
CONGRUENCE MODULES IN IWASAWA THEORY

JACOB SWENBERG

Abstract. In this short note, we define congruence modules and discuss their basic prop-
erties. We also outline a result of Ohta which describes the congruence module attached to
a certain exact sequence arising from a limit of cohomology groups of modular curves. We
finish by discussion Ohta’s application of these results to Iwasawa theory.
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1. Algebraic preliminaries

1.1. Congruence modules. Let R be an integral domain with field of fractions F . Let

0→ A
ι−→ B

π−→ C → 0

be a short exact sequence of flat R-modules. We write AF := F ⊗R A, and similarly define
BF and CF . We may identify A with its image in AF by flatness. Then the exact sequence

0→ AF
ιF−→ BF

πF−→ CF → 0

is split, so we may choose a section s : CF → BF of πF .

Definition 1.1. The congruence module (attached to the above situation) is

C(π, s) = C/π(B ∩ s(C)).

Note that for all β ∈ BF , we have β− s(πF (β)) ∈ kerπF . We may then define an F -linear
map t : BF → AF by the property that for all β ∈ BF ,

ιF (t(β)) + s(πF (β)) = β.

Note that t ◦ ιF = 1AF
is the identity. In particular, A ⊆ t(B)., and t(BF ) = AF . Further-

more, for all ξ ∈ CF , we have

ιF (t(s(ξ))) = s(ξ)− s(πF (s(ξ))) = s(ξ)− s(ξ) = 0.
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Lemma 1.2. We have an isomorphism

φ : C(π, s) ∼= t(B)/A

defined as follows: let [c] ∈ C(π, s), where c ∈ C. Choose any b ∈ B with π(b) = c, and set
φ[c] = [t(b)].

Proof. We first show this is well-defined. Let c, c′ ∈ C and b, b′ ∈ B be such that [c′] =
[c] ∈ C(π, s), π(b) = c, and π(b′) = c′. Then there exists c0 ∈ C such that s(c0) ∈ B and
c′ − c = πF (s(c0)). Then

π(b′ − b) = π(s(c0)),

so b′ = b+ s(c0) + ι(a) for some a ∈ A. Then

t(b′) = t(b) + t(s(c0)) + t(ι(a)) = t(b) + a.

Then [t(b′)] = [t(b)] ∈ t(B)/A. Furthermore, φ is clearly R-linear and surjective.
We now show φ is injective. Suppose that φ[c] = 0 for some c ∈ C. Then there exists

b ∈ B and a ∈ A such that π(b) = c and t(b) = a. Then

ι(a) = ιF (a) = ιF (t(b)) = b− s(πF (b)) = b− s(π(b)).

In particular, s(π(b)) ∈ B, so

c = π(b) = π(s(π(b)) ∈ π(B ∩ s(C)).

This completes the proof. �

Example 1.3. Let G be a group, and let X be a set on which G acts. Then we may consider
the free abelian group Z[X] on X as a Z[G]-module. We have a natural G-equivariant map
deg : Z[X] → Z given by

∑
x∈X nxx 7→

∑
x∈X nx. Let Z[X]0 denote the kernel of this map.

Then we have a short exact sequence

0→ Z[X]0 → Z[X]
deg−−→ Z→ 0.

Given any element x ∈ X, we consider the element NGx =
∑

g∈G gx ∈ Z[X]G. We then ob-

tain a G-equivariant splitting sx : Q→ Q[X] of degQ : Q[X]→ Q by 1 7→ deg(NGx)−1NGx.
This gives the congruence module

C(deg, sx) = Z/(deg(Z[X] ∩ sx(Q))) = Z/ deg

(∑
y∈Gx

y

)
= Z/|Gx|.

1.2. Fitting ideals. We refer the reader to the appendix of [2] for more details.

Definition 1.4. Let R be a commutative ring.

(1) Let A be an (n ×m)-matrix with coefficients in R. The Fitting ideal of A, denoted
FittR(A), is R if m < n, and otherwise is the ideal of R generated by the n×n minors
of A.

(2) Let M be a finitely presented R-module, given by an exact sequence

Rm h−→ Rn →M → 0.

Then the Fitting ideal of M , denoted FittR(M), is defined to be the fitting ideal of
the matrix giving h.
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2. Congruence modules attached to Eisenstein series

For a congruence subgroup Γ ⊆ SL2(Z), we denote by X(Γ) the usual modular curve of
level Γ. We use standard notation for the modular curvesX(N), X1(N), andX0(N), modular
forms Mk(Γ, R) and Sk(Γ, R), and Hecke algebras Hk(Γ, R) and hk(Γ, R). In particular, we
denote SL2(Z) by Γ(1).

Let k ≥ 4, and let p be a prime such that k 6≡ 0 (mod p− 1). Then there is a short exact
sequence

0→ Sk(Γ(1),Zp)→Mk(Γ(1),Zp)→ Zp → 0,

where the last nonzero map takes f ∈ Mk(Γ(1),Zp) ⊆ Zp[[q]] to its constant coefficient.
Upon tensoring with Qp, the above sequence uniquely splits as Hk(Γ(1),Qp)-modules, with
the image of ζ(1− k)/2 ∈ Qp given by the usual weight k Eisenstein series:

Ek :=
ζ(1− k)

2
+
∞∑
n=1

σk−1(n)qn ∈Mk(Γ(1),Zp).

As in [3], the congruence module attached to this situation is Zp/ζ(1− k)Zp.
In [3], Ohta generalizes this result to a Λ-adic setting, considering several related exact

sequences of Λ-adic objects, when Λ is the Iwasawa algebra. In Section 3, we describe some
of Ohta’s results.

3. Ohta’s results

Let p ≥ 5 be prime. Let N be a positive integer prime to p. We further assume that p
does not divide ϕ(N). Let K ⊆ Cp be a complete subfield, and let OK denote its ring of
integers with uniformizer πK . We set

T := lim←−
r

H1
ét(X1(Npr)Q,Zp), T̃ := lim←−

r

H1
ét(Y1(Npr)Q,Zp),

TOK
:= T ⊗̂ZpOK , T̃OK

:= T̃ ⊗̂ZpOK .
On these modules, there are commuting continuous actions of GQ and the adjoint Hecke
operators T ∗(n) for n a positive integer, and T ∗(q, q) for positive integers q prime to N . As
usual, we have Hida’s idempotent e∗ := limn→∞ T

∗(p)n!.
Let Zp,N := lim←−r Z/Np

rZ. Let

Λ̃OK
:= OK [[Z×p,N ]] = lim←−

r

OK [(Z/Npr)×] ∼= OK [(Z/Np)×][[1 + pZp]],

ΛOK
:= OK [[1 + pZp]] ∼= OK [[T ]], [1 + p] 7→ 1 + T.

Here, for a ∈ 1 + pZp, we denote the corresponding element of ΛOK
by [a]. Then TOK

and T̃OK
are modules over Λ̃OK

, and hence over ΛOK
. By [1, Theorem 3.1], the modules

T ord
OK

:= e∗TOK
and T̃ ord

OK
:= e∗T̃OK

are free of finite rank over ΛOK
.

Furthermore, let hord
OK

(resp. Hord
OK

) denote the subalgebra of EndOK
(T ord
OK

) (resp. EndOK
(T̃ ord
OK

))
generated by T ∗(n) and T ∗(q, q). These are Hida’s universal ordinary Hecke algebras, and
they act on the spaces Sord(ΛOK

) and Mord(ΛOK
) of ordinary ΛOK

-adic cusp forms and mod-
ular forms, respectively, via T ∗(n) 7→ T (n) and T ∗(q, q) 7→ T (q, q). Furthermore, these Hecke

algebras are Λ̃OK
-algebras, where for a ∈ Z×p,N , the element [a] ∈ Λ̃OK

acts as T ∗(a, a).
We introduce some characters.
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• Let χ : GQ → Z×p be the usual p-adic cyclotomic character.
• Let ω : Z×p → Z×p be the Teichmüller character, which factors through the unique

section (Z/pZ)× → Z×p .

• Let κ : Z×p → 1 + pZp be defined by κ(a) = aω(a)−1.
• Let u, v be positive integers such that uv =∈ {N,Np}, and p - v. Let θ and ψ be

Dirichlet characters of modulus u and v, respectively, such that θψ(−1) = 1.
• We assume that (θ, ψ) is not exceptional. We say that (θ, ψ) is exceptional if θ|(Z/pZ)× =
ω−1 and (θωψ−1)(p) = 1.
• We henceforth assume that K is a finite extension of Qp containing the values of θ

and ψ.

We will also use a certain twist of the Kubota-Leopoldt p-adic L-function Lp. Namely,
there exists gθω2 ∈ Q(ΛOK

) such that the following hold:

• If θω2 = 1, then g1 ∈ ((1 + T )− (1 + p)2)−1ΛZp . Otherwise, gθω2 ∈ ΛOK
.

• For any finite order character ε : 1 + pZp → Qp
×

and any positive integer s, we have

gθω2(ε(1 + p)(1 + p)s − 1) = Lp(−1− s, θω2ε).

We also recall the definition of the Λ-adic Eisenstein series attached to (θ, ψ):

E := E(θ, ψ) := δ(ψ)gθω2 +
∑
n≥1

 ∑
d|n, p-d

θ(d)ψ(n/d)d[κ(d)]

 qn ∈ Q(ΛOK
) + qΛ[[q]].

Here, δ(ψ) = 0 unless ψ = 1 is the trivial character, in which case δ(ψ) = 1/2.

Definition 3.1. The Eisenstein ideal (associated to (θ, ψ)) is

Ĩ := Ĩ(θ, ψ) := AnnHord
OK

(E(θ, ψ)).

The Eisenstein maximal ideal is
m̃ := (Ĩ , πK , T ).

We denote the images of Ĩ and m̃ under the surjection Hord
OK
→ hord

OK
by I and m, respectively.

For (θ, ψ) 6= (ω−2, 1), we let

Aθ,ψ :=

 ∏
d|N

d-cond(θψ−1)

([κ(d)]− (θω2ψ−1)−1(d)κ(d)−2

 gθω2ψ−1 .

We now can state part of the main result of [3].

Theorem 3.2. [3, Theorem 1.5.5] There is an exact sequence of ΛOK
-modules

0→ (T ord
OK

)m̃ → (T̃ ord
OK

)m̃ → ΛOK
→ 0.

Upon tensoring with Q(ΛOK
), this sequence splits uniquely as modules over (Hord

OK
)m̃, with

associated congruence module isomorphic to{
ΛOK

/(Aθ,ψ), (θ, ψ) 6= (ω−2, 1),

0 else.
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4. Connections to Iwasawa Theory

Ohta uses their results, combined with methods of Kurihara and Harder–Pink, to construct
“large” unramified abelian p-extensions of cyclotomic Zp-extensions of some abelian number
fields.

We set up some more notation:

• Let O be the extension of Zp generated by the values of θψ−1.
• Let F be the fixed field of the intersection of the kernels of θω and ψ.
• Let F∞ be the cyclotomic Zp extension of F .
• Let ∆ := Gal(F/Q) and let Γ := Gal(F∞/F ) ∼= Zp. We know that Gal(F∞/Q) ∼=

∆× Γ.
• We define

Fθω2ψ−1(T ) := gθω2ψ−1((1 + p)−1(1 + T )−1 − 1).

Then
Fθω2ψ−1((1 + p)s − 1) = Lp(s, θω

2ψ−1).

• We define

Bθ,ψ(T ) :=

 ∏
d|N

d-cond(θψ−1)

([κ(d)]− (θωψ−1)(d)d

Fθω2ψ−1 .

Ohta uses the Galois representation coming from (T ord
OK

)m̃ to construct an abelian pro-p
extension L/F∞. Ohta then proves the following Theorem:

Theorem 4.1. [3, Theorem A.1.13] We have

FittΛO(Gal(L/F∞)) ⊆ Bθ,ψΛO,

charΛO(Gal(L/F∞)) ⊆ Bθ,ψΛO.
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