Math 115A Worksheet
Thursday, Nov 30 (Week 9)
1. Let A, B be two matrices in M, (F') such that B is invertible:
(a) Show that A and B~'AB have the same eigenvalues.
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(b) What is the relationship between the eigenvectors of A and B~'AB?
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(c) Using the above, show that given a linear operator T' on a finite-dimensional <4, nlee &,
vector space V, the eigenvalues of [T']3 do not depend on the choice of an ordered

basis 3 for V. ! i
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2. In this problem, we investigate the diagonalizability of matrices over C: C4 it ’)[“4' (S 7L0 éﬂ)&

_ r
(a) Recall that A = [? 01] € Msyo(R), whose associated left multiplication trans- C‘l% /

formation L, is counter-clockwise rotation by 90 degrees on R?, does not have 7(;10[9{
real eigenvalues or eigenvectors.

Now consider the same matrix A as a matrix in the C-vector space Myy2(C). Find
the complex eigenvalues and eigenvectors of A, and diagonalize the matrix.
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(b) Now consider the matrix B = {8 (ﬂ :

/4[‘1 Wk; by

Is B diagonalizable over R, i.e. is B considered as a matrix in Msyo(R) diagonal-
izable? Is B diagonalizable over C?
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(c) Let V be a finite-dimensional vector space over F' with some ordered basis =

(v1,...,v,), and let T be a linear operator on V' with matrix [T]z. Suppose that
the first column of the matrix [T is a vector of the form (a,0,...,0) for some
a € F.

i. Show that a is an eigenvalue of T" with corresponding eigenvector v;.
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ii. Explain why this example shows that if V' is a vector space over R, then there
are linear transformations 7" for which there is no basis # such that [Tz is
upper triangular.

Does the same argument work if V' is a vector space over C?

(ovsder THRA—1R" 7 U e (duuf?piwd%()f
]rd{'lvfcwc §u!p5’/p ~)VH’H’ WO\S% (ron jml//(
Y, f"‘d [:ﬂ; V\f0> (/{Wq/ 7’>;? M;w(ﬁ; lfU[f/?*c

0d=15%) € /.lR)

“Thou (J? 9 [110\; A I €1;mlfq(0y a el Slef
o i e (DT
TMV‘S ho Wl (D(fmf”(wf/ o
So  he Sach S Fx{iﬁ,

\ oA 2 e
Jrer € Iy dofundd fmls/ [43) ">y

% % \N\\;\C (U‘\ @f?MW[MOs j\,\ ]qﬁc‘{/ I+ TV —V be C{‘f\,% A Mo —hqw-ﬁ,wfry,

\ ”{}\’L’Hrs/ OV\O’
The, A7lE) 0o Colee /)
Vo fdus /& 1y . ﬁlt’.fblq ],w L ot e

: o~ erd et e 0
Tk, They qmcﬁ/% bf o) Lo b folins U= A Vo fdusy

/\ ‘\\M’\\ (U}"Hw Pu\»dq\wdﬂ T"erw
LCWf Ve Tu AWMZB[SOJ:N RAV o [;77ﬂ 2 Ypfey Friowf 4l“V



3. Find all the eigenvalues for the transformation D: P(R) — P(R) that maps a polyno-
mial p(z) to p/(x). Your answer should include a list of all the eigenvalue(s), and an
argument for why you have found all of them.

|+ Dy =00

/["\flf P - }\P | )’_ Fuy/éﬂm”‘m’"
Cs A 2T ’

L -0 PO
g (%) = Zr Jysfyl 3o
Jeg (0] t/’ﬂ/ﬁ’)ﬁlr Hfﬂf(; o Mt

- ([le
L1 f VJ‘SM?’“ bo forsi0%,

gwd 1 f[‘-(hof [O‘f?/
have 423 (F)

P e d ComTn! ﬁ/hﬂ( (ar

| T,

Pl:‘a < 0 f

T {ho mlﬂ& fr"ﬁwwd’w;ohf quy 7[%4 hov 27z

/

(w;fw'“ 1/\,(,\([\] l/\qH’ e §u (e d
/

‘ fxrd 7 [y
K "t for oft Nl bosd 27
Lo
wmed T
0
Fo Pt | O
BRI ol 7
'\Mﬁm\!\;’ _ V\‘q%\ U»L\clf 0\1(7 f‘im ™
N \(\\/adLi T fiwek ¢ ogy e
Aot et (q e i v o
ARG w (W [f §

y
a, X" <
K"\Ml[ MR L) 01(1/(‘\,9 Iuwo aV(MW rolig P\ 2 ‘ :Z

=
L fo shew wawcw%m;

Ruiy  If vt weliee e~ (PR] {'R—’HZ‘ forat\ EIL
”L Xe“, 16 q\\ 1/~w| \,\M(M Y e (rsf\wa["\“ oTD

’\‘l\fv €
(aw e erfwsga(or AW 9] 10f|W“°”lfffN[)

~



