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1. Semiregular systems.

2. The class of systems.
3. Examples:
0 Jaynes-Cummings;
©® Geometric extensions.
4. The results:
O Weyl Law;
© Refined Weyl Law.

5. Quasi-clustering (time permitting).



Weyl asymptotics: A\; < Ay <... <\ < ... — 400 repeated eigenvalues
(according to multiplicity) of (semibdd) operator A with a discrete

spectrum,
Na(\) = > 1L
A<

1. Weyl, Hormander, lvrii, Shubin, Duistermaat-Guillemin (elliptic
operators on a closed manifold), Safarov-Vassiliev;

2. For global operators, Hormander, Shubin, Chazarain, Helffer-Robert,
Ivrii, recently Doll-Gannot-Wunsch, Doll-Zelditch(semiregular scalar
symbol), Coriasco-Doll (SG classes);

3. For systems: lvrii, myself for NCHOs.

| will give here a survey of some recent results of M. Malagutti and myself
on Weyl asymptotics and quasi-clustering for semiregular systems.
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The symbols.
Hormander's class of symbols: for € R, X = (x,£) € R” x R" = R?",
(X) = (L+|XP)Y2,
St = S((X)", [dX[?/(X)% Mp),
hence A € S iff
03 AX) Iy S (X)P1e] Ve 7.

Weyl-Hormander's quantization: given A € S§#,
A¥(x, D)u = (27)~" / / e"<X—%€>A(¥,g)u(y)dydg7 ue Z(R™CN).
Always:

p2(X) = |X[?/2 € SZg,  i(X) =

Xi +1&; .

J\/;J € Spg 1<j<n.
Hence wj‘-“’(x7 D) is the annihilation operator and 1/11‘."’(x, D) = 1/_11‘.’V(x, D) is
the creation operator in the (x;, ;) variables.
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Regular and semiregular symbols.

A € Sleg when there exists (A,_o;)j>0 C C®(R?" := R?"\ {0}; My)
positively homogeneous of degree 11 — 2/ (in X) such that
A~ 3 is0Au—2j i-e. (with x an excision function)

N

A=X> AoV yNez,.
j=0

A€ Sleg when A= A% + Al where AV € Stg? for j =0, 1.
The principal, semiprincipal and subprincipal parts of A:

are, respectively, given by

0 1 0
An Al Al

Globally elliptic when

|det A%(X)| & | XV, VX € R
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Our class of N x N systems: A € Skeg, 1 > 0 globally elliptic,

where

AX) = AX)* = pu(X)In + A_1(X) + A, _o(X) + SE3, X #0,

sreg

where p, = |X|*, A,—1 is such that there exists ey € C®(R2"; My)
unitary and positively homogeneous of degree 0 such that

eSA,L_leo = diag()\j#_lle; 1 SJ < r),

where N= Ny +No + ...+ N,,and \j 1 € COO(]Rz”;R) are positively
homogeneous of degree 1 such that

J< k= X\ —1(X) < A pu—1(X), VX #0.

Hence: constant multiplicity.
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The Jaynes-Cummings model (interaction of a two-level atom with
photon).

Consider the Pauli matrices

_ [o1 o —i 1 0
0.0_27 Ul_ 1 0 70-2_ / 0 70-3_ 0 _1 I

and o4+ = (01 £ i02)/2, and the operator in n =1
A"(x,D) = p3'(x, D)k + oo _¢"(x, D)* + 014" (x, D)) + 7073,

where a;, v € R. Hence:

Al(X):a[ . ]

with eigenvalues
Az 1(X) = £|al|X|/V2.

A% (x, D) is a Laplacian of a complex.
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Geometric models. (d} = (—1)"*1! x djx)

1 n
D =Dy = —=(d + Y _ x; dxjA): Q(R") — Q1 (R")
V2 =1
* * 1 * : H n n
D* = D = —=(di + D _ xjigyq): QT (R") — QX(R")

V2

n
O = DDy + D1 Dy = (p3(x, D) + k = )L QK(R") — QXR")

v

Jj=1
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Geometric models (cont’d.): Connection on E = R"” x CN — R”"
N—1
D = D®IN+Zaj(de/\)®Ej,j+la Ej7kWZ (W,ek>ej,
j=1
n=N-1,aq,...,ay_1 € R\ {0}, then extended

N-1
D :=Di®Iy+ Z aj(dxiN) @ Ejjy1: Qk(R”; (CN) — Qk+1(R”; C’V)
j=1
N—1
k= Dr® Iy + Z Qjig/ax; ® Ejt1): QkJrl(R"; CN) — Qk(]R"; (CN)
=il

with curvature (we put Ej y41 = 0 for all j)

N-2
FD = Z OéjOéj+2(de A C/XJ‘_|_1/\) & Ej,j+2 S Q2(Rn; MN)
Jj=1
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Geometric models (cont’d.): associated Laplacian
DS{N) = DIDk + Dkle}ifl: Qk(Rn; CN) — Qk(Rn; (CN)

N—1
0™ = (P (%, D) + k= 2)L® I+ Y 0 (45", D)1 ® Ejja + 95 (x, D)L @ B )

j=1
N—1 N—1

+) oL ® Epign + ) ofdx Agjox 1k ® (Ejyj — Ejrrje)-
j=1 j=1

Hence, relation between the JC model and Dg2) (n=1), and EIS(N) is a
generalization.
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Fundamental step.

Decoupling Thm. (M-P)

p>0 A=A = A+ Al e Sk, A~ i Ausjs Au = Puln, pu smooth and

real valued, Jeg € Coo(Rz"; Mpy) unitary and positively homogeneous of degree 0
such that

/\17”71 ‘ 0
0 ‘ /\2,;1,71

A —16 = [ , X #0,

Nipu—1€ C“(R2”; My;), N = Ny + Na, pos. homog. deg. y — 1 such that
Spec(/\l,u,l(X)) N SpeC(AQ’Nfl(X)) = (Z), VX 75 0.

Then 3E € S, such that E¥(x, D)E™(x, D)* = | = E¥(x, D)*E"(x, D)

?

E"(x,D)"A"(x,D)E*(x,D) = B"(x,D), B~

Bi,_j 0 }

j>0 v Bop
B, — A, Ba= | ] O
p = Ap, n—1 = 0 /\2‘#71 °
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Remark.

There are formulas for the subprincipal term By in terms of A and its
transformation-law when changing gauge ep.

Principal, semiprincipal, subprincipal:
With Ny + ...+ N, =N,

Ay, = By = Bl B, = diag(/\j7u,1/Nj; 1<j<r),
and if .
m: CN — VN = @CNJ,
j=1
is the orthogonal projection onto the jth CNi ¢ CV,

B, o= diag(ijzz; 1<j<r),

B, = mjegAu—2em; — imieg{Pu> 0}, j=1,...,r.
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The Weyl spectral counting function Na(A) =3, <1, =2

Give meaning to

Fase(D 8= A)) =D,

j=0 j=0

by considering the Schrodinger equation: for ¢ € #(R) let
Uy = [o(0e ™ = [~k @ko)0(a") e at,

hence S(t) := Tr(ef’.tAW): F(R) 3 ¢ — Tr(Uyg) € C, is a tempered distribution. (Tr is the matrix trace of the trace of
the Schwartz kernel.) If ¢ € CCoc (R) One has to construct a parametrix of the Schrodinger group t — e~ A" in the form of
an FIO.

Crucial step: construction for the blockwise-reduced system and further use of Mehler formulas. Use of WKB. Transport
equations are scalar in the principal part, but not scalar in the zeroth order coefficient, due to the subprincipal part, but no

problem, since characteristics are existing for all times.

Reduced propagator:

Suppose Aj 1 = >\j,1/Nj and consider (Egorov's Thm.)
W W
t — P(t) := ™2 (B — p;')e_'rPZ 5

With ¢1 ;(t, X) / Aj,1 0 exp(sHp, )(X)ds, then 3 N; X N; matrix o € C°(Re; Sgpp) such that

sreg

t— F(t) = dlag(( i91,i(8) o, aj(t);1<j < r) solves

(i0r — P)F € C° (Ry; L(F', %) @ My), Fl,_o= In + smoothing.
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The parametrix for the Schrodinger propagator t — e /tB":
Us(t) = Un(t)F(t) = diag (o Na(e))";1 < j < r),
t € (2km —e,2km +¢€), k € Z, where
Uo(t) = cos(t/2) (e ¢y(t, X) = —2tan(t/2)pa(X),
b1j(t, X) = ¢1;(X — 2tan(t/2)JX).

Remark:
Weyl composition formula to compute Up(t)F(t).

The parametrix for the Schrodinger propagator t — e~ "*A":

Ua(t) = E"Us(t)(E")

where now we have the Weyl calculus and have symbol composition
formulas.
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Thm. (M-P, Weyl asymptotics).

A€ 52 N x N system of the class considered here. If p € (R) is s.t.

pe C suppp C (—e,¢), p=1near0,

r

N; 1 ds
Naxp)(N) = J / dX—/Tr a +0(\"3/?),

as A = +oo. Hence

NA) = o [ X3 (@) [ a0,

as A — +oo.
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In particular
Nyxp=0\"1), A= +oc.

Tauberian Thm.

p as above. If 3 v € R such that (N; x p)(A) = O(\") and
(N4 % x)(A) = o(X7) for all x s.t. § € C(0,+00), then

NA()\) = (NA *p)()\) + O()\’Y), A — +o00.
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Thm. (M-P, Refined Weyl asymptotics).
AcS2

sregr N X N system of the class considered here. Suppose that

21
Zji={w e 871 35 [ (v o expltha)) @)k =0, Vlal > 1}
0

has measure 0, 1 < j < r. Then

Na()\) = N/ dX — /T +o(A" 1),
( (Z p2+Aj1<A p2=A\ tol )

as A — +oo. In particular,

ds

_ —n n _ y\n—1/2
Na(\) = (27) (N)\ /mgldx A /p2_1Tr(al)|vp2’

ds
+)\”_1/ P 0(a?) = Tr(ao)) —2— ) + o(A"L ,
G - THao) ) + o™

as A — +oo.
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The JC system satisfies the assumptions of the refined Weyl law. In fact,
(with o # 0) Ay 1(X) = £|a||X|/V/2, and Zy has full measure. (n =1,
N=2)

N(A) = (27) / _ X+ 0() =22+ 0(1), A+

Recall: pa(X) = |X|?/2.



Example.

The system D(()3): C>®(R?; C3) — C>°(R?; C3) (recall that a1, ap # 0) is such that the
eigenvalues are

A 1(X) = £GP (X)) + a3l2(X)P)?,  and 0,
constant multiplicity 1. Here n = 2, N = 3. Consider then p.(X) := kA4 (X) + (1 — k)A_(X),
r € (0,1), and the deformation of D(()B) obtained by considering the semiprincipal term whence
the assumptions for the refined Weyl law are fulfilled when k # 1/2 and a% =L a%:

A(X) = p2(X) s + A1,k (X) + Ao(X),

lu%‘f‘le )\+f_i. 7!’%51'?2
Apk(X) = Atfy 0 Atfp G = o/ |ed],
—ucfife Arh plf]?

2 2
Ao(X) =D afEj1jn+ Y (Ejj — Ejr1ji1) = Tr(Ao) = of + a3
=1 =1

d d
N(\) = (2#)72(3|S3\)\27/\3/2/ lunﬁJﬂx/ 1(2/\i+ui7(a§+a§))ﬁ) +o(1),
p2= p2=

as A — +oo.
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