts). Let 1 <m < ¢ < N and 0 < k < m. Let i be
arbitrary.

(a) For each x, we have

2
5 oy (#7170 < 1)
D Ml * X n@)| < S mm e

Te<Tk

12



(b) If 21/2 N — |fm‘rk( )|; then

02
Yol @) < 71 > P xS g, m@)]-

T¢ =Tk Te=<Tk

Proof. (a): By the low lemma,
B |2 B |2
Z |fm,7’g’ * X\éRZ/R = Z Z |fm,€| * X\éRZ/R‘
Te<Tk Te=Tk 0<Tp
If x € U €Uy, \ Gr,, then a straightforward calculation supplies
B B
Z ‘fmﬂ’ X<R[/R ][ Z ‘fm 9’ X<R[/R
0<T1p 0<T1p
By the pruning inequality,
B
f Z o ol” % X<R, R < ][ Z Vidls * X<R,/R-
0<1p 0<T¢

By the definition of G,,,

][ Z |f€9’ X<R[/R = 262(#76)

9<Tg

Thus, summing over 7y < 7, we arrive at the estimate

o (F#7y < 1)
Z |f7€nrg‘2*x<Ré/R— 22
= 2e2N2(#14)?"
(b): The assumption and Cauchy-Schwarz give

C?a? B 2
2oz S @ < i) S

Te<Tk

Assuming to the contrary that

Y malf@) < C?

Te =Tk

B
D Umal? #xp, @)

Te=<Tk

we conclude from (a) that
C%a? - C2a2(#10 < 74)?
2e2N? 2e2(#1y)?

a contradiction. Thus we must have

CQ
B 2
Z ‘fm,’rg| ($) < o2 —1

T¢=<Tk

Z |f775;,7'g’2 *® X\;R[/R(IL’) :

T¢<Tk

13



Finally, we use the above estimates to control the integrals of the f2 on broad sets by high-
frequency integrals of the square functions. Define the mth (1 < m < N) broad sets in U, to be as
follows. Fix any 73, 7], < 7,—1 distinct, and write £ = max(m — 1, k). We define

B () = {w € Br: (1- 272 N N la < |F5 L, (@) < BNISE , (2) 15, (@),
(2.3)

Proposition 2.10 (High domination of broad integrals). Let 1 < k < m < N. Suppose 7y, 7}, < Tj—1
are distinct. Write £ = max(m — 1, k). Then we have

B 2
/ ’fm'rk 7_‘ <4p / Z m’r/ *X>R£/R’ .
Br;n(Tk»Tk)

P Te=<Tk—1

Proof. By bilinear restriction, using the fact that p > |2|~!, in either case k < m — 1 or k > m, we
achieve the bound

2
2 B 2
< .
k )
/ ’fmT mTk’ p / ’ E : |fm7'g’ ‘
Bri? (7x,77,) Bry (1x,7;,)+B(0,Ry)

Te=<Tk—1

For each x € Br?(r, 1), we have that |f5 (z)| > 2/2¢"'N~'a. Thus, by the weak high-

domination lemma

sTk—1
B B

S EALP@ 22 3 1B e gyl

T <Tk—1 Te<Tk—1

On the other hand, both sides are constant at scale Ry, so

2
§ : B
’fm,’rg|2’

Te=<Tk—1

<1/
Bri (7k,71,)+B(0,Re)

/‘BI‘ZL (Tk 7TIQ)+B(07RA€)
2
E B |2 Y
|fm,7—4| * X>R4/R

To<Tk—1

O

Remark 2.11. In the above proposition, we see the appearance of the particular constant used in
the choice of pruning. It follows that, if the assumptions on the broad sets are weakened, one may
correspondingly strengthen the assumption on the good envelopes G-, , and improve the strengths of

Theorems [[.2] and [I.1]

2.3 Broad/narrow analysis

Combining Prop.’s 2.8 and [2.10, we produced the desired bounds on the subset of the superlevel set
for which f is sufﬁmently broad at some scale. In this subsection, we perform a broad /narrow analysis
to produced the desired wave envelope estimate in each cube of sidelength R.

More precisely, this section is dedicated to establishing the following proposition.

Proposition 2.12 (Local wave envelope estimate). For each cube By of sidelength R and each o > 0,

2

(le € Brs1f@)] > a}) < 12004 NN 3T YT Y ) (£ Y 1P

0<s<N 7s U€Gr, 0<Ts

14



Lemma 2.13 (Narrow lemma). Suppose 1 < k < N and 1,_1 is arbitrary. Then, for each x, either

B @) <PN  max (£, (@)fE, ()] 24)
k
Tk,’T,/C-<TIZ_1

or
1
i@l < (14 5y ) 178 0L (2.
Proof. Fix 7',’c < Ti_1 which realizes the maximum
B _ B
78 @] = max (75, (@)

Suppose ([2.5)) fails. Then, since fn‘iﬁk_l(x) = i <res 5 . (), we have the inequality

1 —1
B X Ba@l< (14 527) @

Tk #Tk

On the other hand,

B B B B
‘fmn'k 1 § fm Tk | = ‘fm Th— 1( )‘ - (#Tk = kal)gnjf_(, |fm,7'k.(x)|;
k7T

Tk #Tk

thus
B 1L\ s
(#1 < Tkﬂ)l}?ﬁi{, |fnr (@) > | 1= (1 + N—l) | fon ey ()]
k
Relating the above to (2.4), for each 74 < 7%_1,
e (@) < | @) ()2,
and thus

S\ L
fgm_l(:ﬁ)m(#m)( <1+Nl_1> ) gﬁi\fﬁf()fﬁﬁé(m)p/z.

The conclusion follows from the identities

(-(oxte) ) =

(#7% < T—1) < P.

and

O]

We wish to use this to divide the integral of |f3|* into broad and narrow parts, with a small
constant on narrow parts. For the narrow component, we wish to relate f ] f,ﬁ|4 to > f | fﬁﬁ\‘l, SO
that we may further decompose each ffm into broad and narrow components and proceed inductively.

Definition 2.14. We define Broad ,, to be the set
Broady,m = {x e U |f5(x)] < pN max |f5  (2)f5 ./ (x )\1/2}-
TI#T] 1
The complementary set Narrowy ,, is defined as U[" \ Broad ,,.

15



Lemma 2.15 (Decoupling the narrow part (k = 1)). It holds that

1 4
s (e gy) S L sl
/Narrowl,m " N -1 ; Narrowi,m B

Proof. If x € Narrow ,,, then by the narrow lemma

O (R [T )

for a suitable 7;. Thus,

el = (14 5) (erf?;ﬁ 4>1/4,

1 4
|l < <1+) > / I
\/Narrowlym " N -1 T Narrowi,m e

Definition 2.16. Write, for each 7,

and hence

Broadsy p,(71) 1= { € Narrowy , : |fnli,n (x)] < pN mjxl |ffm2 (x)fﬁﬁé (z)|/?
TQFT.
TQ7T£‘<27'1
Write also Narrows p, (1) := Narrowy ,, \ Broads ,,,(71).
Definition 2.17. Let 2 < k < N. Suppose 7 < Tx—1. We inductively write

()]

Broadgy1,m (%) := { « € Narrowy, p, (74—1) : ]fﬁjk ()| < pN  max |f,ﬁﬁk+1( )ffw
Tk+17é7—k+1 k+1
Tk+177—k+1<7—k
and Narrowy 1, (7x) := Narrowy, ,,, (74—1) \ Broadi41,m (k).
Lemma 2.18 (Decoupling the narrow part (k > 2)). Fiz any 2 < k < N. Then, for each T;_1,
1
B 4 B 4
/ ‘fm;rk_1| S (1 + N 1) Z / |fm,7’k’ .
Narrows, m (Tk—1) T <Th_1 Narrows, ym (Tk—1)

Proof. The argument is identical to
Combining Lemmas and we conclude

1 4N
It < ( +> / sl
/m N —1 Z NaI‘I‘OWNm(TNl)TNZ o

<TN-1

N
+y (1+N11> Z/B \fﬁ,m,ll‘*-

k=1 7oy ¥ Broadi m (Ti—1)

Our next steps are bounding each of the summands in turn.

16



Lemma 2.19 (Narrow bound). We have
2
B
S [ it <X Y ww) (£ 167)
m~_1 7 BR o<y, 6 UeGy 4
Proof. By the pruning inequalities, for each § we may take | fTBn79| < |fn|- By the definition of the

pruning, for each 6,
/ |fN,9!4—/ ‘ > 1Uf9 < / | fol*.
Br UeGy

BrUeg,
Each |fy| is constant on the blocks U, so for each 6 and U € Gy we have

[l = (4, W)

Lemma 2.20 (Broad bound). We have, for each 1 <k < N,

Z/Broadk LSS D DD DD D f S 1ol?

Th—1 m<s<N T7s U€EG., 0<T1s

Proof. By the definition of the broad set, for each 7,_; and each x € Broadj, y,,(7%x—1) there is some
pair 7, # 7;, < T,—1 such that |f£,rk,1($)| < pN|ff,3L,Tk () fB - (z)*/?, as well as

NN = (22eN) A+ (N =1)7) " Va<|f (@),

ie.
Broady, ,, (75—1) € U Bry (Th, 71
Th Tp=Th—1
TRFT,
Thus,

4 14 B 2
Z/ |fmTk 1 _p N Z Z / | mkamﬂ'};’ :
Broady m (Tk—1) Bry} Tk,Tk

Tk—1 Thk— lTk,Tk<Tk 1
TRFT,

By Prop. for each 7,1 and each distinct 7, 7, < 7,—1, then

B B B
/ ‘fmkamT |2 <4p / Z |fmyTZ‘2*X\;RZ/R ’
Bry (7i,74,) 2

D | Tp=<Tk—1

where ¢ = max(m — 1, k). By Prop.

2
/2 S B P xta e <3N D > > fZlfﬁ

P |Te<Tk_1 m<s<N 7s<T—1 UEGr, 9-<7'5

Combining the above, we obtain

Z/Broadk (Te—1) ’fm‘rk 1’4 = 12p12N5 Z Z Z ][ Z ’f9|2

Thk—1 m<s<N Ts U€G,, 9—<7’

17



Proof of Prop. [2.13. By (2.1),
a4M(Ua) < 0‘4M(Va)-

Write
N
(Vo) < ) au(U)
m=0
where the sets in the right-hand side are as defined in (2.2). By Prop.
e < v 5 o) (f i)
Ueg‘ro

We now fix some 1 < m < N. Over UJ', we have a lower bound on fﬁ implying
o W(UZ) < N+ N = @) [ g

By the definition of the broad/narrow sets above, we may bound

1 4N
/U(T m N 7_; Narrow n,m (Tn—1) Z o

0<Tn_1

N 1 4(k—1)
+ 1+ ) / FEan
; < N Z Broad m (Tk—1) ko

Tk—1
By the narrow bound
2
S LY e 5w (f1nr)
17 BR o<y, 0 UeGy v

By the broad bound [2.20]

Z/Broadk (reet) ‘fmq‘k 1‘4 < 12p12N5 Z Z Z ][ Z |f0|2

Tk—1 m<s<N 7s U€eG, 9—<7’

Thus, for each 1 <m < N,

o p(U) <12(1 4+ N72)102V2eN) )T IpNY > NN () ][ Sl

m<s<N 7s UeG, 0<Ts

and hence

2

o (U) < 131+ N70)0(1 = (2V%eN) )TN0 S0 S S o) [ S 1l | (29

0<s<N 7s U€Gr, 9-<7'

as claimed.

18



2.4 Reduction to local estimates

In the above subsections we produced bounds on the measure of the set U, = {x € Br : |f(x)| > a}.
In this subsection we note that, if we can prove Theorem in the special case that {z € R?: |f(z)| >
a} C Qg for a suitable cube Qg of radius R, then we can conclude that Theorem is true in the
general case.

Proof that Prop. [2.19 implies Theorem[1.7 Let f be as in the hypothesis of Theorem [I.2] Then, for
each metric ball Qr C @123 of radius R, the function 1q, f satisfies the hypothesis of Prop. Thus,
we have

2

—5/2\10
il € @3 lopf| > ah) < 1310 E SN Y Y S @) (3 I(tan ol

— (912 -1
1 (2 BN) R_1/2§8S1 Ts Ueg‘rs 9'<Ts

Summing over the Qr, we obtain that

1 N—5/2 10
p{e € Q2 |f(@)] > a}) < 131(_+(21/26N))_1N1°p” )IEDIDY u<U>§RI ][UZ (Ganf)ol”

R-1/2<s<1 Ts UEGr, 6=<7s

By Minkowski, for each 75 and U € G,

>4

By elementary properties of the ultrametric, for each Qr and each 6 we have

2\ 2

2
S lgnhl? | < ][U D

0<7s 0<1s \ Qr

(1gxf)o = 1gy fo,

so that in fact

2\ 2 2
F 3 (Slaaael) | = £ X 10
v 0<17s \ Qr u 0<Ts
The result follows immediately. O

3 Proof of Theorem [1.1

Theorem will be proved via first establishing the critical case (p,q) = (2 + %, 3;2? :), and then
interpolating with the easier endpoints (oo, 1) and (3, 00), together with Holder inequalities. We will

repeatedly cite the result of Theorem and we will abbreviate the constants as

oz 1f@) > al <ONE Y Y S o) ][UZW .

kep” Tk U€Gr, 0=y
R™1/2<s<1

We will in fact make use of the more refined quantities in (2.6]).
We begin with the partial decoupling statement, using the right-hand side of Theorem
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Proposition 3.1. Suppose p > 4, A > 0, and €, > 1. Let 0 < k£ < N be arbitrary, and fix a canonical
scale cap 7. Suppose as before that I'g(R~ 1Y is a partition of N-1(P') into approximate R~ Bx R!
boxes v. Assume f = Zv f- satisfies the following regularity properties.

(@) [|fylloo < A for each .
() | f41I13 < A27P€,|| f4||b for each ~ and each p > 1.

Write 7y for boxes of dimensions max(R™?, Ri/R) x R™!. Then

2

Z w(U) ][ Z ’f0|2 < Cp[Q%eN(#Tk)afl]p—4

UeGr, Uo=<ry (3.1)

p
21

X (glax F(y <) X #(y = Tk:)> Z 1A 1[5-

V=Tk

Proof. For each 6 < 71, the small caps 7 < 0 are max(R*B ,Ri/R) > Ry/R-separated. Fix any
U € G;,. Since U||Ur, g has dimensions R/R}, x R, we conclude that the f,, are locally orthogonal on

U. Thus
[k = [ X 1k

0<T1k Ve =Tk

and so, appealing to the definition of G,

62N2 (#7542 —][ Z ‘ka‘g

Ve =<Tk

Multiplying the left-hand side of ([3.1] . by the (§ —2)-power of the latter display, we obtain the estimate

fzw < V2N (a7 Y (f 3 |f7k|2) NCE)
Uegfk

Uegfk 9<7’k Vi =Tk

Uniformity assumption (a) implies

H > |f’¥k|2HOO < )\2[%13% #(7 < )] X #(y < T%)-

Ve =Tk
By removing factors of H Z% <o [ |2HOO from (3.2]), we obtain

p_
2

Z ][ Z [fol> ] < (#m)P N 2atP (max H(y <) x #(y < Tk))

Yk =T
Uegrk 9<Tk

> [ Y ine

Ueg-, Ve =Tk

and by local orthogonality and uniformity assumption (b)

> / DRTACE D SITAESEL SETA

Uegr, ’Yk<Tk Y=Tk Y=Tk
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Together we get the estimate

][Z’Mz SQP[21/26]\7(#%)04_1}pi4

Uegnv 6<Tp

[NiS)

-1
y <m £y <) % < m) SR,

K =<Tk
7 Y=<Tk
as claimed. O

The above amounts to a proof of Theorem in the special case that f satisfies the assumed
regularity properties. It remains to remove those assumptions, which we do now.

We find it convenient to separate out a proof of a superlevel set estimate for small cap decoupling
at the critical exponent pair. The full result, Theorem will follow by an elementary argument and
interpolation.

Theorem 3.2 (Main estimate for critical exponents). Let f be Schwartz-Bruhat with Fourier support

in Np-1(PY), such that maxg || fylleo = 1. Let (p,q) = (2 + %, %{ti) Then, for each R™'/? < a <

R1/2, we have the estimate

oPu({z : |f(@)] > a})| S PPN 2(log R)P** max (R*®~ 4~V RAE-D) (an,yug)%. (3.3)

Proof of Theorem [3.3. We may write

=) > K+NTRTVE,

N—2R-1/2<)<1 ~€l'g(R™Y)
4 lloo€(e™ X A]

where the A range over values of the form Ay 1 = [e !\, Ag = 1, and ) is Schwartz-Bruhat, supported
on Bp, and uniformly bounded by 1. We abbreviate

AR = {7 €To(R™Y) : sl € (AN}

Then, for each X, consider the wave envelope expansion

Z f’Y: Z ZlUf’Ya
) U

YETY(RY) YET (R~

where each U has dimensions ~ R® x R and has long edge parallel to n. . Since v € Fg(R_l),
there is some U such that ||1yflle € (e7'A\,A]l. If we write Uy = U] for the set of U for which
11t fylloo € (€7*A, A, then for all y € T3(R™1)

“P(HUy ) RPN < H S 1Uf7H (H#U) RPN,

Uelly
and so
H/\ Z lUf'yH #Z/{)\ R1+,3 < ePH Z lUf,YH (3'4)
Ueldy =
and 2
1 3 el < e <l 5 . s
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For each 1 < v < R and each A, write Fg;t(R_l) to be the collection of v € Fg(R_l) such that
#U, € (e 1, t]. Define for v € Fg(R_l)

1
g» = 3 Z 1 f,

Ueld)y

and
g(/\m) - Z 99)-
VEDF* (R
We may observe that ¢\ is a Schwartz-Bruhat function with Fourier support in the R~-neighborhood

of the truncated parabola. Thus, for each A, t, and a > 0 we have

2

a4ﬂ({x : ‘)‘Q(A’t)(x” > Cl}) < CNP2 Z Z Z w(U) ]i Z \)\géA’t)P 7

0<k<N Tk UeGr, Mg 9);a] 0<1g

where we have written G, [/\g()‘"); a] to record that the pruning is with respect to the function AgAv)
with the amplitude parameter a. For each 0 < k < N and each 1 < 5 < RY? let Ti(s) denote the
collection of 73, such that #{y < 73 : g,({\’t) # 0} € (e71s,5]. By pigeonholing, for each k we may find
s* such that

2

2

(e M) > ap) <2IONPeR) 3 ) | £ 3

0<k<N 73,€Ti (s%) UGy, [Ag* )50 0<Ty,
By Prop. and (3.4), we have
@u({z: [Ag) ()] > a}) < 02273 INPTE log R) (#Tw(s"))
0<k<N
P
<X (Fmaxae<ow) 3 a0l
T €Th (%) =Tk

and by pigeonholing to a single 0 < k, < N we have

p(fa: rg*9 (@) > a})

< C22 3N + NP2 log R) (#T, (s™))P > (sk* max #(v < %*)>

Vs =Tk
T € Thoy (57%)

IS

-1
> g

V=Tky

b
2

1
< 02273 4(N + 1)NPTFP2~4(log R) (#Ts, (s"))P 2 (5k* max #H(y < wf*)> st \Pp . RITA,
Vhs Tk

We claim that this amounts to a decoupling inequality for the Ag»%). That is,
Lemma 3.3. For each A, t, and a, and each p > 4, we have the estimate

p
q

@p({z : Mg (2)] > a}) < €25 33 (N+1)NPHE2 4 (log R) max (R ™o~V RIG0)) (Z HAggWHg)
Y

(3.6)
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We postpone the proof until the end of the argument, to preserve the flow of our calculation.
Recalling the identity
f= > AN + N2R™V2y,
N—2R-1/2<)<1

and consequently, for a suitable A,

ou(fo:|f@)>ap) <a? Y p({zipgV@) = Z})

N—2R-1/2<)<1
<2 () (e o> 5)).

(where we have abbreviated Z = 2log N + %log R) and hence, for a suitable t,

ullr: > ) < Elos R (G p) ul{e W™= 207 })

which by (3.6)), applied to a = Zlg‘?, implies
oPu({o: |f(@)] > a})] < C25-3w=3 201 (N 4 1)NPHE (log R)PH?

o
xmax (REDTRIETD) (T A )
v

Finally, we note that each A, gg)‘*’t) is obtained by taking a subsum of a partition of unity applied to

f~, so we conclude that
o’ u({z : |f(2)] > a})| < C25 02PN + 1)NPFF (log R)P 2
E
X max (Rﬁ(pi%il)ilRB(gig))<Z||f'yHg>q, (37)
v

as claimed.
O

Proof of Theorem [I.1. By scaling we may assume that maxy || fg||cc = 1. By [13], Lemma 5.4, we may
assume that f is supported in Bg. By the layer-cake integral

R1/2
/ =y /0 L u(Ua)dor,

and the inequalities

R5+2 < REF1=00-D) < max | £, |1, (3.8)
2!
R1/2
/ pa? L p(Uy)da < p(log R) sup o’ 1u(Ua), (3.9)
R-1/2 a€[R~1/2,R1/?)

we transform (3.7) into the decoupling estimate
rs
a8

_ -1 B(LB_%ﬂ) B(p —%B—l)—l
D, (R: ) < 10%(log p)~"0p!(log R)T+07 " max (R 7o’ BTV (S0 1)
Y

Remark 3.4. The condition R > p32, equivalent to N > 16, is arranged to make the universal constant
at most 10%. Asymptotically, one can arrange for the constant to be < 4885.
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It remains to use interpolation to cover the remaining exponents. The two quantities we will
compare against are

DX [(R;B) <1

and
DY, (R; B) < 27%¢*(logp) ®p°(log R)*R".

The latter estimate is established in Prop. below; there a different small cap decoupling argument
is used than the one expounded so far, which is more efficient in the subcritical regime 2 < p < 4.
T 3 : _ 2 _ 3,1
For each 3 < p < oo, write o = 1-— > Write pg = 2 + 3 and gz = gp,. Let 51+ = 1. Suppose
that 2 + % <pand 8 < 1. Then, from the two inequalities

_ P _PB
D§37qﬁ (R;B) < 106(10gp)_16p12(log R)17+6,3 1R,3( 2 qﬂ)7

DLa(R:iB) <1,
we interpolate to obtain
K . 6 ~16..12 17468~ pAlp—E—-1)—1
Dy, (R 8) <10%(logp)” "p “(log R) R -
By Holder, we conclude the desired
D, (R; B) < 10°(log p)~'%p!?(log R)'T+07 " R7P—5 D!
Next, suppose that 4 <p <2+ % By Lemma we may assume 3 < 1. Then, from the inequalities
_ —1
Dy, 4, (R; 8) < 10°(log p) *°p'?(log R) 797,

DPfA(R; B) < 2_564(log p)_8p5(10g R)SRﬂ
we interpolate to obtain

D, (B; 8) < 10%(10g p)~*p”" 2250~ (1og R)* 3530~ 75750,
»dp —

By Holder, we obtain the desired
78 38+2
DE,(R: ) < 105(log p)~*p”" 755 0~ (log R)* 15 P~V RHETD).
It remains to consider the regime 3 < p < 4. Then, from the estimates
Dif4(R; B) < 2(logp)~*p°(log R)*R”,

DYy (R; B) = 1,

we obtain the estimate

D, (R; ) < 2(log p) ~*p*/(log R)*R".
whence

D . (B; B) < 2(logp)~'p**(log R)'RF .
By interpolation and Holder, we conclude

p_p

DE(R; B) < 2(log p) P~ 2)p/ 202 (1og R)* P2 R 70)
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To close the argument, it remains only to prove Lemmas [3.3] and [3.5]

Proof of Lemma[3.3. The proof is by casework on p and k. Suppose Ry > R'~P. By a straightforward
calculation (see Case 2 of the proof of Theorem 5 in [16]),

P
21

TP 65 max <) | < RIOTET R T (6)

Vs =Tk
Thow € Tho (8°%)

1

Consequently,

apu({m : |)\g(’\’t)(m)| > a})

< 0285 (N + 1)NPHE Y (log R)RPPT D (4, (5" Ug(ﬁk*)aptRHﬁ (3.10)

< 0253 =3(N 4+ 1)NPHE2~4(log R)RPP— 471~ (Z IAg )
Suppose instead that R < R*™7, and 2 + % < p < 6. Then, from the inequality
1< Rﬁ(%—l)R—l7
it follows that for any =y, we have

#(y < w2 < RIRAG

Rearranging, we have
37
RB(P—§—3)[#(7 = ’Vk)] -1 < Rﬂ(l’—*—l) I(R_’BRk) ,

which implies (using é + % <1)

w\”@
Qs

3—
(55 % # T ()PP < )BT < ROV (ROR) T ()7
Note that, for each 7 € Ty, (s¥*),

(#Th, (s5))P (#y < 7)1 < ()%

2
2

(s X #Th. (™))",

so that

-m\"d

s (#Th (553 (e < ) B (y < )] E T < RIPTETD T ()

Thus, we achieve the estimate
@ u({z: Mg ()] > a}) < C25 32PN 4+ 1) NP4 (log R)RP~a 17! (4y)a \Pr . RIHA

< C2B 3TN 4 1) NP log R)RTPTETD T (N agiMs )

It remains to consider the case Ry < RF ,4<p<2+ % In this case, from the inequalities

-3

R <1

T ol

, s <RRY, #T.(s") < Ry,
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we conclude the inequality
Thus,

and we conclude that

@pu({z : gD ()] > a}) < O3 (N 4 NPHE(log RYRPE™E) () e - R4

< 0253 3(N + 1)NP+HE2~4(log R)RP5 4 (Z A |4 )

Proposition 3.5. Df,(R;3) < 8¢*p°N®R’.

Proof. By repeated applications of the narrow lemma,

N k—1
< (14 5y ) mpxlite \+pNZ< NoT) me mex[fu@fy @,

Tk—1 Tk;ﬁT]/c<Tk,1

so that

1o\ N 1\ 461
P14 —— LptNT) 2PN (14 —— ()2
|f(x)|* < ) maxlfe(z)+p kzl + g max  max | fri () frr ()]

For each 0,
Ifolld < B2P=2 3|1 £,

=<6

Choose now some 7j,_1. Let (c,c?) € 73,_1, and write
g(a? y) = ka_1(win(k71) (1‘ - C),wan(kfl)(y - 02))7
g1(2,y) = fr (@ " @ =), @Dy =), ga(w,y) = fr (@ "D (@ =), @ 1D (y—?))

Then g has spectral support in N, R2  R-1 (P1), so by Cérdoba-Fefferman we have

)
/\9192’2 < 2R’BRk_/fZ g4
7

where the § have dimensions R~” R£—1 x R7'Rj_;. By flat decoupling,
2 Qﬁ
loglld < B2 lgsld
,‘y

Thus,
/\ff,ch,;F <2R°RP N /val‘*.

!
Y=TEUT,

We have reached the estimate

1\ 1\ A%
[uts (1egty) 12!\f7|!4+16p5N7RﬁZ (1o yty) A I

ie.

Dy 4(R; B) < 8e'p° N*R.
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