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Introduction
Consider shuffling a deck of cards
pairwise; pick any two cards, swap
them, and repeat. How can we char-
acterize the resulting distribution?

Using representation theory, we can
compute expected values of permuta-
tion statistics after t steps of a ran-
dom walk like this one. I set out to
find analogous formulas for higher or-
der information like variance. We can
characterize variance by understand-
ing the behavior of squares of permu-
tation statistics.
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Figure 1: An exam-
ple application of the
pairwise shuffle on to a
deck of 4 cards.

Background
An inversion in a permutation is a pair i < j such that
σ(i) > σ(j). For example, 342156 ∈ S6 has 5 inversions, which
are

342156, 342156, 342156, 342156, and 342156.
Let

INV(σ) = number of inversions in σ.
INV measures how much ‘reversing’ the permutation does.

Theorem [2]

Let σ ∈ Sn be a permutation, and let mi be the number of
i-cycles in σ. Then

INV(σ) =
3n2 − n − m2

1 − 2m1n + m1 + 2m2

12
.

Here INV denotes the average of INV over conjugacy classes of
Sn. Gaetz and Ryba [1] proved that analogous polynomials exist
for higher moments of INV.

Corollary of [1]

For any positive integer d, INVd is a polynomial of degree at
most 2d in the variables n, m1, . . . , m2d, where n has degree
1 and mi has degree i.

Methods
The partition algebra Pk(n) is an associative algebra whose
elements are (k, k)-set partition diagrams like the one shown
below.

These diagrams can be multiplied by stacking them vertically:( )
∗
( )

=


 = n2

( )
.

The partition algebra Pn(k)
exhibits Schur-Weyl duality
with the symmetric group
Sn, meaning their representa-
tion theories are very closely
linked.
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Figure 2: Schur-Weyl duality
relationships Sk and GLn, and
between Sn and Pk(n)

Using this relationship, we can convert questions about INV on
Sn into character calculations over Pk(n). In particular, we may
write INVd as a linear combination of traces of the images of
partition algebra elements under some representation Φk,n of
Pk(n).

INVd(σ) = ∑
α∈Γ(12,d)

∑
β∈Γ(21,d)

∑
P

aα,β
P trV⊗2d(Φ2d,n(P)σ).
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Results
Extending the methods of [1] and using the previous equation, I
was able to prove that for any σ ∈ Sn,

INV2(σ) = 1
720

(
98m1 − 25m2

1 − 14m3
1 + 5m4

1 − 124m2 + 12m1m2

− 12m2
1m2 + 60m2

2 − 48m3 − 24m1m3 − 24m4 − 98n
+ 34m1n − 30m2

1n + 20m3
1n − 12m2n − 24m1m2n

− 24m3n − 9n2 + 54m1n2 − 10m2
1n2 + 100m2n2

− 10n3 − 60m1n3 + 45n4).

This polynomial allows us to find exact formulas for variances
in the number of inversions in permutations sampled via
random walks.
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Figure 3: Variance in the number of inversions of t random transpo-
sitions from Sn, for n = 4, 6, 8, 10 and 12.
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