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Scattering operator
=—-A+v, veCFR"), n>3odd

’iin;e

o Wave operators: Wy = limy_, 4o € —#Ho exist and are complete

(Ran Wy, = P, (H)L*(R™)) A
@ Scattering operator: S = WjW_ SHy = HyS, S = FSTF*.

oS T=Wi(W_—W,)=—i [ citho(Wsv)e=itHogs.

— (F(5 — F)p(€) = —2mi / SUEP — Inl2)ars (€, m)p(n) di,
when supp ¢ C R™\ {0} and & # 0, where
ay(&m) = (FWIoF)(E,n) = (2m) " Wio(E, —n).

Note that (i + Ho) N Wjiv € Bo(L?) for N large enough, hence W* (&,n)is L.
continuous in 7, and

(L+ 1)~ (Wro) (&) < 9(€)
a.e. ¢ and for every 1, where g € L%(R").

*x* T:8 — 8§ linear cont., T(z,y) is its distribution kermel.



BacKscattering data
e Backscattering data the function
Eray(=§8) =vWi(§ -

or its inverse Fourier transform, that is,
(Baase) () =27 /(UW+)(:17 —y,x+y)dy.

e Real backscattering data the function

e

€ 27 (ap (—6,6) + al€, —£)) = 27 (oW5 (€, =€) + oW (£, €))

)

—

=92 1('UW+ =+ vVVf)(f, _5)7

or

(Biasewev)(z) = 2771 /v(x —y) Wy + W)z —y,x+y)dy.



Link to the wave equation

Some hand-waving computations:
o Assume for the moment that H, > 0 and 0 & o,(H,).
e Birman invariance principle: W4 (H,, Hy) = Wy (\/H,,+/Hy), and

[ SV m

LLW+ — \/7



Link to the wave equation

The wave ‘group” [Melin (2003)]

v € L (R™), ¢>n, There is a a unique

K, € C*([0,00), B(H?,L?)) N C([0,00), B(H?, H?)) such that K,(t) solves
(0? + H,)K,(t) =0, K,(0) =0, K,(0) = I,

o Ko(t) = 0L ¢t > 0.

Conv. kernel ko (-, t) of Ko(t),

ko(z, t) = —im(2mi) ™" [ -1 60" (26 — t) df supported on |z| = t.
o Ky(t fKN 1(t — s)vKo(s)ds

||KN(t)|| S CNH' Ny e /T(2 + N6), where 6 =2 —n/q,

Then
Ky(t) =Y (~)NEn(1),
N
and LY, 3 v — K,(t) € B(L*(R™)) is entire analytic.
e |z —y| <t in the support of K,(t,z,y)



Link to the wave equation

e Wi = Py — [ PacK,(t)veFtVHodt, where Py := PH.
0
oG = — [ K,(tyuKo(t)dt
0

oW, +W_=2(I+G+S)

with S a sum of projections defined in terms of eigenvalues < 0 and their
and eigenfunctions, such that S(-,) is smooth in the second variable.
Thus

(Basere)(x) = 271 /U(a: —y)(We+W_)(x—y,x+y)dy
=v(z) +2" / v(x —y)G(r —y,z+y)dy + /v(y)S(y, ) dy

(A. Melin (2004)).



The bacKscattering transformation and the
problem

Backscattering transform of v
(Bo)(@) = v(e) + 2" [ vl = 9)G(a ~ yox +3) dy

Problem. Find v (singularities of v) from Bu.

@ When v is real Bv — By,....v is a smooth function. If there are no
bound states Bv = Byau,e¥-

o C5°(R™) 3 v+ Bv € C*(R") is entire analytic in v:

Bv = ZBNU, Biv = .
1

e By is the value at (v,...,v) of an N-linear singular integral
operator.



First result

@ The regularity of Bywv increases with N in the sense of the next
theorem.

e [A. Melin (03)] The larger degree terms are as regular as we want:
Let ¢ > n and k be a nonnegative integer. Then there is a positive
integer No = No(n, q, k) such that if Ry, Ro > 0 there is a

C = C(n,k, Ry, Ra,q) such that

N
HAkBNUHL?(B(&Rl)) = CN”U“L'I/N!’ N > No,

whenever v € L? has support in the ball B(0, Rs).



Formula for Bnv

Recall:
(Bv)(z) = v(z) + 2" [v(x — y)G(x — y,z + y) dy, where




Formula for Bnv

Thus
Bv = ZBNv
with
Biv=w
and
By = 2”/v(x —y)Gn_1(z —y,x+y)dy, N >2,
with

GN_1 = (71)N/KN_2(t)UK0(t)dt7 GO = Ko(t),
0

sint|D|
D]

KN_Q(t) = /KN_g(t — S)’UKQ(S) ClS7 K()(t) =
0



Formula for Bnv
e Define
Ql(l', t) = ko(l’, t),

Qn(z1,-zN;t) = fot Qn-1(z1,...,xn—1;t — s)ko(zn; 5) ds.
e Then

Kn(z,y) = /v(xl) coov(eN)QNsr (x — 21,81 — xe, ..,y — y; t)dT
and
Gn(z,y) = (—1)N/v(z1)~~-v(:c1v)><

X Enii(x — @y, 01 — T2, ..., EN—2 — TN_1,ZN — Y)dT

where

EN+1(.’171, ey $N+1) = (—1>N/QN(.’171, . ,SL’N;t)iCQ(QTN+1;t)dt.
0



Formula for Bnv

e Ex € D'(RM)N), N >2
En(z1,...,25) = (_1)N_1/QN71(331>'"7mN71§t)i€0($N;t)dt
0

A Buv=v+> 5 Byv, with

(BNU)(J;): / EN(y17,,,7yN>U(‘r+y7N_’_%_’_“._’_@/N271)
®mM)N
Yn Y1 Y2 YN_1 uN U Un
TR R AR Gt el 2

when v € C§°(R™).




The distribution En

Set
Py = (A1 —An) - (An—1 — An),

A in the Laplacian in the variables z;.

Properties of En
E is a fundamental solution of Pp. It has the following properties:
(i) Ex(z1,...,2N) is rotation invariant in each x;;
(i) |z1) + -+ -+ |xn—1]| = |zn]| in the support of Ey;
(iii) En is homogeneous of degree 2(N — 1) — nN.
If Eis a fundamental solution of Py that satisfies (i)-(iii) then £ = Ex.

o Bx(z,y) =47 (im)' "2 (2® — y?).



A result forn = 3

e R. Langergren (2011) There is a constant C' > 0 such that
I Bnollay < CN?(8m) "Nl (Y,
Here, if n > 3,
1£lln—2) = IV"2£I.
e For n > 3 odd
° || Bavl|(s—2) < C||U||%n72) (A. Melin (2004))
o || B3vl|(—2) < C||U||?n72) (A. Melin, 1.B. (2013))



Smoothning properties of B

Theorem
s> (n—3)/2, Ny integer such that

a<Ny—1, a<(Ng—1)(s—(n—23)/2).

@ There is C'= C(n,s,a) > 0 such that
IBN gota(mo.my < CVRIVTDENTN2|y|| 7,

when N > Ny, R > 0 and v € C§°(B(0, R)).
@ There is C; = C1(n,a,s) > 0 such that

- N
IBN© resaqny < CT RV Hollge,

for every N > Ny, R > 0 and v € C§°(B(0, R)).

e0<a<1l a<s—(n—23)/2is good for all N > 2,
= Bv—wvisin Hiq).



Proof
=3 du(t) = (2(81n(ta)/a
o "By, 60,8) = S (G1es) * Biea)(1) cos([Esl)
oo >0:

F(£1,82,€5,0) = [ (Bley) * Plea))(¢) cos(|&s[t)e ™ dt,

1 1
€112 = (|€s] — i0)2 " [&al? — (I&] — i0)?

= Re( ).

e Good cut-off: y € C§°(R),
B3 (21,72, 73) = /Qz(ﬁﬁl,b;t)ko(«rzs;t)x(t) dt,
0
with good estimates for the Fourier transform.
elf x=1o0n |t| < R, then E3, = E3 on |y3| < R.
e Byo(§) = C [ [ B33 (&1,62,)0(/2 + &)0(61 — £2)0(§/2 — &) d d&s, for

appropriate x.



Generic local uniqueness

Corollary

s> (n—3)/2, R > 0 fixed.
There is a closed subset G of H*(B(0, R) such that

o Cf NG g discrete for every f € H3(B(0,R))
@ B is a locally isomorphism at every v € H§(B(0,R)) \ Gs.
In particular, Buv = 0 = v = 0 for v small.



The quadratic term

N =2:

Bo(vy,v9)(x) = // Es(y, z)vy(z + L—;Z)vg(x — %)dy dz.

Hy(R") = {u € 8'(R"); {x)*(D)"u € L*(R")}
where a,b € R.
Theorem
Assume that - -

0<a<a, 0<b<b a+b<1/2.

Then B? is continuous from H I’;;’;G(RN) X H{’;;ﬁa (R") to
Hl”};rfz_l;a(R”) In particular, Bs is a continuous bilinear operator on H?
when a > 1/2 and b > m.



Proof

n=3

e By(f,9)(z) = [[E(y,2)f(z + L2)g(z — 52)dy dz,.
Then
(Ba(f.g).h) = —4 / / A(f. 9)(. t)(cos(t| D)) (z)dacdlt
R3 xR+
where

A(f,9)(x,t) =Ct / [z —tw)g(r + tw) dw.
SQ



