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Lecture 1: Strategy. We describe the Tate conjecture for vari-
eties over number fields and its back ground. Then we sketch the
strategy to prove the conjecture for a good amount of quater-
nionic Shimura varieties. A key point is a twisted adjoint L-value
formula relative to each quaternion algebra D/F for a totally
real field F' and its scalar extension B= D ®pr E for a totally
real quadratic extension E,p. The theta base-change lift 7 of
a Hilbert modular form f to B* has period integral over the

Shimura subvariety Sh, C Shg given by L(1, Ad(f) ® (E—/F>) #* 0;
so, Shp gives rise to a non-trivial Tate cycle in H2"(Shg, Q;(r))

for r = dim Shp = dim Shg/2. All quoted section numbers with-
out specification are from the book manuscript.



0. Algebraic Cycles. Let S be a projective variety of di-
mension r defined over a number field K ¢ C. Let TTC S be
a closed subvariety of codimension e; so, T(C) is of real di-
mension 2r — 2e. Regard S(C) as a complex manifold of di-
mension r; so, it is a real manifold of dimension 2r. For a
closed smooth differential form w of degree 2r — 2¢, the integra-
tion w — [rw induces a linear form [T] : lequze(S, C) — C send-
ing the de Rham cohomology class [w] to its integral [rw. By
Poincaré duality: H%EQ@(S(C),C) X HI%GR(S(C),C) — C, we view
[T] = [T € H%%(S((C),(C). This class [T] is called the algebraic
cycle associated to T. Write AlIg€(S, A) for the A-span inside
HI%GR(S(C),C) of [T'] for T running over all closed subvarieties of
S,c of codimension e. Here A is a subring of C



1. Hodge Cycles. An obvious question is:

Is there any good characterization of Alg°(S, Q)7

Define H®%¢(S(C),C) to be the degree (e,e) subspace of the
Hodge decomposition H2¢(S(C), C) = @;4 =2, H*/(S(C),C). The
Hodge conjecture [DO06] tells us

(H)  AIge(S, Q) = Hdg®(S) := H®¢(S(C),C) n H2(S(CT),Q).

The Hodge conjecture (H) is known for divisors by Lefschetz
[PAG, 1.2] and some small number of cases. Of course, one

can further ask to find an explicit set of subvarieties which span
Hdg®e(S).



§2. Etale Poincaré duality. Fix an algebraic closure K ¢ C and
put S = S®K K. Let uy (resp. Z/NZ) be the sheaf of N-th
roots of unity (resp. the constant sheaf of Z/NZ) on S; so, uy =
Specg(Og[t]/(tN —1)). Then the pairing uy x Z/NZ > ((,a) —
(% € upn induces Ends_gp(uN) = Z/NZ canonically; i.e., the pair-

e
ing is perfect. Let Z/NZ(e) = Hom(uy ® --- @ un,Z/NZ) (the
Pontryagin dual). By cup product, writing H2¢(?) := HZ2¢(S,?),
we have a perfect pairing

Hg (Z/NZ(r)) x HY(Z/NZ) — HZ (Z/NZ(r)).

By the comparison isomorphism between étale cohomology and
Betti cohomology, H2/(Z/NZ(r)) is free of rank 1 over Z/NZ,
and the paring is perfect, inducing a canonical isomorphism Tr :
HgtT(Z/NZ(r)) = Z/NZ. By an abstract non-sence, this perfect
duality extends to

H2¢(Z/NZ(e)) x H72¢(Z/NZ) — Z/NZ (0 <e<r).



3. Tate conjecture. The immersion ¢ : T — S induces
i*  H2"=2¢(Z/NZ(r —e)) — H2"=2¢(T,Z/NZ(r — e)) = Z/N7Z. By
Poincaré duality, we have an inclusion iy : Z/N7Z — H?¢(Z/NZ(e)).
So we have the fundamental class [T] = [T]y = ix(1). Tak-
ing N = [ for a prime [ and passing to the limit, [T]e =
lim_[T]jn € HZ¢(7(e)) = lim_ H?¢(Z/1"7Z(e)). Extending scalars
to Q; and identifying Q; with C, by the comparison isomor-
phism, H2¢(Q;(e)) 3 [T]et « [T]oo € H?¢(C). Thus we may regard
Algs(S; Q) C HZ¢(Qi(e)). We define Tate%(S) = Q; - Alg%(S; Q)
(the Q;-span of Alg% (S; Q) inside Hezte(@l(e)). The Tate conjec-
ture states,

(T) Tate®(S) = HO(K/K, H2(Q(e))).

Here HO(K/K,?) = HO(Gal(K/K),?) for a Galois module ?. Re-
placing Tate%(S) by Q; - Alg%(S), we ask the same question for
Q; in place of Q.



4. Known cases.

1. Divisors on abelian varieties, K3 surfaces and products of two
curves (Faltings) [Ta94b, §5],

2. Hilbert modular surfaces by Harder—Langlands—Rapoport [HLR],
Murty—Ramakrishnan [MR87] and Klingenberg [K87] (increas-
ingly general cases),

3. non-CM motives on Hilbert modular fourfolds [R04] when the
base totally real field is a Galois extension of Q,

4. Picard surfaces by Blasius and Rogawski [BR92],

5. General Hilbert modular motives under some restrictive con-
ditions by Getz and Hahn [GH14],

6. Good motives occurring on a product of a Hilbert-Siegel va-
riety and a Hilbert modular variety by Sweeting [S22].

The results of [HLR], [GH14] and [S22] are explicit in the sense
that Shimura subvarieties span Tate}((S), and in all the other
cases, we do not know the generators explicitly.



§5. EXxplicit analog for Shimura varieties. If S is a Shimura
variety associated to a reductive group G defined over the reflex
field £, the finite adele G(A(>)) acts on S which induces an action
of G(A(*)) on Hgte(@l) commuting with the Galois action. We
can then decompose

HE@Q) =P N (%)

for automorphic representations = of G(A) with its finite part
() and associated Il-adic Galois representation ;. Then

HO(X, HZE(@i(e)) = P HO (X, Nr(e)) @ ()

for Mr(e) = Mr ®g, Qi(e), where HO(X,?) = HY(X/X,?) for a
finite extension X, with algebraic closure X. As Langlands
suggested, we may describe well N from the automorphic data;
so, we might be able to compute the space HO(X, Mx(e)) of Tate
cycles, or at least, we ask how much of it is spanned by Shimura
subvarieties [Sy] for reductive subgroups H C G.



§6. Quaternionic Shimura varieties. In this series of lectures,
we try to answer the questions in §5 for G given by GE for a
quaternion algebra B over the totally real field E, as we have an
explicit description of ll; as a tensor induction of 2-dimensional
compatible system p;. Our method is the use of the theta cor-
respondence exploiting the following facts:

1. An appropriate theta lift 6*(¢)(f) of a Hilbert modular form f
gives the Doi—Naganuma lift of f to a quaternionic automorphic
form over a quadratic extension E/F (see Section 4.7);

2. The integral over the Shimura subvariety Shp of appropriate
dimension in the quaternionic Shimura variety Shp is equal to a
nonzero twisted adjoint L-value of f (see Chapter 5);

3. The theta descent 0+(¢)(F) of each quaternionic automorphic
form F has Hilbert modular Fourier expansion whose coefficients
are the integral of F over appropriate Shimura subvarieties Shq.



§7. Twisted 4-dimensional quadratic spaces. In the earlier
lectures, we assume F = Q. Let D/@ be a quaternion alge-
bra with discriminant 0. Choose a semi-simple quadratic exten-
sion E = Q[\/Z]/@ including E = Q x Q with VA = (1,-1),
and let B := D ®qg E. Write simply § = VA with square-free
A € Z. Let (o) = Gal(E/Q) act on B through the factor FE.
Then Dy := {v € B|v? = v*} for v+v* = Tr(v) is a 4-dimensional
quadratic space with a quadratic Q-form induced by the re-
duced norm N : B — E. We have an orthogonal decomposition
Dy = Z @ Dg where Z = EN Dy = (Q, 22) and

Dg := {v € Dy|Tr(v) = 0} = {VAw|w € D, Tr(w) = 0}.

When E=Q x Q, o(z,y) = (y,z) and Dy = {(x,2")|x € D} = D
by (x,z") < x.

Let R be a Eichler order of level N of B; so, N = ONgp with
Np prime to 9, maximal outside 0 and R/NoR = {(§:)}. Let
R = lim, R/NR (the profinite completion).



§8. Quaternion subalgebras of B. For each a« € Dy N B*,
define the a-twist o, Oof o by v — av®a~! =: v%«. Then o, iS
another action of Gal(E/Q) on B, and D, = H°(E/F, B) under
this twisted action is a quaternion subalgebra of B.

e All quaternion QQ-subalgebras of B are realized as D, for some
o € Dg, and D, =D & z € 7,

o a = ¢ BT for £ € BX & Do =2 Dg with D&~ 1 = Dy;

e Do = Dg by an inner automorphism of B if N(a) = N(8) and
Dp = M>(Ex) (strong approximation);

e The even Clifford group Go of D, o = {v € Dg,|Tr(v) = 0} is
DX and B* is a covering of the similitude group GOp, of Dg.

LetTy={he Dx(m)lqﬁ(oo)(h Loh™17) = ¢(°)(v),Vv € D, (o)} for
each Schwartz- Bruhat function ¢ on D A(c0)-

Let Shp = B*\Dy, /EAI‘(bCOO be the Shlmura variety for B* of

level F¢, and Sh, be the image of ngA in Shp for a € Dy.
Let d = dimp Shq € {0,2}. Regard Shy € Hj(Shg,Z) and write
(-,-) : H* x H; — C for the Poincaré duality.



§9. Two formulas. Write f — 0*(¢)(f) = vy () 0(p)(7,9)f(T)dpr
for the theta lift of f € SE°Y(Io(N)) to G and 6«(¢)(F) €

S>(Mo(IN)) for the theta descent of a cuspidal harmonic differen-
tial form F on Shg of degree d. The lift 6*(¢)(f) is such a dif-
ferential form of matching degree d’ or d with d'4d = dimp Shpg.

Theorem A: 0.(P)(F) = *302,,c0 2a,N(a)=n P(@)(F, Sha)q" for
q = exp(2wit), where x = (8/=1)"1 if Eg := EQgR =R xR and
* =4 if Ep =C. If Eg =C, only a with dimShq =1 appears.

Note (F,Sha) = [g,F. The Tate conjectures only concern D
and E with Dp = M>(R) and Ep =R x R.

Theorem B: i—3Em1L(1’Agg’;f3)®XE> = (6*(¢)(f), Shy) for an ex-

plicit constant E = 0. Here choosing a Haar measure duq on Dg
so that it is Dirac on D* and having volume 1 on Ty N D} Ce,
m = my((2)/7 is defined by dui = (m/2)dw for the Tamagawa
measure. Note 0 < mq € Q* by Siegel.



§10. Strategy.

1. We prove that f — 0*(¢)(f) is Hecke equivariant for T'(p)
with p splitting in E/Q if we choose a Schwartz—Bruhat function
¢ Dy p — C well.

2. By Chebotarev density, Item 1 is sufficient to see F = 6*(¢)(f)
is a Hecke eigenform for T'(p) for all prime p of E giving the Doi—
Naganuma lift. Non-vanishing F = 0 comes out from Theorem A
and Rallis’ work (a bit over-simplified).

3. Analyze the Galois representation 1 for the automorphic
representation m generated by a general Hecke eigenform F on
Shp to see that dim Tatel[r(°®)] has dimension 1 only when
F =0*(¢)(f) for some f.

4. By Theorem B, if (Shq,F) =0 for all o € DoNB*, 0+(p)(F) =
0, contradicting to 6*(¢)(f) # 0. This proves Y, Q;[Sha] D
dim Tate}([w(oo)], proving the conjecture.



311. Further generalizations. As we already mentioned, Sweet-
ing [S22] applied theta correspondence to show the Tate con-
jecture to some extent for a product of a Hilbert-Siegel modular
variety of genus 2 and a Hilbert modular variety.

The use of the theta correspondence for this type of problems
seems quite effective. The case of orthogonal Shimura variety
associated to quadratic forms of signature (2n,2) or (2n,0) at
different infinite places of a totally real field F' can be treated to

some extent; at least, an analog of the adjoint L-value formula
IS expected in these cases.



