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*Abstract: A question of R. Greenberg asks if a modular 2-dimensional p-
adic Galois representation of a cusp form of weight larger than or equal to
2 is indecomposable over the p-inertia group unless it is induced from an
imaginary quadratic field. I start with a survey of the known results and try
to reach a brief description of new cases of indecomposability.



50. Set-up, assumptions and notations. Fix a prime p > 3.
e Fix an absolutely irreducible odd representation p : Gal(Q/Q) —

GL»>(F) (]F/Fp finite). F(p) ::@Ker(p) for a representation p.

(S) ﬁ|Ga|(@p/@p) =€ 4| (split locally at p); |d # €|, &, = 1.

(T) Ramification index of primes in F(p)/@ is prime to p;

e §: the maximal p-profinite extension of F(p) unramified outside
p, G = Gal(§/Q) and H := Gal(F/F(p)). Fix a decomposition
subgroup D = D; C G of [ with inertia I;.

e The p-ordinary universal deformation (R,p : G — GL»(R)) over
the category C'L of local p-profinite W-algebras with residue field
F. Let W = W(F) (Witt vectors). So the functor D(A) given by

{p:G — GL2(A)|p mod my =p, plp, = <S %p) 0, =1}/ (my)

is isomorphic to A — Homgo (R, A). We assume |R = T| for a
Hecke algebra T; so, | R is free of finite rank over A/
e vp 1 Gal(Q[upe]/Q) — Z;: the p-adic cyclotomic character.




1. Greenberg’s conjecture: If f of weight £ > 2 without
CM, then its p-adic Galois representation pg|; € D(W (F)p)) is
indecomposable.

Let m = {z € W(Fp) : |lx|lp < 1}. For an ordinary elliptic curve
E/W(Fp) with E/Fp — E®W(Fp) Fp, by Serre and Tate,

{E/W(Fp) . elliptic curvel€ mod m = E}

Isomorphisms i

Any £ € Dg has Galois representation pg : Gal(@p/K) — GLo(Zp)
(K := Frac(W(Fp)) such that pe = (605 gﬁ) with 1-cocycle wug
with values in Zp(l)/W(Fp). If i(£) = u, ug mod p"™ is a Kummer

cocycle over the p-inertia subgroup associated to p% for all n;
so, 1(£) = 0 & £ has CM by an order maxmal at p of an imaginary
quadratic field.



§2. Abelian variety of type GL(2). Assume that an abelian
variety A over a number field K is of GL(2)-type (i.e., O4 :=
End(A/@) is the integer ring of another number field with degree
dimA). Let pp : Gal(Q/K) — GL»(Op) be the p-adic Galois
representation of A for a prime p|p of Oy4.

Theorem 1 (H., JAMS 26 (2013), Zhao AIF 64 (2014)). If
pp = <€é4 gﬁ) over a decomposition group at p with unramified
04, then py is indecomposable over p-inertia group. So if f has
weight 2 without CM, then py|; is indecomposable.

Such abelian varieties are parameterized Dy = (1 +m) ®y Oy =
Hp(l +m) Xz, Op which has axis corresponding p's. SO one needs
to show that A is not on any of the axis (so, the proof is far
involved via the use of rationality of Hilbert modular variety).



3. Local one generator theorem. Choosing ¢ € G with
<b|@ab = [p, Qp], we have |pp(¢) = <a_1 0) . Let Ala?] C T be the
p

0 a
closed Zy[[T]]-subalgebra generated by a? inside T. By Iwasawa’s
local one generator theorem (1973), for the wild inertia subgroup
Iy C Ip, we know

pr(IY) = {(tﬁp /\[cfw)} for § € T, [What is this 67

Then Ip-indecomposability for py = Ao pr is equivalent to: for
any A € Homg (T, A) of weight k > 2,

Ker(\) 10 < A(0) # 0.

The density of weight 2 forms combined with Zhao's local in-
decomposability theorem, 6 is a non-zero divisor of the non-CM
component T of T, and hence there is only finitely many
A € Spec(T™™)(Q,) with A(6) = 0. This slightly generalizes a
result of Ghate—Vatsal in 2004

Theorem 2. Without assuming (S) and (T), for almost all A €
Spec(T"™)(Qp), if py is non CM, then p>\|[p is indecomposable.




34. Global one generator theorem. The number r of genera-
tors of T over A is given by r = dimp Selg(Ad(p)), where Ad(p) is
the Lie algebra sl>(F) with Galois actlon z — p(g)xp(g)~L. The
Selmer group Sel;(Ad(p)) for M C § with Gy = Gal(F/M) is

H' (Dyp, Ad(p))

FH1(Dy, Ad(p)

Selyr(Ad(p)) := Ker(H(Gyr, Ad(5)) — ]
plp

where F:I_H]'(Dp, Ad(p)) is made of cohomology classes upper tri-
angular over Dy and upper nilpotent over Iy. Let F := F(Ad(p))

with integer ring O. Let O =lim O /(O;)P".

Theorem 3. Suppose et #= F(1) and Clg R7(a] Ad(p) = 0 for
G = Gal(F'/Q), where Clg is the class group of F. Then r <1,
and if r = 1, T=A[X]/(D(X)) = A[©] for the characteristic
polynomial D(X) of T 3 x — Oz for © € mr.

What is this ©7 Are there infinitely many locally split p for a
given f7 Is the vanishing of Clgp[Ad(p)] := Clp ®7(a] Ad(p) =0
true for infinitely many locally split p?



§5. Proof/example. By CFT, OX — G% — Clg, — 0 and

0= HOmZ[G](ClF,Ad(ﬁ)) — SeIF(Ad(p))G R HomZp[G](Oﬁ,Ad(ﬁ))

for @g = li_mn(Og)/(Og)pn are exact. By tameness of p in F/Q

and up(@p) 7 O, 55 = ZplG] = Ind?Zp. By Shapiro’'s lemma

Homy, ¢1(Oy, Ad(p)) = Homg, (Zy, Ad(p)) 2= Ad(p)

where 7(Sel(Ad(p))) — n = {(8 g)} C Ad(p). ]
An example: Let K = Q[\/E] be a quadratic field with split
(p) = pp?. Take p=Ind@ @ (= p{[F: Q).

Theorem 4. Assume K real with a fundamental unit . Then
r>1and0|((e) —1) (t=14T) for () = t'°9p(e)/109p(1+p) c A,
SO, py In D(W) is indecomposable over I, if kK > 2. If r = 1,

(0) = (©).



§6. Real quadratic field.
Let K = Q[v/D] be real with a 1= (K—/@) in which p splits into pp.

Assume p = Ind%@ (so, pistamein F(p)). Since pRQa = p, prQ«
is still in D(T); so, we have an involution ¢ : Aut(T/A) such that
topr = pr®@a. The R =T implies Sel(Ad(py))Y = Qp/p @)\ A
If py < f € S with weight k£ > 2, py ® a & p); SO, ¢t # id; hence
T 7 A implying 0 < dimp Qp/p @7 F = dimp Sel(Ad(p)).

Put 5 (¢) = &(9)e(cgo—1)~1 for ¢ € G non-trivial over K. Since
Ad(p) = a @ IndLp—, Sel(Ad(p)) —Sel(oz)@Sel(Ind ) with
¢t = 1 on Sel(@) and —1 on SeI(Ind P ), and if pthp,

Sel(a) = Hom(Clg,F) = 0 with SeI(Ind p ) =Fdoe # 0.
We may assume that for the image © of X in T, «(©) = —



§7. D(0) = (e) — 1.

Let I = T(. — 1)T = (®) (the different of T over T4 = Tt=*1),
If p € D(T/I), then p® a = 1o p = p, which implies p = Ind} ¢.
By p < ¢, writing pr mod [ = Ind% $, (T/I,P) is the universal
ring deforming @ unramified outside p. Under p{ hp, @ induces
C = Cl(p™) @y Zp =2 OF Je(P=12p 22 [ /[109,(0)/ 109,(1+p) 50,

T/(©) =T/1 =W[C] = WI[T]]/((e) - 1).

We may assume that D(X) is a monic distinguished polynomial
by Weierstrass preparation theorem for A[[X]]. Then

N/ ({(e) — 1) =T/(©) = A[[X]]/(X, D(X)) = A/(D(0)).
Thus we may assume that D(0) = (e) — 1.

Decompose T =T & T_ for the L-eigenspace of ..



§8. D(X) is an Eisenstein polynomial. For t = 14+ T, we
have ({(e) —1) = (tP"" — 1) for the minimal m such that elr=1) =1
mod p™. Thus ({e) — 1) is square-free non-trivial, m =0« T =
w{[el], and T/,/({e) — 1) = A/({e) — 1) for the radical ,/({) — 1)
of ({¢) —1) in T. Thus T fully ramifies in T . After localizing
at P|({(e) — 1), Tp = T ®A Ap has rank over Ap equal to e =
ranka T = deg D(X); so, D(X) is the characteristic polynomial
of x — ©xz on T/A and also Tp/Ap. We find Tp = Ap[X]/(D(X))
and Weierstrass preparation applied to Ap, we find D(X) is an
Eisenstein polynomial with respect to P; so, T[%] is a Dedekind
domain.

For j = diag[—1, 1], normalize pp-a = jroprj~ 1. So, PTlKer(a) has

values in (%_F %;) — (g{i ?E:F); so, § = ©u for u € T4. Thus

(©T4/0T4) @, F = Ty4/((u) +my, ) — Homg 5(Clp, Ad(p)).
If Clp[Ad(p)] = 0, u is a unit; so, |Clp[Ad(p)] = 0= © = 6| and
without Clp[Ad(p)] = 0, we can actually show (0)|({e) —1). L]




§9. Wall-Sun-Sun primes (Zhi-Hong Sun and Zhi-Wei Sun).
T is a regular local ring < (¢) — 1 is a prime < p || P71 — 1. So
T is non-regular < p2leP~1 — 1.

Take K = Q[v/5]. Note that p2|eP~1 — 1 < p2|e2(r—1) _ 1 and
2(—-1) _ 9 = eP=1(ep—1 _ ga(p—l) — gp—lfp_l\/g
for Fibonacci number fp_l of index p — 1, so,

T is non-regular <:>p2|fp_1 < pis a Wall-Sun-Sun prime.

No Wall-Sun-Sun prime is known up to 2.6 X 1017,

However for K = Q[v10], p = 191,643 satisfies p2|eP~1 — 1. An
analytic number theorist (J. Klaska) conjectures that there are
infinitely many Wall-Sun-Sun primes (but density 0). If true,
for the Artin representation Ind% @, T is non-regular for infinitely
many but very thinly populated primes.



310 What happens if K is imaginary?

As in the real case, we assume that (p) = pp in imaginary K.
Let Lp be the anticyclotomic Katz p-adic L-function with branch
character 5 (¢) = ©(¢9)@(cge)~1 for complex conjugation ¢, giv-
ing the characteristic ideal of the Iwasawa module unramified
outside p over the anti-cyclotomic tower. The power series lives
in Ay := WI[T]] = /\@ZPW for the Witt vector ring W of Fp.

In this case, Spec(T) = Spec(T™) USpec(T"™™) with Spec(T™)
iIs a union of CM components. We still have the involution ¢ with
T(e— 1T = (©) C T if Clp[Ad(p)] = 0. We need to extend
scalar to W and to replace (¢) — 1 by the anticyclotomic Katz
p-adic L-function Ly Then T"“" = A[©] as before for © with
o= -0.



§11. Imaginary K. For simplicity, assume ©~ has order > 3.

Another Greenberg’s conjecture: W[[T]]/(Lp,Lﬁ) is finite for
the Katz p-adic L, for the Coates Wiles tower unramified outside

7=1p.p.

Theorem 5. Assume T"¢™ £ Q.

(1) If Clgp[Ad(p)] = 0, T = A[X]/(D(X)) is an integral do-
main, (0) = (©), (0)|(Lyp) and py|;, is indecomposable if py does
not have CM.

(2) Suppose the above conjecture. Then ,0f|[p IS indecomposable
it py does not have CM.

When K is real, we always have T #= A. When K is imaginary
and pt hg, T # A< T £ 0. For a fixed finite order character
@ with ordinary Ind%w, are there infinitely many p such that
T = N7



