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The chiral model of TBG

H(α) :=

(
0 D(α)∗

D(α) 0

)
, D(α) :=

(
2Dz̄ αU(z)

αU(−z) 2Dz̄

)
,

z = x1 + ix2, Dz̄ := 1
2i (∂x1 + i∂x2)

U(z) := −4
3πi

2∑
k=0

ωke i〈z,ω
kK〉, K := 4

3π, ω := e2πi/3,

U(z + γ) = e i〈K ,γU(z), U(ωz) = ωU(z), γ ∈ Λ = Z + ωZ.

Derived from the full Bistritzer–MacDonald ’11 Hamiltonian; BMH
famous for the accurate prediction of the superconducting angle of
twisting. Mathematical derivation: Cancès–Garrigue–Gontier,
Watson–Kong–MacDonald–Luskin ’22
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The operator of today

D(α) =

(
2Dz̄ αU(z)
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2i (∂x1 + i∂x2)
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The operator of today

Bands: eigenvalues of Hk(α) :=

(
0 D(α)∗ − k̄

D(α)− k 0

)
, k ∈ C/1

3 Λ∗

A flat band at 0 energy means that SpecL2(C/3Λ)(D(α)) = C
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A simpler example first:

Dx := 1
i ∂x

SpecL2(R)(Dx) = R, SpecL2(R/2πZ)(Dx) = Z

L2(R) ' L2(R/Z; L2(R/2πZ)), Dx |L2(R) '
⊕

k∈R/Z

(Dx−k)|L2(R/2πZ)

u(x) 7→ U(x , k) :=
∑
m∈Z

e−2πi(x−m)ku(x −m), Dxu 7→ (Dx − k)U

SpecL2(R)(Dx) =
⋃

k∈R/Z

SpecL2(R/2πZ)(Dx − k)

-0.5 0 0.5

k   R / Z

-5

-4

-3

-2

-1

0

1

2

3

4

5

S
pe

c
 L

2  (
 R

/ 2
 

 Z
 )
(D

x -
 k

)

Spectra of Dx - k on R/ 2  Z as k varies

-1 -0.5 0 0.5 1
-5

-4

-3

-2

-1

0

1

2

3

4

5
Rotated Spectrum of D x on R



A simpler example first: Dx := 1
i ∂x

SpecL2(R)(Dx) = R, SpecL2(R/2πZ)(Dx) = Z

L2(R) ' L2(R/Z; L2(R/2πZ)), Dx |L2(R) '
⊕

k∈R/Z

(Dx−k)|L2(R/2πZ)

u(x) 7→ U(x , k) :=
∑
m∈Z

e−2πi(x−m)ku(x −m), Dxu 7→ (Dx − k)U

SpecL2(R)(Dx) =
⋃

k∈R/Z

SpecL2(R/2πZ)(Dx − k)

-0.5 0 0.5

k   R / Z

-5

-4

-3

-2

-1

0

1

2

3

4

5

S
pe

c
 L

2  (
 R

/ 2
 

 Z
 )
(D

x -
 k

)

Spectra of Dx - k on R/ 2  Z as k varies

-1 -0.5 0 0.5 1
-5

-4

-3

-2

-1

0

1

2

3

4

5
Rotated Spectrum of D x on R



A simpler example first: Dx := 1
i ∂x

SpecL2(R)(Dx) = R,

SpecL2(R/2πZ)(Dx) = Z

L2(R) ' L2(R/Z; L2(R/2πZ)), Dx |L2(R) '
⊕

k∈R/Z

(Dx−k)|L2(R/2πZ)

u(x) 7→ U(x , k) :=
∑
m∈Z

e−2πi(x−m)ku(x −m), Dxu 7→ (Dx − k)U

SpecL2(R)(Dx) =
⋃

k∈R/Z

SpecL2(R/2πZ)(Dx − k)

-0.5 0 0.5

k   R / Z

-5

-4

-3

-2

-1

0

1

2

3

4

5

S
pe

c
 L

2  (
 R

/ 2
 

 Z
 )
(D

x -
 k

)

Spectra of Dx - k on R/ 2  Z as k varies

-1 -0.5 0 0.5 1
-5

-4

-3

-2

-1

0

1

2

3

4

5
Rotated Spectrum of D x on R



A simpler example first: Dx := 1
i ∂x

SpecL2(R)(Dx) = R, SpecL2(R/2πZ)(Dx) = Z

L2(R) ' L2(R/Z; L2(R/2πZ)), Dx |L2(R) '
⊕

k∈R/Z

(Dx−k)|L2(R/2πZ)

u(x) 7→ U(x , k) :=
∑
m∈Z

e−2πi(x−m)ku(x −m), Dxu 7→ (Dx − k)U

SpecL2(R)(Dx) =
⋃

k∈R/Z

SpecL2(R/2πZ)(Dx − k)

-0.5 0 0.5

k   R / Z

-5

-4

-3

-2

-1

0

1

2

3

4

5

S
pe

c
 L

2  (
 R

/ 2
 

 Z
 )
(D

x -
 k

)

Spectra of Dx - k on R/ 2  Z as k varies

-1 -0.5 0 0.5 1
-5

-4

-3

-2

-1

0

1

2

3

4

5
Rotated Spectrum of D x on R



A simpler example first: Dx := 1
i ∂x

SpecL2(R)(Dx) = R, SpecL2(R/2πZ)(Dx) = Z

L2(R) ' L2(R/Z; L2(R/2πZ)), Dx |L2(R) '
⊕

k∈R/Z

(Dx−k)|L2(R/2πZ)

u(x) 7→ U(x , k) :=
∑
m∈Z

e−2πi(x−m)ku(x −m), Dxu 7→ (Dx − k)U

SpecL2(R)(Dx) =
⋃

k∈R/Z

SpecL2(R/2πZ)(Dx − k)

-0.5 0 0.5

k   R / Z

-5

-4

-3

-2

-1

0

1

2

3

4

5

S
pe

c
 L

2  (
 R

/ 2
 

 Z
 )
(D

x -
 k

)

Spectra of Dx - k on R/ 2  Z as k varies

-1 -0.5 0 0.5 1
-5

-4

-3

-2

-1

0

1

2

3

4

5
Rotated Spectrum of D x on R



A simpler example first: Dx := 1
i ∂x

SpecL2(R)(Dx) = R, SpecL2(R/2πZ)(Dx) = Z

L2(R) ' L2(R/Z; L2(R/2πZ)), Dx |L2(R) '
⊕

k∈R/Z

(Dx−k)|L2(R/2πZ)

u(x) 7→ U(x , k) :=
∑
m∈Z

e−2πi(x−m)ku(x −m),

Dxu 7→ (Dx − k)U

SpecL2(R)(Dx) =
⋃

k∈R/Z

SpecL2(R/2πZ)(Dx − k)

-0.5 0 0.5

k   R / Z

-5

-4

-3

-2

-1

0

1

2

3

4

5

S
pe

c
 L

2  (
 R

/ 2
 

 Z
 )
(D

x -
 k

)

Spectra of Dx - k on R/ 2  Z as k varies

-1 -0.5 0 0.5 1
-5

-4

-3

-2

-1

0

1

2

3

4

5
Rotated Spectrum of D x on R



A simpler example first: Dx := 1
i ∂x

SpecL2(R)(Dx) = R, SpecL2(R/2πZ)(Dx) = Z

L2(R) ' L2(R/Z; L2(R/2πZ)), Dx |L2(R) '
⊕

k∈R/Z

(Dx−k)|L2(R/2πZ)

u(x) 7→ U(x , k) :=
∑
m∈Z

e−2πi(x−m)ku(x −m), Dxu 7→ (Dx − k)U

SpecL2(R)(Dx) =
⋃

k∈R/Z

SpecL2(R/2πZ)(Dx − k)

-0.5 0 0.5

k   R / Z

-5

-4

-3

-2

-1

0

1

2

3

4

5

S
pe

c
 L

2  (
 R

/ 2
 

 Z
 )
(D

x -
 k

)

Spectra of Dx - k on R/ 2  Z as k varies

-1 -0.5 0 0.5 1
-5

-4

-3

-2

-1

0

1

2

3

4

5
Rotated Spectrum of D x on R



A simpler example first: Dx := 1
i ∂x

SpecL2(R)(Dx) = R, SpecL2(R/2πZ)(Dx) = Z

L2(R) ' L2(R/Z; L2(R/2πZ)), Dx |L2(R) '
⊕

k∈R/Z

(Dx−k)|L2(R/2πZ)

u(x) 7→ U(x , k) :=
∑
m∈Z

e−2πi(x−m)ku(x −m), Dxu 7→ (Dx − k)U

SpecL2(R)(Dx) =
⋃

k∈R/Z

SpecL2(R/2πZ)(Dx − k)

-0.5 0 0.5

k   R / Z

-5

-4

-3

-2

-1

0

1

2

3

4

5

S
pe

c
 L

2  (
 R

/ 2
 

 Z
 )
(D

x -
 k

)

Spectra of Dx - k on R/ 2  Z as k varies

-1 -0.5 0 0.5 1
-5

-4

-3

-2

-1

0

1

2

3

4

5
Rotated Spectrum of D x on R



Theorem (BEWZ ’20) There exists a discrete set A ⊂ C such that

SpecL2
0(C/Λ) D(α) =

{
Λ∗ + {K ,−K} α /∈ A
C α ∈ A,

Tarnopolsky et al ’19 observed that αk − αk−1 ' 3
2 (0 < k ≤ 8)

Ren–Gao–MacDonald–Niu ’20 “exact” WKB: αk − αk−1 ' 1.47 ?
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Magic angles vs. Scattering resonances

Magic α’s Resonances for BH2(0, 1)

|{α ∈ A : |α| ≤ r}| ≤ Cr2

|{α ∈ A : |α| ≤ r}| ≥ cr2 ?

(Known for obstacles in hyperbolic plane: Vodev, Borthwick...)
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Flat bands

The bands are eigenvalues of Hk(α) on L2
0(C/Λ), k ∈ C/Λ∗:

Theorem (BHZ ’22; implicit in BEWZ ’20)

∃ k /∈ Λ∗ + {K ,−K} E1(α, k) = 0 =⇒ ∀ k E1(α, k) = 0.
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flat band at α ⇐⇒ SpecL2(C/Γ) D(α) = C ⇐⇒ α ∈ A

∑
α∈A

α−4 = trT 4
k =

8π√
3
, combinatorics + ℘ function

Theorem (BHZ ’22) For all p > 1∑
α∈A

α−2p ∈ π√
3
Q and as a consequence |A| =∞.

Theorem (BHZ ’22) The first real magic α is simple and it lies in
(0.583, 0.589).

Remark: Luskin–Watson ’21 showed |A ∩ (0.583, 0.589)| ≥ 1
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What lies behind this spectral characterization?

An abstract formulation: Galkowski–Z ’23

(α, k) 7→ Q(α, k) : X → Y , holomorphic, Fredholm, index 0

τY (p)−1Q(α, k)τX (p) = Q(α, k + p), p ∈ Λ∗ a weaker assumption possible

m(α, k) :=
1

2πi
tr

∮
∂D

Q(α, ζ)−1∂ζQ(α, ζ)dζ

or ∞ if Q(α, z)−1 is never invertible.

Theorem (GZ ’23) If for some α0

∀α, k m(α, k) ≥ m(α0, k) 6=∞
then there exists a discrete set A such that for

m(α, k) =

{
∞ α ∈ A,

m(α0, k) α /∈ A.

Example Q(α, k) = D(α) + k , m(α0, k) = 1l{K ,−K}+Λ∗ (symmetry
protected states!)
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m(α0, k) α /∈ A.

Example Q(α, k) = (2Dz̄ + k)2 − α2U(z)U(−z): a scalar model in
which m(0, k) = 2 1lΛ∗(k) > dim kerQ(0, k).



Works for general potentials with Z2
3 o Z3 symmetries

Uθ(z) :=
2∑

k=0

ωk(cos2 θe
1
2

(z̄ωk−zω̄k ) + sin2 θe z̄ω
k−zω̄k
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Structure of eigenfunctions at the flat band

Dubrovin–Novikov ’80, Tarnopolsky et al ’19, Becker et al ’22

∀α ∈ C, (D(α) + K )uK (α) = 0, uK (α) ∈ H1
0 (C/Λ) \ {0}.

Consider the (rescaled) Green function of 2Dz̄ on C/Λ:

(2Dz̄ + k)Fk(z) = a(k)δ0(z), k 7→ Fk holomorphic

(k 7→ a(k) any entire function a|Λ∗ = 0, Fk = a(k)× Green’s function)

(D(α) + k)(Fk−K (z − z0)uK ) = uK (z0)α(k − K )δ0(z − z0).

∃ z0 uK (z0) = 0⇒


uk(z) := Fk−K (z − z0)uK (z) ∈ C∞(C/Λ),

(D(α) + k)uk = 0, ∀ k ∈ C,

flat band at α.

Theorem (BHZ ’22) If α ∈ A is simple then the unique zero has to
appear at the stacking point zS := −z(K ) =

√
3/i .
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Structure of eigenfunctions at the flat band

uk(z) = Fk−K (z − zS)uK (z)

= Fk(z)u0(z)

Fk(z) = e
i
2

(z−z̄)k θ(z − z(k))

θ(z)
, a(k) =

2πθ(z(k))

θ′(0)
, z(k) =

√
3

4πi
k ,

θ(z) := θ1(z |ω) := −
∑
n∈Z

exp(πi(n + 1
2 )2ω + 2πi(n + 1

2 )(z + 1
2 ))
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Structure of eigenfunctions at the flat band

uk(z) = Fk−K (z − zS)uK (z) = Fk(z)u0(z)

Fk(z) = e
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(D(α)+k)u(k) = 0, ‖u(k)‖ = 1, (D(α)∗+k̄)u∗(k) = 0, ‖u∗(k)‖ = 1

u(k) = c(k)Fk

(
ψ
ϕ

)
, u∗(k) = c(k)F−k

(
ϕ̄
−ψ̄

)
Application: We can consider an added in-plane magnetic field as
a perturbation:

DB(α) :=

(
2Dz̄ + B αU(z)
αU(−z) 2Dz̄ − B

)
, HB(α) :=

(
0 DB(α)∗

DB(α) 0

)
.
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How do the (two) Dirac points move when in-plane magnetic field
B is applied to sheets of bilayer graphene twisted by θ ' 1/α ?

L: θ varies, B/|B| fixed R: B/|B| varies, θ fixed
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In-plane magnetic field for the chiral model

Kwan et al ’20, Qin–MacDonald ’21:

DB(α) := D(α) + B, B :=

(
B 0
0 −B

)
, B = B0e

2πiθ.

Dirac point at k ⇐⇒ k ∈ SpecL2
0(C/Γ) DB(α)

Theorem (BZ ’23) If α ∈ A is simple (+ one more condition) and
0 < B0 � 1 then there are no flat bands and for α ∼ α Dirac
points (eigenvalues of DB(α)) are close to the Γ point.
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Protected states

(D(α) + K )uK = 0, uK ∈ L2
0(C/Λ;C2)

|uK (z , α)| ≤ e−c0α

near the hexagon spanned by stacking points and near its center

This looks like an estimate in a classically forbidden region with
1/α playing the role of a semiclassical parameter
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Classically forbidden regions for protected states

(D(α) + K )uK = 0, uK ∈ L2
0(C/Λ;C2)
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A semiclassical formulation

P :=

(
2hDz̄ λU(z)
λU(−z) 2hDz̄

)
= p(x , hD)

p(x , ξ) :=

(
2ζ̄ λU(z)

λU(−z) 2ζ̄

)
, z = x1 + ix2, ζ̄ = 1

2 (ξ1 + iξ2)

Symplectic structure:

σ = dξ1∧dx1+dξ2∧dx2 = 2Re dζ∧dz , z = x1+ix2, ζ = 1
2 (ξ1−iξ2)

Classical dynamics : flow of the Hamilton vector field:

Ha =
2∑

j=1

∂ξja∂xj − ∂xja∂ξj , σ(•,Ha) = da

Poisson bracket: {a, b} := Hab

Classical/quantum correspondence:

[a(x , hD), b(x , hD)] = h
i {a, b}(x , hD) +O(h2)
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Principally scalar reduction

P(−λ)P(λ) = q(x , hD)IC2 + hR(x)

q(x , ξ) = 4ζ̄2 − λ2U(z)U(−z), z = x1 + ix2, ζ̄ = 1
2 (ξ1 + iξ2)

R(x) =

(
0 2λDz̄U(z)

−λDz̄U(−z) 0

)
{q, q̄}|q−1(0) measures the “complexity” of q(x , ξ) ∈ C

A contour plot of |{q, q̄}| over C/3Λ
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The rôle of the Poisson bracket

(q(x , hD) + hR)u = 0 |{q, q̄}|q−1(0)

Hörmander’60, Sato-Kawai-Kashiwara’73, Dencker-Sjöstrand-Z’04:

q(x0, ξ0) = 0, i{q, q̄}(x0, ξ0) < 0 =⇒
∃ u microlocalized to (x0, ξ0), q(x , hD)u = O(e−c/h)

(reason for exponential squeezing of bands in Becker et al ’21)

Proof by example: If q(x , ξ) = ξ1 − ix1 then i{q, q̄} = −2,
q(0, 0) = 0. For (x0, ξ0) = (0, 0) put u = exp(−x2/2h).

Passage to PDE with analytic coefficients has its complications
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Hörmander’60, Sato-Kawai-Kashiwara’73, Dencker-Sjöstrand-Z’04:
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Classically forbidden region when {q, q̄} = 0

Theorem. (Hitrik-Z ’23) Suppose that q(x , hD)u = 0 near x0, and
‖u‖L2(neigh(x0)) ≤ 1. Then if

q(x0, ξ) = 0 =⇒ {q, q̄} = 0, {q, {q, q̄}} 6= 0

then there exists an h-independent neighbourhood of x0, Ω, such
that

|u(z , h)| ≤ e−c/h, z ∈ Ω.

based on: Kashiwara, Sjöstrand, Trepreau, Himonas ’80s
related recent work: Sjöstrand–Vogel ’23

Proof by example: Consider q(x , ξ) = ξ + ix2, x0 = 0. Then
{q, q̄} = −4ix |x=0 = 0, {q, {q, q̄}} = −4i , so the condition holds.

If 0 = q(x , hD)u = h
i (∂x − x2/h)u, then u(x , h) = u(0, h)e

1
3
x3/h.

For this to be uniformly bounded near 0, we need u(0, h) = e−c/h,
c > 0. So |u(x , h)| ≤ e−c/2h for |x | small.
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Application to the chiral model of TBG

Exponential decay of solutions near x0 guaranteed by

q(x0, ξ) = 0 =⇒ {q, q̄} = 0, {q, {q, q̄}} 6= 0

q = (2ζ̄)2 − U(z)U(−z), q = 0 ⇔ 2ζ̄ = ±
√
U(z)U(−z)

{q, q̄} = ±8i Im
(

(U(z)U(−z))
1
2∂z(U(z)U(−z))

)
Precalculus =⇒ {q, q̄} = 0 on π−1(hexagon) ∩ q−1(0)

hexagon = spanned by ±zS + Λ, zS = i/
√

3, ωzS ≡ zS mod Λ

{q, {q, q̄}} = 128
9 π2(c − 1)2(2c + 1)(2c − 9), c := cos(2π

√
3t/3)
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Application to the chiral model of TBG

Exponential decay of solutions near x0 guaranteed by

q(x0, ξ) = 0 =⇒ {q, q̄} = 0, {q, {q, q̄}} 6= 0

Condition satisfied if x0 is in the interior of the edges of the hexagon

Theorem. (Hitrik-Z ’23) Suppose that (D(α) + k)u(α) = 0 near
x0, ‖u‖L2 ≤ 1, and that x0 is in the interior of the edge of the
hexagon. Then there exists a neighbourhood, Ω, of x0 and c0 > 0
such that

|u(α, z)| ≤ Ce−c0α, z ∈ Ω
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Application to the chiral model of TBG

chiral model scalar model

{q, {q, q̄}}(±zS , 0) = 0 but {q, {q, {q, {q, q̄}}(±zS , 0) 6= 0

Galkowski ’23: C∞ theory of Egorov and Hörmander does not give

|u(α, z)| ≤ CNα
−N ∀N, z near ±zS

What about the center of the hexagon?

At (x , ξ) = (0, 0) (the center of the hexagon) the operator is not
of principal type:

q(0, 0) = 0, ∇q(0, 0) = 0

Lower order terms matter as we see in the figure above!
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Proofs are for dinosaurs - why don’t you just put it on a computer.
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