UCLA NUMBER THEORY LEARNING SEMINAR 22F:
HIDA THEORY

JACOB SWENBERG AND FREDERICK VU

The goal of this seminar is to introduce students of number theory
to the basics of Hida theory. The main reference is Hida’s Elementary
theory of L-functions and Fisenstein series (the “Blue Book™) [Hid93],
in which Hida frequently follows the presentation of Wiles (in contrast
to the presentation in papers of Hida |[Hid86b][Hid86a]). Unpublished
notes from Matt Lafferty on Hida Theory [Laf] give a streamlined pre-
sentation of the relevant content in [Hid93|, but with less exposition or
motivation. Many other useful references are given in the bibliography.

1. MODULAR FORMS: CLASSICAL, p-ADIC, AND A-ADIC

1.1. Motivation and Background. On Tuesday, September 27, Hida
gave a talk at UCLA to begin this learning seminar: see his notes at
https://www.math.ucla.edu/~hida/UCLA22.pdf.

1.2. Introduction to Modular Forms. Chapter 5 in the Blue Book
[Hid93, Ch. 5] or Section 1 of Lafferty’s notes [Laf, §1]. Defining
modular forms, Eisenstein series, Hecke Operators. State the Hecke
duality theorem [Hid93|, §5.3, Theorem 1|. Briefly define p-adic modular
forms ([Laf, §3], or read [Hid86b, §1]).

1.3. Introduction to A-adic forms and ordinary forms. Define
A-adic forms; see [Hid93), §7.1-2] or [Laf, §4]. Define the corresponding
Hecke algebras. Ordinary forms: introduce Hida’s idempotent (the
ordinary projector, see [Hid93, §7.2]), and define the space of ordinary
forms [Laf, §3.2].

1.4. Eichler-Shimura. See Chapter 6 of Hida’s Blue Book [Hid93|,
§6.1-3], or [Laf, §2] for Eichler-Shimura. Discuss the A-adic version of
Eichler-Shimura.

1.5. Structure Theorem of spaces of A-adic forms. Finiteness
and Freeness of the space of modular forms as a A-module. See [Hid93|
§7.3, Theorem 1], or Propositions 4.5.1-3 in [Laf, §4.5].
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1.6. The Control Theorem. Motto: “Specialization maps are iso-
morphisms.” This is [Hid93|, §7.3, Theorem 3] or [Laf, Theorem 4.5.1].
Perhaps begin with the discussion starting on page 211 of [Hid93| §7.3],
including Proposition 1, Proposition 2, and Theorem 2.

2. ORDINARY (GALOIS REPRESENTATIONS, CONGRUENCES OF CUSP
FORMS, AND FURTHER DIRECTIONS

The items labeled (Optional) give some possibilities for the last few
talks, left to the discretion of the speaker.

2.1. Galois representations from Hida families. [Lafl §5], [Hid93,
§7.5]. Alternatively, see [Hid86a].

2.2. More on Congruences of Cusp Forms (Optional). See the
introduction of [Hid86b]. Also, see [Hid85|]. Explain how congruences
of modular forms are connected to the structure of certain Iwasawa
modules and to the ring-theoretic properties of Hecke algebras.

2.3. Modular Symbols and Hida Theory (Optional). See
[EPWOG][DHH™16] for the connection between modular symbols and
Hida theory. See [Pol14] for a gentle introduction to modular symbols.

2.4. Eigenvarieties (Optional). See [Buz07][Bel21), §2.10]. There is
possibly too much to discuss here, but one could briefly outline the
connection between Hida theory and eigenvarieties (especially histori-
cally).

2.5. Other Generalizations (Optional). See |[Hid88| for some gen-
eralizations to arbitrary totally real fields. Also see [Oht95].
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