LOCAL PROPERTIES OF SELF-DUAL HARMONIC 2-FORMS ON A
4-MANIFOLD

KO HONDA

ABSTRACT. We prove a Moser-type theorem for self-dual harmonic 2-forms on closed 4-
manifolds, and use it to classify local forms on neighborhoods of singular circles on which the
2-form vanishes. Removing neighborhoods of the circles, we obtain a symplectic manifold
with contact boundary — we show that the contact form on each S' x S2, after a slight
modification, must be one of two possibilities.

1. INTRODUCTION

This paper is a study of generic self-dual (SD) harmonic 2-forms near their zero sets.
Let M* be a closed, oriented 4-manifold with b3 (M) > 0. Then one can show that, for a
pair (w,g) consisting of a generic metric g and a generic self-dual harmonic 2-form w with
respect to g, w is a transverse section of /\; — M (i.e., w is transverse to the zero section).

Here /\; is the self-dual subbundle of /\2 T*M — M whose fiber over a point p € M is

/\;r(p) ={w € /\i T*M| %y, w = w}. For a generic (w, g), the zero set C' of w is therefore
a disjoint union of embedded circles. Now, since w A w = w A *w, w is nondegenerate at p
if and only if w(p) # 0. That is, w is symplectic away from C — a union of circles — and is
identically 0 on C. For more details, consult [3] or [2].

The interest in self-dual harmonic 2-forms on closed 4-manifolds comes, to a large extent,
from our attempt to understand which closed 4-manifolds have symplectic structures. We
therefore view the zero set C' of w as an obstruction to the existence of a symplectic structure
on M, and will sometimes refer to the self-dual harmonic forms as singular symplectic forms.

We briefly outline the contents of the paper. In Section 2, we introduce an almost complex
structure J which is naturally associated to our singular symplectic form w and metric g.
Section 3 is devoted to a discussion of a version of Moser’s theorem (Theorem 2) which applies
to our singular symplectic forms. In Section 4, we use the Moser-type theorem to classify
local normal forms for the singular symplectic forms near an S, with an eye towards global
results, and in the last section we discuss the induced contact structures on the boundaries
of N(S1).

It turns out that most of the theorems described in paper were already known to various
researchers, but never published. I hope this manuscript fills a gap in the literature, espe-
cially for readers of Taubes’ papers [6, 7, 8, 9], which contain an analysis of J-holomorphic
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curves with boundary on C', and the relationship to the nonvanishing of the Seiberg-Witten
invariants.

2. ALMOST COMPLEX STRUCTURES

Observe first that we can define an almost complex structure J on M — C', where C'is the
zero set of w.
Proposition 1. If w is a self-dual harmonic 2-form which is nondegenerate on M — C, then
there exists a unique almost complex structure J compatible with w and g on M — C, where
g 1s conformally equivalent to g.

Proof. Given a metric g, any 2-form w can be written pointwise as

W = C1e1€ + C€3€y,
where (eq,...,e4) is an oriented orthonormal basis for TyM at a point p € M. Since w is
self-dual, ¢; = ¢5. Hence,

w = c(erea + ezey).
We claim this ¢ is well-defined and smooth on M — C up to sign. Since %w Aw = c2ey...ey =
c*dv,, with dv, the volume form for g, we find that ¢? is determined by w and ¢. Taking
advantage of M — C' being connected, we may fix ¢ on all of M — C so that ¢ > 0.

We then set J : e — €5, €9 — —eq, €3 — €4, €4 — —eg. This definition is equivalent to the

following: Let § = cg, and define J such that g(z,y) = w(x, Jy). Hence we see that if there

is a J compatible with w and g, it must be unique. Thus J is compatible with w and g = cg
on M —C. 0

Observe that w is defined on all of M and is zero on C, g can be defined on all of M and
is zero on C, but is not smooth on C', while J is defined only on M — C.

3. MOSER ARGUMENT FOR SELF-DUAL HARMONIC 2-FORMS

Let {w:}, t € [0, 1], be a family of self-dual harmonic 2-forms on M, where w; is a transverse
section of the corresponding /\;rt for each ¢, and the following hold:
(i) [w¢] € H*(M;R) is constant.
(i) The sets C; = {x € M|w;(z) = 0} are all S'’s; hence via an isotopy, we may assume
that C' = C} is a fixed S'.
(iii) [wy] € H*(M,C;R) does not vary with .
For simplicity, we have assumed in (ii) that the zero set C is a single circle. The result
also holds if there are more circles, provided their number remains constant with t. If C' is
contractible, then (iii) is equivalent to the following:
(iii") Let Q be an oriented surface with 92 = C'. Then [, w; does not vary with ¢.
Then we have the following:
Theorem 2. There exists a 1-parameter family of C°-homeomorphisms of M, which is
smooth away from C and takes (M — C,wo)—(M — C,w;) symplectically.
This generalizes the classical Moser’s theorem:
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Theorem 3 (Moser). Let {w:} be a family of symplectic forms on a closed manifold M.
Provided [w;] € H*(M;R) is fized, there is a 1-parameter family of diffeomorphisms ¢; such
that ¢;w; = wy.

d
Proof of Theorem 3. Let n; be a 1-parameter family of 1-forms such that % = dn;. (The
nontrivial part of this proof is to construct a smooth family 7; using Hodge theory.) Thus,
if we define X; such that ix,w; = —n, then Lx,w; = (ix, od + doiy,)w = —dn;, which,
integrated, gives a 1-parameter family ¢, such that ¢jw; = wy. U

d
Proof of Theorem 2. The point here is to find a suitable n; satisfying % =dn, and ny|c =0

“up to first order” near C'.

d
Claim. There ezists a I1-form 1), satisfying (1) % = dn; and (2) i*f is exact, where

1:C — M 1is the inclusion.

Proof of Claim. This follows from condition (iii) and the relative cohomology sequence:
HY(M;R) — HYC;R) 2 HX(M,C;R) — H*(M;R).

In the de Rham setting, § is given as follows: Given a class [a] € H!(C; R), represented by
a closed 1-form « on C, we extend « to (a not necessarily closed) 1-form & on M. Then let
Sla] = [da] € H*(M,C;R).
d d

Now choose any smooth family 7, satisfying % = dnj;. Since {%] =0¢€ H*(M,C;R),
if [i*n] # 0 € H'Y(C;R), we can kill this class by adding to 7; a closed 1-form on M which
represents a class in H'(M;R) and which maps to [i*7;] € H'(C;R). This modification can
be performed smoothly with respect to ¢, using Hodge theory. O

Now fix an 7; as in the Claim. Then there exists a family f; of functions on C' such that
1*1; = dfy. Our goal is to extend f; to a function on M such that 7, = df; “up to first order”
near C'.

In order to extend f; to a neighborhood N(C) of C, first observe that there is only
one orientable rank 3 bundle over S* (m(BSO(3)) = 0 implies S' — BSO(3) is homo-
topically trivial) and hence N(C) ~ C x D3. Choose coordinates (6, xy,xs,z3) such that
df, dxy, dzs, dxg at (0,0) are orthonormal.

Setting

o
fi(0, 21, 29, 23) = f1(6,0) —i—Zm@Oxﬁ— Z 1 GOxeJ

on N(C), where 7, = 1pd6 + >, mdxi, we have

&hOOxdé

dft(evxbx%x?)) = 9 0 d9+z

+Zm (0,0)dx; + = Z 6nz 9 0)(zidx; + xjdx;)
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up to first order in the x;’s. Now observing that

of 5
(1) %(eu(n - 779(‘97())7
(2) dﬁt(87 0) = 07
and that Equation 2 gives
One o
on; o
axj (97 0) - axl (‘97 0)7

we obtain

df,(0,2) = <ﬁ9(9, 0)+ > gZ‘f (0, O)xi> o

+ Z (ﬁi(e, 0) + Z

= 7(0,2)d0 + Z n:(6, x)dz;

i
6;1:]- (‘9, O)ZL']> deZ

up to first order in x.

Damping f; out to 0 outside N(C'), we arrive at 1, = 7; — df;. Finally, we obtain the
vector field X; such that ix,w; = —mn. X; will then give rise to a 1-parameter family of
symplectomorphisms, away from C', once we establish that X; — 0 rapidly enough as p € M
approaches C.

On N(C),

(3) wy = Ly(0,x)(d0dxy + drodas)
+ Ly(0, z)(dOdxy + dxsdxy)
+ L3(0, z)(dOdxs + dxidxs)
+ Q.

where L;(0,x) = . Lij(#)z; and @ consists of forms in df and dx;, whose coefficients are
quadratic or higher in the x;. In terms of matrices, w; corresponds to

0 L, L, Ls
L, 0 Ly —L, ~
L, L, 0 L, |t
Ly L, —L, 0

where @ has quadratic or higher terms in the z; and the matrix is with respect to the basis
{dO,dz,dxs, dxs}. ix,w; = —n; then becomes

(ag a1 as az)A = —(ng m n2 13)
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with X; = apdf + ), a;dx;. Thus,

(ag a1 az az) = —(np m n2 m3) A"
0 Ly Lo Ls
(o m m2ms) | —La 0 Lz —Lo
L2+ L3+ L3 | —L2 —Ls 0 L
—Ls Ly —I14 0

up to first order in x. This means that |X;| < k|z| near C; hence, as © — 0, |¢1(6,x) —
¢o(0, )] — 0, where ¢, is the flow such that % = X;. This concludes our proof. O

4. LOCAL NORMAL FORMS

On a neighborhood N(C) = C' x D3 of C, w can be written as in Equation 3. If w is
generic, then it is transverse to the zero section of A ¥, and (L;;(¢)) is nondegenerate for all

6.

Lemma 4. (L;;(6)) is symmetric and traceless.

Proof. By comparing zeroth order terms in the x;, dw = 0 implies
oL oL oL

1y 9Lz Ols

81’1 8x2 81’3

0Ly 0Ls 0Ls B 0L, 0oL, 0L,

=0 = = 0.
' 81’2 81’1

:(:]7

81’3 8x2 n ’le 8x3

O

The traceless symmetric matrix (L;;(#)) thus has a basis {vi(8),v2(0),v3(0)} of eigenvec-
tors for each 6 (though the v; are not necessarily continuous in 6). Since (L;;(6)) is traceless,
either two of the eigenvalues are positive and the remaining is negative for all 6, or vice
versa. Hence, (L;;(6)) gives rise to a splitting of R* x S* — S! into a real line bundle over
S1 and a rank 2 vector bundle over S!. Such splittings are classified by homotopy classes of
maps from S' to RP?, and m(RP?) = Z/2Z. Hence, we have the well-known:

Proposition 5. There exist two homotopy classes of splittings of R®> x S* — S, the oriented
one and the unoriented one.

What is rather remarkable is the following:
Theorem 6. For cither of the two splitting types, there exists a SD harmonic 2-form for a
flat metric on S x D3 whose zero set is C = S x {0} and which has the given splitting type.

Proof. We give representatives of both types.

(A) Corresponding to the oriented splitting, we have:
wa = x1(dfdzy + drodrs)
+ xo(dfdxs + drsdzy)
— 2x3(dfdxs + dxidxs)
= 3+ df A p,
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where 1 = d(3(2? 4+ 23) — 23), and *3 is the *-operator for the flat metric on D?. Here,
(Lij(0)) = diag(1,1,—2), with fixed positive and negative eigenspaces. Note that w4 is
Sl-invariant.

(B) We construct wg, corresponding to the unoriented splitting, as follows. Starting with
Q = x1(dfdx; + drodxs)
+ x9(dfdxs + drsdxy)
— 2z3(dfdxs + dxidxs)
on [0,27] x D3, we glue ¢ : {27} x D* — {0} x D? by sending
0 — 6—2r
Ty 1

T2 —T2

111

xs3

One easily verifies that ¢*(2 = (). O

—X3.

Theorem 7. Given a generic SD harmonic 2-form w on M, there exists a I1-parameter
family of closed 2-forms wy, t € [0,1], on M which satisfy the following:

(1) Wop = W.

(2) The wy are symplectic away from their common zero set C'.

(3) wy = w except on a neighborhood N(C') of C.

(4) On each connected component of N(C'), wy is (up to sign) one of the two local forms

wa or wg of Theorem 6.
(5) [wi € H*(M;R) is independent of t.

Proof. Suppose for simplicity that the zero set C' of the SD 2-form w is a single circle.
Assume that w on N(C') gives rise to an oriented splitting, i.e., we are in case (A). (Case
(B) is identical.) After an orthonormal change of frame, we may write
w = (Lll(é)xl + L12(0)x2)(d9dﬂc1 + dl’gdl’g)
+ (Lgl (‘9)1’1 + LQQ(Q)JIQ)(d@d$2 + dl’gdl’l)
+ Ag(@)%g(d@dfﬂg + dil?ldl’g)
+ Q,

with, say, (L;;(0))i<ij<2 positive definite and A3(¢) < 0. Here, the L;;(6) and A3() are
differentiable in 6.

Now, take a 1-parameter family 3; = (1 — t)w + twys on N(C). After shrinking N(C) if
necessary, [3; is symplectic on N(C') — C. Using a local version of our Moser argument (see
the proof of Theorem 2), we see that there exist homeomorphisms

o1+ (No(C), fo = w) = (N:(C), By),

where N;(C) are small neighborhoods of C' whose boundary depend smoothly on ¢, ¢; = id
on C, and ¢, is smooth away from C. The ¢, allow us to remove (No(C),w) and graft on
(N:(C), ;). Hence there exists a global family w; on M with wy = w and wi|n) = wa,
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after further shrinking N(C'). Moreover, the perturbation can be performed in an arbitrarily
small neighborhood of C' and without altering the cohomology class. 0J

In essence, Theorem 7 tells us that, in studying the singular circles of w from a global
perspective, we may assume that the zeros are either (A) or (B).

5. CONTACT STRUCTURES ON THE BOUNDARIES
In this section we investigate the boundary properties of w, and wg. More precisely, we

have:

Theorem 8. There exist contact forms Ay and Ag on ON(C) = St x S? such that d\ s = i*w,
and d\p = i*wpg, where i is the inclusion S* x S* — N(C) = S' x D3.

Proof. (A) Consider the following S'-invariant 1-form

1
A= —i(mf + a5 — 223)df + xox3dr) — T123dTH

on N(C). We then compute that d\ =w, on N(C') and
1
> wda NN X = (5(95% + 23) (2] + 25 + 223) + zxg) dOdx,drydas.

Since S' x S* = {3, 27 = 1} is an integral submanifold of Y, z;dz; = 0, i*(A A d\) # 0
on S x S%if and only if A A dAA >, x;dx; # 0 in a neighborhood of S* x S?. Noting that
ANAANY S x;dx; = 0 if and only if 21 = x5 = 23 = 0, we conclude that A4 = 7*) is a contact
I-form on S* x S? and (M — N(S'),wa = d)) is a symplectic manifold with contact-type
boundary.

(B) Consider the 1-form

1
A= —i(xf + 22 — 222)df + vox3dr, — T123d7,
on [0, 2] x D3. Using the notation from the proof of Theorem 6, d\ = Q and ¢*\ = A, so
we glue together (after pulling back via i) a contact 1-form Ap such that dAp = i*wp. The
rest is the same as (A). O

Let us now describe the orbits of the Reeb vector fields.

(A) wy is compatible with a metric § = cg, where g is the standard product metric on
St x D3 We can then write the compatible J satisfying g(z,y) = w(z, Jy) as J = —1A,
where

0 Ty Ty  —2T3
_ —xr1 0 —2x3 —x9
A= —x9 2735 0 T

203 Ty —x 0
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represents w with respect to {6, z1, xe, z3}. Now, the Reeb vector field X for A4 is given, up
to multiple, by

(Z:x axi) Va?+ a3 + 42 <<x1 a2 ) 5 T2 g T xlx?’axQ)
Finally, A4(X) = 1 implies that

X = % {(x% + 13 — 2x§)% — 3x2x38ixl + lexgaim] ,
with
f= —% [(2F 4 23) (2] + 23 + 223) + 4x3)] .
Solving for the orbits, 22 + 23 and z2 are fixed for each orbit, and hence,

;= V1—r2cosRy(r)t
o = V1—r2sinRy(r)t
x3 = 71

0 = Ry(r)t+ec,

where r is a constant, and R; and Ry are functions of r.

In particular, the noteworthy closed orbits are S* x {(0,0,1)}, S* x {(0,0,—1)}, and
St x {(x1,29,0)}, with 2 + 23 = 1 and 1, 2o fixed. These correspond to the stable and
unstable gradient directions in the Morse theory of 1 (z} + 23 — 223) near (0,0,0). Moreover,
the orbit S' x {(0,0,1)} is nondegenerate, and so is the family S* x {(z1, x5,0)}. There are
other closed orbits, but these do not seem to have any Morse-theoretic significance. The
relevance of such periodic orbits is manifest in Taubes’ paper [6].

(B) We apply the previous considerations and work on [0,27] x S?/ ~. There is one orbit
St % {(0,0,+1)}, which is a double of the orbits for (A). Since ¢ identifies (27, (x1, x2,0)) ~
(0, (z1, —12,0)), we also have the doubled closed orbits S x {(zy, £x5,0)}, with z5 # 0, and
the single closed orbits S* x {(1,0,0)}, S* x {(—1,0,0)}.

Remark. There is an example of a singularity of type (B) bounding a disk, which can be
made to vanish.

Our final point of investigation is to determine whether the two contact forms represent
the same contact structure on S' x S?. Let 4, £ be the contact structures (i.e., 2-plane
distributions) corresponding to the 1-forms A4, Ag. Then we remark the following

Proposition 9. {4 and {g are both overtwisted.

Proof. A perturbation of the upper hemisphere {x3 > 0} (({pt.} x S?) C S' x S? is an
overtwisted disk. O

Since overtwisted contact structures on a 3-manifold N are classified by the homotopy
type of the contact 2-plane distribution on T'N (c.f. [1]), it suffices to determine whether &4
and &g are homotopic as 2-plane distributions inside T'(S! x S?). We have the following:
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Theorem 10. The contact structures &4 and Eg are overtwisted contact structures for dis-
tinct homotopy classes of 2-plane fields on S* x S2.

Proof. First let us describe the homotopy classes of 2-plane fields of degree 1 on S* x S2.
A trivialization of T(S' x S?) and a choice of nonsingular transverse vector field (in our
case the Reeb vector field) gives rise to a Gaufl map ¢ : S* x S? — %, and the homotopy
classes of 2-plane fields are in 1-1 correspondence with homotopy classes [S! x S2,5%]. We
are interested in maps where the induced map Hy(S! x 5% Z) — H,(S% Z) has degree one.
The set [S! x S§%, S]; of homotopy classes of maps of degree one is computed as follows:

(S x S% 8%, ~ [S' Map,(S?, S?)]
~ [S' Difft(S?)]
~ [S',80(3)]
~ m(SO(3)) ~Z/2Z.

Here, Map, (S?, S?) is the set of maps of degree 1, and Diff*(5?) is the space of orientation-
preserving diffeomorphisms of S2. The representatives of the two classes are given by

(4) U, : (0,2) — Rpp(x),

with n = 0,1, where R, is rotation by « about the x;-axis. (Note we could have chosen
representatives to rotate about any axis — however, it is important to remember that R, is
a rotation about the x;-axis.)

Next trivialize T(S* x S?) ~ R? x (S x S?) as follows: First view S? as the unit sphere
> a7 =1 inside R?. At the point (6, 21,29, 23) € S* x S?, the tangent vector % is mapped
to the unit vector (1,2, 23) € R* and v € T(z17x27x3)52 to the corresponding tangent vector
viewed inside R?.

Let us consider Case (A). After rescaling, the Reeb vector field is

X (0,21, 79, 73) = (—2] — 25 + 273, 3T973, —37173,0).

Let ¢ : S x S? — 5% be the corresponding Gaufl map. Since (6, z) is independent of ¢, we
write u(z) = ¥(6,z). Then uw maps (0,0,£1) — (0,0, £1), (21, 29,0) — (—x1, —22,0), and
sends x3 = const to x3 = 7(const). Here 7 : [-1,1] — [—1,1] sends —1,0,1 to itself and
satisfies 7(—x3) = —7(x3). Since 7 is homotopic to the identity via a homotopy 7 which
fixes —1,0, 1 and satisfies 7,(—z3) = —7y(x3), ¥ is homotopic to:

(9,%) = 7r+0(r3)(x)>

where S, is the rotation by « along the x3-axis, and o(—z3) = —o(x3). We can then homotop
o = o9 to o1(x3) = 0, via o, which satisfies o,(—z3) = —oy(z3). Therefore, 1 is homotopic
to (0, z) — Sz(z), which in turn is homotopic to ¥, in Equation 4.

Let us now consider Case (B). Instead of gluing {27} x S? and {0} x S? via a twist, we
use the diffeomorphism

®: [0,27] x S* 5 [0,27] x S,
(0,z) — (0, Rgx).

Hence, if we push forward via ®, we may glue {27} x S? = {0} x S? identically. Our Reeb
field for (B) is @, X, where X = (—z} — 23+ 223, 3xox3, —31173, 0) is defined over [0, 27] x S
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The corresponding Gaufl map v : S' x S? — S? is (homotopic to one) given on [0, 27| x S?
by
0, z) — Rg/guR;/IQ(x),

where u : S? — S? was described in the previous paragraph. Observe that RyuR_'(x) =
u(z), which allows us to glue # = 0 and 6 = w. The homotopy u; from u to S, which was
applied in the analysis of Case (A) also can be applied here, by observing that Ryu;R-' = ;.
Now,

RojaSRyjs(w) = RojaRojsSe(x) = oS (),

and hence v is homotopic to V.
This shows that {4 and &g are not homotopic as 2-plane fields. 0

We close with the following question:

Question. Can the contact homology theory developed by Hofer and Eliashberg (among oth-
ers), or variations of it, shed any light on the singular symplectic forms?

REFERENCES

[1] Y. Eliashberg, Classification of overtwisted contact structures on 3-manifolds, Invent. Math. 98
(1989), 623-637.

[2] K. Honda, Transversality theorems for harmonic forms, to appear in Rocky Mountain J. Math.

[3] C. LeBrun, Yamabe constants and the perturbed Seiberg-Witten equations, Comm. Anal. Geom. 5
(1997), 535-553.

[4] J. Milnor, Topology from the differentiable viewpoint, the University Press of Virginia, Charlottesville,
1965.

[5] C. H. Taubes, The Seiberg-Witten and Gromov invariants, Math. Res. Letters 2 (1995), 221-238.

[6] C. H. Taubes, The structure of pseudo-holomorphic subvarieties for a degenerate almost complex
structure and symplectic form on S' x B, Geom. Topol. 2 (1998), 221-332.

[7] C.H. Taubes, Seiberg- Witten invariants and pseudo-holomorphic subvarieties for self-dual, harmonic
2-forms, Geom. Topol. 3 (1999), 167-210.

[8] C. H. Taubes, A compendium of pseudoholomorphic beasts in R x (St x S?), Geom. Topol. 6 (2002),
657-814.

[9] C.H. Taubes, Seiberg- Witten invariants, self-dual harmonic 2-forms and the Hofer- Wysocki-Zehnder
formalism, Surveys in differential geometry, 625672, Surv. Differ. Geom. VII, International Press,
Somerville, MA, 2000.

[10] A. Weinstein, Lectures on symplectic manifolds, CBMS Regional Conference Series in Mathematics
29, American Mathematical Society, Providence, R.I., 1979.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF SOUTHERN CALIFORNIA, L0OS ANGELES, CA 90089-
1113

E-mail address: khonda@math.usc.edu

URL: http://math.usc.edu/ khonda



