TRANSVERSALITY THEOREMS FOR HARMONIC FORMS
KO HONDA

ABSTRACT. We prove that harmonic 1-forms and 2-forms for generic metrics on a closed
manifold M enjoy the standard transversality properties with respect to the stratification
of A¥T* M which is induced from the action of O(n) on AF(R™)*.

1. INTRODUCTION

This paper is motivated by the following (related) questions on the regularity of the zero
sets of solutions to Laplace’s equation:

(A) The Dirichlet problem. Let Q be a domain in R" and A, be the Laplacian on Q with
respect to the (Riemannian) metric g. Consider the solution v to the equation Aju = 0,
with Dirichlet boundary condition u|gq = f, where f is a fixed function on 0. Then is the
zero set, of u regular for generic choices of g7

(B) Harmonic forms. Let M be a closed, oriented n-manifold and A, be the Laplacian
(Laplace-Beltrami operator) on M with respect to the (Riemannian) metric g. If g is a
generic metric and w is harmonic k-form with respect to the metric g (i.e., Ajw = 0), is the
zero set of w regular? Moreover, is the generic harmonic form w transverse to the various
strata of A*T*M under the action of SO(n)? *

We will call a harmonic form w with respect to the metric g a g-harmonic form. The goal
of this paper is to prove affirmative results for (A) and certain special cases of (B). On a
closed, oriented n-manifold M we prove transversality results for 1-forms and also for 2-forms
(provided n is even). Dually, we obtain transversality for (n — 1)-forms on any n-manifold
and (n — 2)-forms for n even. As we shall see, 4-manifolds exhibit unusual behavior in the
dichotomy between the self-dual (SD) (or anti-self-dual (ASD)) 2-forms and the non-SD (and
non-ASD) 2-forms. The following is a sampling of the results which are proved:

Theorem 1.1. Let M be a closed, oriented 4-manifold with by (M) > 0, and Met' (M) be
the space of C'-Hélder metrics on M, for a sufficiently large non-integer 1. Let Q+ C
H?*(M;R) x Met'(M) be the Banach submanifold consisting of pairs ([w],g), where g €
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Met' (M) and w is a SD g-harmonic 2-form with [w] # 0. Then there exists a dense open set
U C Q" such that if ([w],g) € U, then w has reqular zeros. This means that the zeros of w
consist of disjoint circles for generic g.

Theorem 1.2. Let M be a closed, oriented 4-manifold with b (M) > 0, and Met' (M) be
the space of C'-Holder metrics on M, for a sufficiently large non-integer l. Then there exists
a dense open set U C H?(M;R) x Met (M) such that if (w,g) € U and w is a g-harmonic
form representing its cohomology class [w] € H*(M;R), then w is neither SD nor ASD, and
w has no zeros, has full rank away from a submanifold of codimension 1, and is SD/ASD on
a union of disjoint circles.

Theorem 1.3. Let M be a closed, oriented 6-manifold with H*(M;R) # 0, and Met' (M)
be the space of C'-Holder metrics on M, for a sufficiently large non-integer I. If we fiz a
nonzero cohomology class o € H?(M;R), then there exists a dense open set U C Met (M)
such that if g € U, then the g-harmonic 2-form w € a has no zeros, has isolated points where

it has rank 2, and, away from the rank 2 points, has rank 4 on a submanifold of codimension
1.

In Theorem 1.3, by rank we mean the rank of a skew-symmetric bilinear form.

A few words on Theorem 1.1 — although this theorem on self-dual 2-forms was conceived
and proven independently by the author (circa 1995), later conversations with Taubes and
Eliashberg revealed that this had been known to specialists for a long time (c.f. the appendix
to the preprint [14], excised from the published version). The first detailed proof appeared
in LeBrun’s paper [10]. We include Theorem 1.1 here because it is readily proved with the
transversality machinery developed in this paper. By now, Taubes has extensively studied
properties of holomorphic curves with respect to these self-dual harmonic 2-forms in a series
of papers [16, 17, 18]. (Some very basic remarks can be found in [7].)

In Theorem 1.2, the non-duality result is well-known (c.f. Section 4.3.5 of [4]), and we
prove the part of interest, namely the transversality. A study of such non-SD/non-ASD
forms appears in [8].

We remark here that the proofs of the transversality theorems are rather nontrivial because
of the harmonicity — one must work much harder than in the case of closed forms, as
was carried out by Martinet in [11]. This is primarily due to the the fact that a local
metric perturbation gives rise to global effects on the manifold. The key ingredient in the
proofs of the theorems, therefore, is the control afforded from using the asymptotics of the
Green’s function. The idea of using Green’s functions appears in Uhlenbeck’s paper [19] on
eigenfunctions for generic metrics.

In Section 2, we study generic harmonic forms on compact manifolds. After reviewing the
basic setup of transversality theory in Section 2.1 and the crucial facts from the asymptotics
of Green’s functions in Section 2.2, we make the necessary computations in Sections 2.3,
2.4, and 2.5. Subsequently, 1-forms are treated in Section 2.6, SD 2-forms on 4-manifolds
(Theorem 1.1) in Section 2.7, the non-SD/non-ASD case (Theorem 1.2) in Section 2.8, and
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2-forms on 2n-dimensional manifolds with 2n > 4 in Section 2.9. Section 3 is devoted to
transversality results for solutions to the Dirichlet Problem.

Remark 1.4. It appears at the moment that, if transversality still holds for k-forms on an
n-dimensional manifold with 2 < k < n—2, the proof would require substantially more work.
This is due to two complications. The first, and probably the less serious, is that the orbits
of the action of SO(n) on \F(R") become more complicated. The second is that the map
1., defined in Section 2.4, is not surjective, and we need to consider all the points near the
point at which we are trying to perturb. This would require considerations similar to that of
Section 2.8, only much more involved.

2. HArMONIC FORMS ON COMPACT MANIFOLDS

In what follows, M will be a closed, oriented n-manifold and Metl(M ) the space of C'-
Hélder metrics on M, for sufficiently large | € R™ — Z. Let P = H*(M;R) x Met'(M).
Given (o, g) € P, there exists a unique g-harmonic form w(,4) in the class a by the Hodge
Theorem. This gives rise to the natural map

(1) j: P — QF (M) x Met!(M)

which sends (e, g) to the corresponding (w(a,g), g). Here QF (M) is the space of C™-Hélder
k-forms with m sufficiently large.

Proposition 2.1. The map j gives an isomorphism of P with a Banach submanifold Q) of
the Banach manifold QF (M) x Met'(M).

The proof will be given in the Appendix.

2.1. Transversality theory. We would like to prove that there is a dense open set U C Q
such that if (W), 9) € U, then the harmonic form w4 has regular zeros.

Let us describe the general transversality theory setup. We start with the following “full”
evaluation map:

(2) ev:Qx M — /\kT*M

[(w, g), 2] = w().
Here w is a g-harmonic form.
In subsequent sections, it will be shown that ev is regular (i.e., transverse to the zero
section of A¥T™* M) for appropriate k and n = dim M. This means that, for [(w, g), z] fixed,

(3) ev, : T@ x ToM — N'TiM

is surjective whenever w(x) = 0. If ev is regular, then by Proposition 2.2 below, there exists a
dense Gs-subset of () for which w has regular zeros. Since transversality is an open condition
on our C'-function spaces with [ >> 0, this implies that there exists an open dense subset
U C @ for which w has regular zeros.
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Proposition 2.2. Let X be a Banach manifold, M, N finite-dimensional manifolds, and f :
X xM — N be a C'-map for | sufficiently large. Suppose f is transverse to a submanifold 7
of N. Then for a dense Gs-set in X, fp, : M — N is transverse to Z, where fo(m) = f(xz,m).

For a well-written account of Proposition 2.2, consult Section 4.3 of [4].
Consider the following “partial” evaluation map

(4) evy 1 Q — /\kT;M,

which maps (w,g) — w(z). In other words, this is the evaluation map with x € M held
constant. In our present situation, it suffices to show that

(5) (eve)s : T @ = Tz M

is surjective whenever w(z) = 0, that is, it is not necessary to let z vary in M. The following
lemma shows that we are not sacrificing any extra degrees of freedom by restricting to (evy)..

Lemma 2.3. (evz)*(T(w,g)Q) = €V« (T(w,g)Q X TzM).

Proof. If v € T, M, then extend ¥ to a vector field V on M. If ¢, is the 1-parameter family
of diffeomorphisms generated by V', then

s d ,
(6) ev((w, 9),2)(0,0) = Lyw(z) = - gw(z)| |
=0
where Ly is the Lie derivative in the direction of V. Finally, we observe that ¢jw is harmonic
for the metric ¢;g. O

2.2. Green’s functions. We now start to compute (evy)«(Z(u,q)@)- Consider the family
(w,g1) € Q, t € (—&,€) (¢ > 0 small), with (wp, go) = (w, g). Since Agw; = 0, by differenti-
ating the equation with respect to ¢ at ¢ = 0, we see that if (v, h) € T, 5@, then

w=0.
t=0

d
(7) Agv + %(Agﬂh)
Here, we will often write g; = g + th, where h € C*(Sym?T*M) is %h:o. This presents no
loss of generality since (1) all our computations concern g; only up to first order in ¢ and (2)
g+ th is a (positive definite) metric, provided ¢ is sufficiently small.
Conversely, we have the following:

Claim 2.4. If (v, h) satisfies Equation 7, then (v, h) € T(, ¢ @.

Proof. First note that %£(Ag4,)|i=ow is an exact form. Indeed,

® )| @ Gt dd) o= d(
t=0 t=0

since dw = 0. Now recall the Hodge Decomposition, which states that

(9) QF (M) = dQ* " (M) @ d*Q"' @ M},

)
t=0
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where H¥ is the set of g-harmonic k-forms. In particular, %(Ag ) |i—ow is L*-orthogonal to

'H';, and there is a unique solution v L H’g“ which solves Equation 7 with fixed h. Here L
refers to L? -orthogonality. Since for each g + th there must exist a (g + th)-harmonic form
wy in the same cohomology class as w, this unique solution v L ’H’gC must necessarily arise as
%hzo. All other solutions v’ to Equation 7 with fixed A differ from v by a g-harmonic form,
and clearly (v —2',0) € T, Q- O

In order to write Equation 7 in integral form, i.e., to invert Equation 7 and solve for
v, we make use of the Green’s function G(z,y). We now collect some facts that we need
on the Green’s function. They will be presented without proof; see [2], [12] for Laplacians
on functions — the generalization to forms is straightforward. Let m;, ¢« = 1,2, be the ith
projection of M x M onto M, and let A C M x M be the diagonal.

Proposition 2.5. There exists a section Gy(z,y) of mf(N'T*M) @ w5(ANFT*M) over M x
M — A, called the Green’s function, with the following properties:

1. If g is of class C* with | >> 0, then G, of class C* on M x M — A.

2. Gy, y) = Gyly, z).

3. If the k-form w of class C* is L*-orthogonal to ker A,, then

/M (Gl 9), Ao (9) gt () = ().

Here (,), 1s the fiber metric on \*T*M induced from g, dv,(y) is the volume form for
the metric g with respect to the variable y, and the dy; terms get paired with respect to
(,), while the dz; terms are left untouched.

4. If w € ker Ay, then
| Gl otty(w) =0

Recall the Green’s operator G, : (HE)*: — (ME)* which is the bounded inverse of A, :
(HE): — (HE)*:, where (Hf)* is the L?-orthogonal complement of H¥. Then on (#})*,
integrating against the Green’s function is the same as applying the Green’s operator.

Lemma 2.6. Let H’g“ be the space of harmonic k-forms for the metric g. Then (v,h) €
Tiw,y@Q and v L ’H’; iof and only if

(10) (evz)«((v, h)) = v(z) = i/ (dd"Gy(z, y), *(Drx)w(y)) gdvg (y)-

M

Here Dpxg4 or Dyx is shorthand for %(*g+th)|t:0'

Proof. By Equation 7 and Proposition 2.5(3), if (v, h) € T(,,@ and v L Hf, then we have

(11) (eve).((0, ) = v(z) = — /M (Gol@ 1), % (Do) w())gtlny(v).

dt =0
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We compute v(x):

oa) = = [ GG ) Aprans )y )

= _/%{(ng(m,y),dw(y»g—i—<d;+thGg(33ay)ad;+thw(y)>g}dvg(y)

S

d
- / @<*g+thd *gth Gg (T, 4), *g1ind *g1en w(Y)) gdvg (y)

— / (gl 59 Gy (@, ), %90l (Dieg)0 (1) gl (1)

= + /(*d *dx Gy(2,y), (Dpx)w(y))gdvy(y),

keeping in mind that dw = 0, dyw = 0. This yields Equation 10.
On the other hand, if we define v according to Equation 10, then the steps can be reversed

so that v satisfies Equation 11. Observe that (Agin) w is exact from the proof of

dt 0
~ d
Claim 2.4, and is therefore in (#H})*. Then v = G, <% (Agitn) w), and, equivalently,
t=0
d
v LMy and Agw = pm (Agyin)|  w. The lemma then follows from Claim 2.4. O
t=0

Remark 2.7. Perturbations (v, h) satisfying Equation 10 have the nice additional property
that v is exact. Suppose we can show that, given (w,g) € Q,

/\kT;M ={v(z) | (v,h) satisfies Equation 10},

whenever w(x) = 0. This would then imply a stronger transversality result, namely the
reqularity of:
(12) evq : Met (M) x M — /\kT*M,

(9,7) = w(z),

where w is the g-harmonic representative of the class a € H¥(M;R). We will use the
following evaluation map in Section 2.6:

(13) eva : Met' (M) — N'TrM,

g9 — w(z),
where w is the g-harmonic representative in c.

Although we do not have a good grasp of G,(z,y) in general, we can still take advantage of
the asymptotics of G4(x,y) near the diagonal A. This is because the perturbations & of the
metric g we will be using are the ones supported arbitrarily close to x.
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Conventions. We use multi-indices I = (i1,. .., i) to write

WL = W(i,ig) = Wip A Awiy.

Also, we will often omit the A symbol in expressions for forms.

We then have the following:
Proposition 2.8. Let gqg be the flat metric on R"™. Then

Y Ly ®dy,  ifn>2
— ) eyl
I=(il"2’7’]ic)
14 Goo(@,y) = ¢ "X
( ) 90( ) Z Cﬂlog‘x—y"d:ﬁ]@dyla an:2’
I=(i1,.0ig)
1 <-<ip

where ¢, 1s a dimensional constant.

For an arbitrary metric g, pick local geodesic coordinates U C R" for g, centered at z = 0.
Then we have the following, which is Theorem 2.2 of [12] (some ingredients are also found
in [13]) and roughly states that G, and G, are asymptotic near the diagonal:

Proposition 2.9. On a sufficiently small U, G4(0,y) has the form:

Gy 2(y) + Gyoly), n even,
1 = —n —n “ e 9, 9,
(15) Gy(0,y) = Gyan(y) + Gganly) +---+ { Gg-1(y) + Gguog(y) + Ggo(y), n odd,

where

L. Ggan(y) = Gg(0,9),

2. Gg,i(y) are k-forms whose coefficients have a singularity at y = 0 of the type Fizs ()

lyls 7

where P;y4(y) is a polynomial in yy,...,y, of degree i+ s,
3. G105 has coefficients with logarithmic singularities about y = 0,
4. Ggo(y) is bounded, and
5. the coefficients of all the G, .(y) are sufficiently differentiable away from y = 0.

In what follows we write F'(y) = ¢, Gy, (0,y) for go flat.

2.3. Computation of dd*F(y) for g flat. The goal of Sections 2.3, 2.4, and 2.5 is to
assemble the preliminary computations to determine {v(z)|(v, h) satisfies Equation 10} C
(ev3)+(T(w,9)@), whenever w(x) = 0. In Section 2.3, we compute the left-hand term of
the inner product in the integrand of Equation 10 for the flat metric g. In Section 2.4
we compute the right-hand term *(Dp*)w(y), and in Section 2.5 we compute the space
{*(Dp¥)w(y)|h € Sym*T; M} C AFTxM, where Sym>T M is the 2nd symmetric power of
T; M. With Proposition 2.9 in mind, these ingredients will be put together starting with
Section 2.6.

Consider R" with the standard inner product (,). Given a nonzero y € R", we define

a linear map R, : R" — R" which maps y — (1 — %) y and v — v for v L y. The
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map R, is nearly a reflection along the hyperplane {z € R"|(z,y) = 0} and is one when
n = 2k. Using the inner product we identify R" ~ (R")*, and then naturally extend R, to
N Ry N(R™")* = A"(R™)* by mapping v1 A« -+ Avg — Ryvg A -+ A Ryuy.

1o
ly|
Proof. There are two cases: either n > 2 and £k > 1, or n = 2 and k = 1. The difference

is due to the different forms of the Green’s functions. Throughout the proof, C' denotes a
nonzero constant which may vary from line to line.

Proposition 2.10. (dd"F(y),-) = /\*Ry, where C is a nonzero constant.

Case n>2, k>1. We compute:

(16)  dd'Fy) = Y doedd <| = 2dy1>

11< <ig
(17) =C ) dz® ko (W2 +--+42) ) dy
. lyr [yt i) ) 2
R
(18) + Y (-1t <_Wyjy) dy;, . .. dy;, - . . dyi,dy;
j=1,...,k
TFD] 5eees if

Claim 2.11. dd*F(y) is invariant under the action of A € SO(n).
Proof of Claim. We first define the action of A € SO(n) to be:

* * * * 1

where Aj is the pullback with respect to the coordinates x and Aj is with respect to the
coordinates y. Since d and * commute with A*, we have

(20) A*(dd* F(y) ZA*dx@dd* (| = 2A*dy;>

Finally, we compute that ), Ajdz; ® Ajdyr = Y, dz; ® dyr (check this!), which proves the
claim. O

It therefore suffices to choose y = (y1,0, ... 0) so that

(21) dd*F(yy,0,...,0) =
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where

|

otherwise.

. . 1-2 if4; =1
5(21,---,%):{1 =
Case n=2, k=1. We compute likewise that

(22) dd*F(y) = C - de, {(| |2—?yz) Z‘ ‘4yzy]dy]}

Y Py
Choosing y = (y1,0), we specialize to

(23) dd* (yl, ) = (—d.’l?l ® dy1 —+ d$2 X dyg)

C
|y1|2
This proves Proposition 2.10. 0

2.4. Computation of *(Dpx*). Consider the family of metrics g; = g+th. In this section we
compute *(Dpx)w(y), which is the term on the right-hand side of Equation 10. (Recall that

Dy* = % (x,,)|1=0.) Given an oriented orthonormal basis (ei,...,e,) for T; M with respect
to g = go, we first find a convenient oriented basis (ei(t), ..., ex(t)) for Ty M which satisfies:
1. 6,(0) = €4,

2. e;(t) is smooth in t,
3. the basis is orthonormal with respect to g;, up to first order in .

Claim 2.12. If <6Z’, ej)g—l—th = 5ij + thij, then ez(t) = €; — %t Zj hijej suﬂices.
Proof. We easily compute

1 1
(24) (eit),€(t))g, = <€z' - §tzhilela € — Etzhjmem>
l m gt

1
(25) = Oy + th; — 5t (Z hadi; + Y hjm(smi> =0y,
l m
up to first order in ¢. O
Proposition 2.13. Let w =) Wi, ..ix€i; - - - €5, be a fized k-form on M. Then

1150yl

1
(26) *(Dh*)w = C . { Z (hiljwjiz___,-k —+ -4 hikjwil---ik_ﬂ) €Cip .- eik — §tT(h) . w} .
Bl geenylls]

Here, C' is a nonzero constant.

Proof. For a 1-form w we will compute

(27) *(Dp*)w = {Z hijwje; — (h)w} ,
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leaving the harder verifications to the reader.
With e;(t) as in Claim 2.12, we write w = Y . | w;(t)e;(t). Then

$w = 3 (=1 w(t)er () .. D) - enlt):

i

Using é; = —3 > 51 hije; from Claim 2.12 (a dot over a function or form 7 indicates ‘;—Z\t:()),
we compute
(D = gl = S0 wealt) D) ealt))
h i o : i i 1 ... 6 R
= Z(—l)i_lwiel B Z(—l)i_lwiel P I
i ij#i
= Z(—l)Z Wiey ... €. ..€y
+Z {hﬂel .en—i-(—l)i_j_lhjiel...@...en}.
Vi
Now, since w = Z:L (wie; + wié;) = 0, we have:
*(Dh*)w = " 1 szhwe] + Z )niihjjei + (—l)n_i_lhjiej}
1,574
41
= ” 1 Z wl JZCJ wihjjei) + (—1)” 15 Zwihijej
,J;éz Y]
_ 1
irj
U
In particular,
Corollary 2.14. If w = Zi,j wijeie; 1s a 2-form on M, then
1
(28) *(Dpx)w = C z (hirwi; + wikhk;) eie; — Etr(h) ‘W
1,5,k

2.5. Computation of i,). In this section we compute the image of the map
(29) i) : Sym’ Ty M — Ty M
h = #(Dpx)w(y),

for certain values of k£ and n, using Proposition 2.13. Here w is a k-form and SymZT;M is
the 2nd symmetric power of 7,7 M.



TRANSVERSALITY THEOREMS FOR HARMONIC FORMS 11
k=1: If w(y) = 0, then Im 4,y = 0. Ifw(y) # 0, then Im 4,y = T;y M by using Equation 27.

k=2: Let w = Z” wije; A\ e; be a 2-form which has been normalized so that wj; = —w;;.
Then we associate to w(y) the skew-symmetric matrix A whose ij-th entry is w;;(y). To
the variation in the metric h(y), we associate the symmetric matrix H = (h;;(y)). By
Corollary 2.14, (Dp*)w(y) corresponds to the skew-symmetric matrix {H, A} — Str(H) - A,
where {H, A} = HA+ AH. Hence, in terms of matrices, 4,(y) becomes

(30) 14 :8—)./4,

ia(H) = {H, A} %tr(H) A,

where S is the set of symmetric n X n matrices and A is the set of skew-symmetric n X n
matrices.

Consider C € O(n). If B = C*AC, then we can write ig(H) = C'i,(CHC")C, where
CHC! € 8. Therefore, it suffices to compute 74 for representatives A of each orbit of A
under the action of O(n) by conjugation.

Let J = 2 _01 . We will use the convention that a blank matrix entry signifies a

matrix block consisting of all zeros. The following is an exercise in linear algebra:

Fact 2.15. Suppose n = 2m. Then an n X n skew-symmetric matriz A can always be put
into the form

ArJ
Ao
(31)
A
with \; > 0,1 =1,...,m, via an orthonormal change of basis.

If A has the form as in Equation 31 with \; > 0, ¢« = 1,...,m, then it is said to be in
normal form, and will be denoted by A = (A1, Ao, ..., A\p). Note that we may take all \; to
be nonnegative, since we are allowing conjugation by elements in O(n), rather than SO(n).
IfA;>0foralli=1,...,m and \; # A; for all 7 # j, then A is said to be of generic type.

We can make a further simplification when n # 4:

Claim 2.16. Ifn # 4, then Im iy = Im {-, A}. Here {-, A} maps H — {H, A}.

Proof. Provided n # 4, if we take H = I, then we obtain A € Im ¢4. By taking H = I we
also have A € Im {-, A}. The equality follows from the linearity of the two maps. O

The situation for n = 4 is quite different (n = 4 is the only anomaly), and this is the first
indication of the differences between n =4 and n > 4.
We have the following useful rule:
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Rule 2.17. Let A = (A1,...,A\y) be in normal form, where n = 2m. If \; # A;, then
Im {-, A} contains

Here x is an arbitrary 2 X 2 block which is consistent with the skew-symmetry of A. The *’s
are placed in the (i,7)-th, (i,7)-th, (j,7)-th, and (j,j)-th 2 x 2 blocks. On the other hand, if
Ai =A; >0, then Im {-, A} will contain

Xt *

Here X is a 2 x 2 block of the form ( ccl _cd >, with ¢, d € R.

k=2, n=4: We have the following four possibilities for the 4 x 4 matrix A in normal form:
(1) A, =0.

(2) A2 = (A,0), A > 0.

(3) A3 = (A, A), A > 0.

(4) Ay = (A1, A2), where A, Ap > 0, and Ay # As.

We can easily compute Im 74 for each of the four cases, with the help of Rule 2.17.

(1) Im 74, = 0.

(2) Tm iy, = { ( A B )‘ A = 2 x 2 skew-symmetric matrlx,} . Hence, dim Im i) = 5

- —Bt 0 B = 2 x 2 matrix
and Im i) = (+w(y))*.
0 —a b ¢
(3) Im iy, = a 0 —cb a,b,c € R ». Hence, if w(y) is SD, then Im 4, is
-b ¢ 0 a Y ’ ’ Y
—c —=b —a 0

the space of ASD 2-forms.
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(4) Tm ia, = {( MA B ) ‘ A = 2x2 skew-symmetric matrix
! —B' —)\A B = 2x2 matrix

Im 7,,) = 5 and Im 74y, = (xw(y))*. Observe that iw(y) is not surjective even if w(y) is of

generic type — this is in sharp contrast with the cases n > 6.

}. Just like (2), dim

k=2, n>6: Using Rule 2.17, it is easy to prove the following:

Proposition 2.18. If an n x n skew-symmetric matrix A with n = 2m even is of generic
type (e, A= (Ai,..., ), i >0 fori=1,....m, and \; # \; if i # j), then Im iy =
Im {-,A} = A.

k=2, n=6: The following are the possible types of orbits, where A is in normal form:

(1) A=0. Im i4 = 0.

* k%
(2) A= (A,0,0). Im iy = *
*
x X %
(3) A= (A A, 0). Imig = —Xt % %
* * 0
* ok
(4)A:()\1,)\2,0),Where /\1#)\2. ImzA: * ok ok .
* 0
* X x
(5) A= (/\1,/\1,/\2), where Al 7é )\2. Im 14 = —Xt % %
* * %

(6) A = (A1, A2, A3), where all the \; are distinct. Im iy = A.
2.6. Harmonic 1-forms. In this section we prove the following theorem:

Theorem 2.19. Let M be a closed, oriented n-dimensional manifold with H'(M;R) # 0.
Fiz a nonzero cohomology class « € H'(M;R). Then there exists a dense open set U C
Metl(M) for which every g-harmonic form w in the class o has reqular zeros, if g € U.
Hence a generic harmonic 1-form w in a fired cohomology class a has isolated zeros.

Remark 2.20. Provided all the zeros of w are isolated, the number of zeros of w, counted
with sign, is the Euler characteristic of M.

Before we begin the proof of Theorem 2.19, we state (without proof) an important result of
Aronszajn [1]:

Theorem 2.21.
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1. (“Weak Unique Continuation) Let L be a second order linear elliptic operator with C"
coefficients, for sufficiently large . Suppose Lu = 0 on a domain  and u = 0 on a
nonempty open subset of Q. Then u =0 on all of €.

2. (“Strong” Unique Continuation) Let L be a second order linear elliptic operator with C*
coefficients. Suppose Lu = 0 on a domain 2, u(x) = 0, and all the partial derivatives
of all orders vanish at x. Then v =0 on all of 2.

We now prove Theorem 2.19:

Proof of Theorem 2.19. We will prove the regularity of the map ev, , given in Equation 13.
Suppose that w(z) = evar(g)(z) = 0. Without loss of generality, take geodesic normal
coordinates about x = 0; this identifies 7,y M ~ (R")* for all y near 0. According to
Equation 10, the perturbation v(0) of w(0) corresponding to the perturbation A of the metric
g has the form

(32) (€vap=0)«(9)(h) = v(0) = £ /M (dd*Gy(0,y), *(Dpx)w(y)) gdvg(y)-

Here, h(y) is of class C! for | >> 0, and ¢, 'G,(0,y) ~ F(y) asymptotically, as y — 0.
For k = 1 we showed the following:

o (dd™F(y),-)q = (C/|y|")R, for the flat metric go and the adjoint d*° of d with respect
to go.

e x(Dpx)w(y) : (R")* — (R™)* is surjective, whenever w(y) # 0.

By the “Weak” Unique Continuation Theorem, there exists a sequence of points y; — 0
for which w(y;) # 0. Suppose n € (R")*. By the surjectivity of i, (since w(y;) # 0),
there exists a variation h;(y;) of the metric at y; for which x(Dy, . *)w(y;) = n. By taking a
sequence of functions f(y) with small support approaching h;(y;) - 0y, (y) (here 6,,(y) is the
delta function with support at y;), we obtain:

63, Jim )@ = Jim & [ @06 0.0), (D)0
(34) = £(dd"Gy(0,y:),m).

The following claim implies that (dd*G4(0,v;),n) € Im (evag).(g) for all n € (R™)*.

Claim 2.22. Let ¢ : V. — W be a linear map with W finite-dimensional. If {w;}$, is a
sequence in ¢(V) C W which converges to w € W, then w € ¢(V).

Proof. This is a restatement of the fact that ¢(V') is a subspace of W and that all vector
subspaces of a finite-dimensional vector space are closed. O
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By taking a subsequence, we may assume further that y; — 0 and |Z—”‘| — 3. Now, as
y; — 0, we have:

(dd*Gg(0,yi),m)g , (ddF(ys),m)go _ Rs(n)
[{dd*Gy(0, ), Mgl (dd™F (), mygo|  |Rs(m)|’
by Proposition 2.9. Since (dd*G,(0,v:),n), € Im (evqa):«(g) for all n € (R™)*, it follows
from Claim 2.22 that Rg(n) € Im (eva0)«(g) for all n € (R")*. Finally, since Rg is an

isomorphism, we have proved that Im (eva)«(9) = T oM. Theorem 2.19 follows from
Remark 2.7 and the discussion of Section 2.1. O

(35)

2.7. SD/ASD harmonic 2-forms on a 4-manifold. We will now prove Theorem 1.1.
Note that we may substitute ASD 2-forms for SD 2-forms with the same result.

Proof of Theorem 1.1. Consider the evaluation map
(36) evy 1 QT x M — /\+,

(W, 9),2) = (w(z), (9, 7))
where A" — Met'(M) x M is the universal vector bundle whose fiber AST:M over the
point (g,z) € Met!(M) x M is the set of g-SD 2-forms at z. Recall that Q" is the set of
pairs (w, g) where g € Met!(M) and w is a SD g-harmonic form with [w] # 0. (Here we are
viewing Qt C Q2,(M) x Met'(M).)
We will show that ev, is transverse to the zero section of A¥, i.e.,

(37) (evia)s : Twg@F = NTuM

is surjective, whenever w(z) = 0.
The two necessary and sufficient conditions for (v, h) € T(, Q" are:

A Ay(0) + E(Agiin) l1=ow = 0,

B. %g1(w + tv) = w + tv, up to first order in .
Differentiating (B), we obtain that v = %;v 4+ % (%g4)|i=ow. At a point z where w(z) = 0,
this gives v(z) = *,v(x). Hence, in order to determine (ev; ;). at (w,g) when w(z) = 0,
it suffices to compute the v(x)’s as in Equation 10, and project onto AfTyM, i.e., take
v(z) + *4v(2).

Take geodesic normal coordinates about z = 0 and identify T/ M ~ (R*)* for all y near
0. We have the following:

(). (dd*F(y),-)g, = (C/|y[*) Ry for go flat. Here d*° is the adjoint of d with respect to gp.
(ii). If w(y) # 0 is SD, then Im i,q) = A~ (R*)".
(iii). If y # 0, then R, swaps SD forms and ASD forms, i.e., R, : A¥(R*)* = AT(RY)".
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The rest of the proof proceeds in the same fashion as the proof of Theorem 2.19. Let
(w,g) € Q" with w(0) = 0. Since [w] # 0, there exists a sequence y; — 0 such that \Z_:I — B
and w(y;) # 0 by the “Weak” Unique Continuation Theorem. Combining (ii) and (iii), we
obtain Ry, (Im i) = AT(R*)*. Now, using a limiting argument as in Theorem 2.19 (and

Claim 2.22), Im (evy )« D Rg(A~ (RY)*), implying the surjectivity of (V4 z) - O

Remark 2.23. A SD form w is nondegenerate at all points x where w(x) # 0. This is
because w?(z) = w(z) A *w(z) > 0, if w(z) # 0. Hence if by (M) > 0, we can construct a SD
harmonic form which is nearly symplectic, that s, is nondegenerate away from a collection
of disjoint circles.

Let (wo, g0), (w1, g1) be regular points in QT with respect to the evaluation map ev, given
by Equation 36. (In particular, [wp], [w1] are nonzero cohomology classes.) Define

(38)
P(Q") = {7 :10,1] = QT|v(0) = (wo, go); ¥(1) = (w1, 91); 7 is of class C* for [ >> 0} )

We write y(t) = (wt, g¢). Consider
(39) vyt P(QT) x M x [0,1] = AT,

(7: T, t) = (wt(x): (gtv -T))
The following is the 1-parameter family version of Theorem 1.1:

Theorem 2.24. There ezists a dense open set U C P(QT) such that if v € U and ~(t) =
(wi, g1), then {(x,t) € M x [0, 1]|wi(z) = 0} gives a cobordism inside M x [0,1] between the
zeros of wy and the zeros of wy.

Proof. By Proposition 2.2, it suffices to show that (evy ;). : T,P(Q") — ATy M is sur-
jective whenever w;(z) = 0. Since [wy] # 0 from the definition of @, the proof of Theo-
rem 1.1 gives enough perturbations (v, hy) of (wy, g¢) at the point t such that {v(x)|(ve, hy) €
Tw1,9@F} = N, T; M. 1t is easy to incorporate (v, hy) into a 1-parameter family, thereby
proving the surjectivity of (€v4 z+)s- O]

2.8. Non-SD/ASD harmonic 2-forms on a 4-manifold. In this section assume that M
is a closed, oriented 4-manifold with b5 (M) > 0 and b, (M) > 0. If the intersection pairing
on H?(M;R) is definite, then all the harmonic 2-forms are automatically SD or ASD, and
the considerations of Section 2.7 apply instead.

Before discussing genericity results for non-SD/ASD harmonic 2-forms, we first explain the
stratification of A?(R*)* under the action of SO(4), where R* ~ (R*)* via the inner product
on R*. Since rank is invariant under the action of SO(4), we let V; = {w € A>(RY)* | tk w =
i}. In particular, V5 = {0}. Note that V} has two substrata, namely the SD 2-forms and the
ASD 2-forms, which we denote V  and V, _, respectively. For convenience, we assemble the
relevant data in a chart. In the chart, {e, ez, e3,e4} is an orthonormal basis for (R*)*.
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Stratum Typical element | Dim orbit | Dim stratum
Vo 0 0 0
Vé )\6162 4 5
V;L,:I: /\(6162 + 6364) 2 3
_ Arereg + Agezey,
VZ; (V;l,-k U V;l,—) )\1 7& iAz 4 6

We prove the following key theorem:

Theorem 2.25. Consider the evaluation map ev given by Equation 2. There exists a dense
open set U C Q — D, where D = {(w,g) € Q| xw = fw}, such that if (w,g9) € U, then
(evz)s : T(w,)@ = NTiM is surjective for all z € M. Moreover, U contains Q' = {(w, g) €
Q — D | g is of class C*}.

Proof. Let (w,g) € @'. We can write w = wy + w_ with w; SD and w_ ASD, and wy # 0.
The set of points where w is SD is the zero set of w_. Since w. are harmonic, by the “Weak”
Unique Continuation Theorem, w is SD or ASD away from a dense open subset of M. The
locus {z|w(x) # 0} is also a dense open subset of M. In what follows, take geodesic normal
coordinates y on a suitably small ball D" about x = 0, and identify Ty M =~ (R4)* over D".

Case 1: Suppose w(0) € V3 — Vi 4. Then w(y) € Vi — V1 for all y € D™, after possibly
shrinking D", and Im 4,q) = (*xw(y))*, a 5-dimensional subspace of A?(R*)*. Now, taking

a sequence y; — 0 with ‘Z—a — B,
(40) (dd*G(0, i), Tm dyy,))g — (k0 Rg(w(0)))*,

with g, go, Lo with respect to the inner product at y = 0. But the subspaces (*oRs(w(0)))*°
do not approach the same 5-dimensional space from the various directions parametrized by
S3 = {B € R" | || = 1}. Using the limiting argument from the proof of Theorem 2.19,
(evz—g)« must be surjective.

Case 2: Suppose w(0) € V.. Since rank is upper semicontinuous, we may assume that
w(y) € V4 for all y € D™. Moreover, w(y) € V4 — V41 on a dense open subset of D", and
(evz—g)« is surjective by the same argument as in Case 1.

Case 8: Suppose w(0) € V. We may assume that w(y) € Vo U (V4 — V1) for all y € D™
Im iy, = (*w(y))™" is still 5-dimensional, and (ev,—o). is surjective as in Case 1.

Case 4: Suppose w(0) € Vy. Here we use the condition that the metric g is of class C*,
and hence w is also of class C'™° by the standard elliptic theory. We argue by contradiction.
Suppose (evy—g)« is not surjective. Then, for y in a dense open set of D™, w(y) € Vo U (V4 —
Vis) and (dd*G(0,y),Im i) = (dd*G(0,y), (*w(y))*) must be a 5-dimensional subspace
of A2(R")*, independent of 3. Since w is C™, we are able to write

(41) w(y) = wr(y) + h.o.,
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where w, (y) = >, ; p¥ (y)dyidy; with pi (y) a homogeneous polynomial of degree r, and ‘h.o.’
is the remainder consisting of terms of degree > r in y. The “Strong” Unique Continuation
Theorem (Theorem 2.21) ensures that there exists some r < oo for which w,(y) # 0.

Now, take a sequence y; — 0 such that |Z_Z\ — B, 8€ 53 and w(y;) € VoU (Vi — Vay). If
x, L, d* are with respect to g and *q, Lo, d*® are with respect to the flat metric gy, then we
have:

(42) (dd"G (0, :), Im du(y,))g — Rp((rowr (8)) ) = (R (xown (),

since w(y) is dominated by w,(y) near y = 0, and the homogeneity of w,(y) implies that
wy(ty) is a multiple of w,(y). Therefore,

(43) Rﬂ(*owr(ﬁ)) = f(B)wo,

where @ is (nonzero and) constant and f is a function of 8 € S3.
Next, observe that the coefficients of |y|?R, are polynomials of degree 2. Then we can
write:

(44) |y| R *OwT Z dyzdy]:

where ,;2 is a homogeneous polynomial of degree r 4+ 2 in y. By combining Equations 43
and 44, we obtain:

(45) [yI* Ry (*owr(y)) = frs2(y)@o,
with f,,2(y) homogeneous in y. Hence

Jre2(y) o~ \ -
(46) s = VR @) = fraa A0 F (). b
(47) Wy = fr+2|y|2<dd*0F(y),*0¢~do>go-

Note that w, # 0.
We readily calculate that

C

(48) A((ddF(y),m)yn) = d (WRM) —0,

for all constant 2-forms 7. (Here C is a nonzero constant.) Coupled with the fact that
dw =0 and d * w = 0 imply dw, = 0 and d %y w, = 0, we obtain:

(49) dw, =0 = d(fri2lyl?) A Ry(xo@o) = 0

(50) d(xowr) =0 = d(frs2ly*) A Ry(@o) = 0.

Now, if 0 # ¢ € (RY*, 0 # ¢ € A2 (RY)*, and £ A¢ = 0, then ( is decomposable and £ lies on

the 2-plane given by (. If £ A x( = 0 as well, then £ also lies on a 2-plane orthogonal to ¢, a
contradiction. Therefore, d(f,42|y|?>) = 0 and f,,» = 0, contradicting the non-surjectivity of

(€Vz=0)+-
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We have now shown that for all (w,g) € @, (ev;), is surjective at all points z € M. Since
the surjectivity of the derivative is an open condition, we can cover {(w, g)} x M with a finite
number of open sets U; x Vi, i = 1,...,1. Then Ni_,Y; is still open and (ev,). is surjective
at all points of (Ni_,f;) x M. O

We now complete the proof of Theorem 1.2.

Proof of Theorem 1.2. This immediately follows from Theorem 2.25 and the table before
Theorem 2.25, since the evaluation map ev, when restricted to & x M, is transverse to all
the strata. O

2.9. Harmonic 2-forms on even-dimensional manifolds. We will prove the following
theorem, which has Theorem 1.3 as a special case.

Theorem 2.26. Let M be a closed, oriented n-manifold, where n = 2m > 4 is even. Fiz
a nonzero cohomology class a € H*(M;R). Then there exists a dense open set U C Q" =
Met (M) on which (eva). given by Equation 12 is surjective at all points in U x M.

Proof. Suppose for the moment that we have already proved the following proposition.

Proposition 2.27. Starting from any (g,z) € Q" x M with corresponding g-harmonic 2-
form w € a, we can find an arbitrarily small perturbation g + h € Q" of g so that the
corresponding (g + h)-harmonic form w + v € a has generic type at .

Proposition 2.27 implies the following lemma:

Lemma 2.28. Let S be the set of g € Q" for which the g-harmonic form w € « is of generic
type on a dense open set in M. Then S is dense in Q".

Proof of Lemma 2.28. We will exhibit a g € S arbitrarily close to gy € @”. Pick a countable
dense subset of M, say {z;}°,. Let Vy 3 gy be a closed ball in Q" of small radius, centered
about gq. We pick a closed ball V; C V;_; and an open ball U; 3 z; inductively, as follows:
Given z;, there exists a point g; € V; ; such that the g;-harmonic w; € « is of generic type
at x;. Then there exists V; x U; 3 (gi, x;), on which w(z) is of generic type, since the generic
type condition is an open condition.

Now let ¢ € N,V;, which is nonempty because of completeness. By our construction,
the g-harmonic w € « is of generic type on a dense open subset U2,U; of M. This proves
Lemma 2.28. 0

By Lemma 2.28, for any ¢ € S and z € M, there exist points y; — = such that the
g-harmonic w € « is of generic type at y;. According to Proposition 2.18, i) = /\QT;;M )
Therefore, by using the approximation technique from Section 2.6, it follows that (evq,q)« is
surjective for all x € M and g € S.

We now argue as in the last paragraph of Theorem 2.25. The surjectivity of (evaz)« is
an open condition on " x M. Combining this with the compactness of M, we obtain that
the condition “(evqq)s : T,Q" — N*TiM is surjective for all z € M” is an open condition



20 KO HONDA

on @”. But S is dense, so hence there is an open dense set U C Q" for which (evyy)s is
surjective for all x € M. This completes the proof of Theorem 2.26. O

Proof of Proposition 2.27. Let us now proceed to show that w can be perturbed at x so that
(w+v)(z) has generic type. If w(z) = 0, pick a point y arbitrarily close to z such that w(y) # 0
— such a sequence exists by the “Weak” Unique Continuation Theorem. If w(z) # 0, pick
a point y arbitrarily near x such that rk w(y) > rk w(x). This is possible because the rank
is upper semicontinuous. Using the notation introduced in the paragraph after Fact 2.15
for matrices in normal form, we represent w(y) by the matrix (Ay,..., A, 0,...,0), after an
orthonormal change of basis. Here the )\; > 0 are not necessarily distinct.

Then, by Rule 2.17, Im i,y contains an element 7 of higher rank than w(y), if w(y) does
not have maximal rank already. For example, Im 7,(,) contains any element of the form

*

(51)

* *

*x 0 0
0 0
As before, x is an arbitrary 2 x 2 matrix block, consistent with the skew-symmetry of the
matrix. Now form w'(z) = w(x) + tRyn. Recall that, using the approximation technique
from Section 2.19, Ryn € Im (ev, )« at g € Q", so there exists a perturbation g + th of the
metric g which gives rise to w'(z), up to 1st order in ¢. Since R,n preserves the rank of 7,
rk R,n > rk w(z) and rk w'(z) > rk w(z) for small enough ¢. Continue this process until
we obtain a harmonic form w” € « (for a metric g” close to g) such that the representation
w"(x) <> (A1, ..., Am) has A; all nonzero.

The next step is to perturb w”(z) until the \; become distinct, while keeping them nonzero.
Using our notation for matrices in normal form, let .J; be the 2s x 2s matrix (1,...,1), and
let (A1Jk,, ..., Ardg,) denote the n x n matrix (A1, ..., A5, Aoy .oy Aoy ey Apy oty Ay), where
A; appears k; times and 22;-":1 k; = n. After an orthonormal change of basis, we write
w'(x) = Mgy, -, Ardy, ). Let

(52) Appoty = {BAB—1 A=des A dk)

Ai # )‘ja/\i >0,B¢ O(TL),
7k12"'2kra22221ki:n '
Ap,,...k, is the stratum consisting of orbits of skew-symmetric matrices of the form A =

(MJkys - - -y Ak, ). Before perturbing, we make the following dimensional computations (Lem-
mas 2.29 and 2.30).

Lemma 2.29. dim Ay, 4, =dimO(n) — >0 kZ+r.

7

Proof of Lemma 2.29. Let A = (A Jg,,--., ArJk,). Then the dimension of the orbit of A is
given by:

(53) dimO(n) - A = dim O(n) — dim Stab(A) = dim O(n) — dim ker ad(A),
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where ad(A)(B) = [A,B] = AB — BA. Let us write B = (B;;), where B;; is a 2k; x 2k,
block. Then [A, B] = 0 gives

(54) Aidk, Bij = AjBijJ; -

One computes that if ¢ = j, then B;; € gl(k;, C), and if i # j, then B;; = 0. Thus,
(55) ker(ad(4)) =~ (gl(k,C)®---® gl(k,,C))No(n)

(56) = u(k) @--- S ulk),

where gl(s,C), o(s), and u(s) are Lie algebras of Gl(s, C), O(s), and U(s), respectively.
Then

(57) dimker ad(A) = kZ + --- + k2,
and
(58) dim Ay, 4 =dimO(n) - A+ r = dimO(n Zk2+r.

k?+%.

i=1"1

Lemma 2.30. dim Im iy = dimO(n) — >_;
Proof of Lemma 2.30. Using Rule 2.17, one computes that

A * * % ¥+ X X X

* Ay * % X x X X
Imiy = . , with Az = ,

* % L% X X . X

x  x  *x A, X X X «x

where * is an arbitrary block of the correct size consistent with the skew-symmetry, and X

is a 2 X 2 block of the form ( ccl _Cd > . Therefore,
. . n
(59) dimIm i4 =dim O(n —22 _dlmO(n)—Zk§+§.

O

Lemmas 2.29 and 2.30 prove that if 7 < 7, then dimIm iy > dim Ay, 4, for A €
_____ k.- We now claim that there exists a small perturbation of (w”,¢") to (w ”’,g’”) such
that w"(x) € Ay, with dim Ay, > dim Ay, k., as long as not all k; = 1, i.e., w'(z) is
not already of generic type Indeed, pick y arbitrarily close to z such that w” (y) € Am1,...,mp

with p > 7 and Y7 m? < >77 k2. Then dimIm Gwi(y) > dim Ay, k.. This means that

i=1"
there exists 7 such that w"(x) + tRyn exits Ay, k., as well as avoids other Ay

dim Aka,_,_,k;, < dim Ay, ., by dimension count.

.....

Therefore, we can perturb in stages until we finally obtain (w, g) close to (w, g) with w(z)
of generic type. This concludes the proof of Proposition 2.27. O
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A consequence of Theorem 2.26 is the general principle that a harmonic 2-form, as regards
generic transversality issues, behaves just like an ordinary closed 2-form, which, in turn,
behaves like an ordinary 2-form with no differential condition. (See Martinet [11] for a study
of generic closed forms.)

Corollary 2.31. Fiz a nonzero cohomology class « € H?>(M;R). Then there erists a dense
open subset of Q" = Met' (M) on which the g-harmonic 2-form w in the class a has no zeros.

Remark 2.32. Any symplectic form w on a closed, oriented, even-dimensional manifold M
15 intrinsically harmonic, ¢.e., there exists a metric g on M for which w is harmonic. This
suggests that we may be able to study generic harmonic 2-forms as degenerate symplectic
forms, and conversely symplectic geometry from the point of view of harmonic forms. The
following question arises naturally: is it possible to use results on generic harmonic 2-forms
to construct symplectic forms on M ?

3. THE DIRICHLET PROBLEM

Using a setup similar to that for harmonic forms on a compact manifold, one can prove
an analogous theorem for solutions to the Dirichlet problem. We refer the reader to [5] for
standard facts on the Dirichlet problem. Let Q2 C R" be a bounded domain with a smooth
boundary 0f2. The following is well-known:

Fact 3.1. There exists a unique solution u to the Dirichlet problem Aju = 0, ulsq = f,
where A, is the Laplacian with respect to the C'-metric g with | >> 0, 1 € Z, and f is a
fized C'-function on the boundary.

Let Metl(_ﬁ) be the space of C'-metrics on €, i.e., defined and C' on some open set
containing 2. This is a Banach manifold, which we also view as {(u, g)[Agu = 0,ulon =
f} c C™(Q) x Met!(Q), m >> 0, m ¢ Z. We shall prove the following theorem:

Theorem 3.2. Fiz a C'-function f # 0 on 0Q. Then there is a dense open set in Q =
Met () for which the solution to the Dirichlet problem Ayu = 0, ulsg = f, has reqular zeros
inside 2.

Remark 3.3. No claims are being made about the behavior of zeros as we approach 0S2.

Proof. Consider the evaluation map:
(60) ev:Q x N — R,

(v, 9), ) = u().
We will show that ev is regular, i.e., ev,((u, g), ) is surjective (nonzero), whenever u(z) = 0.
As before, computing ev,((u, g), x) is equivalent to differentiating the conditions Ay, u; = 0,
ut|aq = f, where g, = g + th and u; = u + tv, up to 1lst order in ¢. Differentiating, we get

d d
(61) —(A tut) = A, + _(A +th) u = O,
dt ", C A
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and v|gq = 0.
Next, we convert Equation 61 into an integral involving the Green’s function.

Fact 3.4. If Q is a bounded domain with C*-boundary OS2, then a Green’s function G :
Q2 x Q — R satisfying G(-,00) = G(012,-) = 0 ezists.

As before, we can write
d
(62) v@) = - [ Go) G| ul)dny(y
Q t=0
(03 =+ [ Glay) (D) du(w)oy (),
Q
using d * du = 0. Here Dpx = %(*ﬁth)hzo.

Pick geodesic normal coordinates on a small open disk U about z = 0. For perturbations
h of g with support inside U, we have

(64) o0) =+ [ GO (D)) du(y)dy(3)
Fact 3.5. G(0,y) is asymptotic to

_ [ oe/ly"? ifn > 2
(65) Fly) = { cloglyl, ifn=2,

as y — 0. Here ¢, is a nonzero constant. The derivatives of G(0,y) are also asymptotic to
the derivatives of F(y) as y — 0.

Now set w(y) = du(y), and write w =) . w;(t)e;(t). We can choose an orthonormal basis
ei(t) =e;— 1t > hijej on U for g; = g+th, where {e;} is an orthonormal frame with respect
to g. Then,

(66)  w(0) = + / G(0, 9)d(Dyw)du(y)

(67) - { [ 6o - [ dco.m 1 (Dh*>du<y>}
(68) S / G(0.9)(Du)duly) & /U (dG (0, 9), #(Dy#)du(y) o, (v)
(69) =+ / (dG (0, ), *(Du)du(y)) oy (3),

since we are taking h with small support near .

If du is identically 0 near y, then w is constant near y, and v must be constant on all
of Q2 by the Unique Continuation Theorem. For u constant, Theorem 3.2 is trivially true.
Therefore assume that u is not constant. Then there exist points y; — 0 such that du(y;) #
0. When du(y;) # 0, tquq,) is surjective, and, just as in the case of harmonic 1-forms,
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a limiting argument proves the surjectivity of ev.((u, g),z). This concludes the proof of
Theorem 3.2. [

APPENDIX

We give a proof of Proposition 2.1. Let Met! be the set of C'-Hélder metrics on M,
U C Met! be a small open set containing go, Qf be the set of C/-Holder k-forms on M, and
H’gco be the set of go-harmonic k-forms. Then consider the map

(70) U0k xU—QF /1
(wag) = [Agw]:
If we QF then Ayw € QF . provided [ >> m, since |Ayw|p,—2 < Clwly,. Here |- |; is the

Hoélder j-norm and C is a constant. Since Ayw can be expressed in terms of derivatives of g
and w up to 2nd order, it follows that ¥ is smooth.

Claim. Suppose U(wy, go) = 0. Then DV (wy, go) : U, x T,y Met' — QF,_o/Mh is surjective
and has a bounded right inverse.

Proof. D¥(wy, go) maps (v, h) — Agv + %Agﬁm\t:owo- We use the following Holder esti-
mate, which can be found, for example, in [6]:

(71) (G0l < Clv]m—s,

where v € QF , and G, is the Green’s operator for A, . In particular, if v is L?-orthogonal
to M}, then Ay o égo (v) = v. Since Equation 71 implies that v € QF _, = égov € Ok we
see that DW(wy, go) is surjective. The Holder estimate also immediately implies the existence
of a bounded right inverse L : Qf _,/HE — QF x T,,Met! which maps [v] — (égov, 0. O

Using the Claim, we define:
(72) IT: QF x Ty Met' — Hp x Ty Met',

(w,9) = (Projg(w), 9),
where projg, is the L?-projection onto Hf . TI is the quotient map of QF x T,,Met' by

the image of L. By identifying a small neighborhood of g, € Met’ with a neighborhood of
0 € T,,Met!, we have:

(73) (U, 10) : QF x U — (QF,_,/HE) x i x U,

Now, D(¥,1I)(wo, go) is an isomorphism, and the Inverse Function Theorem for Banach
spaces (see [9]) implies that (¥, II) is a local diffeomorphism near (wg,go). The zero set
Q| N(wo,g0) Of ¥, restricted to an open neighborhood N (wy, go) of (wo, go), is therefore a Banach
submanifold locally isomorphic to an open ball in H’;O x U.

It remains to show that Q|n(we,g) = {(w,9) € N(wo, go)|Agw = 0}. Clearly, Q|n(wo,g90) 2
{(w, g) € N(wo, go)|Agw = 0}. The inclusion in the other direction follows from the fact that
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each slice of Q|n(uo,g0) With g held constant (g near go) has the same dimension as dim #},
since dim 7-[’; is independent of g by Hodge theory.
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