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Lecture 13: We list our results towards the Tate conjecture and
give a sketch of a proof. Pick an indefinite quaternion algebra
B over a totally real field E.



0. Introduction. We prove partially the Tate conjecture for
2r-dimensional Shimura varieties Shg for a quaternion algebra
B, over a totally real field E under some restrictive conditions.
Decompose
chfcfsp(ShBa@l) — @WE.AB(HW ® 77(00))

for e < 2r, Let X be a finite real extension of £ and « is a cuspi-
dal automorphic representation of Bg contributing Tate classes.
Pick a member p in the 2-dimensional compatible system p, of 7
and define Yp(g) := p(v~1gv) for v,¢g € Gal(Q/Q). Here is a list of
our results a bit oversimplified (i.e., some assumptions are not
stated here):

(1) Take D,p with dimShp =1 and put B = D" = D ®p E with

T

E = F". Then Shg = Sh’, and Ap = Ap® -T-®AD‘, and the
Tate space HO(X, Mx(e)) in the factor Mx(e) for HZS,(Sh;, Q(e))
with O < e < r is generated by the image of Shimura sub-varieties
in Sh% of codimension e (those are essentially partial Hecke
correspondences) as long as m does not have an automorphic
induction factor.




§1. List for low dimesional cases.

(2) If Shp is a Shimura surface and B = D ®p E for a subfield
F C E with [E: F]l =2, HY(X,HZ,,,(Sh,Q;(1))) is spanned by
Shimura sub-curves. This is already done in Lecture 11.

(3) For Shg x Shg for Shg as in (2), HY(X,M_g(e)) with
m,m € Ap is generated by Shimura sub-varieties in Shp x Shp
of appropriate codimension as long as « and «’ are not automor-
phic induction from a CM extension (non-CM).

(4) Assume that E is Galois over the reflex field £ of Shg and
Gal(E/£) = {+1}? acting transitively on Ig. If Shg is a Shimura
fourfold such that B = D®g¢ E for a quaternion algebra D/g pro-
ducing a Shimura curve Shp, HO(X,N:(2)) C H*(Shg, Q;(2)) is
generated by Shimura sub-varieties in Shg of codimension 2 as
long as m is non-CM.



§2. General case. (5) Suppose 2r = dimShg > 4 and E/E
for the reflex field £ is a Galois extension with Gal(E/£) acting
transitively on Ip. By transitivity of the Galois action on Ip,
replacing B by a Galois conjugate over £, we may assume that the
identity embedding ¢ is in Iz. Then HO(X,Mx(r))) is non-trivial
for an appropriate extension X/E if and only if the partition Ig =
Ll; J; given by v, u € J; < Ypr = Hpor over X satisfies the condition
that |J;| is even. In this case, |J;| is independent of . Write J;
for the part containing .. Assuming further |J1| = 2 (a genericity
condition), there exists a unique subfield F C E such that J; =
Gal(E/F), and if B= D®p FE for a quaternion F-subalgebra D of
B, HY(X,Nx(r)) is generated by Shimura subvarieties Shy, in Shp
of codimension r, where D’ runs over quaternion F-subalgebras

of B. This contains the assertion (2) as a particular case.



§3. Some definitions.

Definition 1. For each m € Ag, we consider the collection §r of
the following subfields F' of E satisfying

(1) [F: F] =2, (2) Writing o for the generator of Gal(E/F),
Igop = I, (3) JLg(w ® &) for a suitable finite order Hecke
character { of E is a base change from Ay (py (SO, m®§ € ATEY.
The set § can be empty. Put § =38 = UﬂeAB Sr.

Definition 2. For each F € §, write Qp for the collection of
quaternion subalgebras of B over F'. Then we put Q = Upeg Qp.
Definition 3. Choose & C Igp with I = & U o, and define
ep : {F1HB — {£} by ep(ev) =1L & v e . For F € S5*(U), put
weo(F) = FApeo(dzy A dZve,) and HP(Shp,C) to be the span
of classes of we(F) and HF(Shg,C) = Y H®(Shp,C) for U

running over open compact subgroups of Bg(oo).

The action of 7(°) (Hecke action) is already incorporated in the
decomposition in §0. The only remaining automorphic action
comes from mo as we will see in the next section.



84. Archimedean Hecke operators. Write C« for the stabilizer
of ip = (v/—1,...,v/—1) € 35 in the norm 1 group BL, and
A = B§O+/E§OCOO. We then have a unique positive majorant P
of s such that Coo = SOp,(Fro). Let Coo = Op, (R). An element
e € Cx acts on 3p by 2(EXCx) — ze(EXCsx). This action
factors through Coo/Coo =2 {£11/5. We identify Coo/Cxo With set
of functions e : Ig — {£} as above, and for an automorphic form
F on B} A»/B*, we write F|Te(h) = F(he). For a choice of & with
Ip = <l> Ll o, we define a character sgnF {£1MD — {£+1} by
sgnF(e) = [l ep €v- Then sgnF is independent of the lift ® of
Ip, and we write sgng for sgnF for a choice of & and regard it
as a character of {£1}/p 2 InfE{+1}/D.

Lemma 1. Let the notation as above. In H?"(Shg,C), T. for
e € Inf {il}ID acts on the fundamental class [Shp] (D € Q) by
a character sgng; i.e., Te([Shpl) = sgnp(e)[Shp].



§5. Tate cycles coming from F.

Proposition 1. The image MNy[sgnp]| of HF(Shp,C))[sgng] in Mz
has dimension 1, and hence the projection to ll; ® () of the
subspace of HO(X, H%"(Shg, Q;(r))) spanned by the fundamental
classes of Shp has dimension at most 1, where D runs over Qp.

Assuming (Sp) in Lecture 10 for a fixed F € §. Then if 7 € A%F,
we know that by the descent theorem combined with the L-value

formula, we find Mx[sgng] = 0 containing the non-zero image of
Shp for D € Q. Thus

Corollary 1. Assume (Sp) for FF € §g and Qr # 0. Then
MNr[sgng] =0 for w € A%F and is spanned by the image of [Shp]
for an appropriate D € Qp.



6. Group theory. We start giving a sketch of a proof of the
general case (5).

We take the PE-partition Ig = ||; J; associated to p, and write
H, for the stabilizer H, = {h € H'|hJ; = J;} with Gal(E/&;) = H..
Pick a representative v; € J;, and put H; = z/Z-Hz/i_l, Hzf =
Gal(Q/&;) and N; := e, vHr~ 1. By the key lemma in the last
lecture, we may assume that |J;| = 2e; with e; € Z for all ¢. Just
by a group theory, we can prove

Lemma 2. Suppose (B) with |J;| = 2e; and H = Gal(E /&) acts
on J transitively. Then

(1) H; = z/z-ﬁ’lz/z._l acts on J; transitively,

(2) e; is independent of ¢ and J; = v;J1 for some v; € Gal(E/E).



7. Theorem Let X be a sufficiently large finite extension of &£
with the following property:

(nc) X g has real XM if r is an automorphic induction.
Assume that |J;| = 2e; (as other wise no Tate cycles in MNy) and
that FE is a Galois extension of £. Here is a detailed restatement
of the result (5):

Theorem 1. Let the notation and the assumptions as above. Let
m € Ag of weight 2 and p € pr be an l-adic member. If Gal(E/E)
acts transitively on J = Ig with + € J; and |J1| = 2, then
modifying w by a suitable character twist, §r is a singleton {F'}
with J{ = {i,top}, ™ € A%F and assuming Qp # 0, HO(X,Nx(r)))
IS generated by the w(oo)—projection of the fundamental classes
of Sha With o running over {a € Dy |N(a) > 0O}.

By Lecture 12, §3, dimH%(X,MNx(r)) < 1. Then the theorem
follows from Corollary 1 in §5.



§8. r-Product of copies of Shimura curves.

Theorem 2. Suppose that Shp is a Shimura curve over £ and
T

7\

Shp = Sh, for B=D®g E for E=E x---xE. Then the Tate
space HO(X,Mx(e)) in the factor Nx(e) for HZ,(Sh, Q(e)) with
0 < e < r is generated by the image of Shimura sub-varieties
in Shp of codimension e (those are essentially partial Hecke
correspondences) as long as w does not have an automorphic
induction factor.

The symmetric group &, = GIB acts on Shp = Shg3 permuting
factors Shp. Basically in the same way as in §4 of Lecture 12,
for each m = RuergTv for m, € Ap, the corresponding Galois rep-
resentation is ®,crzpv fOr pv = pr,. Decomposing Ig = ||; J; SO
that u,v € J; & Ppy = Ppy. Since ®,¢jpv With the permuta-
tion action of G, assuming |J;| = 2¢; for all 4, we find that 1-
dimensional factor of ®,cr,pv COrresponds to ®; We,e; and hence
HO(X,Nx(r)) is irreducible under the action of [[;& ;. This es-
sentially shows the result as it contains non-trivial image of a
Shimura subvariety.



§9. Open questions.

(1) Remove the assumption that E ¢ is Galois acting Ip transi-
tively.

By scrutinizing my proof, perhaps one can determine the dimen-
sion of the subspace of ll; spanned by Shimura subvarieties. In
lucky cases, this shows the motivic Tate conjecture.

(2) Remove the assumption of non-automorphic induction.
One need to introduce perhaps new type of subvarieties. If
Shp = Sh% with dim Shp = 1, perhaps twisting operators pro-
vide them.

(3) Try to treat higher weight modular forms.

If B is totally indefinite (i.e., it is the case also for D if B =
D ®r E), then Shg carries a universal abelian variety with B-
multiplication. Then try Kuga-Sato varieties associated to it.

If B is not totally indefinite, going up to a CM quadratic field
M/E, Shp gives components of a unitary Shimura variety, which
carries the universal abelian variety of unitary type (which de-
pends on M). We have L-value formula and Descent theorem in
this case.



§10. More difficult open questions.

(4) Try prove the L-value formula and descent Fourier expansion
theorem for Shimura variety associated to O(2n,2).

This is perhaps doable, though computationally demanding.

(5) The case O(2n + 1,2) is more difficult, as the standard L-
value at the central value could shows up as in the case O(2,1)
done by Waldspurger. However Siegel modular variety can be
included as O(3,2) = Sp(4).

(6) Extend the question (4) to unitary Shimura varieties of
U(m,n).

First try U(n,1) which even have nontrivial H! but perhaps the
easiest case.

(7) Try find good subvarieties which span the Tate space on
Shp when B is a quaternion algebra which does not have any
quaternion subalgebras.

Absolutely a new idea necessary.



