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ABSTRACT. In these lecture notes, we will prove vertical control theorems for
ordinary p-adic automorphic forms and irreducibility of the Igusa tower over
untary and symplectic Shimura varieties.
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1. INTRODUCTION

Let p be a prime. What I would like to present in this series of lectures is
the theory of families of p—ordinary p—adic (cohomological) automorphic forms on
reductive groups. After going through basics of the theory of p—adic automorphic
forms, we would like to study

1. Vertical Control Theorem (VCT: construction of p-adic families);
2. p—adic L-functions (in Symplectic and Unitary cases);

3. Galois representations;

4. the Iwasawa theoretic significance of p—adic L—functions.

1.1. Automorphic forms on classical groups. Let G,z be an affine group
scheme whose fiber over Z, is a classical Chevalley group; so, unitary groups are
included (dependent on the choice of p). Take a Borel subgroup B and its torus
T. When G is split over Q, we may embed G into GL(n),q. Let B be the Borel
subgroup (we can take it to be the group of upper triangular matrices in G). Let
T be the group of diagonal matrices. We have a splitting B = T x U for the
unipotent radical U of B. On the quotient variety G/U (which is a T-torsor over
the projective flag variety G/B), T acts by gUt = gtU, and hence T acts on the
structure sheaf Og by to(gU) = ¢(gtU). This action gives rise to an order on
X(T') = Hom(T 5, Gy, ) s0 that the positive cone in X (T') is made of k € X(T') such
that the x—eigenspace L(x) on the global sections of Og/y is non-trivial. We then
have a representation L(k; A) = Lg(r; A) on L(k) given by ¢(gU) — ¢(h=1gU) for
h € G(A), as long as T is split over aring A. When G = SL(2), T =2 G,,, X(T) =X Z
by k < n if K(z) = 2™, and L(k; A) is the symmetric k—th tensor representation of
SL(2), which can be realized on the space of homogeneous polynomials of degree
n so that o € SL(2) acts on a polynomial P(X,Y) by P(X,Y) — P((X,Y)la™1).

There are two ways of associating a weight to automorphic forms on G: One
is to consider the cohomology group H¢(T', L(x; A)) of an appropriate degree d for
a given arithmetic subgroup I' C G(Q), and we call harmonic automorphic forms
spanning H4(T', L(k; C)) automorphic forms of (topological) weight . This way
works well for any classical (or more general reductive) groups.

When the symmetric space of G is isomorphic to a (bounded) hermitian domain
‘H with origin 0, like (the restriction of scalar to Q of) F—forms of Sp or SU(m,n)
over totally real fields F', we have another way to associate a weight to holomorphic
automorphic forms. In this case, we have H = G(R)/Cy for the stabilizer Cy
of 0, which is a maximal compact subgroup of G(R). In the simplest case of
SL(2),9 = Sp(2))9, Co = SO2(R) and H = H = {z € C[Im(z) > 0} with
G(R)/SO3(R) = H by g — g(v/—1). As is well known that H is holomorphically

. TN 2—y/=T
equivalent to the open unit disk in C by z +— VT

The group Cp can be regarded as a group of real points with respect to a twisted
complex conjugation in the complexification C' of Co. In the case of SL(2)q,
SO3(R) can be regarded as S* in G,,,(C) by (£5) +— c/—1+d € S, and S! is the
set of fixed points of the twisted “complex conjugation”: z +— Z~! in G,,(C) = C*.
Generalizing this example, we see that the compact group U(n) is the subgroup
of GL,(C) fixed by the complex conjugation: x +— ‘@~!. Any holomorphic rep-
resentation p : C — GL(V(p)) gives rise to a holomorphic complex vector bundle
V = (G(R)x V)/Cp by the action (g, v) — (gu, u v) for u € Cq. Since H is simply
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connected, we can split VHXV as holomorphic vector bundles; so, we have a
linear map J,(g, 2) : V> — Vj() for each given g € G(R) which identifies the fibers

V. and Vj(.y of V.. Thus we have a function J, : G(R) x H — GL(V) satisfying
1. (Cocycle Relation) J,(gh, z) = J,(g, h(2))J,(h, z) for g,h € GR) ;
2. (Holomorphy) J,(g, z) is holomorphic in z.

When G = SL(2), then Co = SO2(R) C C = C* whose irreducible complex
representation is given by

cos(f) —sin(6) k% * % . k iko
(sin(@) cos(6) > - (c d> —r (c d> = (ci+d) =e™
In this case, J,(g,2) = (cz + d)*. This goes as follows: Split GLy(R) = PCq for
P made of upper triangular matrices with right lower corner 1. For z = x + iy,
define p; = (§ 7). Then for g € SLy(R), write gp. = pg(.yu with u € Cp, and we
have p(u) = p(p;(lz)gpz) = (cz + d)* by computation. Indeed, J(g,z) sends (v,p.)
to (uvapg(z)) ~ (v, gp:) = (vapg(z)u)'

One can view the complexification C' as a real algebraic group; let T be a
maximal real torus of C'. To any character x of T, we can attach a rational
representation Le(k;C) (= pi) of C. Let V(k) = Leo(k;C). For an arithmetic
discrete subgroup I' C G(Q), a holomorphic automorphic form of (coherent) weight
k is a holomorphic function f : H — L¢(k; C) satistying f(v(z)) = J,(v, 2) f(2) for
ally € T' (with some additional growth condition if I'\'H is not compact). Again the
space of holomorphic automorphic forms is trivial unless the weight x is positive
(with respect to a fixed Borel subgroup B).

Often the complex manifold I'\'H is canonically algebraizable, giving rise to an
algebraic variety (or a scheme) Xr, called canonical models or Shimura varieties,
defined over a valuation ring W in a number field with residual characteristic p. At
the same time, we can algebraize the vector bundle V (k) associated to V (k). Thus
we often have a coherent sheaf w” on Xt giving rise to \N/(n) after extending scalar
to C. The global sections of H° (Xp,g7 ) for W-algebra A are called A-integral
automorphic forms of weight k. Note that, T¢ is isomorphic to T', because they
are maximal tori in the same group G. Thus we can and will identify 7" and T¢
(with compatible choice of Borel subgroups B and B = BN C). On Xr, we may
regard the I'-module Lg(k; A) as a locally constant sheaf associating to an open
subset U C X sections over U of the covering space Lg (k; A) = T\(D x L (k; A))
over Xp. Here the quotient I'\ (D x Lg(k; A)) is taken through the diagonal action.
Thus each positive weight x € X (T) gives two spaces of automorphic forms:

HY(Xr, Lg(r; A)),  H(Xr,wj,) = Gu(T; A).
There is (at least conjecturally) a correspondence x +— £* such that
H°(Xr,w") — H(Xr, Lg(r*; C))
by a “generalized Eichler-Shimura isomorphism” which is supposed to be equivari-
ant under Hecke operators. If such equivariance holds, we say that the two mod-
ules: the source and the image are equivalent as Hecke modules. In the example of
SL(2),q, we have k € X(T') = X(Gy,) = Z and k* = k — 2 with:
G.([;C) — H'(Xr, Lsr2)(k — 2;C)) (T C SLa2(Z))

via f +— the cohomology class of [f(z)(X — zY)*~2dz]. This is valid if £ > 2.
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1.2. p—Adic interpolation of automorphic forms. We would like to interpo-
late these two sets of spaces {H°(Xr,w")}, and {H*(Xr, Lg(r;W))}x when the
weights x vary continuously in Homy,p,— g, (T(Zy), Z,' ). On these two spaces, there
is a natural action of Hecke operators; so, we want this interpolation to take into
account the Hecke operators. To describe our idea of how to interpolate automor-
phic forms, we write W for the p—adic completion of W. What we would like to do
in the two cases is:

(1) (Universality) Construct a (big) space V which is a compact module over
WI[T(Zy)]] such that the x-eigenspace V[k] contains canonically the space
HY(Xr, Lg(k; W)) in the topological case, resp. H®(Xr/w,w") in the coher-
ent case as W[[T(Z,)]]-modules.

(2) (Hecke operators) Establish a natural action of Hecke operators on V, and
show the inclusion in (1) is Hecke equivariant.

(3) (VCT) Find an appropriate W{[[T(Zp)]]-submodule X C V of co-finite type
(& W—dual is of finite type) such that X is stable under Hecke operators
and X[k] is canonically isomorphic, as Hecke modules, to a well-described
subspace of automorphic forms of weight x if k > 0.

The item (3) is called a wertical control theorem of the subspace X. Examples
of the VCT are given as Theorem 3.2 for elliptic modular forms, Theorem 3.3
for p-adic family of elliptic modular forms, Theorem 8.5 for automorphic forms
on unitary groups, Theorem 9.1 for Hilbert modular forms and Corollary 9.3 for
Hilbert modular Hecke algebras. A more general result on VCT can be found in
[HO2] and [PAF]. In [HO2] page 37 and [GME] 3.2.3, Hecke operators T" are defined
for a given (geometric) modular form f as a sum f|T'(A,s) = >_, f(Aq s) of the
values of f at abelian schemes A, with a specific isogeny o : A — A, of a given
degree. This is perfectly fine if the degree is invertible on the base scheme .S, but
otherwise if S is of characteristic p and the degree is p, one has to replace the
sum by the trace from the (possibly purely inseparable) extension of S over which
the isogeny is defined (as was originally done for elliptic modular forms in Katz’s
definition in [K3] 3.11). Thus the argument proving the control theorem in these
works has to be modified slightly. This adjustment will be described in the present
lecture notes in 3.1.3, 7.1.6 and 8.2.2. The author is grateful to Eric Urban for his
pointing out this error in the above cited works (except for [PAF]) of the author.

We will mainly deal with the coherent case where G admits Shimura varieties
which are given as moduli of abelian varieties with PEL structure. However at some
point, we need to use some results obtained in the topological case; so, a couple of
lectures will be devoted also to describe the situation in topological cases. In any
case, I will often suppose for simplicity that G to be U(m,n) or its F—inner forms
over a totally real field F', although we also give expositions for GSp(2¢g) from time
to time.

In the coherent case, we shall define V' to be the space of formal functions on an
formal pro-scheme, called the Igusa tower, classifying abelian schemes with a level
p™>° structure in addition to a PEL structure outside p. We will prove the vertical
control for the space X = V' of nearly p-ordinary automorphic forms and prove
that its W—dual Homy, (Vo ¢, W) is W[[T(Z,)]]-projective of finite type.

Actually, we have for any classical group a good definition of nearly p—ordinary
cusp forms, that is, a cusp form is called nearly p—ordinary if it has the property
that the Newton polygon of the Hecke polynomial at p is equal to the hypothetical
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Hodge polygon mechanically constructed out of the weight x (of the motive attached
to the cusp form). We can prove that the Newton polygon is always on or above the
Hodge polygon (without recourse to hypothetical motives); so, a nearly p-ordinary
form has minimal possible Newton polygon (see Section 4).

One would expect that Homyy (Vo ¢, W) should be W{[T(Z,)]]-projective of fi-
nite rank if G is associated to a bounded hermitian domain. Contrary to this, when
we deal with the group like GL(n) (n > 2), the module Homy, (V°"¢ W) is of finite
type over W{[T(Zy)]], but it is known to be of torsion. Natural questions are:

(Ql)  When can one expect that the space Ve is W[T(Z,)]]-coprojective (that
is, its W—dual is projective)? What is the (expected) minimal value of K
at which the vertical control holds? What happens if one specializes to a
very low weight? If Vo' is co-torsion, what is the Krull dimension of
the W[[T(Zy)]]-module Homy (V°rd, W) ? What is its characteristic power
series if codim(Vod)* =1 in Spec(W|[T(Z,)]])?

It turns out that all these questions are quite arithmetic, as we will see it in the
course. In the elliptic modular case, the lowest weight where VCT holds is 2.
However, as Buzzard and Taylor studied, there is a good criterion via Galois rep-
resentations to guarantee the limit at weight 1 to be a true modular form (not just
p-adic), which played an important role in their proof of the Artin conjecture for
some icosahedral cases.

In the simplest example of SL(2),q, we take an arbitrary p-adically complete
W-algebra A = lim,, A/p"A. We consider a test object (E, ¢y, #n),4 made of an
elliptic curve E, a level p™—structure ¢y, : pipe — E (that is a closed immersion of
ind-group schemes) and a level N—structure ¢y, like a point of order N (here, an
inclusion of Z/NZ into the set of N—torsion elements E[N] in E), all these data
being defined over A. A p-adic modular form f is a functorial rule associating an
element of A to a test object (E, ¢p, ®n)/a. Thus we have f(E,¢,, ¢n) € A, and

for each p-adically continuous W-algebra homomorphism A 2 B,

f((Ea (bpa(bN)/A,p X B) = p(f(Ea ¢P5¢N>)

A p-ordinary modular form which is an eigenform of T'(p) has by definition a p—adic
unit eigenvalue for T'(p). In general, p—ordinary modular forms are linear combi-
nations of such p—ordinary eigenforms (we will give a more conceptual definition in
the text). The evaluation of f at the Tate curve Tate(q),z((q)) at the cusp infinity
yields the g—expansion:

f(q) = f(Tate(q)o, ¢5°", 63™) = > aln, f)q".

n=0
We can deduce from the irreducibility of the Igusa tower that V is isomorphic to
the p—adic completion of

Wiiall ) (Z > Gk(Fl(Np“))> -

k=0 «
Here we have embedded Gg(T'1(N)) into C[[¢]] by the Fourier expansion, writing
q = exp(2miz).
In the topological case of SL(2), V is given by Hl(F’,C(f’/U(Zp), W)), where
C(f’/U(Zp), W) is the space of continuous functions on f’/U(Zp), I =T1(N)n
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To(p) and IV is the closure of To(p) in SLy(Z,). Then L(k; W) — C(I' /U(Zy); W)
induces a map H'(I”, L(x; W)) into V.

For any W{[[T(Z,)]]-submodule X C V satisfying (VCT), the eigenvalue A(¢) of
a Hecke operator ¢ on X is algebraic over W{[T(Zy,)]]. In fact, the Hecke algebra
h in Endy 7z, (X) generated by (appropriate) Hecke operators are an algebra
over W[[T(Z,)]] of finite (generic) rank (or even of torsion). Take an irreducible
component Spec(I) of Spec(h). The operator ¢ projected to I, written as A\(¢) (that
is, A : h — T is the projection), can be considered to be an algebraic function
(that is, global section of the structure sheaf) on Spec(I). In particular, if P €
Spec(I)(W) = Homy _aig (I, W) with Plyw(r(z,)) = & for & > 0, A(t)(P) = P(\(1))
is the eigenvalue of ¢ occurring in either HO(Xr,w") or H4(Xr, L(k; W)). In the
simplest case of SL(2), we have T(Z,) = Z,; = u? x A for a finite group A. Thus
WIT(Z,)]] = AlA] for A = W([u?#]] 2 W[[X]] (a formal power series ring) via
ut e (1+X)% =37 (") X". Note that

R((1+ X)") = k() = u™ = (14 X)* xoyro1-

The algebra homomorphism x : A — W is the “evaluation” at X = u" — 1! Thus
ifIT=A, AT(n)(k) = MT(n))(u* —1) (viewing A(T'(n)) as a power series) gives
a p—adic analytic interpolation of Hecke eigenvalues. In general, we get the p—adic
interpolation of Hecke operators parameterized by Spec(l).

1.3. p—Adic Automorphic L—function. Since the specialization A(T'(n))(u" —1)
is the Hecke eigenvalue occurring in the space of cusp forms, it can be considered
as a complex number uniquely (by fixing embeddings i : @ — C and i, : Q —
Q,). Thus we can think of automorphic L-functions L(s, A(x)) made out of such
eigenvalues; for example, the modular Hecke L—function of GL(2):
Lis, M) = S iANT () (" — 1)),
n=1
Writing i = i 0d,, . Supposing that L(m, A(x)) for a fixed integer m has rationality
(up to a transcendental factor or a period ©(x)), a natural question we then ask is:

(Q2)  Is it possible to interpolate p—adically the value W ?

find Ly € T such that Ly(k) = L(m, A(k)) for k> 07

Is it possible to

This problem of course involves a subtle question of how to normalize the factor
{Q(k)}« in the aggregate (varying x € X (7)) to get an “optimal” integrality; so,
it is more involved than proving rationality (see Section 9 for some examples and
[H96] for a general theory). Once we are successful in constructing canonical p—adic
L—functions, we could ask more specifically

(Q3)  When is the p—adic L—function analytic? Where could it have singularity?
If there is a singularity, what is the residue?

See [H96] for some examples and conjectural discussions on these questions.

1.4. Galois Representations. Once an irreducible component 1 of the Hecke
algebra is given, one would expect to have a Galois representation py : Gal(Q/F) —
GL,(I) such that the Hecke polynomial at ¢ # p gives rise to the characteristic
polynomial of the Frobenius element. We could partially and conjecturally answer
the question (Q3) that the associated p—adic L—function has singularity at P if
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the Galois representation specialized at P, that is, py mod P contains the trivial
representation (a p-adic Artin conjecture, See [H96]). We then further ask

(Q4)  For a given representation py as above, is their any good way to associate
a Selmer group Sel(py) so that the characteristic element in 1 of the Selmer
group should be equal to the p—adic L—function or its numerator?

See [MFG] Chapter 5 for a general description of Selmer groups. If this is affir-
mative, then this would describe the zero-set of the p—adic L—function. Related to
this, VCT is often useful to identify the nearly p—ordinary Hecke algebra with the
nearly p—ordinary universal deformation ring if at one weight the deformation ring
with the given weight is identified with the Hecke algebra of the specific weight (see
for example, [HM] Section 4.3). The argument proving VCT often yields another
type of control theorem: so-called the horizontal control theorem (HCT), giving a
precise description of the behavior of a Hecke algebra if one add primes outside p
to the level of the Hecke algebra. This horizontal control (HCT) is used in the case
of GL(2) to construct the Taylor-Wiles systems, which in turn proves the identi-
fication of the Hecke algebra of a specific weight with the deformation ring. See
[MFG] Chapter 3 and [GME] Chapter 3 for these topics.

1.5. Plan of the lectures. I will try to answer some of these questions in the
lecture in some specific cases in a concrete way and in some other cases conjecturally.
Here is a plan:

1. In a first few lectures in April, 2000 (Sections 1-3), I will recall the theory in
the elliptic modular case with some proofs as a prototype of the theory and
basic properties of nearly ordinary automorphic forms on general groups.

2. Lectures in May, 2000 (Sections 4-8) will be devoted to prove the VCT for
unitary groups. I will describe the proof in the cocompact case in details (and
touch briefly the non-cocompact case taking Hilbert modular varieties as an
example: Section 9).

3. Lectures in June, 2000 would first discuss applications of VCT and the ¢—
expansion principle in the Hilbert and the elliptic modular cases (Section 9),
and in Section 10, we shall give a sketch of a proof of the g—expansion prin-
ciple of p—adic automorphic forms for split symplectic groups and quasi-split
unitary groups (acting on a tube domain).

Some of the papers and preprints of mine related to these subjects can be down-
loaded from my web site: www.math.ucla.edu/ hida.

Although we have tried to give details of the proofs of the material described
above in these notes, many results have to be taken for granted here in these notes.
The book [PAF] covers similar materials with more details and contains a proof
(different from the one presented in Section 10 of these notes) of the irreducibility
of the Igusa tower over the mod p canonical models (in a more general setting).

The author wishes to thank the audiences of the lectures for their interest and
patience and the organizers of the automorphic semester at 'institut Henri Poincaré
for their invitation.

2. ELLipTic CURVES

In this lecture, I try to sketch a proof of the VCT in the elliptic modular case.
There are several different approaches:
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(1) Through the moduli theory of elliptic curves; this is what we do ([H86a] and
[GME] Chapter 3).

(2) Through studying of topological cohomology groups and jacobians of modular
curves. This way has an advantage of producing at the same time Galois
representations into GLy(I), where I is a big ring (which is finite and often
flat over W[[X]]; [H86D]).

(3) Through the theory of p-adic Eisenstein measures and p-adic Rankin con-
volution theory. This method was found by A. Wiles and explained in the
elliptic modular case in my book: [LFE] Chapter 7.

(4) As an application of the identification of Hecke algebras and universal Galois
deformation rings at many different weights (done by Wiles and Taylor). This
method is exposed in my book [MFG].

We follow the first method. A shorter proof than the original in 1986 can be
found in my forthcoming book [PAF] Chapter 3 and also in my Tata lecture notes:
Control Theorems and Applications, which can be downloaded from my web site.
Also Chapter 3 of the book [GME] contains a more down-to-earth description of
the proof.

2.1. Basics of Elliptic Curves. We shall give a brief description of the theory
of the moduli of elliptic curves. Chapter 2 of the book [GME] contains a thorough
exposition of the theory.

2.1.1. Definition of Elliptic Curves. For a given scheme S, a proper smooth curve
f+E — Sis called an elliptic curve if it satisfies the following conditions:

(E1) E has a section 0 = 0g € E(S) (thus fo0=1g);

(E2) dimg E =1, and F is geometrically connected (this means that each geometric
fiber of E over a geometric point is connected and of dimension 1);

(E3) f.Qg/s (equivalently R'f,Op by Grothendieck-Serre duality) is locally free
of rank 1 (genus = 1).

There is no harm to assume that S is connected, as we do from now on. For any
S—scheme ¢ : T' — S, the fiber product Ep = E xg T is again an elliptic curve
with the zero section 0y = Og x 17. For two elliptic curves E and E’ over S, an
S—morphism h : E — E’ is always supposed to take Og to Og.

2.1.2. Cartier Divisors. A closed subscheme D C E is called an effective Cartier
divisor (relative to S) on E if f,Op = f.(Or/I(D)) given by an invertible sheaf
of ideals I(D) is S-—flat (so locally free). We define £(D) = I(D)~! and put
deg(D) = deg(L(D)) = ranks f«(Op). In particular, the 0 section gives rise to a
#

divisor [0] of degree 1 given by Ojg, . Og. We then think of I(m[0]) = I([0])™
and £(m[0]) = I(m[0])~! for m € Z. The line bundle £(m[0]) can be regarded as
the sheaf of meromorphic functions on E with sole singularity at 0 having pole of
order equal to or less than m at 0.

Write Div"(E/S) for the set of all degree r effective divisors relative to S. The
association T +— Div"(Ep/T) is a contravariant functor by pull-back of divisors
D/E — D/ET =D XE ET.

If S = Spec(k) for an algebraically closed field k, k-rational effective divisors
can be identified with positive linear combinations of points on E(k). We have
deg(>"pmp[P]) =>_pmp. We can thus consider the group Div(E/k) of all formal
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linear combinations (including negative coefficients) of points on E. Then deg :
Div(E/k) — Z is a well defined homomorphism given by the above formula.

2.1.3. Picard Schemes. For any scheme X, we define Pic(X) as the set of all iso-
morphism classes of invertible sheaves on X. The association X +— Pic(X) is a
contravariant functor by the pull-back of invertible sheaves, and Pic(X) is a group
by tensor product. We define, for each S—scheme ¢ : T — S

Picg,s(T) = Pic(Er)/¢* Pic(T).

We can extend the degree map to deg : Picg/s(T) — 7T for the set mo(T) of
connected components. Indeed, for any algebraically closed field k£ and a geometric
point s : Spec(k) — T, the fiber E(s) = E Xg,40s S = Er X7 s is an elliptic curve
over the field & and deg(L£) = deg(L(s)) for the pull back L(s) at s, which is well
defined. By this fact, we can define

Picg,s(T) = {ce PicE/S(T)’ deg(L) = r for all connected component of T' }.
Here is Abel’s theorem (e.g. [GME] 2.2.2):
(Abel) Picl 5(T) = E(T) = Homg (T, E) by L([P])® L([0])" " < P

Thus an elliptic curve is a group scheme with the identity 0. If ¢ : C — C’ is a
non-constant S—morphism of two smooth geometrically connected curves, [¢~1(s)]
is constant for geometric points s of C’, that is, ¢.O¢ is locally free of finite rank.
We write this number as deg(¢). Thus A8 ¢,Oc is an invertible sheaf on C”.
If ¢ : E — E’ is an S—morphism of elliptic curves, by our convention, ¢ takes Og
to Op/, and hence, at the side of the Picard scheme, it is just £ +— Adcg(¢) ¢« L; so,
obviously ¢ is a homomorphism of group schemes.

2.1.4. Invariant Differentials. By (E3), for a dense affine open subset Spec(A) of S,
H°(E,Qp/a) = Aw for a 1-differential w. For each point P € E(S), Tp : © — z+P
gives an automorphism on E. Since we can therefore bring any given cotangent
vector at 0 to P isomorphically to a cotangent vector at P, each cotangent vector
at 0 extends to a global section of Qp/g. Thus Tpw = w (cf. [GME] 2.2.3).

2.1.5. Classification Functors. An important fact from functorial algebraic geom-
etry is: we can associate to each S-scheme X, a contravariant functor X : S—
SCH — SETS such that X(T') = Homg(T, X). This association is fully faithful;
in other words, writing CTF for the category of contravariant functors from S—
schemes to SET'S, we have Homg(X,Y) 2 Homerp(X,Y) by X 2y o(T) :
X(T) - Y(T) given by ¢(T)(T EN X) =¢of (e.g. [GME] Lemma 1.4.1). This is
intuitively clear because an algebraic variety is just a function associating to each
ring R its R—integral points X (R) = X (Spec(R)). I leave the verification of this to
the reader as an exercise (the inverse is given by Homerp(X,Y) 3> F — F(X)(1x)
where F(X): X(X) — Y(X) = Homg(X,Y)).

Here is an example of how to use the faithfulness: Let N be a positive integer.
Since E(T) is a group, & — Nz gives a functorial map N(T) : E(T) — E(T);
so, an endomorphism of elliptic curves N : E — E. We define its kernel E[N] =
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EXE)N70 S:
E[N] —— E

! &

S —— FE.
0

It is clear that E[N](T) = Ker(N(T)). It is known that deg N = N? and if N
is invertible over S, E[N](k) = (Z/NZ)? for all algebraically closed fields k with
Spec(k) — S.

We consider the following functor:

Pry v (A) = [(B, P,w) 4]

from the category ALG of Z—algebras into SET'S, where w is a nowhere vanishing
invariant differential, P is a point of order exactly N, that is, m +— mP induces
an isomorphism Z/NZ,4 — E of group schemes defined over A and [] = {-}/ = is
the set of all isomorphism classes of the objects inside the brackets. Here Z/NZ as
a group functor associates with T the constant group (Z/NZ)™(T),

Therefore Oz nz)/s = @Z/NZ Og; so, the structure sheaf of Z/NZ is free of
finite rank N. Such a group scheme is called a locally free group scheme (of rank
N). There is another example: Start with the multiplicative group G,, (as a
functor G,,(A) = A* and as a scheme Spec(Z[t,t71]), we consider the kernel py
of N :z+ 2™ as a functor py(A) = {¢ € A|¢Y =1} and as a scheme

in = Spec(Z[t] /(£ - 1)) = Spec(ZI(Z/NL))).

Then pp is a locally free group scheme of rank N. If N > 1, it is not isomorphic to
(Z/NZ), since for any prime p, pu,(Fp) = {1} but (Z/pZ)(F,) = Z/pZ for a prime
p. We consider a version of the functor Pfl ) defined as follows:

Pr,v)(A) = [(E, ¢n : un — E[N],w),4]

2.1.6. Cartier Duality. The two functors Pr, (y) and Pfl( N) are isomorphic by the
following theory of Cartier duality: If G is a locally free group scheme of rank N
over S, there exists a group scheme G /s such that é(T) = Homr (G, G, yr) =
Hom7 (G, pnyr), where G, /5 = Gy, x S and puy/s = pn x S over Spec(Z). We

o~

have G = @ in an obvious manner, and m = pun by {(m) =™ for ¢ € un(A)
and m € (Z/NZ)(A).

Let E/s be an elliptic curve. The section 0 : S — E induces a section of
f* : Pic(S) — Pic(E); so, we have a splitting:

Pic(Er) = f7 Pic(T) © Ker(07) and Ker(07) = Picg,s(T),

regarding Picg/s(T') as a set of isomorphism classes of invertible sheaves whose
restriction to 0 is trivial, that is, 0* £ is isomorphic to Og.
Let P € Ker(n) for a non-constant S—morphism 7 : E — E’. Then

*

™ E/ = PiCE//S — PiCE/S =F

is an S-homomorphism. We are going to show that Ker(7*) = /er(\w) Take
L € Ker(r*), and take an open covering E’ = |J; U; such that L|y, = f; ' Oy,.
Since 0*L = Og, one can assume f; 0 0gr = fj 0 0p for all i # j on U; N Uj. Let
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hi = f; o m; we have m* L]y, = h; 'Oy, for V; = 7= (U;). Let P € (Ker 7)(T); then
on P=YV;) N P=Y(V;), we have

hioP = fiomoP = fjo0p = fjo0p =hjoP.
This implies that h; o P’s glue to give a global section ho P € I'(T, OF) = G, (T),

getting a homomorphism Ker(n*) — K/er(\w), which can be easily verified to be
an isomorphism (because twice this operation yields an identity map of Ker(7*)).

Since N* = N as we can see easily, we get EF[N] = E[N]. Writing the pairing as
(. ) EIN] xs E[N] — pns, we get {$(P), Q) = (P,6*(Q); 50, é — ¢* is an
involution with ¢* o ¢ = deg(¢) > 0 (a positive involution).

For a given additive level N-structure ¢ : Z/NZ — E[N], by duality, we get
7N ¢ E[N] — pn which has a section ¢ well determined modulo C = ¢n(Z/NZ).
Thus (E/C, ¢y : pn — (E/C)[N],w’) is well defined as an element of Pr, (n)(A),
where w’ coincides with w at the identity (because the projection E — E/C is a
local isomorphism; that is, an étale morphism). The inverse: P — P’ is given by

(B, ¢ : uyv — E'[N], ') = (B" = E'/Im(¢y), ¢ : Z/NZ — E"[N],w")
similarly. Since (E/C)/¢'y(un) = E/E[N] = E, we have P’ = P = P’ and hence

equivalence.

2.2. Moduli of Ordinary Elliptic Curves and the Igusa Tower. We now
study the scheme Y;(N) representing Pr, (n) over Z[3;]-algebras. This eventually
leads us to the vertical control theorems in the elliptic modular cases.

2.2.1. Moduli of level 1 over Z[g]. Hereafter, we assume until Section 3 (for sim-
plicity) that 6 is invertible in any algebra we consider. Let (E,w)/4 be a couple of
an elliptic curve and a nowhere vanishing differential. We choose a parameter T' at
0 so that
w = (1 4 higher terms of T)dT.
By the Riemann-Roch theorem, dim H°(E, £(m[0])) = m if m > 0. We have two
morphisms z,y : E — P! such that
1. z has a pole of order 2 at 0 with the leading term 7=2 in its Taylor expansion
in T (removing constant term by translation);
2. y has a pole of order 3 with leading term —7~3.
Out of these functions, we can create bases of H(E, £(m][0])):
e HY(E,L(2[0])) = A+ Az, H°(E, L(3]0])) = A + Az + Ay. This implies that
x has a pole of order 2 at 0 and y has order 3 at 0. They are regular outside
0.

)

e Out of these functions 1, x, y, we create functions with pole of order n at 0 as
follows:

n<4:1,z,y2° (dim=4)

n<5:1,z,v 2% 2y (dim = 5)

n<6:1,z,v 2% 2y 23 9y* (dim = 6).
Comparing the leading term of T—%, one sees that the seven sections

2 3,2
1axayax y LY, L5 Y
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of H°(E, £(6]0])) have to satisfy the following relation:
y? + arzy + agy = 2° + axa” + asx + ag.

We can kill in a unique way the terms involving xy and y by a variable change
as

y = y+ axr +b. Indeed, by the variable change y — y — %2 — %, we get the
simplified equation:

y2 = 2% + box? + byx + be.

Again a variable change: = +— = — %3 simplifies the equation to

y2 :3:3—|—023:—|—03.

Since £(3[0]) is very ample (deg(L(3[0]) = 3 > 2¢ + 1), finally making a variable
change 2y — y (so now the T—expansion of y begins with —2773), we get a unique
equation out of (E,w)/a:

y2 =4z® — gQ(Ea w)x - g3(Ea w) for QQ(E, w)a 93(E5 w) €A
In other words, F C P? 4 is given by
Proj(A[X,Y, Z)/(ZY? —4X? + g2(E,w) X Z* + g3(E,w) Z*)).

It is easy to see that this equation gives a smooth curve of genus 1 having 0 = co =
(0,1,0) in P2 if A = A(E,w) = g3 — 27(g3)? € A*. We recover the differential w
by df. This shows that, writing R = Z[%, g2, g3, %] for variables go and g3,

PFI(I)(A) = HomZ[%]falg (Ra A) = Ml(A>5

where M; = Spec(R) for R = Z[%, g2, g3, %] We have the universal elliptic curve
and the universal differential w given by

(E,w)/m, = (ij(R[X, Y, Z1/(ZY? — 4X3 + go X Z7 + g327)), d—:”) :
Y
For each couple (E,w) 4, we have a unique ¢ € M;(A) = Homg(Spec(A), M)
(S = Spec(Z[#])) such that
(E,w)/a =2 ¢"(E,w) = (E,w) xaq, Spec(A).

If we change w by Aw for A € A* = G,,(A), the parameter T' will be changed to
AT and hence (z,y) is changed to (A\~?z, A™y). Thus (E, \w) 4 will be defined by

A73y)? =42 "%2)2 — go(B, A) (AN 22) — g2(E, Mw).

This has to be equivalent to the original equation by the uniqueness of the Weier-
strass equation, and we have

9; (B, \w) = A% g;(E,w).
Again by the uniqueness of the Weierstrass equation, we find that
Aut((E,w)/A) = {1E}

as long as 6 is invertible in A.
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2.2.2. Moduli of Pr,(n). Consider (E, P,w) for a point P € E[{](A) of order ¢ for
a prime ¢. We have a unique ¢ € M;(A) such that

op: (B,w)/a =2 ¢"(E,w) = (E,w) X, Spec(A).
We thus have a commutative diagram:
E — Ml
er] Te

Spec(A) L, E  — Spec(A).

Then P induces a unique morphism pp = @ o P : Spec(A) — (E[{] — {0})(A).
This shows that, over Z[é],

Pr.(0)(4) = Pr, ) (4) = (B[] — {0}) (4).

Similarly, over Z[z5]

Pr,wv)(A) = Pr, ) (A) = | E[N] - U E[d] | (4).
N>d|N

We put Mr,(n) = E[N] — Uy~ qn Eld]. Thus we have proven

Theorem 2.1. There is an affine scheme My, (ny = Spec(Rr,(n)) defined over

L[5y such that

PFI(N) (A) = ,PI/‘I(N) (A) = HomZ[ﬁ]falg(er(N)’ A) = MFI(N) (A)

or all Z|%:]-algebras A. The scheme My, (ny/ M1 is an étale covering of degree
6N 1(N)
@(N) for the Euler function .

The fact that the covering is étale finite follows from the same fact for E[N] over
L[5y since E[N](k) = (Z/NZ)? for all algebraically closed fields k with character-
istic not dividing N. Since M; is affine, any finite covering of M is affine.

2.2.3. Action of G,,. The group scheme Gy, acts on the functor Pr () in the
following way: (E,¢n,w)/a +— (E,¢n, \w)/a for A € G,,(A). This induces an
action of G, on Mr (n) and hence on Rr, (n).

Here is a general fact on the action of G,,. Let X be an A-module. Regard X as
a functor from A-ALG to the category of A—-modules A-MOD by X(B) = X®4 B.
If a group scheme G, 4 has a functorial action: G x X — X, we call X a schematic
representation of G. It is known (e.g. [GME] 1.6.5) that if X has a schematic

action of Gy, /4, then
X =P X[x]

KEZ
such that X[x](B) = {z € X|\ -z = A"z}, that is, X[k] is the eigenspace for the
character G, (B) — B* taking z € G,,,(B) = B* to z".
The action of G,,,4 on Mr, (n) gives rise to a schematic action on Rp, () (be-
cause it was defined by functorial action). Thus we can split

Rr,(v)/a = D Re(T1(N); A),
KEL

where on f € R.(I'1(N); A), G, acts by the character —x.
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Since f € R,(T'1(N); A) is a functorial morphism:
MFI(N)(B) ="Pi(B) — AI(B) = B,
we may regard f as a function of (E, ¢n,w),p with f((E, ¢n,w),/p) € B satisfying

(GO) f((E,dn, w)/B) = A""f((E, ¢n,w)/p) for A € B* = Gy (B);

(G1) TE (B, d.w), s = (B', 8y, )5, then [(E, o)) = F(B, yr) )

(G2) If p: B — B’ is a morphism of A-algebras, then f((E,¢n,w)/p xp B') =
p(f(E, ¢n,w)/B))-

If a graded ring A = @, A; has a unit u of degree 1, A = Ay @z Z[u,u""] and

Spec(A) = Spec(Ag) x Gy, by definition; so, Proj(A) = Spec(A)/G,, = Spec(Ayp).

If A has a unit of degree n > 0, then Proj(A) = Proj(A™) = Spec(Ay) for

A = @j Apj. Since A™' € R C Rr (), the graded ring Rr, () has a unit of

degree 12, and hence, we have

Gm\Mr,(ny = Proj(Rr,(n)/a) = Spec(Ro(I'1(N); A)) =: Y1(N) 4.
We consider the functor defined over Z[+]-ALG given by

Er, vy (A) = [(E, én : pn — E[N])/a] -
By definition, &, (n) = Gy \Pr,(n). Since Proj(Rr,(ny) gives the quotient by G,
of Spec(Rr,(n)) (see [GME] Theorem 1.8.2), we conclude

Theorem 2.2 (Shimura, Igusa). We have an affine curve

Y1(N) = Proj(Rr,(n)) = G \Mr, ()
defined over Z[GLN], which is locally free of finite rank over My = Proj(R) =
P(J)—{oo}. For all geometric point Spec(k) of Spec(Z]z%]), we have Y1(N)(k) =
[(E,¢n)/k]. The above assertion holds for any Z[ﬁiN]falgebm A in place of k if
N > 4.

Here a “geometric point” means that k is an algebraically closed field. It is well
known that I'; (N)\$ classifies all elliptic curves with a point of order NV over C for
$H = {z € C|Im(z) > 0}; so, we conclude

Yi(N)(C) =T1(N)\$.
Thus Y7 (V)(C) is an open Riemann surface.
2.2.4. Compactification. For any Z[%]falgebra A, we put

6
Let Gr, (v (Z[g5]) be the integral closure of G(Z) in the graded ring Rr, (ny/z1 10

1
6N
To see that Gr,(n)(Z[5y]) is a graded ring, we write 7 for the non-trivial ho-
mogeneous projection of highest degree of r € RFI(N)/Z[ﬁ]- Ifre RFI(N)/Z[ﬁ] is
integral over G(Z), r satisfies an equation P(X) = X" +a; X" "1 +---+a, = 0 with
a; € G(Z). Then 7 satisfies ﬁ(X) =X"+@u X" 1+ +a, =0, and 7 is integral
over G(Z). Then by induction of the degree of 7, we see that Gr,(n)(Z[5y]) is
graded (cf. [BCM] V.1.8).

We put for any Z[g5|-algebra A

1
G(A) = Alga, 93] = Z [—, g2, 93] ® A.

Gr,(n)(4) = Gr,(v) (Z [GLND QA= ké.E Gr(T1(N); A).
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We then define X;1(N),/4 = Proj(Gr,(n)(A)). By definition, X;(N) is the normal-
ization of Proj(G) = Proj(G12) = P1(J) (J = U227 for GU2) = @ Gas
in Y1(N). As classically known, J~! has ¢-expansion starting with ¢, that is,
J1 € qZ[[q]] (see [IAT] (4.6.1)). Thus the completion of the local ring of P1(.J)

at the cusp oo is isomorphic to Z[F][[g]]. Moreover we have the Tate curve (e.g.
[GME] 2.5):

Tate(q) = PTOJ'(Z[[Q]]%] [X,Y,Z]/(ZY? = 4X° + g2(0) X 2% + g3(0) 2°)),

which extends the universal curve over P(J) — {oc} to P1(J) locally at the cusp
00.

Since Tate(q)(A[[g]]) D (A[[q]]*)/q? (see [GME] Theorem 2.5.1 (2)), we may
think Tate(q) to be a “quotient” Gy, z(1q)/ q% of G,,; so, it has a canonical level

structure ¢§¢" : un — G, — Tate(q). The Tate couple (Tate(q), p3") z[q) is a
test object over Z[[q]][¢g™Y]; so, by the universality of Y7 (N), we have a morphism

toe  Spec(Z llallla™) = Va(N)

Since we may regard the Tate curve as a universal formal deformation of a sta-
ble curve of genus 1 (with the level structure ¢5¢") centered at the Z[]-point
represented by an ideal (q) of Z[+][[g]] ((GME] 2.5.2-3), the morphism .o is an
infinitesimal isomorphism centered at the cusp oo (by the universality of the Y7 (V)
and the universality of the Tate curve). Since X7 (V) is the normalization of P1(J)
in Y1(N), we conclude that the formal completion along the cusp co on X;(N)
is canonically identified with A[[¢q]] by ¢eo. Replacing the level structure ¢53" by
PN o« for v € SLy(Z/NZ), basically by the same argument, the local ring at the
cusp a(oo) of X (N) 4 is given by A[ua][[¢"/9]] for a suitable divisor d|N. We need
to extend scalar to A[ua][[¢"/%]] because the Tate curve (Tate(q), ¢5¢™ o @) is only
defined over A[uq][[¢"/9)] for a suitable divisor d|N dependent on the choice of a.
This point is a bit technical, and we refer the reader to a more detailed account,
which can be found in [AME] Chapter 10 and [GME] 3.1.1. Thus X3 () is smooth
at the cusps, and moreover f € G(I'1(N); A) is a function of (E, ¢n,w) satisfying
(G0-2) and

(G3) f(Tate(q), pn,w) € A[CN][[¢"/™]] for any choice of ¢ and w.

Since T'1(N)\($H U PY(Q)) is a smooth compact Riemann surface and is the
normalization of P!(J) in Y1 (NN)(C), we conclude

X1(C) =Ty (N\(®H UPH(Q)).

The space Gi(I'1 (IV); C) is the classical space of modular forms on 'y (N) of weight
k. Since Tate(q) is the “quotient” G, ,zjiq) / ¢%, it has a canonical differential weq,
induced by % identifying G,,, = Spec(Z[t,t~]). In particular,

f(q) = f(Tate(q), X", Wean) = Z a(n; f)g" with ¢ = exp(2miz)
n=0

coincides with the Fourier expansion of f at the infinity if f € Gy (T'1(N);C).
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2.2.5. Hasse Invariant. Let A be a ring of characteristic p and (F,w) be an elliptic
curve over S = Spec(A). On each affine open subset U = Spec(I'(U, Og)) in E, the
Frobenius endomorphism x — 2P induces a morphism Fps : U — U. These glue
each other to the absolute Frobenius endomorphism Fyps : E/4 — E;4. Note here
that Fyps acts non-trivially on the coefficient ring A. We can define the relative
Frobenius map: F — E® = F X 8, Fops O DY Faps X g f for the structure morphism
f + E — S. This relative Frobenius is the classical map taking homogeneous
coordinates of F to their p—powers.

Let T /s be the relative tangent bundle; so, its global section HY(E, T s) is the
A-dual of HY(E, Qp/s), and H(E, Tgs) is spanned by a dual base n = n(w). One
can identify H(E, Tg,s) with the module of Og—derivations Derog (0,0, Os) (cf.
[GME] 1.5.1). For each derivation D of O g, by the Leibnitz formula, we have

P
DP(zy) = Z (p) DPigDiy = xDPy + yDP .
=0 M
Thus DP is again a derivation. The association: D +— DP induces an Fjs—linear
endomorphism F* of 7g/g. Then we define H(E,w) € A by F'n = H(E,w)n.
Since n(Aw) = A" In(w), we see

H(E, Ao)n(w) = F*n(Ow) = F*(A™'n(w))
= APF*nw) = \PH(E,w)n(w) = A PH(E, w)An(Mw) = A\ PH(E,w)n(Aw).
Thus we get
H(E,\w) = \"PH(E,w).
Then H is a modular form of weight p — 1 defined over IFp:
H(E,w) € Gp_1(I'1(1),F)p).

We compute H(Eo,%2). The dual of 4 is given by D = w-. The action of
F keeps D intact, because D(w) = w (so DP(w) = w). On the tangent space, F
acts as identity, and hence H(Foo,w) = 1.

An important fact is:

H(E,w) =0 <= FE is super singular.

This is because:

1. If Ez  is ordinary, then E[p] = u, x (Z/pZ) over Fp;

2. pp = Spec(Fp[t]/(t? — 1)) shares the tangent space with G,,, because they are

both of dimension 1 infinitesimally;

3. F%2 = p up to units in the super singular case.

The zero locus of a section of a line bundle is a divisor; hence, on the moduli
space, X1 (V) for p 1 N, the points in Xo(N)(F,) corresponding to super-singular
elliptic curves are finitely many.

2.2.6. Igusa Curves. Let W = Z, and W,,, = W/p™W. Fix N with p { N. We
have a lift of Hasse invariant in G,_1(I'1(1); Z,), which is the Eisenstein series E
normalized so that a(0, E) = 1. By Von Staut theorem, the g—expansion E(q) of E
is congruent to 1 modulo p; so, £ mod p coincides with H. Let (E, ¢n)/n be the
genus 1 semi-stable curve (completed by appropriate Tate curves at the cusps) over
M = Xl(N)/W Let M,, = Xl(N)/Wm = Xl(N) Xw W Define S,, C M,, by the
open subscheme of M, on which F is invertible. The scheme S,,, does not depends
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on the choice of the lift E, since E = E' = H mod p guarantees M,,[+] = My, 2]
for any other lift E’ as long as p is nilpotent in the base ring. We write Sy, for the
formal completion lianSm of S along S;.

Since we have defined X1 (N) by Proj(Gr,(n)), the invertible sheaf w* (k > 0)
associated to the k-th graded piece is ample. To see for which k, w* becomes
very ample, we recall that an invertible sheaf of degree > 2g + 1 over a curve of
genus ¢ is very ample by Riemann-Roch theorem (see [GME| Proposition 2.1.4).
Computing the genus of X1 (N) (e.g. [GME] Theorem 3.1.2), the invertible sheaf
g’/“A corresponding to G (I'1(N); A) is very ample if £ > 2 and N > 4 (or k > 2).
Thus Sy, is affine, and S,, = Spec(Vi, ) for a Wy,—flat algebra V,,, o. We consider
the functors

E/Zrd(A) = [(Ea Pa (bN)/A] and Egrd(A) = [(EMUJ;DO‘ — E[pa]a (bN)/A] 5
where P is a point of order p®. Then we see that

E£7(A) = €7 (A) = (B[p*]" — B ) 5, (4)

/Sm

for all W,,,~algebras A. We write T;,, o/s,, = (E[p®]¢* — E[p>~1]¢)
afl(

/S which is an
étale covering of degree p p — 1). It is a classical result of Igusa that T, is
irreducible (and hence connected; see [GME] 2.9.3), although we do not need this
irreducibility here. We will come back to the proof of the irreducibility of the Igusa
tower over more general Shimura varieties later in Lecture 10. Since S, is affine,
T is also affine. We write T, o = Spec(Vino). We have a tower of W,,—flat
algebras:
Vino CVin1 C Vipa C-o- .

These algebras are étale over V,, o and Gal(Vi,o/Vino) = (Z/p*Z)*. Over Vi, q,

we have a canonical isomorphism
Lean = Ppo : 7.)p*Z = P, = E[p*].
We then define Vo = U, Vin,o and
V= VFI(N) = h_1>nmvm,oo and V = VFI(N) = llnmvm,oo-

The space Vr,(n) is the space of p-adic modular forms on I'y(N). By taking the
Cartier dual of Z/p®*Z — FE[p*], we may regard f € V,, , as a rule associating
an element of A to (E, ¢p : ppe — E[p®],¢n)/a satisfying the conditions similar
to (G0-3). Each element f € VFI(N)®WA for a W-algebra A = lim,, A/p™A is
a function of (E, ¢p, ¢n) satisfying the conditions similar to (GO0-3) (see [GME]
(Gp1-3) in page 230).

3. VERTICAL CONTROL FOR ELLIPTIC MODULAR FORMS

3.1. Vertical Control Theorem. We have a p-divisible module Vr, (ny on which
Gal(Vin,oo /Vino) = Z, = T(Zp) acts continuously. Here T = G,,. We shall
construct a projector e acting on V out of the Hecke operator U(p) commuting
with the action of Z) = Gal(V;;,00/Vin,0). The important features of e are

nl.

o ¢ =lim, .o U(p)™;
e V°rd = ¢V has Pontryagin dual which is projective over W[[G,(Z,)]];
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e For any k > 3, there is a canonical isomorphism
Vord[_k] = eHO(S, W’ ® Ty) = eHO(M, W’ ® Tp) (Tp = Qp/Zp),

where V[—k] = {f € V|z2f = 27" f Vz € Y }. We hereafter write H? , for eH? and
Gz’”d for eGy.

3.1.1. Aziomatic treatment. Let w* = Gr,(n)(k) = O(k) for the embedding of
X1(N) = Proj(Gr,(n)) into the projective space. Then w* = w®*. Computing
the genus of X;(N), the Riemann-Roch theorem tell us that w* is very ample if
k > 3 (see [GME] Proposition 2.1.4 and Theorem 3.1.2). Therefore w* is the pull
back of O(k) of the target projective space. Let (E, ¢, w) be the universal elliptic
curve over Y7(N). For each triple (E, ¢n,w) defined over A (called a test object),
we have a unique ¢ : Spec(A) — Y1(N) such that *(E, ¢, w) = (E, ¢n,w). For
each section f € HO(Y1(N),w"), we define

Uf = f(E, ¢n,w)w®.

The function (E, ¢n,w) — f(E, pn,w) satisfies (GO-2). The condition (G3) assures
that f extends to X1(N). This shows

HY(X1(N)a,w") = Ge(T1(N); A)

for all Z[g]-algebra A.

Let (E, ¢,,¢y) be the universal elliptic curve over S,,. Pick a section f €
HO(S,,,wk). Since pi,~ carries a canonical differential weq, = %, writing ppe =
Spec(Z[t]/(t*" —1)), we may regard f as a function of (E, ¢, ¢n) by f(E, ¢p, dn) =
F(E,dN, ¢pswean). For each (E, ¢y, on) € E4(A) for a Wy, —algebra A, we have a
unique morphism ¢ : Spec(A) — Tin oo such that (E, ¢, on) = t*(E, ¢, ¢ ). Then
*f is just a function of f(E, ¢,, ¢n) such that f(E,z ¢, on) = 2% f(E, ¢p, dn)
for z € Gal(Vin,00/Vin,0) = Z,; . This shows that

Vm,oo[k] = HO(SmaEk) and V[k] = HO(S/WaEk & T;D) = HO(S/WaEk) ®T;Da

where T, = Q,/Z,. The last identity follows, since S is affine. This shows that
V[k] is p—divisible, and its direct summand eV[k] is also p—divisible.
We consider the following condition:

(F)  coranky eV[k] = ranky Hom(eV[k], T,) is finite for an integer k.
In practice, this condition is often proven by showing

(3.1)  Hya(Syw,o* @Ty) = Hya(X2(N)jw,w* @ Ty) = GIP4(T1(N), Ty).

ord

The left-hand-side (LHS) of (3.1) is p—divisible, since S is affine. The (RHS) is of
finite corank since X;(N) is projective. Thus eV[k] is p—divisible of finite corank.
Decompose Z, = I'r x A for a p-profinite group I'r and a prime-to-p finite
group A. For simplicity suppose that p > 2. Then I'r is isomorphic to Z, and
for its generator 7, we have W[[I'r]] & WI[[X]] = A via v — 1+ X (that is,
v (14 X)* =352 (9)X7), and W([[Z)Y]] = A[A]. Let V¢ be the Pontryagin

dual module of eV. If eV[k] is of finite corank for one k, then by duality, we have

(3.2) VUiN/(X +1—)Vrix] = Ve @uire, 6 W
= Homyy (Hp, (X1 (N),w*), W) = Homy (G (T (N); W), W) (x = kla)-

ord
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In the middle equality, we have assumed (3.1). Here the subscript or superscript
“ord” implies the image of e. Decompose V"¢ by the character of A as follows:

Vord _ @ Vord [X]

xeﬁ

If z — 2z* coincides with x on Ar, then Vord[x] @4, W = Vord Qwire))k W-
By Nakayama’s lemma, we have a surjective homomorphism of A-modules:

7 A0 ordy],

where s = s(x) = coranky eV[k]. If (F) holds for one k, it holds for all k£ inducing
X, and 7 has to be an isomorphism by the following reason: The number s is
the minimum number of generators of V°r¢[x] @4 , W over k. We know that this
module is W—free, because its dual V[k] is p—divisible; so, it is free of rank s. The
morphism 7 induces an isomorphism modulo (1 + X) — +* for all x inducing x.
Then

Ker(m) C mKer(w mod (1+ X —~7)) =0,

and we get

Theorem 3.1. Suppose that (F) holds for one k. Write H® , for eH® and G¢™¢

ord

for eGy. Then VOri[x] is A—free of finite rank s(x), and if (3.1) holds for k, then
Vol @y n W= Homw (GE(TL (N ); W), W),
3.1.2. Bounding the p—ordinary rank. Since S; is affine, we have
HO(S1,w") = HO(S)w, ") @w Wi.

If 1, for.--, fj is a sequence of linearly independent sections in H? ,(S1,w"), we

can lift them to f; € HO(Sw,w") so that f; = (fi mod p). Since S = M[%], we
have

HO(Syw,w¥) = lim o HO (M, w70~ D) /B,

Thus E™f; € HO (M, w*+™®=1) for all i = 1,.. ., j for sufficiently large m, and
they are linearly independent. We now assume

(©) e(Ef) = E(ef) for all f € HO(Sy,w").
By this, e(E™f;) are still linearly independent in HY (M x,w TP~V so, we
have

dimge H, y(M) g, *TmP=1) > 5.

ord

If rankyy, HY ,(S1,w") is infinite, the rank of HY (M, wt+™(P=D) grows as m —

oo. The condition (F) for all k follows from
(F))  dimg G4(T1(N), K) is bounded independent of k (K = Q,).

Actually, the Eichler-Shimura isomorphism combined with a calculation of group
cohomology H! ,(T'1(N), L(k; K)) proves much stronger

ord

(E) If k>3, dimg G4 (N), K) depends only on k mod p — 1 ([LFE] 7.2).

The projector e will be constructed in the following subsection.
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3.1.3. Construction of the projector. Let (E,¢,,¢n)/a be a test object. Suppose
that A is flat over Z,. Each subgroup C of order p outside the image of ¢, is étale
over A[%]; so, we can think of the quotient (E/C, ¢p, ¢n) defined over an étale finite
extension B of A[%]. We define

(U) AV GNE, by 63) = =3 FE/Cr s 6.
C

Computing g—expansion, we know

a(n, flU(p)) = a(np, f).
So the operator preserves integral structure over A. The above construction of U(p)
works well for triples (E, ¢,, ¢n) over general scheme T' as long as T is flat over
Zy. Thus we have U(p) operator well defined over S [%]
We shall extend the definition of U(p) to A with p—torsion following Katz [K3]
3.10. For the universal elliptic curve E over S, we have a non-split exact sequence
0 — E[p]° — E[p] — E[p]* — 0.

To have an étale subgroups C in E[p], we need to split the above sequence via
base-change from S to its finite flat covering S’. By the deformation theory of
elliptic curves by Serre-Tate (which we will expose in Lecture 8), for each closed
point x € S; (Fp), we have a canonical identification of the formal completion S’\m of
S along x with the formal multiplicative group ém /W over the Witt ring W of F,,.
Then the above extension is equivalent to

0— pp =T, = Z/pZ — 0,

where the group scheme T}, ¢,, is defined as follows (cf. [GME]| Example 1.6.5 in
page 43):

T, = Spec(H %)
i=0

Thus T}, is a finite flat group scheme over G,, = Spec(Z[t,t7']), and E[p] x5 S, =
Ty Xg,, S¢. For any commutative ring R

T,(R) = {(x, %W =t x € G,,(R), 13; € plZ/Z}

= Ker (G (R) /2% =5 G (R)/2%).

This shows that (/9\5/@ has to be isomorphic to the formal completion of the ring
WIt/P t=1/P] = Wit lle] plong x = 1. Thus S is a finite flat covering of S radiciel

xP—t
(or purely insepara(ble) )at the special fiber over p. In any case, we have the trace
map Tr, : Osr — Og and the inclusion ¢ : Og — Og/. We also have the Frobenius
map ¢ : Og — Og. In other words, S’ is the moduli of quadruples (E, ¢p, C, ¢n)
for an étale subgroup C' C E, and the Frobenius map ¢ for general base is induced

by the correspondence:

(B, ¢p, dn) = (EP) = E/¢y(11p), 0 : by = E[p?]°/dp (1), E[p], o),

where ¢}, is induced by

Hp &) (bp(.“p) CH_CI/F} E[p2]0/¢p(ﬂp)-
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Then it is easy to check that the U(p) operator coincides with %Trg, after inverting

p. We thus use the formula (U) heuristically over general base A under the un-

derstanding that ). in (U) indicates Tr, if A has non-trivial p—torsion. In other

words, in ), the étale subgroups C' is counted with multiplicity p if A has p-

torsion; so, U(p) is divisible by p. In particular, p-T(p) = p-U(p) + ¢ is the p—adic

lift of the congruence relation of Eichler and Shimura as given in [K3] 3.11.3.3.
Since F =1 mod p, we confirm (C). Let

Gr, (v (A) = @ Gr(T1(N); A).
k=0

One can prove the p-adic density of G, () (W)[%] NV in V ([GME] Corollary 3.2.4
and Theorem 3.2.10). Using this fact, we can show that lim,, ... U(p)"™" exists. The
final result is as follows:

Theorem 3.2 (VCT). For all k > 3, we have
V! @z W = Homu (GF (D1 (N); W), W),

Similarly, if we write ng:gp for the subspace of cusp forms in V' and write Vc‘zfsdp

for its Pontryagin dual (that is the cuspidal quotient of V%), the above result holds

for spaces of cusp forms replacing V°'® and Gz’”d by VC‘ZS% and the subspace S,‘;Td

of cusp forms in G¢.

3.1.4. Families of p—ordinary modular forms. Let a(n) : V°'* — T, be the linear
map associating f its coefficient of ¢™ in the g—expansion; so, a(n) is in the dual
Verd We now consider

G(x; A) = Homp (V4 [x], A).
With each ¢ € G(x; A), we associate its g—expansion

¢(q) = Y dla(n))g" € Allq]].
n=0

Theorem 3.3. For each k > 2, we have
1. G(x; A) is A-free of finite rank;
2. GOGA) @a W = GY(Ty(N) N To(p), xw ™ 5 W);
3. the above identification is induced by ¢ +— Y., a(n, p(v* — 1))g" € W[[q]].

Proof. The A—freeness follows from the freeness of V°"4[y]. We only prove the
assertion when k induces x on A; so, xw™* is trivial. We have

G(x; A) ®ax W = Homp (VY [x], A) @ W
=~ Homy (V4 x] @1 W, W) = Homy (Homy (GZ(Ty (N); W); W))
= GYUT(N); W) = GF4(T1(N) N Lo (p); W).
We leave the verification of the specialization of g—expansion to the audience. [

There is a version of this type of results for I'o(N) and also for cusp forms, which
is valid for all weights k > 2 (see [GME] Chapter 3 in particular Theorem 3.2.17).
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4. HECKE EQUIVARIANCE OF THE EICHLER-SHIMURA MAP

Let Gz, (Z) = QNZp) be a connected reductive group (split over Z,). For
simplicity, we often assume that G has trivial center. We shall prove semi-simplicity
of the commutative Hecke algebra acting on the nearly ordinary cohomology group
H? J(X(U),L) c H(X(U), L) for a modular variety X (U) associated to an arbi-
trary p—power level open compact subgroup U of G(A*). Here the locally constant
or coherent sheaf L on X (U) is associated to a rational representation of G twisted
by a finite order character. Although we have assumed that G is split over Z,, the
argument works equally well for a connected reductive group Gy split over W
(see [PAF] Chapter 5). Here W is a valuation ring over Z, of a number field, and

W =lim ,,W/p"W is the p-adic completion of W.

4.1. Semi-simplicity of Hecke Algebras. We shall describe the semi-simplicity
of the Hecke algebra acting on topological cohomology groups. Later we relate the
topological and the coherent cohomology groups by the generalized Eichler-Shimura
map, which shows the semi-simplicity of the Hecke algebra acting on the (degree
0) coherent cohomology.

4.1.1. Jacquet Modules. Let 7 be an admissible semi-simple representation of G(Q))
on a vector space V = V(m) over a field K of characteristic 0 (in this lecture, K
is just a characteristic 0 field no more no less). Contrary to the tradition, I always
suppose that V' is a right G(Q,)-module. Let B be a Borel subgroup with split
torus T'= B/N for the unipotent radical N.

We have a Haar measure du of N(Q,) with [ N(z,) @u=1. We then define
V(B) =V(B,7)={v—uvr(n) e V(r)|ve V(r)ne N(Q)},

and put Vg = Vp(n) = V/V(B), which is called the Jacquet module. We take a
sufficiently large open compact subgroup U,, C N(Q,) for each w = v —vr(n) €
V(B) so that n € Uy,. Then we see that [, vr(u)du = 0 for every open subgroup U
with U,, C U C N(Qy). By this fact, we can conclude that the association V +— Vp
is an exact functor. Later we shall give a canonical splitting VN = Vi @ V(B)Y as
Hecke modules, where VY = H°(N(Z,),V) (Bernstein-Casselman).

Let V' be a K-vector space. A function f: G(Qp) — V' is called smooth if it is
locally constant (uniformly under the left translation). In other words, there exists
an open compact subgroup Cy C G(Qp) such that f(kg) = f(g) for all g € G(Qp)
and k € Cy. For each admissible T(Q,)-module V', we define Ind% V' to be the
space of smooth functions on G(Q,) such that f(gb) = f(g)b for all b € B(Q,),
where b is the projection of b in T(Q,). Then we let G(Q,) act on Ind% V' by
f(9)g' = f(g'g) for g € G(Q,). This representation Ind§ V"’ is the smooth induction
of V/ from B to G. In this definition, we may replace B by a parabolic subgroup
of G and T by the reductive part of P. Hereafter all representations of G, B and
T are assumed to be smooth admissible.

Since the smooth induction preserves admissibility ([BZ] 2.3), Ind$ V’ has com-
position series, and hence its semi-simplification (Indg V")%¢ is well defined. The
beauty of the theory of admissible representations is its purely algebraic nature; so,
we do not need to assume any analytic assumptions; in particular, our representa-
tions are often not unitary as is clear from our main result Theorem 4.2.
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The following results are due to Jacquet and Bernstein-Zelevinsky and are well
known [BZ]:
1. (Frobenius reciprocity) Homp(Vp, V') = Home(V, IndG V7);
2. If 7 is absolutely irreducible, then dimg Vg < |W|, where W is the Weyl
group of T in G (Bernstein-Zelevinsky );
3. If 7 is absolutely irreducible and Vg # 0, then Indg A — V for a character
A:T(Qp) — K* (Jacquet);

4. (Indg X) s (Indg )T;”)SS for all w € W (Bernstein-Zelevinsky),

where “ss” indicates semi-simplification, A (t) = A(wtw™!) and X = 5]13/ ’X for the
right module character dp of B: fN(Q y d(u)du = dp(b) fN(Q )qﬁ(b*lxb)du (Vo).
We have the following corollary of the above facts:

Corollary 4.1. Suppose that 7 is irreducible and that Vg [X] # 0, where A= 5]13/2)\
for the module character 0 on B. Then 7 is a quotient of Indg A If A (t) for

w € W are all distinct, Vg C @,,cw A as T(Qp)-modules.

Proof. Since the algebra in Endg(Vg) generated by the action of T is a finite
dimensional commutative algebra, the Xfeigenspace is non-trivial if and only if
the maximal A quotient is non-trivial. Thus, we have a morphism of T—modules:
Vs — V(X). Since we have (Ind§ \)** = (Ind$ )T;”)SS by Frobenius reciprocity,
all eigenvalues A¥ can show up as a quotient of (Ind% X)p whose dimension is
bounded by |[W|. Thus if all characters A® are distinct, we have Vi C (Ind% Np

@wew )\ . Since V — Vp is exact, this is enough to conclude the assertion. O

4.1.2. Double Coset Algebras. We consider the double coset algebra made of formal
linear combinations of double cosets of a subgroup in a semi-group. This type of
algebra is considered in [IAT] 3.1 and often called a Hecke ring. We shall use the
terminology “double coset algebra” to avoid confusion with Hecke algebras later we
shall study.
Let
D ={z € T(Q,)|zNp(Z,)z~" > Np(Z,)}

which is called the ezpanding semi-group in T(Q,). Write B = B(Z,) and N =
N(Z,) for simplicity. Define so-called Iwahori subgroups by

(4.1) U0 ={u€eG(Zy)|u modp" € B(Z/p"Z)}
Ui(r) ={ueG(Z ’u mod p" € N(Z/p"Z)} .

These subgroups S have the Iwahori decomposition: S = N'T'N = N’ x T’ x N for
open compact subgroups 7" C T'(Z,) and N’ in the opposite unipotent ‘N = 'N(Z,).
Each z € D shrinks ‘N: z'Nxz~! C ‘N. Then we have

(42) NeN= || New= || Nug

ueE—INE\N uEN\ENEL
BéB= || Bu¢ and S6S= || Sug
uEN\ENE—L ueEN\ENET

where S is an Iwahori subgroup. By this fact, Ay = NDN, A = Agp = BDB
and Ag = A, = SDS are sub-semigroups of G(Q,), and the double coset algebras
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generated additively over Z by double cosets of the group in the semigroup are all
isomorphic as algebras:

R=R(N,Ay) = R(B,Ap) = R(S, Ag).

Further these algebras are commutative: T(£)T'(n) = T'(&n) for T(§) = NEN and
¢,m € D (cf. [IAT] Chapter 3 and [H95] Section 2). We let R act on v € VIV =
HY(N(Zy), V) by

@3 T©=vlVeN = > mlew) = [ en(wa(@)du
weESINEN ENg—!
and similarly for 7 € Vp in place of v € V; then the projection: VN — Vg is
R-linear. Here the Haar measure du is normalized so that || N(Z,) du = 1.
Let X be the set of maximal (proper) parabolic subgroups P D B. Decomposing
P = MpNp for reductive part Mp D T and the unipotent radical Np, we can
identify the set ¥ with the following set of co-characters:

{ap: G, — G’ap(p) generates Z(Mp)(Qp,) N D modulo Z(Mp)(Zy)} ,

where Z(Mp) is the center of Mp. Then {{n = a(p)}aex generate D/T(Zy), and
R = Z|T(&4)] if the center of G is trivial. If G = GL(n),

¥ = {aj|a;(p) = diag[1;, pl,—}.
For £ =[], cx &a, we have

N@,) = &N
3=0
We still denote by T'(€) the action of NEN on V. The formula (4.3) defines as
well an action of T'(€) on Vp. We see easily from (4.3) that T'(¢&7) = T(£)’ and for
each finite dimensional subspace X C V(B), T(£)|x~ is nilpotent on X» by (4.3).

For any R-eigenvector v € VN with vt = A(t)v (t € T(Q,), ¥ = v mod V(B)),
we get

(4.4) v|[NzN] = [N : 27 'Nz|A(z)v = | det(Adn (2)) [, A(z)v,

where “| |, is the standard absolute value of @, such that |p| ' = p and Ad is the
adjoint representation of 7" on the Lie algebra of V.

4.1.3. Rational representations of G. Let us first define a canonical splitting:
VN =V @ V(B)N as R-modules.

We have by definition, VV = VN(Zp) = U, VUi(") " The subspace V, = VUi(")
is finite dimensional and is stable under R. By Jordan decomposition applied to
T(€) (€ = [lues &), we can decompose uniquely that V., = V> @ V™ so that
T (&) is an automorphism on V,° and is nilpotent on V™. We may replace T()
by T'(£*) = T(£)® for any positive a in the definition of the above splitting. Since
T'(&) is nilpotent on any finite dimensional subspace of V(B), V,° injects into Vp;
so, dimV;° is bounded by dim Vp < |W|. For any T—eigenvector T € Vp, lift it to
v € V. Then for sufficiently large j, vw(£77) is in V. Since vr(£77) is a constant
multiple of ¥, we may replace ¥ and v by v (£77) and vr(£7), respectively. Then
for sufficiently large k, w = vT(¢*) € V,°. Then WT (&)~ is equal to ¥ for the image
w in V. This shows the splitting: VY = Vi @ V(B)Y as R-modules when the
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action of T" on Vg is semi-simple. In general, taking a sufficiently large r so that V.
surjects down to Vp. We apply the above argument to the semi-simplification of V.
under the action of the Hecke algebra. Thus V° =, V;° = Vp, and this concludes
the proof.

Let G(Z) C G(A™) denote a maximal compact subgroup hyperspecial every-
where (by abusing notation; see [Tt] for hyperspecial compact subgroups). We
assume that the p—component of G(z) is given by G(Z,). We now assume K
to be a finite extension over Q,. Let O be the p-adic integer ring of K. We
write U = Uy(r) for r > 0. Recall the Iwahori decomposition U = N'T(Z,)N.
We consider the space of continuous functions: C(A) = {¢ : U/N(Z,) — A} for
A = O and K. We would like to make C a left A7 '“module for the opposite
semi-group A Lof Ay = Ay. For that, we first define a left action of A, on
Yy = U/N(Zp). Since U acts on Yy = U/N(Z,) by left multiplication, we only
need to define a left action of D. Pick yN(Z,) € Yy and by the Iwahori de-
composition, we may assume that y € N'T(Z,) C U and consider yN. Then for
d € D, dyNd=' = dyd~'dNd~' C dyd~'N(Q,) and dyd~'N(Q,) is well defined
in G(Qp)/N(Qp). Since conjugation by d € D expands N(Z,) and shrinks N’,
dud=' € U, and the coset dyd *N(Q,)NU = dyd~'U is a well defined single coset
of N, which we designate to be the image of the action of d € D. We now let A !
act on C by d¢(y) = ¢(d~'y). In this way, C becomes a A, '-module.

We consider the algebro-geometric induction module:
(45) L(kK)={¢:G/N — K € H'(G/N,Oc/n)|¢(yt) = s(t)o(y) ¥t € T},

where Og/n is the structure sheaf of the scheme G/N. We let G act on L(x; K)

by gé(y) = ¢(g~'y). Then L(k; K) = ind% k=1 (following the normalization of
induction as in [RAG] 1.3.3), which is the induction in the category of scheme
theoretic representations (that is, polynomial representations). We call k dominant
if L(k; K) # 0. We write this representation as p, = p¢ : G — GL(L(k; K)).

We restrict functions in L(k; K) to Yy = U/N(Z,) and regard L(k; K) C C(K).
Then multiply L(x; K) by a character ¢ : T(Z/p"Z) = Uy(r)/Ur(r) — O* (re-
garding it as a function on C(0)). Since Q = ZX x p”, we can decompose
T(Qp) = T(Zp) x (pZ)T for the rank r of T, and we can extend € to T(Qy) re-
quiring it to have constant value 1 on (pZ)T. In this way, we get the twisted
Ar'-module L(ke; K) = eL(k; K) C C. The pull-back A;'-action preserves
L(ke; ©) = L(ke; K) N C(O) but original p, may not be. Then for £ € D,

(4.6) the action of ¢' € A;l is given by r(€) " e(&)pa(€7Y).

Since the action of £ on Yy is conjugation: z +— £x£~1, the front k(€)™ comes from
the definition of L(x; K) in (4.5): ¢(€x&™1) = k(€7 pu(€71)¢(z). By definition,
the new action is optimally integral.

Example 4.1. To illustrate our integral modification of the action, let us give an
example in the simplest non-trivial case: Let L(k; K) be the space of homogeneous
polynomial of two variable (X,Y") of degree n > 0. Then we let G = GL(2) act

on ¢(X,Y) € L(k; K) by (¢8) 71 ¢(X,Y) = (ad — be)"¢(dX — bY, —cX + aY') for
an integer v € Z. Then L(k; K) = ind$§ k! for « : diagla,d] — (ad)?a" for the
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upper triangular Borel subgroup B C GL(2). If the integer v is negative, the lattice
L(x; O) is obviously not stable under the action of the diagonal matrices

D = {zdiag[l,d][0 # d € Zp, 2 € Q, }.

The modified (integral) action defined above is just
~1 v ~1 ~1 ~1

(6a) °o(X,Y)=0(dX,Y)=d"(5q) ¢X.Y)=r(gq) (ga) &XY).
4.1.4. Nearly p—Ordinary Representations. Hereafter we assume that « is an ele-
ment o of X(7T') up to finite order character of T(Z,). Let U be an open subgroup
of G(Z). We consider the associated modular variety:

X(U) = G@Q\G(A)/UCoer 2| | Xr,

r
where C'ooy is the identity connected component of the maximal compact subgroup
of the Lie group G(R) and T runs over the following finite set
[G(Q NG, (R}t € (GQ\G(A) [UGR))}

where G4 (R) is the identity connected component of G(R). For the symmetric
space X = G4(R)/Co, we have written Xr = I'\X. For any O-module 4, we
define a right action of u € UCwy on L(k; A) by ¢lu = px(u, )¢ if U, C Up(r) for
some 7 > 0.

We define the covering space X' (U) of X (U) by
(4.7) X(U) = GQMNG(A) x L(x; A)/UCser = | | A,
r

where v(z, p)u = (yru, plu) for v € G(Q) and u € UCw4, and we define Ap =
I'\(X x L(k; A)) by the diagonal action. We use the same symbol L(x; A) for the
sheaf of locally constant sections of X' (U) over X (U).

We consider the limit, shrinking .S,
(48) £(A) = £9(x; A) = lim s HA(X(S), L(s; A)).
Here H(X(S), L(k; A)) (A = K or O) is the image of the compactly supported co-
homology group H4(X(S), L(k; A)) in H1(X(S), L(k; K)). On the space L(K), the
group G(A) acts from the right via a smooth representation, which is completely
reducible. Thus in particular, we have an action on HO(U, £L9(k; K)) = L3(x; K)Y
of the double coset algebra

Ry = R(U,G(AP®) x A,) = R(UP , G(AP*®)) ® R

of double cosets UzU with x € G(AP*®) x A, where U = U, x U®) and we have
assumed that U, = Uy(r).

We take § € D such that N(Qp) = ;& N(Zy)¢7. We may assume that
¢ = [Taes & Then T(€) acts on LY(k; O)N (N = N(Zp)) through the A, '~
module structure on L(x; O). We write this operator as T. On the other hand, T'(¢)
acts on L£9(k; K)Y through the action of G(A>) via the rational representation pj.
The corresponding operator will be written by the same symbol T'. Since the action
through p, (€7') and the modified integral action of £~' € A;! differs by the scalar
k(£)7! (4.6), the two operators T and T are related on the image of £9(x; O)Y by

(4.9) T(&) = 5(§) ' T().
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When « = 0 (the identity character), the action of the Hecke operator is (truly
canonically) induced by the Hecke correspondence T'(§) C (X(U) x X(U)), and in
this case, T() = T(£). If kK > 0, we may relate cohomology groups of the sheaf
L(k; K) as a part of the cohomology group with constant coeflicients of a certain
self-product Z of copies of the universal abelian scheme over X(U). Since the
Hecke operator then has interpretation as an isogeny action on the universal abelian
scheme, it can be regarded as the action induced by the Hecke correspondence in
Z x Z. The action of T(§) and T(£) uses different action of A;*. This action
of A 1 determines the part of the cohomology group over Z identified with the
cohomology group over X (U) with locally constant (but non-constant) coefficients.
Thus the motivic realization of the two operators T'(£) and T(£) could be actually
different, and the operator T(§) may not even have motivic realization (as in the
Hilbert modular case of non-parallel weight). For example, in Scholl’s construction
[Sc] of the Grothendieck motive associated to an elliptic Hecke eigenform f, if one
changes the action of congruence subgroup I' of SL2(Z) by a power of determinant
character, the physical sheaf over X1 (C) obtained is the same, but its rational
structure (including the Galois action) different. In this way, we can construct the
motive associated to the standard p-adic Galois representation py of f and its Tate
twists py(m) as the étale realization of motives directly realized over a self-product
of the universal elliptic curve. For a Hilbert Hecke eigenform f, we could twist
pr locally at each p-adic place by a power of the p-adic cyclotomic character, but
this twist may not extend to a global twist because the exponent of the cyclotomic
character depends on the p—adic place. In particular, if f is of non-parallel weight,
the process of defining T() corresponds to untwisting ps to reach a p-ordinary
Galois representation at each p-adic place p, which cannot be performed globally;
so, the operator T(£) may not have a motivic interpretation.

For any U = U, x U®P) with U, D N = N(Z,), the limit e = lim,, o, T(£)™
exists as an endomorphism of H?(X (U), L(k; A)) for A = O and K. Thus the limit
e extends to an endomorphism of £9(k; A)N for A = O and K. It is easy to see, if
U, DN,

(4.10) HO(U, e(L(k; K)N)) = e (H} (X (U), L(%; K))) -
We write £ . (k; A) for e (£(k; A)Y). Anirreducible representation  of G(A™)),

which is a subquotient of £9(k; K), is called nearly ordinary of p-type & if e(V (7))
does not vanish for the representation space V(m) of 7.

4.1.5. Semi-simplicity of Interior Cohomology Groups. Let m be a cohomological
automorphic representation of p-type ~. Suppose 7, is a subquotient of Indg A
(this is automatic if 7 is nearly p-ordinary). Then for its p-component 7, (acting
onV :=V(m,)), we find a character A : T(Q,) — K> with the above property such

that Vs[\ # 0 and

| det(Ady (2)) " A@)lp = || det(Adn (2))|pA ()], < |K(@)]p.

p =

The equality holds if and only if 7 is p—nearly ordinary (in this case, automatically
Vg # 0 and Ind$% X — 7p because VYN 22 Vg @ V(B)Y as R-modules).
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For the moment, suppose that G(Q,) = GL,(Q,) and write A(diag[t1,...,t,]) =

[T:-, Ai(t;). Define the Hecke polynomial (at p) by
H(T) = [[(1 = N(p)T),
i=1
and write Ay for the Newton polygon of H,(T). Define the Hodge polygon Ay
of 7 to be the Newton polygon of [, (1 — (kp):(p)T). Then the above inequality
implies
An > Ay

and the two extreme ends of the two polygons match.

We return to a general group G and assume that 7 is nearly p-ordinary. By

definition,
/ P(u)du = 6p(b) / o(b~ ab)du.
N(Qp) N(Qyp)
This shows that

(4.11) 6p =|detoAdy|, "

By definition, 2p = det cAdy is a sum of positive roots, and p is a sum of funda-
mental weights with respect to B. This shows

(4.12) [Alp = [kplp-

Note that x is non-negative with respect to B because k is dominant. Since k > 0,
Kkp > 0, that is, kp is in the interior of the Weyl chamber of B. This shows that if

w# 1,
(4.13) [AY(d)|p < |A(d)|, forallde D,

because W acts simply transitively on Weyl chambers and each element in the
interior of the chamber of A has the maximum p—adic absolute value in its conjugates
under W. In particular, we get

Theorem 4.2. Let w be an irreducible nearly ordinary representation of p—type x.
Then there exists a character A : T(Qp) — K™ such that X V(mp)p — Buwew A¥
and [N, = |pklp, where p is the sum of fundamental weight with respect to B and
| | is the absolute value on K. Moreover eH°(N(Z,),V (wp)) is one dimensional,
on which T'(§) = UEU for £ € D acts by scalar |p(&)]pA(§).

Now suppose that U = U, x G(ZP) with Up = Uy(r) for r > 0. By the above the-
orem, we get the following semi-simplicity of the Hecke algebra (for cohomological
nearly ordinary cusp forms of p—type x) from the fact that the spherical irreducible
representation of G(Qy) has a unique vector fixed by (any given) maximal compact
subgroup:

Corollary 4.3. Let the notation and the assumption be as above. Then the Hecke
module eH!(X(U), L(k; K)) is semi-simple.

Note that the projector e = e, is actually defined over £9(k; Q). Thus the
above semi-simplicity remains true on es H{(X(U), L(x; Q)) for es = [],cq €¢ With
a finite set of primes S (where G is split over Z;) and a subgroup U of level M, which
is a product of powers of primes in S. For such nearly S-ordinary automorphic
forms, semi-simplicity of the Hecke operator action is always true.
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4.2. The Eichler-Shimura Map. Before starting detailed study of the nearly
ordinary part of coherent cohomology groups, we shall make explicit a generalized
Eichler-Shimura map for unitary groups and hence the association of the weight:
Kk — K* so that H?, (Xp,w") — H%Xp, L(k*;C)). To construct the map, we

cusp
briefly recall an explicit shape of the symmetric domain of unitary groups.

4.2.1. Unitary groups. Define the complex unitary group G by
G=U(m,n)(R) = {g € GLpyyn ((C)’g]m,ng* = Im,n} ,

where I, ,, = diag[ly,, —1,] = (16" fin )
We want to make explicit the quotient space X = G/Cy following [AAF] 3.2.
We consider

) {YG GLyin(C) Y*I, Y = diag[T, S] with 0 < T =T* € Mm((C),}'

0>S8=5"eM,(C)

Write Y = (4 B). By a simple calculation, we have

« _ ([ A*A—c*C A*B-C*D\ _ 1:
YV IV = (#4750 287510 ) = diag[T, 8]

Since A*A > C*C > 0, A is invertible. Similarly D is invertible. Put z = BD™!.
We then see
A*B=C"D +—= (CA Y)Y =A"7"C*=BD! =2,
B*B—D*D=D*(z*2—-1,)D <0
and
v = (1= [) diagla, D]
with z*z < 1 thus we get
(4.14) D x GL,(C) x GL,(C) =Y

by (2, A, D) — Y () diag[A, D] for Y (2) = (12? : ) Here

2 1,
D={z¢ Mmyn((C)’z*z <1}.
Since Y — gY for g € G takes Y into itself isomorphically, we have
gY (2) = Y (g(2)) diaglh(g, 2), j(9, 2)] hlg,z) =T+b' and j(g,2) = cz+d
ifg=(2%) eq.
By these formulae, it is clear that for the zero matrix 0 € D,
G/Co =D via g+ g(0)

and Co = U(m) x U(n). Therefore the complexification C' of Cq is GL,(C) x
GL,(C). The functions ‘h~! and j correspond to the standard representation of
GL,, and GL,, respectively. Since

Y(w)*jm’nY(Z) — (i}*ﬂ)z* z—w ) ,

ez wrz—1

replacing z and w by z + Az and z, we get
. . * —g(w)g(z)* Ag(z . .
diag['h(g,2),3(9,2)"] (745" o)) dinglh(g, =), (g, 2)] =
diag["h(g, 2), (g, 2)" 1Y (9(2) Imn Y (9(z + Az) diag[h(g, 2), j(g, 2)]
=Y (2)" ¢ LnngY (z + Az) = (1255* Az ) .

w*z—1
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From this, we conclude
(4.15) dg(z) = "(g, 2)~"dzj(g,2)~".
We can show (see Shimura’s books: [EPE] (6.3.9) and [AAF] Section 3):
det(h(g, 2)) = det(g) ™" det(j(g, 2))-
This can be shown also as follows: On the diagonal torus T C U(m) x U(n), for
g =diag(t1, ..., tm, tmt1, - - tmgn], t; satisfies t; = t;l and
jlg,2) = cz+d = diag[tyi1, . . -, tmin] and h(g,z) =a+0b'z = diag[t; ', ..., 1}

Then j (resp. h) corresponds therefore to (resp. the contragredient of) the standard
representation of GL,(C) (resp. GL,,(C)); so, the corresponding highest weight
character, after applying “det”, is:

m+n m
diaglts, ..., tmin) = [ t; (esp. [
j=m+1 Jj=1

This relation coincides with the above formula of Shimura. We thus embed the
product U(m) x U(n) into GL(m) x GL(n) by g — J(g9) = (*h(g,0)7%,5(g,0)). We
also write J(g, z) = (*h(g,2)7%, j(g, 2))-

Writing dz = A, ; dz;;, we get

dg(z) = det(g)" det(j(g, z)) "™ "dz.
Write pim.n € X(T') for the character

fmon (diagts, ta, .. tmin]) = (1 X ta X o+ X ty) " X (tmg1 X =0+ X b))

Suppose that £ > pm n, and write £* = K — fim,n. We try to find a non-zero
polynomial function p.~ : D — Home (Lo (£ C), Lg(k*; C)) in z such that

pla(2)) o pi.(J(@, 2)) = ap(z) (pg. = indFne £Y)
for all & € G, where C = GL(m) x GL(n). Since D = G/Cl, if it exists, such a
function is unique. By the above (hypothetical) formula, we could define p by

p(a(0)) 0 pg. (J (@, 0)) = ap(0),
if we find an appropriate map p(0) € Home(Le (k*; C), La(k*; C)). If we change o
by au for u € U(m) x U(n), then we have

p(a(0)) 0 pit (J (@) (u)) = aup(0)
= p(a(0)) o pi. (J (@) = aup(0) o pl (J(u) ™.

Such a map p(0) with up(0) o pS. (J(u))~! = p(0) exists because GL(m) x GL(n) is

identified with a subgroup of GL(m+n)(C) = U(m+n)(C) (thus it corresponds to

the identity inclusion: Lo (k*;C) = pS. — indgL(er") pS. = Lg(k*;C) = pC. for

P = diag|[GL(m), GL(n)]B). Take k*|1, to be the highest weight w,, associated to
the standard representation of GL(n). Then k* corresponds to the standard repre-
sentation of U(m,n), and we have p,, (z)(x) = (§)x for z € C". We verify easily
that gpy, (2)(x) = pu, (2)(4(g, z)x). Thus p(z) is a polynomial in z in this special
case. Similarly to the above, if kK*|1, = wp, corresponds to the contragredient of
the standard representation of GL(m), then k* is associated to the complex conju-
gate of the standard representation of U(m,n), and we have p,, (z)(x) = (1{; )E3
for € C™. Again we verify that gp,, . (2)(z) = p.,, (2)(h(g,2)z), and p,,, ()
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is a polynomial in z. For general k, Lo(k*;C) (resp. Lg(k*;C)) is a quotient
of Lo (wn; C©O)®* Q@ Lo (wim; C)®% (resp. La(wn; €)% @ L (wim; C)®%). The general
P+ (7) is a constant multiple of the projected image of the tensor product of copies
of pu, (z) and hence is a polynomial in z.

We define for f € H°(Xr, w¢) a holomorphic differential with values in L(x*; C)
by

w(f) = pw- (2)(f)dz.

Note that here Lo (k;C) = Lo(k*;C) @ Le(fm,n; C) and that Lo (fim,n; C) is one-
dimensional; so, we can identify Lo (x;C) with Lo (k*;C) canonically as vector
space, and thus, the above definition is consistent. We can easily verify that

a*w(f) = pi (a)w(f).

Theorem 4.4. Assume that kK > pimn. Then the association: f — [w(f)] €
H4(Xp, L(k*;C)) for d = dim¢ D induces the embedding:

HY,op(Xr,w") — HY(Xr, La(k*; C)),

cusp

where [w(f)] is the de Rham cohomology class of w(f).
As an exercise, compute k* when G = GSp.

4.2.2. Hecke equivariance. We are going to show that the Eichler-Shimura map is
equivariant under Hecke operators and is compatible with normalization of Hecke
operators.

We have normalized the Hecke operator on the topological cohomology group
taking the action of & € Ap normalized as p%(671) = k=1(€)p% (¢71). Note that

—_~—

here, for any algebraic character x : G or C' — G, P = pr ® X = Pyx-

We normalize again in the same way the action on w” taking the action of
pC (€Y = k1(€)pS (¢€71) in addition to the division by u(€) (4 = fimn). Let
T = T(&) and write also coset representatives by £. Recalling k* = xu~! and
noting that (k*)71(&)pe- (€71) = k71(€)ps(€71) for £ € D, we have

W) Teop = Y (k™ (€)1 AE (€ HP(ER))(F(E(2))A(E())

¢
=D (&) ((suH(E) pamn(J (€, 2)) T (E(2))(€) "
¢

=p(2) | 1O YR Op(J (€ 2) T () | dz = w(f|Teon)-
3
In short, the extra modification of the action of the Hecke operator T'(§) by the
character p on the coherent cohomology is absorbed by d(£(z)) = u(€)~*dz on
the topological cohomology. Hence the normalization of Hecke operators at p is
identical on the left-hand-side and the right-hand-side of the Eichler-Shimura map.

5. MODULI OF ABELIAN SCHEMES

We recall the construction of moduli spaces of abelian schemes. The theory
of moduli varieties of abelian varieties has been studied mainly by Shimura and
Mumford in the years 1950’s to 1960’s. Shimura proved in the late 1950’s to the
early 1960’s the existence of the moduli varieties over a canonically determined
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number field relative to a given endomorphism ring, a level N-structure and a
polarization. This of course gives a moduli over the integer ring of the field with
sufficiently large number of primes inverted.

Basically at the same time, Grothendieck studied the moduli of subschemes in a
given projective scheme X g (flat over S) and also that of the Picard functors. The
existence of a moduli scheme, the Hilbert scheme Hilbx, g, of closed flat subschemes
of X,g enabled Mumford, via his theory of geometric quotients of quasi-projective
schemes ([GIT]), to construct moduli of abelian schemes with level N-structure
over Z[+].

We recall here the construction of Grothendieck and Mumford briefly, limiting
to the cases which we will need later. We will redo the construction of Shimura
varieties with a canonical family of abelian varieties in the following lectures.

5.1. Hilbert Schemes. In this subsection, we describe the theory of the Hilbert
scheme which classifies all closed S—flat subschemes of a given projective variety
X,s. This is a generalization of the earlier theory of Chow coordinates which
classifies cycles on a projective variety. The theory is due to A. Grothendieck and
main source of the exposition here is his Exposé 221 in Sém. Bourbaki 1960/61.

5.1.1. Grassmannians. Let GL(n) : ALG — GP for the category of groups GP
be the functor given by GL(n)(A) = GL,(A). This functor is representable by

a group scheme GL(n) = Spec (Z [tij, ﬁ} ) We may extend the functor to
the category of schemes SCH by GL(n)(S) = Autpg (0%). We recall the notation

[¥] = {*}/ = introduced in 2.1.5 which implies the set of isomorphism classes of
the objects: “x” in the bracket. Then we define a contravariant functor Grass :
SCH — SETS by

Grassyn ,, (95)
= [7r 105 - F ’7r : Og-linear surjective, F locally Og—free of rank m] .
For each morphism f : T' — S, the pullback f*m : O} — f*F gives contravariant
functoriality. The quotient 7 : O% — F is isomorphic to 7’ : O% — F' if we have
the following commutative diagram:

0 — Ker(r) — 0% 5 F —0

H Y

0 — Ker(r') — 02 = F —0

with exact rows. The stabilizer of 7 : 0% — OF can be identified with the maximal
parabolic subgroup

P={(a%) € GL(n)|d is of size m x m} .

As is well known, the quotient Grasson ,, = GL(n)/P is a projective scheme defined
over Z and represents the functor Grass,,, that is,

HOmSCH(S, GI‘&SS(’)nym) = [77 : Og d -7:]

functorially. Of course, if m =n — 1 or 1, we have Grasson ,, = P"~ 1.
We can generalize this construction slightly: Let S be a scheme. Let £,5 be a

locally free sheaf on S of constant rank n. Then, for each S—scheme S’ EN S, we
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define a contravariant functor from S—SCH to SETS by

Grassg ,,(S")
= [7r CffE—-F ’7r : Or-linear surjective, F locally Og/—free of rank m] .

~

Then covering S by sufficiently small open subschemes U; so that &y, = O,
we have Grassog_ym represented by Grass,, y, = Grass,, xU;. The gluing data

gij + Ouvinu;, = Eunu, = Ou,nu; give Tise to a Cech cocycle g;; with values in
GL(n). This gluing datum induces a gluing datum of {Grass,v, }, giving rise to
the scheme Grassg ,, over S which represents the above functor. One can find a

detailed proof (from a slightly different view point) of what we have said here in
[EGA] L.9.7.

5.1.2. Flag Varieties. We can further generalize our construction of the grassman-
nian to flag varieties. We follow [EGA] 1.9.9. We consider the following functor
from S-SCH to SETS:

Ker(m;j4+1) C Ker(w;), and &; is locally

free of rank n —j (1 <j<n-1) '

Flag ,(5") = [wj €&

Here the subscript B indicate a split Borel subgroup of GL(n), since Flag is rep-
resented by a projective scheme Flagg = GL(n)/B if £ = O%. In general, we can
show that

Flagp — Grass; xg Grassg Xg - -+ Xg Grass,_1

given by (7;) — (mn—; € Grass;); is a closed immersion ([EGA]1.9.9.3). By Pliicker
coordinates ([EGA] 1.9.8), we can embed Grass,, into the projective bundle of A™ &;
so, Flagg is projective.

The Flag variety is basically the quotient of GL(n) by its upper triangular Borel
subgroup B. We can generalize the construction to the quotient of GL(n) by the
unipotent radical of B. We consider the following functor:

Flag, (S') = [(wj,qﬁj)](wj) € Flagy(S') and ¢;41 : Ker(m;)/ Ker(r;41) = Og/] .

Here we understand that Ker(mg) = £, and j runs over all integers between 0 and
n—1. If £ = 0% and S is affine, writing 1 = (7}, ¢;) for the standard flag ; :
05 — ngj , projecting column vectors down to lower n — j coordinates, the upper
unipotent subgroup U of GL(n) = Autog(0%) is the stabilizer of 1. Therefore
Flag  is represented by Flag;/g = GL(n)/U. In general, cover S by open affine
schemes S; = Spec(A;) so that we have an isomorphism £[s, = O% . On S;; = ;N
Sj, by the universality, Flagy; /g, x.5.5i; is canonically isomorphic to Flagy /g, X g5;.
Thus these schemes glue each other, giving rise to a scheme Flagy g representing
FlagU. Obviously Flag;; is a T-torsor over Flagp for the maximal split torus
T C GL(n). Here the action of T on Flag; is given by (7;,¢;) — (m;,t;¢;) for

(t1,.. .y tn) €T =Gy X -+ X Gy. See [GME] 1.8.3 about torsors.

Let 7 : Flag;; — Flagy be the projection: (7j, ¢;) — (m;). Then for a character
k of T, we define a sheaf £%(V) = HY (7 1(V), Oplag,, [r]) for each open subset
V C Flagg. Then £7 is a locally free sheaf on Flagy. Since f : Flagg — S is
proper flat over S, we find that f.£" (which we again write £7) is a locally free
sheaf on S. In this way, we can associate a x-power £” of the original locally free
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sheaf &£, which is non-zero if and only if x is dominant weight x of GL(n) with
respect to (B, T).

5.1.3. Flat Quotient Modules. Let f : X — S be a flat projective scheme over a
(separated) noetherian connected scheme S of relative dimension n. Here the word
“ projective” means that we have a closed immersion ¢ : X,g — P%. Thus X
has a very ample invertible sheaf Ox (1) = ¢:*Opn~(1). The sheaf of graded algebras
A=@,", f+(Ox(1)™) determines X as X = Projg(A).

For a given coherent sheaf F on X, we write F(k) for F ®o, Ox (k) and define
a sheaf of graded modules F' = @, ., Fx by Frx = f.F(k). Then F is a graded

A-module of finite type, and we have F = F. Removing first finitely many graded
pieces of F' does not alter F = F. Thus defining F(n) = @r>oF (n)r with F(n), =

F, 11, we have F/'_(n\/) = F(n).
We suppose that F is Og—flat. For each geometric point s = Spec(k(s)) € S,
there is a polynomial Pz(T') such that

dim X (s)
WF@) = S (—1) dimye) B (X(s), F(n) @0, k(s)) = Pr(n).

j=0
For sufficiently large n, the ampleness of O(1) tells us that

HI(X(s), F(n) ®oq k(s)) =0 ifj>0.
Thus actually Pr(n) gives the dimension of H(X(s),F(n) ®os k(s)), which is
equal to the Og-rank of f,F (by flatness of F); so, Pr is independent of the choice
of s € S (connectedness of S). When S = Spec(A), then F is associated to a
graded module, and Pz(n) is the Hilbert polynomial of this graded module (see
[CRT] Section 13).

We consider the following contravariant functor for each locally noetherian S-
scheme ¢ : T — S (inducing ¢x : X0 = X xg T — X):

Quot]__/X/S(T) =[m:¢pxF — ./\/l’./\/l is a coherent Ox,-module flat over O | .

The isomorphism between such 7’s are similarly defined as in the case of Grass.

For simplicity, we always assume that schemes T are noetherian. Each M €
Quot(T) has its Hilbert polynomial Pp¢, and obviously for g : T/ — T, g*M has
the same Hilbert polynomial. Thus we can split the functor as

_ P
Quot . v/ = UM}'/X/S’
P

where

Quot” (T) = [w D PN F — M € Quot

= _""F/X/S (T)’PM:P}-

F/X/S

Here is a theorem of Grothendieck:

Theorem 5.1. Let the notation be as above. Suppose that X,g is projective. Then

P . Iy P _ P
the functor Quot]__/X/S is representable by a projective scheme Q7 = Quoty,x/g

of finite type over S. Thus for any S-scheme T,

Homg (T, QF) = [w : f*F - M € Quot

]-'/X/S(T)’PM - P}

functorially
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We are going to give a sketch of the proof of this theorem. We recall X =
Projs(A) for a sheaf A of graded Og-algebras generated by A;. We cover Quot”
by the subfunctor Qj defined as follows for each positive integer j: Qj (T') consists of

isomorphism classes of 7 : F/x, — M x, satisfying the following three conditions:
(a) R'fr M(n),x, =0 foralli>0andn > j;
(b) R'frK(n)/x, =0 foralli>0 and n> j, where K = Ker();

(¢) Apfr«(K(j)) = fr«(K(j+k)) for all k> 0.

Write K (resp. M) for the graded ¢*A-module with K = K (resp. M = M).
Define K (j) and M (j) as above; so, K(j) = ®r>0K (j)r with K(j)r = K(j + k).
First covering T by affine schemes Spec(B;) and writing B; as a union of noetherian
rings, we can reduce proofs to noetherian T'; so, we may assume that 7" is noetherian
as we remarked already. Then by a theorem of Serre ([EGA] III Section 2), for any
coherent sheaf G,x,., we have the vanishing: R fr.G(n) /xp = 0 for n > 0. Thus
(a) and (b) will be satisfied for a given 7 for a suitable j. Since F is coherent (and
X/g is of finite type), it is finitely presented; so, K is finitely generated as ¢*A-
modules, because M is finitely presented (cf. [CRT] Theorem 2.6). Thus K(j) is
generated by K; = K (j)o for some j, and the last condition will be fulfilled again
if > 0. This shows that Quot” (T)) is covered by Qj (T) for each T.

The Euler characteristic is additive with respect to the exact sequence: 0 —
K—=F—>M—0: x(F)=x(K)+ x(M). Thus the conditions (a) and (b) tell
us that the Hilbert polynomials Pc(n) and Pr(n) give exact Op-rank of fr K
and fr.F. The vanishing of leT,*X/XT = 0 implies that fr.¢5xX = ¢*f X/x
([EGA] III, [ALG] III1.12.10 or [GIT] 0.5); so, the conditions (a) and (b) are stable
under base-change. The tensor product is a right exact functor; so, the surjectivity
of pp : Ak ® fr.K(j) — frK(j + k) is also kept under base-change; so, Qj isa
well defined contravariant functor, and we have

MP = UQJ
J

By these three conditions (a-c), 7 € Qj (T) is determined by M; = fr.M(j) as
a flat quotient of rank P(j) of F; = fr.F(j). Thus 7+ (m; : F; — Mj) induces a
functorial injection
Qj (T') — Grassp, p;)(T).
If 7' : F; — M’ is in the image of Qj, then 7’ satisfies:
(1) Fjtr/¢*(Ar)K’ for K' = Ker(n') is locally Op—free of rank P(j + k) for all
k > 0. Here we consider ¢*(Ag)K' in ¢*(A) - F
(i) Define a graded module K’ by ¢*(A) - K’. We require the associated sheaf
K'= If(;jXT on X7 to satisfy (b) and the quotient M’ = F/K’ to satisfy (a)
(these (a) and (b) are open conditions).
For any graded ¢*(.A)-module M = @, My, defining M) = D> Mk, we have

M® = M as already remarked. By this fact, the condition (i) assures that fr .M
is locally Or—free, and the image of QJ_ (T') is characterized by (i) and (ii).

We are going to prove the representability of Qj, assuming that 7 = 0. The

general case follows from the same argument replacing 0 by j everywhere. Let
T By — My (Foyq = Fo ®os Og) be the universal object defined over
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G = Grass. Here we have changed our notation and write My for the universal
quotient of Fy,g (with rank P(0)). Thus for any morphism n’ : Fy — Mg on T
with M{, locally-free of rank P(0), we have a unique S—morphism ¢ : T — Grass
such that 7/ = ¢*7u"™. Let K = Ker(r%"). Write g : G = Grass — S for the
structure morphism. We consider the subset:

dimk(s)(AkFo/G/(AkK)) ® k(s) = P(k) for all k > 0
and the stalk (ArFo/q/(ArK))s is free for all k>0 [
Write My = ArFy/q/(ArK) and put M = ®k20 M;.. Then M, = ApMy. The
Og—module M is flat on a generic point of Zy = Supp(M) = G. Since flatness is an
open condition, we find an open connected subscheme V) C Zy which is maximal
among open subschemes V over which M is flat. Repeating this process, replacing
M and Zy by M ®0,, Oz, and Z; = Zy — Vp, we can split Zg = | |; V; into a finite
disjoint union of connected subschemes V; so that M ®z, Oy, is flat over V;. Then
we find a polynomial @;(n) such that
ranko,. (M, ®z, Ov;) = Qi(n) if n>n;.

By this fact, the open subscheme

Un = {s € Zo|dimy(s)(My ®0,, k(s)) < P(n) 0 <Vn < N}
stabilizes as N grows. Therefore on an open (dense) subscheme U = Uy of Zy, if
n > 0, we have dimy ) (M, ®0,, k(s)) < P(n) for all s € U. Then we have an
exact sequence:

Z—{SEG

o LN Og(k) — M, — 0,
and Z is the closed subscheme of U on which all matrix coefficients of py vanishes

for all £ > 0. Thus the image of Qo fall into Z. The condition (ii) can be checked
to be satisfied on an open subscheme of Z. Thus we have

Theorem 5.2. The functor Qj is represented by a quasi-projective scheme @Q; of
finite type over S.

Here the word “quasi-projective” means that the scheme has an open immersion
into a projective scheme. Since Grass is projective, (); is quasi-projective.

The next step is to show that the increasing sequence of quasi-projective schemes
{Q,}; stabilizes after j > Ny; so, Quot’ is represented by a quasi-projective scheme.
The key point of the argument is to show that for any given set of coherent sheaves
on X, each of whose members appear as a fiber of a coherent sheaf £ on an extension
Xr (for an S—scheme T'), we can take T to be of finite type over S. This is an
involved argument; so, we refer the audience to the first section of the paper of
Grothendieck already quoted at the beginning. Once this is shown, Uj Q; has to

be quasi-compact (covered by T as above), and the union is finite; so, Quot® itself
is of finite type and quasi-projective.
We can check this fact for X = P7S and F = Ox in a different manner. In this

case, writing X = Proj(Og[Tp,...,T,]) and D; C X for Spec ((95 [%, ceey ?LD,

then Rif,O(j) = 0 for all i > 0 if j > n + 1 by a computation of cohomology
groups by Cech cohomology with respect to the covering X = U?:o D; (see [ALG]
IIL.5). A version of the argument of Grothendieck for X = P to prove (a) and (b)
for sufficiently large j for all M and K is as follows: Since Pr = Px + P with
Py = P, Py is determined by P. Choosing homogeneous generators z1, ..., z, of
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degree —p of K, we have a surjection: O(p)” — K taking (a1, ...,ar) — Y i_; a;x;.
Here r and p are determined by the first two leading terms of Px and hence those
of P. Let Ky = Ker(m). Then rPp(,) = Px, + Px. Let ro = r and p = po. The
polynomial Pk, is determined by Px. Thus the first two leading terms of Py, are
bounded below and above independent of .

Repeating this argument, we find an integer Ny > 0 such that for integers
pi > —Ny (i=0,1,...,n) we have the following exact sequences:

0—-K;—O0@;)" —Ki-1—0
with L_; = K. Then by the associated long exact sequence, if j > Ny +n + 1,

RITLFKCi(§) = RIf.K;_1(j). Since cohomological dimension of P" is n (as easily
checked by Cech cohomology), for i > 0,

0= Rn+i+1f*lcn(j) = Rn“f*lcnfl(j) == le*/C(‘])

By the same argument, R’ f.M(j) =0 for all i > 0 and all j > Ny +n + 1.

Since D; N X is affine for any projective scheme X5 C P7S, the same argument
P
Ox/X/S
scheme (see [PAF] pages 261-262). It is customary to identify m € Quotep, /x/s(T)

works for X in place of P™, and Quot is represented by a quasi-projective

with a closed immersion of Specg (Im(7)) into X; so, Quotgx /x/s represents the
following contravariant functor

Hilb% 5(T') = {closed subschemes of Xt flat over T with Hilbert polynomial P} .

This scheme is called the Hilbert scheme of X for the polynomial P.
We now finish the proof of the following theorem.

Theorem 5.3 (Grothendieck). For each projective scheme X,g for a noetherian
connected scheme S and a numerical polynomial P(t) € Q[t], the functor Hilbﬁ/s

is represented by a projective scheme Hilbi/s over S.

Proof. We only need to prove the projectivity by the valuative criterion. Let 7 :

Ox, — My, € Quoth/X/S(n) for n = Spec(K) of the field K of fractions of a

discrete valuation ring V. Then we define Ker(7),g for T' = Spec(V') by the largest
subsheaf over T of Oy, inducing Ker(7), that is, Ox, NKer(r), which is a coherent

sheaf with quotient M 7 locally free over X7 inducing M, after tensoring K,

P

because V is a discrete valuation ring. Thus the point 7 € Quot (n) extends

Ox/X/S
P . P . . . . .. .
to Quotox /X/S(T). Since Quot™ = Uj Q; is quasi-projective, it is separated; so, it
is proper. Since Quotgx /x/s 18 quasi-projective, it has to be projective. O

5.1.4. Morphisms between Schemes. In this section, we first consider the contravari-
ant functor Secyy /g, Homg(X,Y) : S-SCH — SET'S given by

&X/Y/S(T) = HOHlyT (YT, XT) and HOHlS(X, Y)(T) = HOIDT(XT, YT).

Here for Sec, X is supposed to be an S—scheme over Y. The latter is a special case
of the former because

HOHlT(XT, YT) = &YX/X(T) (YX =Y X8 X)

Each section s : Y — X defines a closed subscheme of X, isomorphic to Y via the
given projection f : X — Y. Write H = Hilbx,s = | |p Hilbi/s. Then we have
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the universal closed subscheme Z of Xy = X xg H satisfying the commutative
diagram:

7 —S . Xy

Lo

H H
such that for any S—scheme 7" and a closed subscheme W — X flat over T', we
have a unique morphism ¢y : T'— H over S such that the pull back of the above
square by ¢w is identical to

W;XT

Lo

T —— T.

We consider S—subschemes U C H such that fU : Zy C Xy ELR Yy for a given
f + X — Y induces an isomorphism fy : Zy = Yy. From this, it is easy to
see that Secy 1Y/ is represented by the maximal subscheme U of H,g with this

property fu : Zy = Yy. For each closed point © € H, if fx is an isomorphism, it
is an isomorphism on an open neighborhood of z; so, U is an open subscheme of
H. Since Hilb§ /s 1s projective over S, and U N Hilb§ /s is open, each connected

component of U is an open-subscheme of the projective scheme Hilb§ /s for some
P; so, each connected component of U is quasi-projective over S. Thus we get

Theorem 5.4. Let X5 and Y,s be projective schemes over a connected nocther-
ian scheme S. Then the functors &X/Y/S and Homg¢(X,Y') are representable by
schemes Secx,s and Homx,g over S, respectively. Each connected component of
Secx/s and Homx g is quasi-projective over S.

By construction, the scheme representing these functors may not be of finite
type over S, because Hilbx,s could have infinitely many components. However
each connected component of the scheme is of finite type over S.

Corollary 5.5. Let the notation and the assumption be as in the theorem. Then
the functor: T;g — Homy (X7, X1) is represented by a scheme Ex ;s over S whose
connected components are quasi-projective over S.

If a section s : S — X is given, keeping representability, we can insist an
endomorphism ¢ € Ep(Xr) to take sy to sp. This goes as follows: Consider
the functorial map: Ey,g(T) 2 ¢ — ¢(sr) € X(T') which induces a morphism
0 : Ex/s — X. Then writing the set of endomorphisms keeping s as E7(Xr), the
functor: T +— E5.(Xr) is again representable by a scheme

EY)s = Exjs Xx,0,5 S

over S.

5.1.5. Abelian Schemes. An abelian scheme X,g is a smooth geometrically con-
nected group scheme proper over a separated locally noetherian base S.

We can drop “local noetherian” hypothesis, because a smooth geometrically
connected and proper group scheme over any base is a base change of such a scheme
over a locally noetherian base (cf. [DAV] 1.1.2).
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We actually suppose that S is a noetherian scheme for simplicity. Since X is a
group, it has the identity section 0 : S — X. As in the elliptic curve case, any S—
morphism ¢ : X — X' of abelian schemes is a homomorphism if ¢(0x) = ¢o0 = 0x-
(by Rigidity lemma: [ABV] Section 4, [GIT] 6.4 and [GME] 4.1.5). In particular,
if X is an abelian scheme over S, every scheme endomorphism of X, g keeping the
zero section is a homomorphism of group structure. Thus Eg( /s is a ring scheme

associated to the functor: T + E(Xr) with values in the category of rings.

Assume that X is an abelian scheme over a connected noetherian base S. Take
a connected component £ C Eg( /8" Each connected component of Ex,g is quasi-
projective over S. Since S is noetherian, F is of finite type over S, because of our
construction:

ES/s = Ex/s Xx,0,0 5.
Suppose we have a discrete valuation ring A with field of fractions K and a mor-
phism 71 : Spec(K) — E which is over a morphism ¢ : Spec(4) — S. In other
words, we have the following commutative diagram:

Spec(K) —— E

l l

Spec(A) —— S.

Then 7 gives rise to a section of E% /5(K). Since homomorphisms of abelian schemes
are kept under specialization (which we call the rigidity of endomorphism; see
[GME] Subsections 4.1.5-6 and [DAV] 1.2.7), n extends to Spec(A) uniquely. By
the valuative criterion of properness, we find that F is projective over S. If ¢ is
an endomorphism of the abelian scheme X ,g, Ker(¢) is again a group scheme. If
dimg Ker(¢) = 0, Ker(¢) is a locally-free group scheme of finite rank; in this case,
we call ¢ an isogeny. We define the degree deg(¢) of ¢ by the rank of Ker(¢) over
S in this case. If dimg Ker(¢) > 0, we simply put deg(¢) = 0. If the connected
component F C Eg( /s contains an isogeny, the degree is independent of the point
of E. As is well known, for any abelian variety over a field, the number of isogeny
with a given positive degree is finite. Thus FE is projective and quasi-finite; so, F
is finite over S ([GME] Proposition 1.9.11).

Corollary 5.6. Let X,5 be an abelian scheme over a connected noetherian base
S. Then the functor T +— Endp(Xr) is represented by a scheme Endx;s = E?(/S
over S. FEach connected component of Endx;s is projective over S. If the con-
nected component contains an isogeny, it is finite over S. Here Endr(Xr) denotes
endomorphisms of X compatible with group structure on X.

The subscheme E corresponds to a section g of End v, ¢(Xg) = Endg(Xg). We
assume that g : Xp — Xg is an isogeny; so, Ker(z g) is a locally-free group scheme
over F, and FE is finite over S. We consider the subalgebra Ag = Z[zg] C End(XEg).
Since F is connected, Endg(Xg) is an algebra free of finite rank over Z (see [ABV]
Section 19). We suppose that B = Ag ®7zQ is semi-simple and commutative. Thus
it is a product of finitely many number fields, and hence the algebra automorphism
group Aut(B) is finite.

Let us fix a commutative algebra A free of finite rank over Z with semi-simple
B = A®zQ. Suppose that A = Z[z] for a single generator x. Let E, C Endy,g be
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the collection of all connected components F such that g : A = A with 0(x) =
xg. A priori, the scheme E, /s may have infinitely many connected components,
although we later see that up to inner automorphisms of End(X/g), the number of
components are finite using the fact that End(X,/s) ®zQ is a semi-simple algebra of
bounded dimension, where s € S is a geometric point and X is the abelian variety
fiber X over s € S. Suppose that we have an embedding 67 : A — Endp(Xr) for
an S-scheme T,g. Then by the rigidity of endomorphisms, 67 (x) is a T-point of
E,. In other words, IE;,5 represents the following functor

fA(T) = {HT A — EndT(XT)loT(lA) = idXT}

from SCH g into SET'S. On Fy, the finite group Aut(A) of algebra automorphisms
acts by 0 — Oroo.

We can generalize the above argument to any algebra A free of finite rank over
Z with semi-simple A ®z Q. We take a finite set of generators {z1,...,z;} and
consider £ = E;, xgE;, Xg -+ XgE;,. Then we define E4 to be the maximal
subscheme of E such that we have an algebra embedding 6 : A — Endg, (Xg,)
taking x; to x; g, for all ¢. Then we have

Corollary 5.7. Let S be a noetherian scheme, and X,g be an abelian scheme over
S. Let A be an algebra free of finite rank over Z with semi-simple A @z Q. Then
the functor

Tys — [(Xr,0: A— Endp(Xr))|6(14) = idx]
is representable by a scheme E4 over S, and each connected component of E 4 is
finite over S.

A semi-abelian scheme X g is a smooth separated group scheme with geomet-
rically connected fiber such that each geometric fiber is an extension of an abelian
variety by a torus. The toric rank may depend on the fiber. We suppose that
X /s is a semi-abelian scheme. It is known that any homomorphism of semi-abelian
schemes: Xy — Yy defined over an open dense subscheme U C S extends uniquely
to X/ — Y as long as S is normal (endomorphisms are kept under specialization;
a result of M. Raynaud: [DAV] 1.2.7). Thus if X, is an abelian scheme a normal
scheme S, we have a unique extension of the scheme Endx, ;;y over a dense open
subscheme U of S to the scheme Endx,s over S which represents the functor in
the above corollary. Applying the valuative criterion using this rigidity of endo-
morphisms, we find that Endx,s has connected components each projective over
S. Suppose that we have an embedding 6, : A — Endx(4),s(X(s)) for a geometric
point s € S with abelian variety fiber X (s). Then by the rigidity of endomorphisms,
the maximal connected subscheme Z C S containing s such that 65 extends to the
embedding 6 : A — End(X /) is a closed connected subscheme Z C S. Thus each
connected component of Endx/s is projective over S. In the same manner as in
the case of an abelian scheme X, 5, we can prove that each connected component of
Endx/s is quasi-finite; so, it is finite over S. Thus we get (see [PAF] Corollary 6.10)

Corollary 5.8. Let X,g be a semi-abelian scheme with abelian variety fiber over
a dense open subset of S. If an abelian variety fiber X (s) has an inclusion A —
Ends(X(s)), then the functor

T/S — [(X7,0: A — Endp(Xr))]

is represented by a scheme over S. FEach connected component of this scheme is
finite over S.
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5.2. Mumford Moduli. We describe the Mumford construction of the moduli
over Z of abelian schemes of dimension n with a given polarization of degree d?.

5.2.1. Dual Abelian Scheme and Polarization. We consider the following Picard
functor:

Picx,s(T') = Pic(Xt)/ f1 Pic(T') = Ker(07%,)
for f: T — S. It is known that Picx/g is represented by a (locally noetherian)
reduced group scheme (Grothendieck: Bourbaki Sem. Exp. 232, 1961/62; [ABV]
Section 13, [GIT] 0.5 and [DAV] 1.1). Let X be the identity connected component
Pick /s of the group scheme representing Picx,s. Then X /s is an abelian scheme.

Let £ ¢ X (X) = Pic}XS)?/)? = Ker(O}XS)?) corresponding to the identity.

Then the sheaf £4"% is characterized by the following two properties:
° Oj;(xs)?ﬁunlv — 0)’(‘,
e Let T'— S be an S-scheme. For any invertible sheaf L on Xr algebraically
equivalent to Ox,, there exists a unique morphism ¢y, : T — X such that
(L x idx)* LU = L.

Let L be an invertible sheaf on X. For z € X, we define the translation T, (y) =
x + vy, which is an automorphism of X. Then (7L) ® L~! is an element in X , and
we obtain a morphism A(L) : X — X. This S~homomorphism is an isogeny (that
is, surjective) if and only if L is ample (that is, choosing a base of H°(X, L®™) for
sufficiently large n, one can embed X into P locally on S; see [ABV] Section 6).
The degree of the polarization is defined to be the square root of the degree of the
homomorphism A(L).

There is another construction of A(L). Consider a*(L) ® pi(L) @ p3(L)~! as
an invertible sheaf on Xx = X xg X, where a : X x X — X is the addition
on the group scheme X. Then this invertible sheaf induces an X—valued point of
Picy,s(X), which factors through X , because at the identity, this sheaf specializes
to the trivial invertible sheaf (so, the image is in the connected component of
Picy,s). We claim this X-valued point of X is actually A(L). By specializing this
sheaf at x : S — X € X(S), we get T(L) ® L™! ® 2*(L), which is equivalent in
Pic(X)/f* Pic(S) to T} L ® L™, as desired.

5.2.2. Moduli Problem. We fix three positive integers n, d and N. We consider the

following functor over Spec(Z[+]):

Agn(S) = [(X,én : (Z/NZ)*™ = X[N],\)/s]
where

1. X/,g is an abelian scheme with dimg X = n,
2. ¢n is an isomorphism over S,
3. X is a polarization, étale locally A = A(L) on S and deg(\) = d?.
It is known that if \ is locally of the form A(L), then 2) is globally A(L2()\)) for
the invertible sheaf L™ ()\) given by (1x x A\)*(£%"") (see [GIT] Proposition 6.10).
Here is a theorem of Mumford:

Theorem 5.9 (Mumford). There exists a quasi-projective scheme My over Z]
such that

1. For any geometric point s = Spec(k) of Spec(Z[=+]), Aa,n (k) = My (k);

)
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2. If N > 3, there exists a universal object (X, @y, ) /nry such that for each
triple (X, ¢n, A) € Ag n(S) there exists a unique morphism v : S — My such
that

(X, 0N, AN) 2 (X, 0, A) Xuy S =05(X, 0, A).

3. The above association: (X, dn,N);s +— ¢ induces a functorial isomorphism.:

Aan = My, where M (S) = Homg 1, (S, My).

1
N
We are going to give a sketch of the proof of the above theorem. Let X,4 be an
abelian scheme over a ring A. The key idea is that for a given very ample invertible
sheaf L,x, the embedded image of X under L in P™ for m + 1 = rank4 H°(X, L)
is determined just by the choice of basis b of H°(X, L). In other words, the images
of the embeddings associated to different basis are transported each other by an
element of PGL,,+1(A). Since for an abelian scheme, by the generalized Riemann-
Roch theorem (see [ABV] Section 16), we can compute the Hilbert polynomial P of
L, the moduli functor of (X,b) is a subfunctor of Hilb5,.. Proving that the image
is a quasi-projective subscheme H of Hilbgm, the moduli of X is constructed as
M, = PGL(m + 1)\ H. This an outline of what we are going to do.

5.2.3. Abelian Scheme with Linear Rigidification. Let (X, ¢n,A)/s € Agn(S), and
write f : X — S for the structure morphism. We consider the invertible sheaf
L = f.L*(\)? on S of rank 6™d. The sheaf L®()\)? is very ample, because £3 is
very ample if £ is ample (see [ABV] Section 17) and ampleness of L2(\) follows
from A(LA()\)) = 2\ as we already remarked.

Let Sym(L) be the symmetric algebra: @,- , L* and put P(L) = Proj(Sym(L))
which is a projective scheme over .S locally isomorphic to P’/”S. A linear rigidification
is an isomorphism ¢ : P(L) = P7y. Thus ¢ is determined by the choice of a base of
L up to scalar multiplication.

Since the very ample sheaf L2 (\)? on an abelian scheme satisfies ([ABV] Section
16):

o L= f.(LA()\)?) is locally free of finite rank;

o RIf.(LA(N)?) =0ifi >0,
the formation of f,(L*(\)?) as above commutes with base change. Thus the asso-
ciation

/d,N(S) = [(Xa ANy A, L)/S]
is a well defined contravariant functor.

The embedding I : X, — P(L) = P’ determines the sheaf LA\ = 0(1),
which in turn determines A because A(L) = 6\ (Picx/s / X is torsion free). Having
¢n is equivalent to having 2n (linearly independent) sections o; = ¢n(e;) of X
over S for the standard base {e1,...,ea,} of (Z/NZ)*". We write o9 = e for the
identity section of X.

We record here what we have seen:

Proposition 5.10. The data (X, dn, A, t) is determined by the embedding
(I:X/g— P, 00,01, .. .y O2n)-
In other words, defining a new functor by
Han(S) = [(I : X5 PTs, 00,01, -+, 020) /5|

we have an isomorphism of functors: A&) N = Han.
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5.2.4. Embedding into the Hilbert Scheme. For simplicity, we just write P for P%L].
N
We write Sy for Spec(Z[+:]). We consider the functor Hilby associating to each S
the set of closed subschemes of P /g flat over S with Hilbert polynomial P. As we

have already seen, this functor is represented by a projective scheme H = Hilbg over
Z. Write Z — H for the universal flat family inside P,z with Hilbert polynomial
P. For each subscheme V' C P, flat over S having Hilbert polynomial P, we have
a unique morphism h : § — H such that V is given by to S xg Z C P /g over S.

By the generalized Riemann-Roch theorem ([ABV] Section 16), the Hilbert poly-
nomial of (X, L) (or of the image I(X)) is given by

P(T) = 6"dT™.

Thus the image I(X) induces a unique morphism h : S — H such that I(X) =
S Xy Zin P/s-
k
Let H* = Hilby* =7 x4 Z xpg - - xr Z. Then by the very definition of the
fiber product, we get

Homg, (S, H*) = {(h, 81, .. .,sk)’h € Homg, (S, H), s; € Homg(S, Z)} ,

where h: S =5 Z 2 H for the projection p of Z to H (so, h is determined by any
of s;). Thus H* classifies all flat closed subschemes of P with Hilbert polynomial
P having k sections over S. The universal scheme over H* with k sections is given
by Z¥) = Z xy H*. Tt has k sections:

i HY 32— (2,2) € ZW) (2= (21,..., 21)).

This shows that Hgn C H * for k = 2n+1. For simplicity, write Hq for H. Since
“smoothness” is an open condition (because it is local; in other words, smoothness
at a point = of a morphism f follows from formal smoothness of the local ring at
x over the local ring at f(x)), there is an open subscheme H; of Hy over which
Z is smooth. Then H; represents smooth closed subschemes in P with Hilbert
polynomial P and k sections.

Now we use a result of Grothendieck. Abelian varieties have rigidity such that
if in a smooth projective family X — S for connected locally noetherian S with
a section e : S — X, if one fiber is an abelian variety with the identity section
induced by e, X itself is an abelian scheme ([GIT] Theorem 6.14). This shows that
over Hi, H; has a closed subscheme Hs over which Zy = Zp, is an abelian scheme
with the identity section e inducing 79 on X.

Let 7; (j = 1,...,2n) be the universal 2n sections of Z(*). We have a maximal
closed subscheme Hs C Hy with [N]o7; = e, where [N] is the multiplication by the
integer N.

The relation ijl a;j7j = e for agiven a = (a;) € (Z/NZ)*™—{0} gives a closed
subscheme H, of Hs; so, we define Hy = Hs —|J, H,. Thus the abelian scheme Z,
over Hy has 2n linearly independent sections of order V.

Since Z; is a subscheme of Py, , it has the line bundle Og, (1) which is the
restriction of O(1),p. Then we define Hs to be the maximal subscheme of Hy such
that p*L = L2(\)? for a polarization \ : Zy — *Zy, where p : Zs = Zyx g, Hs — Z4
is the inclusion. It is proved in [GIT] proposition 6.11 that the maximal subscheme
H; with the above property exists and is closed in Hy.
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5.2.5. Conclusion. By the argument in the previous proposition, the functor Hq n
is represented over Sy by a quasi-projective scheme Hy with the universal abelian
scheme X = Z5 over Hs. The group PGL(m + 1) acts on Hs by t — tog (g €
PGL(m + 1)). Then Mumford verifies through his theory of geometric quotient
that the quotient quasi-projective scheme exists ([GIT] Chapter 3 and Section 7.3):

Md,N = PGL(m + 1)\H5

It is easy to check that if PGL(m+1) has no fixed point, then Hs is a PGL(m+1)-
torsor over My n. This is the case where the structure (X, ¢n,A) does not have
non-trivial automorphisms, which follows if N > 3 by a result of Serre (see [PAF]
pages 281-282 for this point). In this case, My y represents the functor A4y over
Sp. Otherwise, My n gives a coarse moduli scheme for the functor.

5.2.6. Compactification. Here we quote a result from Faltings-Chai [DAV] V.2 on

the minimal compactification. Let X = (Xgn, dp, ) ER Mg N be the universal
abelian scheme of relative dimension n with level N—structure ¢, and the polar-
ization of degree d?. We assume that N > 3.

Since we have already studied via Tate curves the compactification of M = My v
when n =1 (the moduli of elliptic curves), we assume here n > 1. We then define
w = f«Qx/n. This is a locally free sheaf over M of rank n. We define det w = N'w.
In [DAV] IV, a smooth toroidal compactification M = My n over Z[7] is made
(actually, details are exposed there for d = 1 but the argument works for d > 1 over
Z[1]). We shall come back to this topic later with more details. They also proved
that w extends to the compactification M. Then we define a graded algebra

G=Gan =P H® (Man,det(w)®™) = @ H® (Man, det(w)®™),
m=0 m=0
where det(w)®™ is the m~th power of the invertible sheaf det(w). The last identity
in the above definition follows from Koecher’s lemma ([DAV] V.1.5) if n > 1. It is
proven in [DAV] V.2.5 that this graded algebra is finitely generated over Z[(n, w5]
for a fixed primitive N—th root (n of unity, and by the first equality, the graded
algebra is normal. Thus we may define G4 y to be the normalization of G4 ; in the
algebra Rg n defined below. We define the minimal compactification by

M;,N = PTOj(gd)N).
It is called “minimal” because any smooth toroidal compactification Md, N covers

canonically My y.
We can define a sheaf of graded algebras over My v by

R=Rin= P f (det(w)®™).

Then Mg n = Specpr (R) represents the following functor:
73d,]\/(‘g) = [(Xa (bNa )\a U})/S’(X, ¢Na )\) € Ad,N(S)a HO(Xa det QX/S) = OS(.«):I )
and we have
Man =G \Mgn
as a geometric quotient. Here Mg n is the relative spectrum of R over M; so, Mg n

is affine over My n. In particular, Mg n is a G,,—torsor over My n if N > 3. Here
a € Gy, acts on the functor Py n by (X, ¢n, \,w) — (X, ¢n, A, aw). The relation



p-ADIC AUTOMORPHIC FORMS 46

between the moduli scheme classifying abelian schemes with level structure and
the one classifying with an extra information of nowhere vanishing n—differentials
is exactly the same as in the elliptic modular case, which amuses me a bit, and
it is also interesting that this is proven only after a hard work of compactifying
smoothly the open moduli My n.

6. SHIMURA VARIETIES

In this lecture, we sketch basic theory of Shimura varieties of PEL type following
[Sh3], [D2] and [Ko].

Shimura originally constructed canonical models in the 1950’s to 1960’s as a
tower of quasi-projective geometrically connected varieties (over a tower of canon-
ical abelian extensions of the reflex field) with a specific reciprocity law at special
algebraic points (in the case of Shimura varieties of PEL-type, they are called CM
points carrying an abelian variety of CM type; [Sh3]). His theory includes interest-
ing cases of canonical models of non PEL type (for example, Shimura curves over
totally real fields different from @), but in this paper, we restrict ourselves to the
case where we have a canonical family of abelian varieties over the canonical model
(so, the construction of the models is easier, as was basically done in [Sh2]).

Deligne reformulated Shimura’s tower as a projective limit of (possibly non-
connected) models over the reflex field (incorporating theory of motives in its scope).
We follow Deligne’s treatment in order to avoid the definition of the canonical fields
of definition of the connected components, although by doing this, we may lose some
of finer information.

Kottwitz extended the Deligne’s definition of Shimura varieties of PEL type to a
projective limit of schemes over a valuation ring of mixed characteristic, when the
level is prime to p. Since we are interested in formal completion at p of the Kottwitz
model (and an analogue of the Igusa tower over the Kottwitz model), what we use
most is Kottwitz’s formulation.

6.1. Shimura Varieties of PEL Type. We construct the moduli of abelian
schemes with specific endomorphism algebra.

6.1.1. Endomorphisms. Let B be a finite dimensional simple Q-algebra with center
F. Let S be a set of primes of F' over p. We always assume

(unr) We have an isomorphism B, = B ®q Qp = @,cs Mn(Fy) and F,/Q, is
unramified for all p € S.

Let “4” be an involution on B which satisfies Tr(zz*) > 0 for all 0 # & € Bo, =
B ®g R. We call such an involution a positive involution. We fix a maximal order
O = Ogp of B stable under *. We assume that the isomorphism in (unr) induces
Op=0@zZLy= @pGS Mn(OF,p)-

We fix a left B-module V of finite type and assume that we have a non-degenerate
alternating form (, ) : V x V — Q such that (bv,w) = (v, b*w) for all b € B. Write
Vo =V ®oQp and Vo =V ®qgR. We also assume to have an O-submodule L C V'
of finite type such that
(L1) LezQ=V;

(L2) (, ) induces Homg, (Ly,Zy,) = L,, where L, = L ®z Zj.
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Put C = Endp(V), which is a semi-simple Q-algebra with involution again
denoted by “x” given by (cv,w) = (v, c*w). Then we define algebraic Q-groups G
and G by

(6.1) G(A) = {3: € C ®q A’xx* s AX} ; G1(A) = {3: = G(A)’xx* = 1} .

We now take an R-algebra homomorphism h : C — C = C ®g R with h(z) =
h(z)*. We call such an algebra homomorphism *—homomorphism. Then h(i)* =
—h(i) for i = /=1 and hence z* = h(i) ~1z*h(i) is an involution of C,. We suppose

(pos) The symmetric real bilinear form (v, w) — (v, h(i)w) on V4 is positive defi-
nite.

The above condition implies that ¢ is a positive involution (e.g. [Ko] Lemma 2.2).

Since h : C — C4 is an R-algebra homomorphism, we can split Vo =V ®g C
into the direct sum of eigenspaces Vo = V4 @ V2 so that h(z) acts on V4 (resp. V2))
through multiplication by z (resp. Zz). Since h(C) C Cx, h(z) commutes with the
action of B; so, Vj is stable under the action of Bc = B ®g C. Thus we get the
complex representation p; : B — Endc(V;). We define E for the subfield of Q fixed
by

{o € Aut(C)|p] = p1}.
The field E is called the reflex field (of B). We write O for the integer ring of E.
Let Zpy = Zp N Q and put O,y = O ®z Zy,).

Let K be an open compact subgroup of G(AP>)) for
AP®) = (3 € Az, = 2o = 0}

Let K, = {g € G(Z,)|gL, = L}, and put K = K, x K® < G(A(>)). We call
an open compact subgroup K of G(A(®)) of this type an open compact subgroup
maximal at p.

We study classification problem of the following quadruples: (X, \,i, 7)) /S-
Here X is a (projective) abelian scheme over a base S, X= Pic% /5(X) is the dual

abelian scheme of X, A\: X — X is an isogeny with degree prime to p (prime-to—p
isogeny) geometrically fiber by fiber induced from an ample divisor (polarization),
i:O0p) — End?“ (X) = Ends(X) ®z Z,), and 7P is the level K (P)-structure (see
below for the definition of the level structure). The base scheme S is assumed to be
a scheme over Spec(Zy)). We now explain the meaning of the level K (P)-structure
7). We consider the Tate module:

T(X) = lim, X[N], T®)(X) = T(X) ©z Z?) and VP (X) = T(X) @z AP,

where N runs over all positive integers ordered by divisibility, and Z® = I, 2p L
This module is equipped with a non-degenerate skew hermitian form induced by the
polarization . Fix a base (geometric) point s € S and write X for the fiber of X at
5. Then the algebraic fundamental group 7 (S, s) acts on V() (X,) leaving stable
the skew hermitian form up to scalar. Then n®) : V(AP®)) = V ®¢ AlP>) =,
VP)(X,) is an isomorphism of skew hermitian B-modules. We write 7P} = 5®)
mod K® and suppose that o o 7?) = 7®) for all o € 7,(S,s) (this is a way of
describing that the level structure n®) is defined over S). Even if we change the
point s € S, everything will be conjugated by an isomorphism; so, the definition



p-ADIC AUTOMORPHIC FORMS 48

does not depend on the choice of s as long as S is connected (see [PAF] 6.4.1). When
S is not connected, we choose one geometric point at each connected component.

As examples of K®) and open compact subgroups K maximal at p of G(A(>)),
we could offer the following subgroups:

r'= {x € G(A(Oo))’xL = L} , T = {x € f’xp = 1} ;
TP (N) = {3: €Tzt =¢ mod NL for all £ L}

for an integer N > 0 prime to p.

Since every maximal compact subgroup of GLp(V(A())) = Autpg, (V(A()))
is the stabilizer of a lattice L stable under a maximal order, we find a lattice L
with L ®z Z(®) stable under K®) | where Z® = H#p Zy for £ running through all
primes different from p. Changing L by a sublattice of p—power index if necessary,
we may assume that L satisfies the conditions (L1-2). We call a quadruple X ¢ =

(X, )\,i,ﬁ(p))/s isomorphic to 1’/5 = (X', X,i’,W(p))/s if we have an isogeny ¢ :

X — X’ defined over S such that p { deg(d), do XN o ¢ = cA with ¢ € Z5,,

poiop™t =i and W(p) = ¢ o7mP. In this case, we write X ~ X'. We write
X = X' if the isogeny is an isomorphism of abelian schemes, that is, deg(¢) = 1.

Let So = Spec(Op ®@zZy)). We take the fiber category C = Cp of the quadruples
(X, A\ i, ﬁ(p)) /s over the category So~SCH of Sp-schemes and define

(62) HOIHC/S((X,)\,’L',ﬁ(p))/S, (X/aA/ai/aW(p))/S)
doNog=c\ with 0<ceZ(Xp),}

= { ¢ € Homg(X, X") @z Z ’ -
{ st ) @22 poi=i'0p and 7 = po7®

We consider the functor Péf) : So-SCH — SET'S given by
PP (S) = PP (3) = {1 15 = (X, 06,77 /5| X satisfies (det) below} s

This functor is representable by the Shimura variety Shg) defined over Sy as we
will see later. Here the determinant condition is given as follows: We fix a Z,)—base
{aj}1<j<t of O,y and consider a homogeneous polynomial

f(Xl, ceey Xt) = det(a1X1 + -4 atXt|V1)-

Then f(X) € Op ®z Z[ X1, ..., X¢] and coefficients of f(X) generates E over Q.
Here Ogp is the integer ring of E. For a given quadruple X = (X, A, i,ﬁ(p))/s, we
have the Lie algebra Lie(X) of X over Og, which is a O(,)®z0s-module via i. Then
we can think of g(X1,..., X;) = det(a1 X1 + - - + e Xi|nie(x)) € Os[X1,..., X4].
We impose

(det) Jf( X1, X)) = g(Xa, .., Xy),

where j : Op ® Z(,) — Ogs is the structure homomorphism. Over a field of char-
acteristic 0, one can characterize representations of a semi-simple algebra by its
trace, but over a general base, we need, by the Brauer-Nesbitt theorem, the entire
characteristic polynomial to determine a given representation; so, the determinant
has to be fixed as above.
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Allowing any closed subgroup K C G(A(*)) (not necessarily maximal at p),
replacing isogenies of degree prime to p by (any) isogenies and imposing one more
condition (pol) below, we may consider the functor Pk : E-SCH — SETS given
by

P(S) =Pk(S) = {X/S = (X, \,i,7)/s| X satisfies (det) and (pol)}/ ~,

where 7 : V(AP) = V @9 A®) =2 V(X) = T(X) @7 A, 7= (n mod K), K
is any closed subgroup of G(A(>)), and (X, A, i,7)s ~ (X', N,i',77) s if the two
quadruples are equivalent to each other under an isogeny (not necessarily of degree
prime to p). Here is the condition (pol):

(pol)  There exists an B-linear isomorphism f : V = H;(X, Q) such that f~tohyxo
f is a conjugate of h under G(R), (f®1,()) € (noK) and Ex(f(z), f(y)) =
a(z,y) up to a € Q*,

where Ex is the Riemann form on H; (X, Q) (see [ABV] Section 1) and hx : C —
Co is the R-algebra homomorphism induced by the complex structure on Vg =
H1(X,R) induced by the complex structure of X(C). This functor is representable
by the Shimura variety Shy defined over E. The scheme Shg, g is the model
Deligne studied.

We have a canonical inclusion i : Shg/p — Shg) xgs, F if K is maximal at p.
The isomorphism class of G over each local field is determined by the level structure
7, but G is not uniquely determined globally without the condition (pol). In other
words, if G does not satisfy the Hasse principle, even if K is maximal at p, the
inclusion ¢ may not be an isomorphism. As verified by Kottwitz (see [Ko] Section 8
and [PAF] Theorem 7.5), if G is either an inner form of the symplectic group (type
C groups) or an inner form of a quasi-split unitary group U(n,n) (type A) or F
is an imaginary quadratic field, we have Shg g = Shg) x s, E. Otherwise, the
situation is more subtle (see [Ko] Section 8).

6.1.2. Construction of the Moduli. Here is a brief outline of how to show the rep-
resentability of the functor Péf) for K maximal at p. If K is sufficiently small
so that Autg(X) = {1x}, the prime-to—p isogeny giving the isomorphism X ~ X’
in the definition of P(®) can be taken to be an isomorphism by changing X’ in the
isomorphism class under “~” (and insisting 7") (L)) = T(®)(X); see the argument

below and [D1] 4.10). Therefore we have P}f) (S) = Pg(S), where
Pi(S) = [z/s! X with (det), X ~ 3X' € PP)(S) and n® (L) = T (X) |,

where [ ] ={ }/=. Under this setting, we change the morphism set of C,5 from
Hom¢ /s O Isom¢ /s

(6.3) Tsome,. (X, A,,71%)) 5, (X', X, 7, 77") )
doNog=c\ with 0<cez(§),}

= € Isomg(X, X’ —
{(b S( ) (boi:i/o(b and n,(p):(boﬁ(p)

Then we claim that the fiber category C is an algebraic stack for any given K(®) and
is an algebraic space if Autc,;(X) = {1x} for all objects X of C/s (see [DM] for
definition of stacks). By forgetting B—linearity of n?) and restricting i to Q, we have
a functor from Cp into the fiber category Cg of (X, A, 4, 7)) for B = Q for a suitable
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choice of an open compact subgroup GSp(2d)(AP>®)) (d = dim X = % dimg V).
This fiber category is proven to be an algebraic stack and is representable by a
quasi projective scheme M = Mg/, by Mumford (see Section 5, [GIT], [Sh2] and
also [DAV], [CSM]).

We now supplement the above outline with details. We are going to show that we
can replace “~” by “=” in the definition of the functor P}f), imposing an additional
condition. Let A g = (4, A, i,7") /5. Then n® induces V(AP®)) = Vg AP>) =
V(<) (A), and therefore, we have () (L®)) C V(#P)(A) for L®) = L 5 Z®).

If n®(L®) c T®(A), the cokernel is an étale group subscheme C C Ajg
locally-free over S of rank prime to p. Make the quotient abelian scheme A’ = A/C
over S (see [ABV] Section 12 and [GME] Proposition 1.8.4), and then we have
a prime-to-p isogeny ¢ : A — A’ with Ker(¢) = C. We then consider A" =
(AN, n’(p))/s given by \ = doNop, i'(a) = poi(a)ogp™! and n’(p) = pon®,
Then A’ satisfies ") (L®) = T®)(A).

If n®(LP) 5 TP (A), we can find a prime-to-p isogeny A’ — A such that
pon'® =y N =Gorog, i(a) = ¢~ oi(a)od and i/ P (LP)) = T® (A). This
fact follows from the canonical identification: T'(A4) = m1(A, 0) for the origin 0 of
A (see [ABV] Section 18).

If neither 7 (L®)) c T®)(A) nor n®)(LP)) > T®)(A), we can find two prime-

to-p isogenies: A <, A" and A’ 2, A" for A" = (A”,X’,i”,n”(p))/s so that
0" P (LP) = @ (LP)) A TP (A") and 5’ P (LP) = TP (A"). Thus always we
can find in the prime-to-p isogeny class of a given A /s & quadruple A’/S with
7P (LP) = TP (4.

If ¢ : Ay — A)g is a prime-to-p isogeny with n® (L)) = T®(A) and
i/ P/ (L®)) = T®)(A'), then deg(¢) = 1 and A5 = Alg by ¢.

Thus insisting 7" (L®)) = T(®)(A), we can replace ~ by = in order to define
the functor Péf) (see [D1] 4.12). In other words,

P(S) = { 4] (det) and 5@ (LP) =TW(A)} /=

The functor defined in this way can be proven to be representable by an Sy—scheme
M(Gy, Xo)/K by works of Deligne, Mumford and Shimura (cf. [Ko] and [PAF]
7.1.2).

Since T'(Po) (N) for N prime to p gives a fundamental system of neighborhoods
of the identity in G(A(P>)), we may assume that K = f(N) = f(poo)(N) X fp. We
only need to show that C is relatively representable over the Mumford moduli Mg
given by Theorem 5.9. Let 73’2 be the functor with respect to K and B. Write 2d =
dimg (V). Then d = dimg X for X /g € P'2.(S), which is therefore independent of
the choice of X /¢ by (det). For simplicity, we assume that the polarization pairing
(, ) in (L2) gives the self duality of L. Then we can identify the similitude group
of (, ) acting on L with GSp24(Z). In this way, we let GSpaq(A) act on V ®@q A.
Write K, for the maximal compact subgroup of G'Spag(A(>)) preserving L and
principal level N structure. Then Ko N G(A)) = K and K = I'(N) with respect
to B = Q. As described in Theorem 5.9, 73’%) is representable by a quasi-projective
scheme M = Mg = My defined over Z,). Let X5, be the universal quadruple
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over M and A € X be the universal abelian scheme. We consider the functor from
M-SCH into SETS:

T/S — [(AT,i . OB — EHdT(AT))”L(lB) = ldA]

This functor is representable by a scheme Mg/, basically by Corollary 5.7 (see
Corollary 6.11 in [PAF] for the version of Corollary 5.7 which is necessary to prove
this fact). Since the level structure 7®) on A gives rise to a level structure 7»)
of (Ar,i), we have a triple X = (AT,i,ﬁ(p))/T. Thus 73’2 is a subfunctor of
the above functor. Again by the rigidity of endomorphisms under specialization,
73’2 is represented by a closed subscheme Shg) of Mp whose connected compo-
nents are (each) finite over Mg (see [PAF] 7.1.2 for more details). We are going to
show that Shg) is of finite type over Mg (so it is projective and finite over My).
Take a geometric point « € Mg, suppose that we have ¢ : Op — Enda as above,
which gives rise to a geometric point y € Shg?). For a given T, if T is connected,
End(Ar) ®zQ is a semi-simple algebra of finite dimension with positive involution
(see [ABV] IV). Thus the number of embedding B «— End(Ar) ®z Q is finite up to
inner automorphism. Moreover the number is bounded by a constant only depend-
ing on the dimension of A, that is d, because dim(Endyp (A7) ®z Q) is bounded
by 4d? (e.g. [GME] Theorem 4.1.19). If one changes i by an inner automorphism
induced by a € End(Ar) and if we suppose that (Ar,aia™!, A\, 7P)) is still an
clement of P'%(T), it is easy to show, by the condition that n® (T®) (X)) = L®
combined with (L1-2) that « has to be an automorphism of Ap. Since automor-
phisms of an abelian variety preserving a given polarization are only finitely many
by the positivity of polarization, there are only finitely many possibilities of having
i : Op < End(A7) which gives rise to an element of P'%(T). Thus Shg) — My is

(p)
K

quasi finite. Then the projectivity of each connected component of Shy’ over Mg

implies the finiteness of the map: Shg) — Mg. Actually, one can show that the
morphism: Shg) — Mg is a closed immersion (over Q) if N is sufficiently large (cf.
[D1] 1.15 and [PAF] 8.4.2).

Again by the rigidity of endomorphism of abelian schemes (and semi-abelian

schemes) over a normal base under specialization ([DAV] 1.2.7), for N sufficiently

large, 73’2 is represented by the schematic closure of Shg@ g in Mg/s,, and hence

Cp for general B is a representable by a scheme Shg@ s, Projective over Mys, if

K®) is sufficiently small.

Although we assumed that L is self dual, replacing GSpa4 by its suitable conju-
gate in GL(2d), we can easily generalize the above argument to a given polarization
of degree prime to p.

In exactly the same way, we may conclude P =2 73’2 over E (not over Sp) even if
K is not maximal at p; so, we get the representability of Px by the Shimura variety

Shg g and the inclusion Shy /g — Shg) x g, F if K is maximal at p. Hereafter,

if confusion is unlikely, we remove the superscript “(p)” from the notation Shg?),
and if we consider the Shimura variety Shx over Sp—scheme, we implicitly assume
Shig/g = Shg) x g, F, that K is maximal at p and that the model is the integral
Kottwitz model Sh. As we already remarked, Shy/p = Sh'? xg, E holds if G
is a type C group or F' is an imaginary quadratic field ([PAF] Theorem 7.5).
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In the non-compact case, in [DAV], depending on the data at the cusps govern-
ing how toroidal compactification is done, a semi-abelian scheme G Mo (universal
under the data) is constructed. Then a similar argument using Corollary 5.8 (ap-
plied to G /Mo in place of A/, ) gives a projective scheme over Mg for a toroidal

compactification Mg of the Mumford moduli (by Chai and Faltings). Since the
endomorphism algebra of an abelian variety X, for an algebraically closed field
k (after tensoring Q) is semi-simple, there is only finitely many possibility of em-
bedding B into Endy(X) ®z Q up to conjugation. Thus the morphism M p — Mg
has finite geometric fiber everywhere, that is, the morphism is quasi-finite. Since
the scheme M p is proper over Mg (see Corollary 5.8), it has to be finite. Thus
writing w = f.Qa/nm,, for f: A — Mp and defining det(w) by its maximal exterior
product, we can define a graded algebra:

o0
G =G5 =P H (M p, det(w)").
n=0
Moreover, as seen in the last subsection of Section 5, Mg = Proj(G§) and hence
we have the minimal compactification of Shy defined by Sh} = Proj(G), which
is finite over the minimal compactification Mg of the Mumford moduli.

If one shrinks enough the group K outside p, any endomorphism of the semi-
abelian scheme sitting over the cusp of M g extends uniquely to infinitesimal neigh-
borhood of the image of the cusp of Mg in Mg; so, M g is étale around the cusp
over the image of Mp in MQ. The smoothness of M p at cusps for a well cho-
sen cuspidal datum was shown by Fujiwara for C of type A and C ([F]). If one
choose the cuspidal data for GSp(2d) and G so that they are compatible (in other
words, so that the pull back of the semi-abelian scheme over M is the semi-abelian
scheme over M p associated to the cuspidal data for ), this guarantees that the ¢
expansion parameter is well defined over Sy and projectivity for M g of level prime
to p, because it is finite over M.

Even if K is not very small, we always have a coarse moduli scheme Shg repre-
senting the functor Péf) or Pg over Sy or E accordingly. The above arguments all
work well. We write Shy for a toroidal compactification of Shx and Shi for the
minimal compactification. Since the natural morphisms:

Shy — Mé and Shx — Mg

are quasi-finite and projective, they are finite. Let V' be the image of Shj. in M.
Then V = Proj(G*) for a graded algebra G* which is the quotient of gg. Then,
assuming the existence of a smooth toroidal compactification of Shy, we have

(Proj) Shi = ij(gg).

Here gg is the integral closure of gg for the Mumford moduli in the algebraic
closure of the total quotient ring of G* if K is sufficiently small. This follows from
the fact that Sh}, is smooth outside cusps, and at the cusps, if K is sufficiently
small, it is finite over Mg (and normal over V). The graded algebra GX is the
graded algebra of automorphic forms on G if dim Shy > 1.

We have formulated the moduli problem for the similitude group G. But we
can impose polarization A without ambiguity modulo Z,) = Z, N Q. Then we
automatically obtain the moduli problem for GG1; so, we do not describe the moduli
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problem and Shimura varieties for Gy, although our theorems are valid also for G
with some obvious modification.

6.2. Shimura Variety of Unitary Similitude Groups. We could think of the
Shimura variety of the unitary similitude group given by

(6.4) GU(A) = {z € C®q Alza* € (A®q Fo)*},

where Fp is the subfield of F' fixed by the involution “+”. Thus we have GU D G D
Gi.

To define the moduli problem of abelian schemes associated to GU,q, we need to
modify slightly the morphisms of the fiber category Cp: We define the fiber category
A = Ap over SCH/g, to be the category of quadruples X 5 = (X, A, i,7P)) for
7®) = ) mod K, where K C GU(A()) is a closed subgroup maximal at p.
Write O for the integer ring of Fyy. Then we define

(6.5) Homy, (X5, X)g) =

~ )
{¢ € Hom(X, X') ® Zy) poXog=Aoila) witha€ (0o ®Z(P)>+},

poi=io0pand 7 =ponq®

where (Og ® Zy))4 indicates the group of totally positive units in (Og ® Zy))™.
We then consider the functor

P}f)’A(S) = {X/S]X satisfies (det)}/ ~,

where “~” indicates isomorphism classes in Ap/g.

The above functor can be proved to be representable if K is sufficiently small by
the same argument as in the case of G (see [PAF] 7.1.3), and its generic fiber gives
the Shimura variety over E (defined adding a requirement analogous to (pol); see
[PAF] Theorem 7.5). The compactification of the moduli space M g, can be also
done as described above. The only point we need to make explicit is that if the class
) of polarizations modulo multiplication by totally positive element in (O ®Zp)) ™
is defined over S, we can always find a representative A defined over S. Indeed,
picking one symmetric polarization A, the pull back by 1 x A of the universal line
bundle over X xg ‘X/X (the Poincaré bundle) is always ample and is equal to 2\
(see [GIT] Proposition 6.10); so, in the class A, we can always find a polarization
globally defined over S.

6.2.1. Classification of G. Let Fy be the subfield of F' fixed by the involution “x”.
We define for Fy—algebras A,

Go(A) = {z € C ®p, A’xx* =1}.

Wy

Then we have G1 = Resp,/9Go. The involution “x” either induces a non-trivial
involution on F (a positive involution of the second kind) or the identity map on
F (a positive involution of the first kind). If “4#” is of second kind, F' is a totally
imaginary quadratic extension over a totally real field Fy (a CM field over Fp), “«”
coincides on F' the unique non-trivial automorphism over Fy (complex conjugation;
see [Sh1] and [ABV] Section 21). Then Gy is an inner form of a quasi split unitary
group over Fj. We call this case Case A and call the group G type A.

When “«” induces the identity map on F', then F' = Fj is totally real, and the
group Gy is an inner form of either the symplectic group (Case C and the group of
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type C) or an orthogonal group of even variable (Case D and the group of type D).
We have

M, (C)fo and z* = I, ,'TI;; in Case A,
(6.6) Coo 2 Mo, (R)0 and z* = J,'Z7J,  in Case C,
M, (H)!o and z* = —i'7i in Case D,

where Ij is the set of all field embeddings of Fy into R, HH = R + R¢ + Rj + Rk
is the algebra of Hamilton quaternions, J, = (10n *3" ), I = (105 jt) for the
t x t identity matrix 14, and z — T is either complex conjugation or quaternion

conjugation.

Suppose that p > 2 if we are in Case D. When K®) is sufficiently small, Shy is
smooth over Sy. This follows from the fact that the deformation ring of a quadruple
(X, \, i, 7)) is always formally smooth (cf. [GIT] Proposition 6.15, and [K]). If C' =
Endp (V) is a division algebra, the big division algebra B sitting inside Endg(X)®Q
for S = Spec(K) with K = Frac(V) for a valuation ring V forces reduction of X
modulo the maximal ideal my to be an abelian variety; so, by the valuative criterion
of properness, Shg /g, is proper. Since Shy is projective over the Mumford moduli
Mg which is quasi-projective over Sy, Shi g, has to be projective ([Ko] Section 5).

We now briefly describe the complex points of Sh. We can define the symmetric
domain &X' as the collection of h : C — (4 satisfying the positivity, etc., we
described above. Since the stabilizer Cj, of a fixed h in G(R) is the product of
the center and a maximal compact subgroup, the connected component of & is
isomorphic to the symmetric domain D = G(R)/C}. An explicit form of D as a
classical bounded matrix domain is given in [Sh1] (see also [ACM] Chapter VI for
the domains in Case A and C), along with an explicit method of constructing all
possible analytic families of abelian varieties over the domain. We have computed
D for unitary groups (that is, groups of type A) already in Section 4. The complex
analytic space Shi (C) is given by G(Q)\G(A)/KC}, and its connected component
is given by T'\D for the congruence subgroup I' = (K¢ !G(R);) N G(Q) with a
suitable ¢ € G(A(®)), where G (R) is the identity component of the Lie group
G(R).

7. FORMAL THEORY OF AUTOMORPHIC FORMS

In this lecture, we describe the theory of false automorphic forms. The theory
we describe is a generalization of the work of Deligne-Katz in the elliptic modular
case (see [K1] Appendix IIT). The main purpose of this lecture is threefold:

1. Approximate p—adic automorphic forms by finite sums of classical forms;
2. Define the p—ordinary projector;
3. Find a set of (axiomatic) conditions which guarantees the VCT.

7.1. True and False Automorphic Forms. In our application, we remove super-
singular locus from the moduli My of abelian schemes of PEL-type and write
Syw for M [%] for a lift ' of the Hasse invariant. In this setting, sections in
HO(S,w") are called “false” automorphic forms. On the other hand, sections in
HO(M,w") are called “true” or “classical” automorphic forms.
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7.1.1. An analogue of the Igusa tower. Let W be a mixed characteristic complete
discrete valuation ring with residue characteristic p. Let w be a uniformizing param-
eter. Write W,,, = W/p™W. Let S be a flat W—scheme. We put S,,, =S xw W,,.
Then S, is a sequence of flat W,,,—schemes, given with isomorphisms:

Serl ®Wm+1 Wm = Sm

Let P be a rank g p-adic étale sheaf on the S,,’s; thus, Pg, ., induces P/g, ,
P =lim, P/p"P, and P, = P/p"P is a twist of the constant sheaf (Z/p"Z)9. We
write Seo for the formal completion of S along S1; s0, S = liilmSm.

We can slightly generalize our setting and could suppose that there exists a finite
extension F/Q with integer ring O = Op and a homomorphism: O — Endg,, (P)
such that P, = (O/p"0)? for all n locally under étale topology. Since we can
transfer any of our results to this slightly general situation, just replacing Z, by
0O, = O ®z Z,, we state our result only for P with P,, = (Z/p™Z)9. This simplifi-
cation also allows us to save some symbols.

Let w,, be the vector bundle P ®z, Og,,. We define
Tm,n - Tm,n = Isomsm (Pna (Z/pnz)g) — Sm

to be a finite étale S,,—scheme which represents the following functor on SCHg, ,:
(m: X = Sn) — {isomorphisms Y Ppyx = (Z/p"Z)?X} .

The representability follows from the theory of Hilbert schemes as we have seen.
By definition, T,y /s,, is étale. Since each geometric fiber of T, ., over Sy, is
isomorphic to GL4(Z/p"Z) everywhere, it is faithfully flat and finite. Therefore
Ty, is affine over Sp,. We define V;, . = H (T, O, . )-

The group GL,(Z/p"Z) acts on T, ,, freely by ¢ +— g¢ for ¢ € GLy(Z/p"Z),
and we have Ty, /Ty n = Ty e for all n’ < n, where

Ty = {33 € GLy(Z/p"Z)|x =1 mod p"/} .

Then we have a tower:
Vm70 C Vm71 [GEEENE Vm,n
with Vin0 = H%(Sm, Os,,). We put Voo =U,, Vinn and Tpy oo = lim ,, Ty, -

7.1.2. Rational representations and vector bundles. For a given ring A or a sheaf
of rings A over a scheme, we look at the projective scheme F,4 = Flagg 4 of all
maximal flags in A9 (cf. [PAF] 6.1.3). We write B C GL(g) for the upper triangular
Borel subgroup. Let U be its unipotent radical, and put T' = B/U for the torus.
Then F = GL(g)/B. We define H,4 = Flagy;, 4 = GL(g)/U. Write 1 for the origin
of 'H represented by the coset U. Then

Ry=H'(H,01)= € Ralx]
keX(T)+

for the space R4[k] of weight k. Here

Ralw] = {f : GL(9)/U — A' € T(GL(9)/U., OgL(g)/v)| f(ht) = x(t) f(h) }
for t € T for the diagonal torus T' = B/U = 'B/'U. The pull-back action of GL(g)
on Ra[k]: f(x) — p(h)f(x) = f(h~'z) gives a representation p = p, such that
Ra[k]Y = A on which T acts by —wgr, where wy is the longest element of the Weyl
group of T. The dual Ry[k]* = Homa(Ra[x], A) is the universal representation of
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highest weight x (cf. [RAG] I1.2.13). Thus the coinvariant space R4 [x]y (on which
T acts by —k) is A—free of rank 1, and there is a unique U-invariant linear form
lean * Ralk] — A (up to A-unit multiple), which generates (Ra[x]*)Y. We can
normalize £.q, so that it is the evaluation of ¢ € R 4[] at the origin 1 € GL(g)/U.
Then we have a tautological embedding Ra[x] — I'(GL(g)/U, Ogr(g)/v) given by

¢ {h = écan(/’(hil)(ﬁ)}-

If =1 € My, for the g x g matrix algebra My, as a multiplicative semi-group
scheme, the action of p(h) is well defined on R[x] for any A.
In [RAG], a slightly different module is considered:

HO(—k) = ind 9 A(=r) = {f : GL(9)/'U — AY|f(at) = t " f(x) Vt € T}.

The action of GL(g) is given by hf(z) = f(h~'z). In this context, —x is a positive
weight with respect to ‘B, and the H°(—k)Y contains the highest weight vector.
Using conjugation by wg, we can remove the use of the lower triangular Borel
subgroup !B, but we need to modify the results of [RAG] accordingly, when we
quote them (this will be done without further warning).

Let f € Ra/pmalk]. By definition, f induces a function on GL4(Z,) by f(h) =
pr(h)f(1). Therefore we see that h +— leqn o f(h) is an element in R4 /,m 4[k] by
tautology. This shows the following fact:

(¢) We have a canonical map Ra[k] — C(GL4(Z,)/U(Zy), A)[K],

which is injective if A is flat over Z,. Here C(GL4(Z,)/U(Zy), A) is the space
of (p-adic) continuous functions with values in A on GL4(Z,)/U(Zy), and “[x]”
indicates the r—eigenspace under the right action of T(Z,) on GL4(Zy)/U(Zy).
The cokernel of the map (c) is large, because it is the continuous induction from
B(Z,) to GL4(Zy) for a p-adic ring A if P, is constant. When A is a finite ring, the
space of continuous functions C(GLy(Z,)/U(Zp), A) is equal to the space of locally
constant functions LC(GLy(Zy)/U(Zy), A), and we use LC instead of C when A is
finite.

7.1.3. Weight of automorphic forms and representations. We define a coherent
sheaf w,, ,, on Ty, n by (7}, ,Pm) ®z O, .. On Ty, with n > m, we have the
universal isomorphism
Tean 70 P = (Z/p"Z)%;
so we have an action of Gal(Ty,,00/Sm) on 7y, ,, P, and
Wean = Ican ®id: Em) = Ogm

n

is an isomorphism. Then we can identify H 7, , with

pY:Y Ymn—GL( /Ucan—>Tmn

mn)

on Vi, (n > m), where Ueqy, is the pull back of U under wegpn. Thus weq, induces
an isomorphism:

Wean  Py+(Ov[K]) = Ry, [K].
We write w?, . for the sheaf py,.(Oy[k]) on T, ». By definition, GL,(Z/p"Z) acts
onY on the left The Galois group Gal(Ty, n/Sm) = GLg(Z/p"Z) acts on gm » via
the rational structure given from w,,, and we then descend the sheaf to w?, on S,,.
In other words, for an OTm,nfalgebra A, f € H(Specr,, , (A),ws, ,) is a functorial

rule assigning f(X,v) € Rals] to X, and ¥ : P, /x = (Z/p"Z)?X. We let h €
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GLy(Z/p"Z) = Gal(Tyn,n/Sm) act on f by f— {(X,¢) — p(h)~*f(X, h))}. Then
for any Or,, ,—algebra A,

A~ H° (Gal(Tr,n/Sm), H°(Spec(A) xg,, T, gﬁln))

defines a coherent sheaf on S,, (by the Hochschild-Serre spectral sequence), which
we write wly,. We have

HO(Sp,wh) =
{f € H(Ton.m; Rv,, ,.[K])|f (X, hp) = p(h) f(X,¢) for Vh € GL,(Z/p™Z)} .

There is another description of wy, ¢ . Since Py, = (Z/p™Z)? on Ty, the action

of Gal(T,n/Sm) on Pp, extends to an action of the Galois group on Rgz,,mz[k],
which determines an étale torsion sheaf P} over S,,. Then we have

wr = 0g,, Qz Pr.

In this construction, we have det®(w,,) = (A? w)®* and Sym* (w,,) = wk*" for the
first standard dominant weight w;.

By our definition, for each f € H%(S,,,w",),
<P(f) = wc’{an(f) € HO(Tm,ma RTm,m[K’])a

which can be regarded as a functorial rule assigning each test object
(X500t Py = (/5" Z)%)

a value o(f)(X, 1) € HO(X, Roy [x]) such that o(f)(X, hy) = p(h)e(f)(X, )
for all h € GLy(Z/p™Z) and o(f)(Y,9*Y) = ¢*(o(f)(X,v)) for any morphism
¢ Y — X of S, -schemes. Similarly, ¢ € V,,, is a functorial rule assigning
(X, ) a value (X, 9, : P, & (Z/p"Z)9) € H°(X,Ox) such that oY, ¢*¢,) =
o*(©(X, 1)) for any morphism ¢ : Y — X of S,,,—schemes. Thus we have a natural
map of H(Ty, m, R, .. [K]) into Vy, m associated to each linear form ¢ € Ry, . [k]*.
The map associates f € H(Ty m, Rr,, ,.[r]) with a rule: (X,v) — £(o(f)(X, 1)),
which is a matrix coefficient of p(f)(X, ).

We let h € GL4(Z,) act on test objects by (X, ) — (X, ht). In this way, we
identify GL4(Zp) with Gal(Tn 00 /Sm). For the Borel subgroup B C GL(g), we put
T% ,, for the quotient Ty, /B(Z/p"Z). Thus V,5,, = H(T ,,Ors ) is made of a
functorial rule (X, ) — (X, ¥,) € HO(X, Ox) such that ¢(X, b)) = o(X, ) for
all ¢ and b € B(Zy). We define similarly VY and T)7] , for the unipotent subgroup
UcCB. _

——

Let e1, ..., ey be the standard base e; = *(0,...,0,1,0,...,0) of (Z/p"Z)9, and
we consider the standard filtration 1,, : (Z/p"Z)9 = Ly D Lg—1 D --- D Ly = {0}
given by L; = Zgzl(Z/p"Z)ei. Then ¢} 1, gives a (full) filtration fil = fily, of
P,, and all full filtrations P, = P\” 5 P 5 ... 5 P© = {0} of P, are given
in this way. Since the stabilizer of 1,, is B(Z/p"Z), we may regard ¢ € Vn]f)n as a
functorial rule assigning a value ¢ (X, fil,) € H°(X, Ox) to a test object (X, fily,).
To describe Vg)n in this way, we need to bring in an isomorphism of graded modules:

¢n + gr(filn) = @7, (Z/p"Z) inducing o) P/ plU—1) =~ (7/p"Z). In other
words, TU . classifies triples (X, fil,, ¢,). Since we pulled back the filtration 1,

,n
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by ¥, h € GLy(Zy) acts on (X, fily, ,¢n) by fil, — Y~ h= ) fil, = (hp,)*1,
and ¢p — 1/)71h711/)¢n-

We can think of the image of Ry, , [s] inside Vn[{)m [], which is the homomorphic
image of H%(S,,,w") under f ~ leqn 0 ¢(f). Thus we have a natural map

(71) 6 : HO(Sm’gﬁm) - Vn[*L],oo[K’]a

where V.Y, [k] is the x—eigenspace of the right action of T. The above map is
injective if m = co. Then we define

(7.2) R,= @  H(Swmuwh)
KEX(T) 4,30

Here “>” implies sufficiently regular. See [PAF] 5.1.3 for a definition of regularity.
We assume to have a locally free sheaf w /8 of finite rank such that w Qyw W, =
w,, for all m. From w, we can create g75 as T« OFlag,, (w) [K] for m : Flag;; — S. The

global sections H(S,w) inject into H(Seo,w,,) = lim ,, H°(Sm,w,,). We define

R =@ H(S,w") = R, =lim,R,,.

We call an element of H?(S, g%) a false automorphic form of weight k. A true
automorphic form is a global section in H°(M, g7M) for a compactification M D S

of S we will specify later. In other words, false automorphic forms are meromorphic
sections over M with a specified location of their poles.

7.1.4. Density theorems. We suppose now that for all k > 0, the short exact se-
quence:
O—>£“—p—m—>£“—>£ﬁl—>0

gives rise to an exact sequence:

(Hypl) 0 — HO(S, w") L5 HO(S,w") — HO(Sp,wk,) —> 0;
(Hyp2) VY =VvY/pmvy.

This condition is obviously satisfied when Sy, is affine. From this, we have
(7.3) R'/p™R' = R!, and H°(S,w")/p™H’(S,w") = H°(S,,,w:,).
We now define a homomorphism
B(m) : Ry, — Vil o,

in the following way. Over T}, ,, we have a canonical isomorphism weqn = Iean®id :
w ~©0f . Then

5(7”)(2 fn) = {(X/Tm,mﬂ/)) — Zécan(wcﬁan(fn(Xa 1/)))}

~>0 K
for f. € H°(Sm,ws,). Here, the image of 5(m) actually falls in V.7~ because
Lean © pr(u) = Lean for all u € U(Zy), and wiy,(fs) € Ry,

n) mod p™ = p(m) tor all n > m. us taking the projective limit, we have
I d p™ = B(m) for all Thus taking the projective limi h
B(oo) : Ry — VY =1im,, V5,

m,00 "

Since Sy, is flat over Wy, = W/p™W and T ,, = Trnn/U(Z/p"Z) is étale over
S, VU __is flat over W,,,. Therefore, VU is a W-flat GLg4(Zp)-module. This is a

m,00

[£]. By construction,
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subtle point. If w extends to the compactification M,,, assuming M,, to be W,,—
flat, H(M,,,w") is also W,,~flat. It is easy to create an example in the Hilbert
modular case such that HO(M;,w®)/H°(Mi,w,) # 0 for the interior M of the
Satake compactification of S if k is not parallel but x mod [(O/pO)*| is parallel.
By the Koecher principle, if w” extends to the Satake compactification M* as a
line bundle, we have HO(M/*W, wr) = HO° (M7, w,); so, we cannot expect the good
base-change property.

Since B normalizes U, we can think of the action of T = B/U on VU and the
k—eigenspace VU k] of VU. By definition, 3 = 3(c0) induces

B =P H(S,w") = lim ,, H* (S, wii,) — VY [k].
Proposition 7.1. Suppose (Hypl,2) for S. The above map By is an injection.

Proof. Since Ty, ,, is faithfully flat and étale over S,,, we may make a base-change:

Tn[in /Sm to Tn[in /Sm XSm Tp,m, and hence we may suppose that P is constant.
Then V7 . is made up of locally constant functions on GLg(Zy)/U(Z,) with val-

ues in V0. By taking the limit, VU is the space C(GL,(Z,)/U(Zp), Vo) of
continuous function on GLy(Zy)/U(Zy,) with values in Vo o = lim,,Vin 0. Then
H(S,w") is inside the limit of global sections of lim,, Ry, ,[«], which injects into
C(GLy4(Zy)/U(Zp), Veo,0)[k]. This shows the assertion. O

We now put, for 8 = (c0)

D' = o) |2 v = s s ||

£>0
Theorem 7.2. Suppose (Hypl-2) for S. The inclusion 3 = B(cc) : D' — VU

induces an isomorphism
D' /pmD' = VY /pmVY  for all m.
In other words, D’ is p—adically dense in V.
Proof. The injectivity of D’/p™D’ — VU /p™VV follows from the definition (see
[K1] Appendix III) (or as easily seen after faithfully flat extension to Ty, m ).
We thus need to prove that D'/pD’ — VU/pVV = VU is surjective. Since
Tin.n/Sm is étale finite, replacing Sy, by T o0, We may assume that P is constant

(see [K1] Appendix III pages 364-5), because we can recover the global sections of
w" over S, as Galois invariants of that over T, ,,. Then

Orp = Os, @w WIGLy(Z/p"Z)/U(Z[p"L)] = Oy [GLy(Z/p"Z)/U(Z/p"L)]-

This shows VIV, = LC(GLy(Zy)/U(Zyp), Vi,0), where LC(GLg(Zy)/U(Zyp), Vi,0) is
the space of locally constant functions on the p-adic analytic space GLy(Z,)/U(Z,,
with values in H%(S1, Og,) = Vi,0. Writing VY ; as a union of W-free modules X
of finite rank, we have LC(GLg(Zy)/U(Zy), VL o) = Ux LC(GLy(Zy)/U(Zy), X).
Thus we need to prove that
LC(GLy(Zy)/U(Zp), X/pX) = Dx [pDx,

where Dx is the space of polynomial functions of homogeneous degree > 0 (with
coefficients in K = W [%] on the flag manifold Flagy;) which has values in X
over GLy4(Zy). This last fact follows from Mahler’s theorem of the density of the
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linear span of the binomial polynomials in the space of continuous functions on Z,
with values in Z, (see [PAF]| Theorem 8.3 for more details of the use of Mahler’s
theorem). O

We now assume that there exists a proper flat scheme M,y such that S C M,
and M — S is a proper closed subscheme of codimension > 1. We further assume
that w,g extends to M. Then automatically wy, extends to My, by the theory of
flag varieties. The sheaf w /), is uniquely determined by {w,n /M, }m=1.2,.. by the
formal existence theorem of Grothendieck [EGA] II1.5.1.4. By the properness of
M, HY(M,w") is a W-module of finite type. Thus taking the projective limit with
respect to m of the exact sequences:

0 — H'(M,w") @w Wy, — H(M,,,wt)) — H'(M,,,w")[p™] — 0,

we get LianHO(Mm,gﬁl) = H(M,w"). Let R,, = D0 HO(M,,,w") and
R = @, H°(M,wf,). Then we know that R is p-adically dense in Ro =
lim,, Ry,. By definition, R € R’. Note that det(w)?~' is trivial on S;. Let
a € HO(Sy,det(w)?~!) be the section corresponding to 1 € det(w;)P~! = Og,.
We assume that a extends to M; so that it vanishes outside S7. Suppose that we
have a section E € HO(M,det(w)*®~ 1) such that E mod w = a'. By further
raising power, that is, replacing F by EP", we may assume that £ mod p = a’.

Then by definition,

HO(Spn ) =l 2o ) © et D))
En
We would like to show that 6(R[%]) N VY is dense in VY. Pick 3, f. € pVY
for f. € H°(S,w"). We need to approximate f = f, modulo p™*'VVU by an
element in HO(M,w" ® det(w)*). This section f € H°(S,w") can be written as
f = ge/E* mod p™t! for g € HO(M,w" ® det’(w)). Then for k > ¢, we have
f=gE**/E* mod p™*!. Thus we may assume that k = p™t(p — 1). Then as a
function of (X,v), E¥ mod p™*! is a constant. Thus f = g,E*~* mod p™ ' R...

This shows the density of S(R [%] YNVY in VY.

Corollary 7.3. Suppose the following conditions in addition to (Hypl-2) for S:
1. S C M for a proper flat scheme M w such that Sy, C My, = M @w Wy, is
Zariski dense for all m;
2. w extends to a locally free vector bundle on M of rank g;
3. there exist an integer t > 0 and a section E € HO(M, det'™ Y (w)) such that
E mod w is the constant section 1 generating dett(pfl)(gl) = 0g,;
4. M — S is the zero locus of the section E.

D=3 (EB HO(M, @)) H VY.

k>0
Then D is p-adically dense in VY.

7.1.5. p—Ordinary automorphic forms. We now suppose to have a projector e (so

e? = e) acting (continuously) on VY, which projects down VV[k] onto a W-free

module of finite rank (for all k > 0). We put Vy = li_n>1nVU/p"VU = h_n;,lvgoo.



p-ADIC AUTOMORPHIC FORMS 61

We have Vy([x] = lim,,V,Y,,[x]. Since VU is W-flat, Vy is p-divisible, and its
direct summand eVy is p—divisible.

In practice, the projector e will be constructed so that it brings Vi [x] down onto
eH(Mw,w" ®T,) for k> 0, where T, = Q,/Z,. This implies

(7.4) eVu k] = eH(S)w,w" @z, Tp) = eH*(Mw,w" @z, Tp)

if K > 0. By (Hypl), H°(S)w,w" ®z, T,) is p-divisible. By assuming (7.4),
eVy k] is p-divisible. Since H°(M w,w") is a W-module of finite type, eVy[x] is
a p-divisible module of finite corank. In any case, we just assume that eV[x] is
p—divisible and of finite corank for x > 0.

Let V}; be the Pontryagin dual module of Vyy. Since Vy is a discrete T'(Zp)-
module, Vj; is a compact W{[[T'(Z,)]]-module. Let T'(Z,), = I'r be the p-profinite
part of T(Zp). Then T(Z,) = I'r x A for a finite group A of order prime to p.
We fix a character ¥ : A — F* for F = W/wW. Then we write x : A — W* for
the Teichmiiller lift of ¥. We write Xy C X4 (T') for the set of algebraic characters
kT — Gy, such that kK = ¥ mod w and k is sufficiently regular so that the above
equation (7.4) holds. Then Xy is Zariski-dense in Spec(W{[[I'r]])(W). We write

Vi 4 for eVy;. Let us decompose

::rd = @ V::rd [f(]
el
into the direct sum of the y—eigenspaces under the action of A. The y—eigenspace
Vi 4[X] is a compact module over W([['7]]. Then by (7.4), Vi 4[X] ®@wirpy,- W is
W—free of finite rank s(x) for € X;. Thus, by topological Nakayama’s lemma,
% alX] is a W{[I'r]]-module of finite type with minimum number s() of generators.
Since Xy is Zariski-dense in Spec(W{[I'r]]), we see that V¥ ,[x] is W[[I'r]]-free of
rank s(x). Thus we have, assuming (7.4) for the middle equality,

ord

(7.5)  rankyrp)) Vo,alX] = rankw V5 4[X] @wirryx W
= ranky (eH?(M, w") ®z, Tp)* = ranky eH"(M,w")
for all k € X;. Therefore we get

Theorem 7.4. Suppose (Hypl-2), the erxistence of the idempotent e : VY — VU
as above and the assumptions of Corollary 7.3. Then Vi ., is a well controlled

WIT(Zy)]]-projective module of finite type. If we assume (7.4), this means that
Vira Owirz,))).. W = Homy (eH® (M, w"), W)

o

canonically if r is sufficiently regular. For each X—component, Vi .[X] is free of
finite rank over W[[I'r]] for the mazimal p—profinite subgroup I'r of T(Zy).

7.1.6. Construction of the projector eqr. We are going to construct an approxi-
mation ey, of the projector e. In the paper [H02] Section 2.6, we wrote: “eqy, is
constructed using solely local data of the Galois group Gal(Th, 00 /Sm) = GLn(Zy),
while the projector e will be constructed as e = egegr for a global projector eq
depending on the group G.” This statement is misleading. We actually need a
global input. To explain this point, let us introduce the expanding semi-group of
GL,(Qp). Writing 7 = B and U, we introduce two subgroups I, and Iy, of
GLy(Zyp) by

(7.6) I = {x € GLy(Zp)|z mod p" €2(Z/p"Z)} .
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Let diag[Xi, ..., X,]| denote the diagonal matrix whose diagonal blocks are given
by X; to X; from the top. We first look at the semi-group given by

D= DGL(g) = {dia’g[pela . 'apeg”el <ep < - < eg} :

Then A! = I;,DI, AY = U(Z,)DU(Z,) and AE = B(Z,)DB(Z,) are semi-
groups, and we call them expanding semi-groups. If confusion is unlikely, we simply
write A for one of these semi-groups.

The global input we need comes from the fact that 75, , in our application
classifies not just trivializations of P, but abelian varieties X with X[p"]¢* = P,.
In other words, each g € GL,(Q,) acts on S,,, by an appropriate isogeny of abelian
varieties classified, and it acts not only the étale quotient of the p—divisible group of
the abelian variety but also on the connected component of the p—divisible group.
The action changes the isomorphism class of the abelian varieties, and hence it acts
on S,, through endomorphisms (not necessarily through automorphisms).

Since at this point, we do not assume that S,, classifies abelian varieties, we
instead assume to have such an action of the expanding semi-group (as defined
below) on S,, which is at worst “radiciel” mod p; so, it does not affect the étale

trivialization P,. This action § : S,, — S,, sends an S,,~scheme X ER Sy, to
6- X=X Xgmygsm.

We consider the following triples:
X = (X/Sm ’ fllna (bn : @?IIZ/Z)”Z = gT(filn))a

where fil, : Poyx = P > PV 5 ... 5 PO = (0} with ¢; : Z/p"Z =
P,gj ) / P,gj Y for j=1,...,¢9. If P is constant, the space classifying the above test
objects over S, is given by Tn[in = Ton/U(Z/p"Z). Similarly, the classifying space
of couples (X, fil,) over Sy, is given by TF | = Ty, /B(Z/p™Z). On test objects
over T,, », we have a natural action of h € GL,(Z,)) given by (X,v) — (X, h)).
Writing fil, = ¥~ '1,, we then see that ¢»~'h~'1, = 1, = h- fil,. Thus
the Galois action on filtrations is given by h - fil = (1))"*h=2)PY)) and h - ¢ =
() "th=t(y)¢, where 1 : P, = (Z/p"Z)? such that ¢*(1,,id) = (fil,, ¢») for the
standard identification id : gr(1,) = (Z/p™Z)9. Thus these test objects are always
invariant under U(Zp). The new test objects (X, fil,,, ¢») are useful in defining an

isogeny action of § € A and in constructing the idempotent egr, although we may
stick to the test objects (X, ¢y, : P, = (Z/p"7Z)9) if we want. We assume that

(d1) ¢ induces an isomorphism 0* fil,, 5.x = fil,,;x compatible with the action of
the semi-group on fil,, (this holds if § mod p is radiciel), where the action of
d € A on fil,, is the multiplication by § up to scalars (as we specify later);
(d2) h- X = X if h € GL,(Z,).

Here is how to create the idempotent eqy using p—Hecke operators (modulo
p™). We study Hecke operators t; (j = 1,...,g) acting on VY and V. for
? = B and U. We can thus think of the Hecke ring R(I7 ,, A) (n = 1,2,...,00)
made of Z-linear combinations of double cosets I7 ,d17 ,, for 6 € AZ. These two
algebras are commutative and all isomorphic to the polynomial ring Z[t, . . ., t4] for
t; = Ir poilr ,, with o = diag[l,—;,pl;]. A key to getting this isomorphism is that
once we choose a decomposition: U(Zp)a;U(Zp) = |; U(Zp)d;, then Ir pa;l7 p, for
any n and ? is decomposed in the same way: I nojlr , = [_|j I; ,0; (see [PAF]
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(5.3)). We have for a = Hf;i aj;
(77) I?,nJrl\I?,nJrlaI?,n = I?,n\I?,naI?,n = I?,n+1\I?,n+1aI?,n+l-

For § € AP, the action p(6~!) is well defined on Ra[k| for any p-adic ring A,
because p(6~1)¢p(y) = ¢(dy) for y € GL(g)/U. Decompose 17,617, = L; I2,n9;
and regarding f € HO(T

m,n?

(7.8) FIL2 0012 0] (X) = Z P (65 1) F(6;%),

w") as a function of test objects X7, _, we define

where 60X = (0 - X,0(6* fil,,)). The sum above is actually “heuristic”, because if
the action of § on S is wildly ramified (that is, purely inseparable in characteristic
p), we need to replace the sum by the trace as already described in 3.1.3. We will
clarify this point in 8.2.1 more carefully; so, for the moment, we content ourselves
with this heuristic action.

Although we have not yet specified the action of the element § € A’ on §* fil,,,
if it exists, then the operator is well defined independent of the choice of J; because
for v € I~ p,

p((ud;) ™) f(ud; X) = p((8;) " )p(w) ™' f(ud; X) = p(871) £(8; ).
Further, by (7.7),
(7.9) for f € H(T,] ,,w"), flt(p)"~' € HY (T 1, "),
where t(p) = Hf;i t;. When P, comes from a universal abelian scheme, we have a

natural isogeny action on test objects, and in this way, we can define Hecke operator
on HO(S,, w™).

Since fil,, is an element of the flag variety of (Z/p"Z)?, to study the action of
A on filtrations, we study general flag varieties. For each commutative ring A, we
consider the free module L = L(A) = A9 and the flag space

(7100  y(A9) ={(Li)|L =Ly, Li D Li—1, Li/Li-y 2 Afori=1,---,g},
(7.11) V(A9) = {(Li, ¢3)|(Li) € y(A), ¢ : A= Li/L;i—y fori=1,...,9}.

We can extend the above definition to P, over S,,: We define for each scheme
T/Sm

y(Po)/m = { (Pyp)[Pa = PO, P S P7Y, » o ST E=1, ,g)},

(2)
y(P")/ {(P(lT’(bl)’(P(l) ( )/Ta (bz Z/anN%(i—la"'ag)}'

After a finite étale extension to T'/Sy,, the spaces y(P,) and Y(P,) get isomorphic
to y(Z/p"Z)?) xg,, T and Y((Z/p"Z)?) xs,, T. Writing the standard base of L
as er,...,eq, we define 1 = (Z;Zl Ae;, ¢; = id) € Y(A9), which we call the origin.
We may let GLgy(A) act on Y(A9) and y(A9) by x((L;), ¢:) = (xL;, z 0 ¢;). Then
GL4(A)/U(A) = Y(A9) by zU(A) — z1. Now we assume that A to be a p-adic
ring, that is, A = lim, A/p"A. We then define

In(A%) ={(Li, ¢s)|(Li/p" Li) = 1 € y(A/p" A)}.
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Similarly, we define ), /7 (Pp/) for n < n’ < co. We note that Y, (Z9) = Ivy»/U(Zy)
via r1 < z and similarly y,(Z9) = Ip »/U(Z,). So we have the conjugate action
of A on these spaces introduced in Section 4.

We now write down explicitly the conjugate action of the semi-group A on
Yn(A9). Since y(Z3) = y(Qf) (because y = Flagp is projective), the group
GLg(Qp) acts naturally on y(Q7). This action is described as follows: Take z €
GLy(Qp). Then x(L;) = (vL; ® Qp N L(Zy)) € y(Z3). We write z(L;) = (z - L),
that is, z - L, = 2L; ® Q, N L(Z,). We now define an action of the semi-group
AB = IpnDearg)IBn on yn(Zg). For each udu’ € AP with u,u’ € Ip, and
§ € Dgr(g. We write § = diag[p®, ... ps®]. Then for (L;,¢;) € Yn(Z),
pei®g L;/Li—1 — §-L;/6-L;_1 is a surjective isomorphism as shown in [H95]
page 438. Since Ip, acts naturally on flag varieties, the above action of Dgr (g
extends an action of the semi-group AZ. For a given X = (X, fil, ¢) = (X, ¥~ '1),
% brings “fil” to 1, and hence the action of AZ defined on the neighborhood of
1 (after conjugation by ) is enough to get an association: X +— {d;X'}. By this,
after a change of the base scheme Sy, (for example to T' = T, ) to trivialize Y (P),
we have an action of AZ on Y(P). However this is sufficient to define the Hecke
operators [I7 017 ] acting on H°(T,, /s,,,w") by the following reason: After ex-
tending scalar, define f|[I7 017 ] by (7.8). The formation of f|[I7 ,d1I7 ] commutes
with the base-change, in other words, it commutes with the Galois action of the
base: Gal(T'/Sy,); so, f|[I2,n017 4] is actually defined over the original base scheme
T? This justifies the contraction property (7.9).

m,n/Spy "
Let t; = U(Zyp)a;U(Zy) in R(U(Zp), Ass) with a; = diag[lj,ply—;], and de-
fine t(p) = [[j—,t;- As shown in [H95] Lemma 3.1, a for a = f;i a; con-

tracts y,(Z/p"T1Z) to the origin 1,41. Identifying yi(Z/p"Z) with Ig1/Iyn,
if the filtration fil,, corresponds to = € Ip,, then the filtration is given by
Z;Zl(Z/ p"Z)x; for the j—th column vector z; of z. Choose a representative set
U(Zyp)aU(Zyp) = | l,erU(Zp)ary. Then we have Ipni1alyn = | ,cq IBnt10u,
and a7 ! = 2, ta, for some v’ € R. This 27! I coincides with the action
of a, on the flag variety Y1((Z/p"Z)?9) if one identifies elements in Ip; with a
flag. Here we need to use z~! instead of x, because the action of h € GLy(Z,)
on filtrations is given by fil — h - fil = (p~1h™19)fil as already explained.
The element z,, gives rise to a couple (ay - X, filpy1.4 = au(al filyy1)), which
is uniquely determined independently of the choice of «,. We then define for
fe Vi, X, filn) = Yuep f(au - X, filnt1,4). Similarly, if we start
from f € V,J,, by the same process, we get @, € Iyn/U(Zp) corresponding to
(X, filun, du), because we still have Iy oly, = | |,cpluncu. We then define
FIt)(X, filn, on) = > ucr flaw - X, filyn, ¢u) and define the idempotent eqr by
egr = lim, .o t(p)™ whenever it is well defined.

As we have seen in Section 4, r(a)t(p) = t(p) on H°(Se,w? ), because on w*,
we used the action of A coming from schematic induction.

|—>x;

7.1.7. Axiomatic control result. In this subsection, we describe a simple prerequisite
to have the control theorem relating false automorphic forms (sections over S) to
true automorphic forms (sections over M). Later we will verify the requirement for
automorphic vector bundles on Shimura varieties of PEL type.
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Since in this general situation, S, is not supposed to classify anything; so, we
cannot define Hecke operators acting on H°(S,,,w") in this generality. Anyway,
we suppose to have a Hecke operator 7(p) acting on H?(S,,,w") and H(M,,,w")
such that 7(p) = t(p) on H°(Sy,w") if k> 0. We define eg = lim,,—, o 7(p)™.

Now suppose that there exist further two projectors eg acting on Vn[{)oo and
e on HY(M,,,w") for £ > 0 (depending on the reductive group G) such that
egeqrL = €q, exeg = e and eg = e mod p, that is, they are equal each other
on egHY(S1,w”). In addition to the above conditions, writing K for the field of
fractions of W, we suppose the following two conditions:

(C)  ec(Ef) = Elecf) for f € HO(S1,w"),
(F)  dimg e HO (Mg, w" ® detk(g)/K) is bounded independent of k.

Let fy, fs,... be a sequence of linearly independent elements in eqH(S;,w")
over Wi. Since HO(S/W,£7W) @w W1 = H°(S1,w") (Hypl), we can lift f, to
fi € HO(S)w,w") w) so that f; = (f; mod p). Then for any given integer N > 0,
we can find a sufficiently large integer m such that E™f; € H° (M,w, g7w). Since
multiplication by E is an isomorphism on Sy (by definition of Sy = M [£]), by
(C) and eg = e mod p, {(eZ(E™f;) mod p)}i—i,. N are linearly independent
over Wi; so, {eg(E™ fi)}i=1,..,~ are linearly independent over W. This implies

dimg eg HO (Mg, w" @ det' P~ (w) /i) > N.

If ranky, e H%(S1,w") = oo, we can take N to be arbitrarily large, which con-
tradicts the boundedness (F) of the dimension. Thus ranky, eq H°(S1,w") has to
be finite, and rankyy, e HO(S), w" ® det* P~ (w)) is independent of k. Thus the
existence of the desired projector follows from (F), (C) and (7.4).

The condition (F) can be proven in our application via group cohomology using
the (generalized) Eichler-Shimura isomorphism combined with the p-adic density
of Deysp in Dy, (see [H95] for such boundedness for forms of GL(n), [TiU] for
inner forms of GSp(2n) and [Mo] for more general groups).

The condition (C) can be proven either by g—expansion or the fact that Hasse
invariant does not change after dividing an abelian variety by an étale subgroup.

8. VERTICAL CONTROL FOR PROJECTIVE SHIMURA VARIETIES

8.1. Deformation Theory of Serre and Tate. Let W be a complete discrete
valuation ring of mixed characteristic with residue field F of characteristic p. We
suppose that F is an algebraic closure over F, = Z/pZ. In this section, we describe
deformation theory of abelian schemes over local W,,,—algebras for W,,, = W/p™W.
We follow principally Katz’s exposition [K].

8.1.1. A Theorem of Drinfeld. Let R be alocal W,,,—algebra. Let G: R—-LR — AB
be a covariant functor into the category AB of abelian groups. When m = oo, the
category R—-LR (resp. Woo—LR) is made of p-adically complete local R-algebras
A = lim, A/p"A and morphisms are supposed to be p-adically continuous. For
simplicity, we always assume that rings we consider are noetherian. Thus if we
regard G as a functor from the category of affine R schemes (or formal schemes),

it is contravariant. Suppose that, for any faithfully flat extension of finite type
A — B of R-algebras,
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1. The group G(A) injects into G(B), that is, G(A) — G(B);

2. Let B =B®4y Band B" =B®4 B®y B. Write t; : B— B’ (i =1,2) two
inclusions (that is, ¢t1(r) = r ® 1) and ¢;; : B’ < B be three inclusions (i.e.
t2(r®s) =r®s®l). If x € G(B) satisfies y = G(11)(x) = G(12)(x) and
G(t12)(y) = G(t23)(y) = G(i13)(y), then z is in the image of G(A).

Such a G is called an abelian sheaf on R—LR with the fppf—topology (or simply
abelian fppf-sheaf). If X is an abelian scheme or a torus (a multiplicative group,
like Gyy,), then G(A) = X(A) = Homg(Spec(A), X) (S = Spec(R) or Spf(R)) is
an fppf-sheaf.

We call G p-divisible if for any x € G(A), there exists a finite faithfully flat
extension B of A and a point y € G(B) such that z = py. If G comes from an
abelian scheme X, it is p—divisible (e.g. [GME] Corollary 4.1.18). This also shows
that X[p>=] = |J,, X[p"] for X[p"] = Ker(p" : X — X)) is p-divisible.

Let R be a local W,,~algebra and I be an ideal of R such that I*™ = 0 and
NI =0 for a power N of p. We define a new functor Gy and G by

G1(A) = Ker(G(A) — G(A/I)) and G(A) = Ker(G(A) — G(A/ma)),

where my4 is the maximal ideal of A. When é(A) = Homp 1 r(R,A)(= G(A))
for R = R[[T1,...,T,]] (that is G,r = Spf(R)/r) and the identity element 0
corresponding to the ideal (T1,...,T,), we call G a formal group. If G is formal,
Gr(A) ={(t1,...,tn) € I} by Hompg r(R,A) 3 ¢ — (¢(T1),...,d(Ty))-

Suppose that G/ is formal. Then multiplication by [N] induces a continuous
algebra homomorphism [N] : R — R. Then on the tangent space at the origin:
te = (Th,...,T,)/(T1,...,T,)?, the addition induced by the group law of G co-
incides with the addition of the tangent vectors (cf. [ABV] Section 11). Thus
[N|(T;) = NT; mod (T1,...,T,)%, and [N](Gr(A)) = Gr2(A) because NI = 0.
Similarly, we have inductively, [N](Gra(A)) = Gra+1(A), and [N¥]G = G = {0}.
We get

(8.1) Gr C Ker([N"]: G — G) if G is formal.

Theorem 8.1 (Drinfeld). Let G and H be abelian fppf-sheaf over R-LR and I
be as above. Let Go and Hy be the restriction of G and H to R/I-LR. Suppose
(i) G is p—divisible;
(ii) H is formal;
(iii) H(A) — H(A/J) is surjective for any nilpotent ideal (H is formally smooth).
Then
1. Hompg.gp(G, H) and Homp,1.cp(Go, Ho) is p-torsion-free, where “Homx.qp”
stands for the homomorphisms of abelian fppf-sheaves over X -LR;
2. The natural map, so-called

“reduction mod I”: Hompg.qp(G, H) — Hompg,1.cp(Go, Ho)
18 injective;
3. For any fo € Hompg/r.qp(Go, Ho), there exists a unique ® € Homp_g, (G, H)
such that ® mod I = NV fy. We write ]\Nf”f for @ even if f exists only in
Homp ¢y (G, H) ®z Q;

4. In order that f € Hompg.gp(G, H), it is necessary and sufficient that NV f
kills G[N"].
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Proof. The first assertion follows from p—divisibility, because if pf(x) = 0 for all x,
taking y with py = x, we find f(z) =pf(y) = 0 and hence f = 0.

We have an exact sequence: 0 — Hy — H — Hy — 0; so, we have another exact
sequence:

0 — Hom(G, H;) — Hom(G, H) —222L, Hom (G, Ho) = Hom(Go, Hy),

which tells us the injectivity since Hj is killed by N¥ and Hom(G, H) is p—torsion-
free.

To show (3), take fo € Hom(Gy, Hp). By surjectivity of H(A) — Ho(A/I), we
can lift fo(z mod I) to y € H(A). The class y mod Ker(H — Hy) is uniquely
determined. Since Ker(H — Hy) is killed by N¥, for any € G(A), therefore Ny
is uniquely determined; so, # — Ny induces functorial map: N f : G(A) — H(A).
This shows (3).

The assertion (4) is then obvious from p-divisibility of G. The uniqueness of f
follows from the p-torsion-freeness of Hom(G, H). O

8.1.2. A Theorem of Serre-Tate. Let A,r be the category of abelian schemes de-
fined over R. We consider the category Def(R, R/I) of triples (X, D, €), where Xg
is an abelian scheme over R/I, D = |J,, D,, with finite flat group scheme D™ over R
with inclusion D) < D+ which is p-divisible, and € : Dy = X [p>°]. We have
a natural functor A/r — Def(R, R/I) given by X — (Xo = X mod I, X[p>],id).

Theorem 8.2 (Serre-Tate). The above functor: A/r — Def(R,R/I) is a canon-
ical equivalence of categories.

Proof. By the Drinfeld theorem applied to X[p®°] and X (both abelian fpp f-sheaf),
the functor is fully faithful (see [K] for details).

For a given triple, (Xo,D,¢)/r, we need to create X,r which gives rise to
(X0, D, €)/r. It is known that we can lift Xy to an abelian scheme Y over R. This
follows from the deformation theory of Grothendieck ([GIT] Section 6.3). When
R/I is a finite field, by a theorem of Tate, Xy has complex multiplication. By the
theory of abelian varieties with complex multiplication, Xy can be lifted to a unique
abelian scheme Y over R with complex multiplication (because the isomorphism
classes of such abelian varieties of CM type corresponds bijectively to the lattice
in a CM field). Thus we have an isomorphism a(()p ) Yo[p™°] — Xo[p™]. Then
we have a unique lifting (by the Drinfeld theorem) f = N*a® : Y[p>°] — D of
N ”agp ). Since the special fiber is an isogeny having inverse (aép ))71, f is an isogeny,
whose (quasi) inverse is the lift of N*(a{”)~1). Thus Ker(f) is a finite flat group
subscheme of Y. The geometric quotient of Y by a finite flat group subscheme
exists (see [ABV] Section 12) and is an abelian scheme over R. Then dividing Y
by Ker(f), we get the desired X,z € A/p. O

8.1.3. Deformation of an Ordinary Abelian Variety. Let A be a ring of character-
istic p and (X,w) be a pair of an abelian variety over S = Spec(A) of relative
dimension g and a base w of HY(X,€x,4) over A. We have the absolute Frobenius
endomorphism Fyps : X4 — X,4. Let Tx,g be the relative tangent bundle; so,
H%(X,Tx/s) is spanned by the dual base n = n(w). For each derivation D of Ox o,
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by the Leibnitz formula, we have
P

DP(zy) = Z (p) DPigDiy = xDPy + yDP .
i=o
Thus DP is again a derivation. The association: D — DP induces an Fy;s—linear en-
domorphism F* of Ty,s. Then we define H(X,w) € Aby F* \?n=H(X,w)\?n
Since n(Aw) = A7!n(w) for X € GL,(A), we see

H(X, \w) A\nOw) = F* \ n(Ow) = F*(det())~ /\ (w))
= det(A pF*/\n = det(A /g\n

= det(\)7P w) det(A /\n Aw) = det(N)' PH (X, w) [\ n(Ow).
Thus we get
H(X,  \w) = det(\)' PH(X,w).
We call X ordinary if X[p] = (Z/pZ)? x pf étale locally. In the same manner as in
the elliptic curve case, we know

H(X,w) =0 < X is not ordinary.

Let F be an algebraic closure of IF,. Let R be a pro-artinian local ring with
residue field F. Write CL,r be the category of complete local R-algebras with

residue field F. We fix an ordinary abelian variety Xqr. Write X /r for the dual
abelian scheme of an abelian scheme X ,z. We write T X [p>°]°* for the Tate module
of the maximal étale quotient of X[p>°]. We consider the following deformation
functor: P : CL,r — SETS given by

7/5X0 (A) = [(X/a, Lx)’ X is an abelian scheme over A and tx : X ®4 F & X, ] .

Here f : (X,tx)/a = (X',tx/)ya if f: X — X' is an isomorphism of abelian
schemes with the following commutative diagram:

X®aF o, X @aF

Lx lz Lx’ J{?
Xo —— Xo.
Theorem 8.3 (Serre-Tate). We have
1. A canonical isomorphism 'I/J\(A) & Homg, (T X, [p>]" x TXo [poo]et,@m(A))
taking (X/A’iX) to qx/a( s )-
2. The functor P is represented by the formal scheme

Homg, (T Xo[p™]% x TXo[p™]*, Gm) = G .

3. qx/alz,y) = qX/A(y, x) under the canonical identification: X =X.

4. Let fo : Xo/r — YO/]F be a homomorphzsm of two ordinary abelian varieties
with the dual map: fo YO — XO Then fo is induced by a homomorphism f :
X/a— Yy for X € 'PXO(A) and Y € 'I/J\YO(A) if and only if qx/a(x, ﬁ)(y)) =
av/a(fo(z),y).
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Proof. We are going to give a sketch of the construction of gx /4.

We prepare some facts. Let f: X — Y be an isogeny; so, Ker(f) is a finite flat
group scheme over S. Pick 2 € Ker(f), and let £ € Ker(f) C ¥ be the line bundle
on Y with 0*L = Og (S = Spec(A) for an artinian R-algebra A). Thus f*£ = Ox.
Cover Y by affine subsets U; = Spec(4;) so that L|y, = (b;lOUi. Since 0y L = Og,
we may assume that (¢;/¢;) o0y = 1. Since f: X — Y is finite, it is affine. Write
Vi = f~Y(U;) = Spec(B;). Then f*L|y, = ¢; 'Oy, with ; = ¢; o f, and we have,
regarding z : S — Ker(f),

<piox:¢iofox:¢i00y 1
pjox ¢jofox @00y '

Thus @; oz glue into a morphism [z, £] : S — G, and in this way, we get a pairing
ey : Ker(f) x Ker(f) — G

Since X is a Ker(f)—torsor over Y, we have X xy X = Ker(f) xgY. Thus for any
homomorphism ¢ : Ker(f) — G,,, we can find a morphism ¢ : Ker(f) xs Y — P!
such that ¢(y +t) = ((¢)¢p(y) for t € Ker(f). This function ¢ gives rise to a divisor
D onYx =Y xgX. By definition f% £L(D) = Ox,, and ef(z, L(D)) = ((x). Thus,
over X, es/x : Ker(f)/x x Ker(f)/x — G, is a perfect pairing. Since X — S is
faithfully flat, we find that the original e; is perfect.

We apply the above argument to f = [p"] : X — X, write the pairing as e,, and
verify the following points (e.g. [GME] 4.1.5):
(P1) en(a(x),y) = en(z,a(y)) for a € End(X4);
(P2) Write Xo[p"]° = pyn C Xo[p"]. Then e, induces an isomorphism of group

schemes: Xo[p"]° = Hom(Xo[p"]¢, Hpn );

(P3) Taking limit of the above isomorphisms with respect to n, we find

X° = Hom(TX [p™]%, Gyn) = Hom(T Xo[p™], G)

as formal groups. We denote the induced pairing by
Ex : X° x TXo[p>]* — G-
In particular X° = @fn.

The structure of the p—divisible group X[p>] is uniquely determined by the exten-
sion class of:

(8.2) 0 — Hom(T'Xo[p®]*, Gn)[p"] — X[p"] = Xo[p"]*" — 0

forn = 1,2,...,00. Take z = lim,x, € TXo[p>]* for z, € X[p"|*". Lift , to
v, € X[p"] so that 7(vy) = @,. Then gn(z) = pv, € Hom(TXo[p™®]¢t, Gum)[p"].
Take the limit of ¢, to get ¢(z) € Hom(T Xo[p>]*, G (A)). This q(z) completely
determines the extension class of (8.2) so the deformation X,4 because it is deter-
mined by (Xo, X[p>°]) by the Serre-Tate theorem in the previous subsection. Then
we define qx/4(z, ) = 4(2)(1).

It is known that for any given ¢(x,y) as above an extension (8.2) exists by
the theory of Barsotti-Tate groups studied by Messing (see [CBT] Appendix). This
shows the assertions (1) and (2). All other assertions follows from (P1-3) easily. O
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8.1.4. Symplectic Case. We now fix a polarization Ay : Xo — )?0 of degree prime
to p. We consider the functor

Prorg(A) = [(X/A, 1x, M|(X, 1x) € Py (A) and X induces Ao| .

Here we call f: (X, Ax,tx) — (Y, Ay, ty) an isomorphism if f : (X,tx) = (Y,y)
and fo Ay o f = Ax. Note that by Drinfeld theorem, End(X4) is torsion-free, and
hence, End(X,4) — EndQ(X/A) = End(X,4) ®, Q. We write a* = A\j' o@ o )\g
for o € End(Xo) ®z Q. Since End(X,4) C End(Xp) again by Drinfeld’s theorem,
the involution keeps End®(X /A ) stable (because on End®(X /A), it is given by o* =
A~lo@o ). The involution o — a* is known to be positive (see [ABV] Section 21).
The polarization g induces an isomorphism Ao : X [p>°]°* = X[p>°]¢*. We identify
TXo[p™®]? and TXo[p>°]¢* by Ag. Then the involution a — @ is replaced by the
positive involution “x”. Then it is clear from the previous theorem that

Pxono(A) = Homy, (Sym?TXo[p™]%, Gy (A)) = GIOH/2(4).

8.2. Proof of the VCT in the Co-compact Case. We first describe the defor-
mation space in the unitary case, and then we prove the VCT for such groups.

8.2.1. Unitary Case. We fix a division algebra B with positive involution “x”. The
center of B is either a CM field F' (* inducing complex conjugation on F') or a
totally real field on which * is trivial. We fix a B-module V' with s*—hermitian
alternating form ( , ) satisfying conditions (L1-2) in Section 6. Out of these data,
we define the group
Gi1(A) ={r € C®q Alzz™ =1},

where C = Endp(V) and (zv,w) = (v,z*w). For simplicity, we suppose that
F = Q[v~D] for a positive integer D (we suppose that —D is the discriminant of
F/Q). In particular, we have Shg/p = Shg) xg, F for K maximal at p ([PAF]
Theorem 7.5). The group G is an inner form of a unitary group of signature (m, n).
Let ¢ = diag[1,0,...,0] € Op,. By the condition (det), the representation of F'
on e(Lie(X)) for (X, \,i,nP) € P(A) (A € W-CL) is mid 4nc for id : Op — W
and non-trivial automorphism ¢ of F. We fix an Op-lattice L of V such that
( ) induces a self duality of L, = L ®z Z,. We suppose that p = pp in F; so,
Op,p =0B®zZy = M (OFp) DM, (Opg). Supposing that X p is ordinary, we have
Lie(X)r) = Lie(X[p]s), where X[p]® is the connected component of X[p]. Thus
we may assume that T, X [p>°]* = M, ,(Op,) and T, X [p™]" = Myxm(Opp).

For an artinian local W-algebra A with residue field F = W/my = F, and
(X, \,i,nP)) € P(A), we consider Dx = (X [p>]). Since X[p>] = DY as Barsotti-
Tate p—divisible groups, the abelian scheme X as a deformation of Xg = X ® 4 F is
completely determined by Dx.

Suppose that Xy is ordinary. We write the O p—component of T, D§ = T,D¥,
as T, D, Then the symmetric pairing

ax/a(s ) TpXo[p™]™ x T,Xo[p™]* — G (A)
induces a homomorphism:
qx/A : Tpr;}E ®z, Tngg — @m(A),

because the pairing is c-hermitian (that is, the involution % induces complex con-
jugation ¢). Since the level N—structure outside p lifts uniquely to deformations,
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we can ignore the level structure while we study deformations of (Xy, Ao, 7o, n(()p )) JF-
So we consider the functor

Ponasio(4) = [(Xa, 1, A, 0)[(X, 1, A) € Prya(A4) and i induces io| .

Then the above argument combined with the theorem of Serre-Tate (Theorem 8.3)
shows
PXOy)\O (A> = HomZp (TP D% ®OF0,p TED%a Gm(A)) = S(A)a
because the symmetric (c-hermitian) form on
(T, DX x TyDY) @ (T, DY x T5DY)
is determined by its restriction on (T, DY x {0}) x ({0} x TzDS).

8.2.2. Hecke Operators on Deformation Space. Let O¢ = {z € ClaL C L}. We
write G1(Z) for OX N G1(A), where O¢ = O¢ ®z Z. We fix an open compact
subgroup K C G1(Z) such that K = K, x KV with K, 2 GLy1n(Z,) via the
projection to p—factor.

We consider p-ordinary test objects X = (X, \,i,77) /4 over alocal artinian W
algebra A. Since the pairing gx/4 € S (A) is actually determined by its restriction to
ax/a : Ty DS x TgD$, we only look into this restriction. We study the Op ,-linear
endomorphism algebra Endpr(eX [p ]/4) of the Barsotti-Tate group eX[p*>] /4.
Write each endomorphism « as (a(‘; & ) with

ao € Endpr(eX[p™]°), ba € Hompr (eX[p™]*, eX[p>]°) and
¢o € Endoy, , (¢T3 (X)).

If A is an algebraically closed field of characteristic p, the étale-connected exact
sequence eXo[p™]° — Xy [poo] — EXQ [p>]¢" is (non-canonically) split. In any
case, a acts on Tx p, = T, DY @ Ty DY diagonally via a, and di,. We regard T' = G},
as a maximal split torus of GL,, (O rp) X GL,(OFy), which is the automorphism
group of e X [p>]¢ x e X[(p¢)>]¢".

Let X/gp,c be the universal abelian scheme. We write P, = X, g[p™][p'] and
P! = eX/,5[p™]*[p*] and apply the theory developed in Section 7 to each piece
P, and P.; so, we obtain the theory of false automorphic forms for GL, (Op,) x
GLnm(Op5) (Opy & Opg = Zy). Since p is unramified in F, Op @z, W = W/ for
the set of embedding I = {¢ = id,c} of F into Q. Then we consider filtrations
fily and fil, of eX[p!]® and £X[p®]¢, and consider the following test objects:
X0 ={X, X i,7P), fily, fil.} /4. Let M = Shyc and S = M [£], where E is a lift
of the Hasse invariant. We write Tftys /S for the étale covering over Sy = S @w Wy
(W, = W/p*W) classifying the above test objects. Similarly, Ty ¢ s classifies

(XA 3,77, (O /p")" x (OF /B°)™ = eX[p']* x eX[p*]*).
The covering Ty o000/ Se¢ is an étale Galois covering with Galois group isomorphic
to
GLn(Opp) X GLy(OF,p).
We had an action of the expanding semi-group on filtrations of P, (0 < t € Z)
for an étale sheaf P, = (Z/p'Z)". If we have a p-isogeny 3 : Poo = |J, Pt — Px
preserving a filtration of P, we may assume that the matrix form of 3 is given by
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B; = (1"0*7' pij) with respect to a base compatible with the filtration. Then the

action of 3; is to give a new filtration on P.

Since we cannot separate P, and P/ (which is sitting in the single universal
abelian scheme X), we define a,,+; = diag[3;, pl,] and consider an isogeny of
type am4;. We can thus interpret the operator action in terms of the quadruple:
(X, A4, 7P, fil,, fil.) v as follows: Take an isogeny a : X — X, of type amy;
as above (inducing  on P and multiplication by p on P. ). Then we get a new
filtration B(fil,). The p-isogeny is insensitive to the level N—structure, and X,
has an induced polarization, still written as A\. Then we have

(8:3)  fI(ts(p) X tm(P))(X, X, 8,7, fil, fil)
= Z ﬁﬁ(ﬁil)f(Xaa A, 4y ﬁ(p)a 6(.]%10)’ fllc)
B

Thus we have a GL(n) x GL(m)-Hecke operator ¢;(p) Xt (p) acting on the coherent
cohomology H(S;,w™). This is actually an over-simplified version. The exact
sequence:

0 — Hom(P/,G,,) — X[p'] = P, — 0

may not split over Sy; so, the isogeny « can be defined only over a finite flat ex-
tension S, of S, (which is radiciel over an étale extension of S;). In other
words, if we replace the term: f(Xa, ), i, 7, B(fil,), fil.) in (8.3) by the trace
TrS?mH /5, (f(Xg,\, 4,77, B(fily), fil.)), we can relate t; to a global Hecke opera-

tor U; (p) which is divisible by the degree of S, over the maximal étale cover of Sg
under S, The operator ¢; is not well defined on coherent cohomology, although
it is well defined on f-adic étale cohomology (because ¢—adic étale cohomology is
insensitive to radiciel base-change).

For the moment, we pretend that the over-simplified version (8.3) is valid (and
we later justify our argument). Thus for a while, our argument is just heuristic.
Here we are having resort to the theory in Subsection 7.1.7 applied to GL,,, X GL,,,
although the construction of the idempotent e = e¢ is global (so some modification
necessary). So, under the notation used in Subsection 7.1.7, we would like to relate
eq with €GL, X EGL,-

Since G1(Qp) = GLyyn(Qp), we can embed GL(n) x GL(m) into G1(Q,) by
(x,y) — diag[z,y]. This implies the p-isogeny whose kernel sits in X [p>]¢’ (resp.
X[p™]") corresponds to x (resp. y). Write P = P,,, for the upper triangular
parabolic subgroup of G; whose Levi subgroup is given by the image of GL, X GL,,.
Let U, be the unipotent radical of Py, .

Write a; = «j(p) € G(Qp) whose projection to C, = C ®p F}, is given by
diag[lyqn—j,p-1;] and v(a;) = p. We then have Hecke operators
Uj(p) = U(a;(p)) = Usa;Us,
where Up is the upper unipotent subgroup of G1(Z,). Since we identify G1(Qp)
with GLy,4n(Qp) by projecting down C' ®q Q, to the first component Cy, as a
double coset, we see (symbolically)
U (p) = l—lueUm,n/a;lUm,naj Us(tj—n(p) X tm(P))u ifj>n,
’ Uuctn o ja 20, Uslto(p) X ;@) i <n,



p-ADIC AUTOMORPHIC FORMS 73

where we mean, for example, by (t;_n(p) X tm(P)), the double coset:
U(diag[Lan_j,p- 15 ] % p- 1)

in GL,(F,) x G Ly, (F5) for the upper triangular unipotent subgroup U. This shows
that the Hecke operator Uj(p) induces

[Un,n a;lUm,nO‘j](tjfn(p) X tm(p)) or [Umn: O‘;lUm,naj](tO(p) X tm(P))

according as j > n or not. By computation, we get the following heuristic multi-
plicity formula:

n(m+n—j)

_ P if j > n,
(84) U 5(0) U0y (0)] = ) = 3 22 '
ply if j <n.
This formula suggests us that U;(p) is divisible by ptm n(c;), which we will justify
later.

Since the universal deformation space of (X, \, i, ), fily, fily) /F, is isomorphic
to
S = Hom(T;, DY oy, , TeD, Gm),
as already seen, we can think of the effect of the isogeny 3 : X /8~ )/f; g of type a;
on the universal deformation space X /8 which sends

Hom(T, DY x TyD¥, Gm) 3 g, y) — g(a(w), a(y))/p.

We need to divide by p as above by the following reason: Since q € S measures
the depth of non-splitting of the exact sequence Hom(P}, G,,) — X[p] - P, and
the sequence for ¢ = 1 is split if ¢ is a p—power. Thus the isogeny « exists over
G1/P. Here we have written the group structure on @m additively; so, “division
by p” would become “taking p—th root” if we had formulated the group structure
multiplicatively. The isogeny is defined over a smaller covering S [(q o a)/?] =
Spf(Os(qo a)'/?]) by definition; so, 5*/S is given by S[(go a)!/?]. At this point,
we are taking p—th roots, and hence pure inseparability (we pretended not to have)
comes in. Then the action of the isogeny o of type «; on S only depends on its
effect on T, DY and TyDY not on the individual choice o. This means that the
covering S over § carrying the isogeny « only depends on the image of « in the
Levi-quotient of P. Indeed, taking a base (x;); of T,D$ and (yx)r of TyDS so
that the matrix of the isogeny is exactly «;, the effect on T' = (Tx ;) = (e(zx, y1))
is given by

(8.5) (g i) = ailo) (g 1) ()

and S¢ has degree of pure inseparability given by the value in (8.4). Hereafter we
write S;7 for S¢.

Here is the justification of our argument. Write the multiplicative variable on S
as an m x n variable matrix ¢ = (t,). The conjugation: (' 1Tn ) —a; (¢ 1Tn ) ;1
induces Ty ; +— p~ T}, for some indices (k,1). We split the set of indices (k,[) into
a disjoint union I LI J of two subset so that the conjugation by a; induces T}y ; —
p~ Ty, if and only if (k,1) € I. The covering 5% is given by Spf(Og [ti{f](k,l)el)-

—

Thus a formal function on S has expansion D¢ agte € Wltgy, tq] for & € 71V,
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Writing £(I) for the I-part of the index &, a formal function f on §?j has expansion
f=3 agtéD/PHEW) “and we have

Trge; ;5(f) = ttmm () > agts(D/P+E),
&£(I)=0 mod p

because fim, () is the degree of the (purely) wildly ramified covering Sei —» §
and Tr(t;c{ 7y = ,um,n(aj)t;{ 7 or 0 according as p|i or not. Thus by replacing the
term: f(Xa, A, i, 7%, a(fil,), afil.)) in (8.3) by the trace

Trge /s (f(Xa, Ai, T, a(fily), a(fil.))),
we get the p-divisibility of the operator U;(p) as the (heuristic) multiplicity formula
(8.4) suggests. This justifies the heuristic argument we gave (the heuristic argument
is actually valid for ¢—adic étale cohomology with £ # p as already explained).

Let Sy = 5 @w Wy. On the universal deformation )?g, the sheaf E(Lie(f))/gZ
is given by e(Lie(X[p]°)). By duality, wg, = Og, ®z, X[pY]¢, which again only
depends on Xo[p‘]®; so, the Hecke operator U;(p) is still divisible by g () =
U, : a;lUpaj] on g% for all K > 0. Thus the action of the correspondence of
characteristic 0 on H%(Ss,w") is exactly a multiple by the number in (8.4) of the
operator induced by the mod p correspondence, which is an integral operator. From
this our claim is clear.

In any case, we can divide the action of Uj;(p) by the number in (8.4) keeping
the integrality of the operator on w".

Lemma 8.4. Let the notation be as above. We have a well defined integral operator
0, : a;lUpozj]*lUj(p) on HY (T, w™ ® Qg/w).

We then define

(8.6) ec = lim (U(p))",
where
m—+n
Up) = JT U : ()7 Upalp)s) Vs (p).

Asfor Tj(p), if & > pm,n (that is, K— iy, , is in the Weyl chamber), T;(p) = U, (p)
mod p on H°(Mj, w®)@ws, ) for My = Shic/w @w We. The operator Tj(p) is well
defined on w” over M as a linear operator, using moduli theoretic interpretation.

Let U be the upper unipotent subgroup of Gal(Ty,c0,00/S¢). Following Lecture 7,

we can define the space of p-adic automorphic forms VY on S, (which is the formal
completion of S along Sy). Thus

¥ =t (i)
for Vo s = H(Tu 4 s, OTZ,t,s)ﬁ' We also define
V =lim, (h_H} t,sVe[,]t,s)

The boundedness condition (F) in Section 7 is verified in [H95] in Case A because
G1(Qp) 2 GLyy1n (Qp). The hypotheses (Hypl-2) are clear because S = Shy[4] is
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an affine scheme in the cocompact case. The value f|U;(p)(X, A, 1, 7P, fil,w) is the

sum (more precisely, the trace) of f(X/C, N, 7, W(p), fil’,w") for étale subgroups C
of X[p]. Since the Hasse invariant is insensitive to étale isogeny (by its definition),
the commutativity condition (C) in Section 7 holds. Then we have

Theorem 8.5. Let W be a p-adic completion of the integer ring of the Galois
closure of F/Q. Suppose that M,y = Shgw is proper over W. Let B be the
upper triangular Borel subgroup of G Ly, (Opp) X GLy(OF,p) and U is the unipotent
radical of B. Let T = g/ﬁ, and regard it as a diagonal torus of G1(Qp). We say

Kk € X(T) positive if k is positive with respect to the opposite Borel subgroup of B.
We write X1 (T) for the set of positive weights k.

1. There exists a canonical inclusion for A =7Z, and Qp,/Z,

G @ HO(M/W,QK®ZP A) =V @z, A
KEX(T)
2. Im(ﬁ)[%] NV is dense in V;
3. Write U(p) = [11<j<min wi(p) for the standard Hecke operators at p of level
p=°, that is,
Uj(p)
Uy : O‘;lUpaj]
for the unipotent radical U, of the upper triangular mazimal parabolic subgroup
0f GLyn (OF,p) with Levi-subgroup isomorphic to GL(m)xGL(n), and define
the ordinary projector e = lim,, .o, U(p)™ on V. Then

u;(p) =

eH°(S,w" @z, Q,/Zy) is a p-divisible module with finite corank.

4. If K> pnn is sufficiently reqular, eH°(S, w* ®z, Qp/Zy) (resp. eH°(So,w"))
is isomorphic to HY ,(M,w" ®z, Qp/Zy) (resp. HY ,(M,w"™));

5. Let V., be the Pontryagin dual W[[T(Z,)]]-module of eV (which is isomor-
phic to the W—dual of €V’ ). Then V., is W[[['r]]-free of finite rank, where
I'r is the mazimal p—profinite subgroup of T(Zy);

6. If € X(T),

V::rd ®W[[T(Zp)]],n W= HomW(eHO(Soo, g'{), W)

Although we restricted ourselves to cocompact unitary cases here, a similar result
can be obtained in more general settings of cusp forms on a non-compact Shimura
varieties of unitary groups and symplectic groups (see [H02]). In [H02], we have
given the heuristic argument for the divisibility of U(p), but it can be justified
using the trace (in place of the sum of the values) from (wildly ramified) finite
flat covering (carrying specified p—isogeny of the universal abelian scheme) over the
Shimura variety as we did; so, the final result in [H02| is intact.

9. HILBERT MODULAR FORMS

We shall give concrete examples in the non-co-compact case. These are Hilbert
modular varieties. We give a sketch of the proof of the vertical control theorems.
More details can be found in Chapter 4 of [PAF].
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9.1. Hilbert Modular Varieties. We first recall the toroidal compactification of
the Hilbert-Blumenthal moduli space. Main references are [C], [K2] and [Ra] (and
HT], [DT)).

Let A =lim, A/p"A be a p-adic ring. Let I be a totally real field with integer
ring O and N be an integer > 3 prime to p. So our groups are given by G =
Reso,./zGL(2) and Gy = Resp,. ;zSL(2). We write T for the diagonal torus of G
defined over Z; thus, we have T(A) = (O ®z A)*. We consider a triple

(X,\,¢: (07" @z ) ® (O ®2 Z/NZ) = X[N])

over a scheme S made of an abelian variety with real multiplication by O (an
AVRM). This means that X g is an abelian scheme with Op — End(Xg) such that
Lie(X) is free of rank 1 over Og ®z Op. Here 0 is the absolute different of F', and
A is a c;—polarization for a fractional F—ideal c¢. This means that A : X=X Qo €.
The word cy—polarization means that the set of symmetric morphisms induced
(fiber by fiber) by ample invertible sheaves: P, (X) C Hom(X, X ) is isomorphic to
¢+ by A. This notion only depends on the strict ideal class of ¢. Thus hereafter we
assume that ¢ C Op.
Tensoring X over Op with the following exact sequence:

0—>¢—Op—Op/c—0,
we get another exact sequence:
0— Tor1(Op/c,X) > X ®@c— X — 0.
Thus the above condition on polarization can be stated as
X/X[2Xx
for X[¢] = {2 € (X ® ¢)|cx = 0}. We also note that
X=X/Xa] <= X' =X®a = X=X'®a ",

which will be useful.
To describe the toroidal compactification, let

C={¢€Fx|(? >0forallo: F— R}

be the cone of totally positive numbers in Fi,, = F' ®g R. Choose a cone decompo-
sition C'=| | o such that

1. o is a non-degenerate open rational polyhedral cone without containing any
entire line. Here the word “rational” implies that the cone is generated by a
finitely many elements in Fy = F'N C over Ry;

2. the set of cones {o} is permuted under multiplication of T'(Z)(N)?, where

T(Z)(N) ={e € Ofple=1 mod N}.

There are only finitely many cones modulo T(Z)(N), and (@) N7 # {0}
implies that € = 1 (see [LFE] Theorem 2.7.1 for an exposition of such decom-
position);

3. o is smooth (that is, generated by a part of a base of Op);

4. {o} is sufficiently fine so that the toroidal compactification is projective (see
[C] and [DAV] IV.2.4 for an exact condition for projectivity).
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Let 0V be the dual cone:
0" ={z € Fx|Trp/g(zo) > 0}.

Then C =(, 0.

Here is an oversimplified description of how to make the toroidal compactifi-
cation over W,z , where W is the discrete valuation ring we took as the base
ring. Each Hilbert modular form f (defined over a ring W) has a g—expansion
(@) = 2 ecanc A& f)g® for an ideal a. Thus we convince ourselves that the for-
mal stalk of the minimal compactification at the cusp oo is the ring Roo(a) =
W1[¢®])Janc = W{[an C]], which is the completion of the monoid ring of the semi-
group a N C. Thus Reo(a) = (), Re(a) where R,(a) = W[[¢%]]anov = Wllana]].
For each o as above, by enlarging a if necessary, we may assume that a N o is gen-
erated over Z by t1,...,t, (0 <r <[F:Q] = g). Then we have a base i,...,§,
of o so that Tr(t;§;) = d;; for 1 < i < j < r and Tr(0& ;) = 0 (j > 0). Then
each £ € anNoY can be uniquely written as £ = ), m;§ with m; € Z and m; >0
if j <r. Thus writing 7; = ¢, we find

1 1

Ry(a) = W([Ty,.. .,Tg]][m, T

]

Thus Spf(Rs(a)) = A" x @,9{’” which is a compactification of Spf(R;(a)) for
each face 7 of 0. Thus we can glue {Spf(R,(a))}, on the ring in the common
intersection of the ¢¥’s, and getting a formal scheme X on which T'(Z)(N) acts by
translation. Then make a quotient X' /T(Z)(N). The algebraization of the quotient
is the toroidal compactification at the infinity cusp.

We consider the moduli space M. n/w of test objects (X, A, ¢) /4 for W-algebras
A, where W is a discrete valuation ring containing all conjugates of Op. We assume
that W is unramified over Z, and that Nc¢ is prime to p. From the above data,
we get a unique toroidal compactification M = M. ny of M. n, which carries a
(universal) semi-AVRM G = G, ny with a level structure d® uy < G[N]. The semi-
AVRM coincides with the universal abelian scheme A = A y over M n. Let M
be the formal completion of M along M; = M ®@w Wi. Write Soo C My, for the
ordinary locus, that is, S is the maximal formal subscheme of M., on which the
connected component G[p]° of G[p] is isomorphic to ,ug locally under étale topology,
and thus S is the formal completion of S = M [%] along 51 = S ®w Wi, where
F is a lift of Hasse invariant. Then we put S,, =S xw W,,. Let

Trnnyw,, = Isomo, (07" ® ppn, GIp")°) = Isomo,. (G[p"]°, Or /p"OF).

Then T, /Sm is an étale covering with Galois group T(Z/p"Z) = (O /p™)* for
T = Reso, /zGm. By a result of K. Ribet [Ri] (see also [PAF] Theorem 4.21 and
[DT] Section 12), T, ,, is irreducible.

—

The sheaf w5 = Os, ®z,lim, G[p"]° is isomorphic to the dual of f. Lie(G/n)
for f: G — M. In other words, w,, = Hom(f.Lie(G/n),Onm) is the alge-
braization of the formal sheaf w_ on S, (which is unique). Identifying X (7T') =
Homyig—gp (T, Gy yw) with Z[I] for the set I of embeddings of O into W, we write
w® for the sheaf associated to k € X(T),. We then define

M* = Proj(@P H° (M, ™)),
j=>0
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where t =) ;0. Then S* C M* is defined by
S* = Spec(@@ HO (M, w’")/(E - 1))

j=>0
for the lift of the Hasse invariant E. Write 7 : M — M*.
The only thing we need to verify is (Hypl):

HO(Sa Ek) Qw Wi = HO(Smaﬂk Qw Wm)

for the sheaf w, C w of cusp forms of weight k. Since H°(S,w;) = H°(S*, m.(w;,))
and S* is affine, we need to verify

Tu(Wi /) Ow Wi = mu(wi /g @w Win).
We shall do this stalk by stalk. Outside the cusps, the two sheaves are the same;
so, nothing to prove.

Now we have for each cusp z associated to the ideals ab~! = ¢ and a p-adic
W-algebra A = lim ,, A/p™A:

91) mlwhy), = HAT@)N)?, All5:(ab).])

1
=1 D al®)de All5(ab)4]]|a(e%¢) = e¥a(¢) Ve € T(Z)(N) ¢,
£e 4 (ab)

where (ab)y = {& € ab]¢ > 0} U{0} = C nab, and T(Z)(N) = {u € Oflu=1
mod N} acts on A[[+(ab)]] by € te(ab), a(é)q* = D ec(ab),y e *a(e2¢)g*. When
N > 3, for each €2 € T(Z)(N)?, there is a unique € € T(Z)(N); so, there is no
ambiguity of (¢)~* in the above formula. We define w, by requiring its stalk
at every cusp is given by those g—expansions vanishing at the cusp. The group
cohomology H?(T(Z)(N)?, X) commutes with @uw W,, if X is A[T(Z)(N)?]-free.
Then from the above fact, we get
(9.2) To(Wiyw),, Ow Wi = mlwpw,,) -
We put

Vil = H(Tonn, O1,,,,(=D)), Veusp = lim m V537

1 cusp cusp 0
Vewsp = im m Vies?, - Ry“? = @H HO(M, w,)
k>0

cus cus 1
DE P = 6(RE p)[;] m‘/Cusp-

Here k > ( means that k, > (, for all 0 € I, and D = 77 (32, ) is the
cuspidal divisor on the toroidal compactification.

In this GL(2)-case, it is known that we have two Hecke operators U(p) acting
on cusp forms of level divisible by p and T'(p) acting on cusp forms of level prime
to p, normalized as in Lemma 8.4 to keep integrality of w;. The operator U(p)
has its effect on g—expansion a(¢, f|U(p)) = a(&p, f) and decreases the level to the
minimum as long as it is p" for n > 0, and if k > 2¢, then T'(p) = U(p) mod p.
Let e (resp. e°) be the idempotent attached to U(p) (resp. T(p)). We attach a
subscript or superscript “ord” to the object after applying the idempotent e or e°
(depending on the setting). From this, we conclude
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Theorem 9.1. Let F' be a totally real field of degree d and N be an integer N > 3.
Suppose that p is prime to NNg/g(0c). Then we have the following facts:

1. DZ“SP is dense in Veysp;
2. The Pontryagin dual V"% (which is isomorphic to Homy (VoI W)) of

cusp C'U.Sp’
ng;glp is a projective W[[T(Z,)]]-module of finite type;

3. ng:g:’n* OWIT(Z,)]),k W = Homyy ( ord(SOO’wk> W) if k > 3t;

4. If k>3t (t=>__0), e induces an isomorphism

ngd(SOOawk) = Hord(M wk)
where H® ,(Ss0,?) = eH%(Swo,?) and HC, ,(M,?) = e°H°(M,?).

ord

We shall give a very brief sketch of the proof (see [PAF] Theorem 4.8 for more
details).

Proof. The assertions (1) and (2) follows from the general argument, using the
theory of false modular forms (Section 7). Then the assertions (3) and (4) follow
for sufficiently large k. It is known that dim H?, ,(M,w, ) depends only on k7,
if & > 3t (see [H88] Theorems 2.1 and 8.1 and [PAF| Theorem 4.37). From this,
the assertion (3) and (4) for small &k follows. O

9.1.1. Moduli problem of Fl( )—type. Let fl( N) be an open compact subgroup in
GLy(OF) (Op = Op 7 Z) consisting of elements congruent to upper triangular
matrices of the form (3 %) modulo N. Let T'(IV) be the subgroup of 'y (N) consisting
of matrices congruent to 1 module N

In place of the full level N—structure, we could have started with the moduli
problem classifying test objects (X, ¢: 07! ®z puy — X[N]),a. As long as the
moduli problem is representable (that is, N is sufficiently deep), we get the same
assertions as in Theorem 9.1 replacing M. y by the moduli Mc,fl( N) for weight
k with k, = k; mod 2 for all 0,7 : ' < Q. This parity condition is necessary
to define ¢ + e*/2 for totally positive units ¢ € T(Z) (since ¢! = 1 for such
units). In this subsection, we only consider the moduli problem of fl(N )—type,
and accordingly, we define V, V, Voi4* and Ved, for ['1(N). For simplicity, we
hereafter assume that k is even (so we write 2k instead of k), since the general case
is exposed already in [H96] Chapter 2. Since these spaces actually depend on the
choice of the ideal ¢, we add subscript ¢ if we want to make explicit the dependence
on c.

We consider a test object (X, ¢)/a of level ['1(N). For any ideal a prime
to Np, we make a quotient X' = X/X[a] = X ®z a; thus, X = X' ® a. Then
X'[N] 2 X[N] canonically; so, ¢ induces a level I'y (N)-structure ¢’. Let P(X) =
{} € Hom(X, X)|A = A} and P (X) C P(X) is the subset made of polarizations.
Then we have an isomorphism: A : P = ¢ of Op—modules taking P, onto the subset
¢+ of totally positive elements of ¢. Dualizing the exact sequence:

0— X[a] - X - X' —0,
we get another exact sequence:
0— X'[a] > X' — X —0,

because )/f’[a] is the Cartier dual of X[a]. This shows X >2X®a~X®c
X' @ ca?, X induces N : P(X'); = (ca?)y. Thus (X, )\, ¢) — (X', N, ¢') induces
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[a] : Vegz 22 Vi. We identify V; and V42 by [a]. Thus V; only depends on the strict
ideal class of ¢ (and also modulo square ideal classes).
We then define
(9:3)  VaLTWUV) = PV, and VIG Ti(N) = P Vi
c c

where ¢ runs over strict equivalence classes of ideals modulo square classes; thus, it
runs over the group Clf/(Cl})?, where Cl}. is the strict ideal class group.

Note that

PGLy(Fy) = L] PGLy(F) (&9)T1(N)PGL (Fs),
acCl} /(Cl}h)2?

where a runs over a complete representative set for Cl}/(Clf)? in F); Fo =
F®gR; PGL3 (Fx) is the identity connected component of PG Ly(Fl,), and 'y (V)
is the image of fl(N) in PGLQ(FISO)). Thus we may regard V%" (fl(N)) as the
W-dual of the space of p-adic cusp forms of level Ty (N) on PGLy(F}). For a given
modular form f = (f.) the above spaces, say in Veysp,c, it has g-expansion at the

cusp o0 = (a = Op,b=c¢"1):

fe= Z a(f;fc)qg,

-1
§€c

If f € Veusp,c[2k], as we have already seen for level N-modular forms, a(2¢; f) =
e?ka(¢; f) for e € T(Z) € SLa(OF). Since we only have level I'y (N)-structure, f
satisfies invariance under the matrix (§9) for totally positive units ¢ in addition to

the invariance under (8 591 ) for arbitrary units €. Thus we actually have

a(e€; f) = e*a(&; f) for all totally positive units e.

Choose a finite idele ¢ so that cOr = ¢ and ¢, = 1. For finite integral ideles y and
f € Veusp,c, we may define a continuous function y — a,(y; f) € K/W for the field
of fractions K of W as follows: Choose ideal representatives (prime to Np) ¢ and
a so that yOp = &ca? for € € (ca®)]', and write y = ufca® for ideles u, ¢, a with
ap=c, =1,cO0pr =¢, aOf = a and a, = ¢, = 1. Then we define

ay(y; f) = upa(&; fel[a]).

We can verify that a,(uy; f) = ap(y; f) for u € 5; with up, = 1 and if f €
Veusp,c|2k], then a,(uy; f) = u’;ap(y; f) for u € 5; Thus a,, is well defined inde-
pendently of the choice of ¢, and for an integral ideal n prime to p, choosing a finite
idele n so that nOp = n and n, = 1, a,(ny; f) is well defined independent of the
choice of n. We write a,(yn; f) = ay(ny; f).

We extend the function a, outside integral ideles by defining it to be 0 and
extend it to general f € Veysp,c using the fact that Veysp,c = sz Veusp,c[2k]. By
the g—expansion principle due to Ribet (which we will prove in a more general
setting in the last lecture: Section 10), the p—adic modular form is determined by
the function a, on integral ideles. An important fact (see [H96] 2.4) is the following
formula for integral ideals n prime to p and the Hecke operator T'(n):

(9.4) a(y; fIT(m) = Y N ay,(yn/1%; f).

Dn+yOF
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For w € OFpNF,*, we write T'(w) for the normalized Hecke operator corresponding
to the double coset U(Z,) (§ §)U(Z,). Then we have

0w
(9-5) ap(y; f1T(w)) = ap(yw; f)-

Lemma 9.2. Let h be the subalgebra of End(ng;gp(fl(N))) generated topologically
by T(w) for w € Opyp N EF) and T(n) for integral ideals n prime to p. Then

h = Ve (T4 (N)) as W[[T(Z,)]]-modules.

cusp

Proof. We shall give a sketch of a proof. We consider the following pairing: (, ) :
Verd (B4(N) x b — K/W given by (f,h) = ay(1, f|h). Then (T(w)T(n), ) =
a,(wn; f) by (9.4) and (9.5), and hence, by the g-expansion principle, if (f, h) = 0,
then f = 0. By the perfectness of the Pontryagin duality, we thus have a surjective
h-linear morphism: h — V°'%*(T';(N)) of Hecke modules. Since h acts faithfully

cusp

on Vord:x (fl(N )), we conclude the injectivity. O

cusp

Since a similar duality holds between the weight 2k Hecke algebra hay, (fl (N); W)
acting on @ H? (Mf‘l(N) o war) and Ve (T'1(N))[2k], Theorem 9.1 implies the

ord cusp
control result for the Hecke algebra:
(9.6) h ©wirz, )2k W = hop(T1(N); W) for all 2k > 3t.

We can extend this result to GL(2) (from PGL(2)). Let Z = ClL(p™) be the
ray class group modulo p™ oo, that is, @TC’l} (p"). We decompose Z =Tz x Ay
so that I'z is p—profinite and Az has order prime to p.

Since the universal nearly p-ordinary Hecke algebra for p > 2 on Resp/qGL(2)
is the Pontryagin dual of C(Z, V"% ), the Hecke algebra is isomorphic to

cusp
Vo (1 (N)@w W [2]]
as W[[Z x T(Z,)]]-modules (see [MFG] Theorem 5.6.1 for a proof when p > 2 and

N =1 and [PAF] 4.2.12 for more general results). Thus we have the following facts
when N is sufficiently deep so that the I'; (N)-moduli problem is representable:

Corollary 9.3. Let p{2NNp/g(0) be a prime. Suppose either p > 5 or that N is
sufficiently deep so that the fl(N)fmoduli problem is representable. Then we have

1. The universal p—nearly ordinary Hecke algebra of auziliary level fl(N) s
WLz x T'r]]-free of finite rank;

2. The specialization of the universal Hecke algebra at each arithmetic point

P € Spec(WI[[Z x T(Zy))])(Q,) inducing weight k > 2t in X (T) produces

the nearly ordinary Hecke algebra of level fl(N) and weight P without any
error terms. When k > 2t, the specialization produces the Hecke algebra of
weight k with level T1(N) N To(p).

See [PAF] 4.2.12 for the proof when p > 5.

9.2. Elliptic A—adic Forms Again. We describe how to view A—adic forms as a
p—adic modular forms defined over A. Once this is done, we can evaluate A—adic
forms at elliptic curves, which gives us a convenient method of constructing and
analyzing p—adic L-functions. Then, we shall give a short account of the A-adic
Eisenstein series and examples of A—adic L—functions.
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All arguments presented here can be generalized to Hilbert modular case, Siegel-
Hilbert modular case and quasi-split unitary cases, which will be treated in a forth-
coming work.

9.2.1. Generality of A—adic forms. For simplicity, we assume that p > 2 and only
consider the A-adic forms of level p™. Let A = Z,[[T]]. In the third lecture, we
introduced the space G(x; A) of p-ordinary A—adic forms, which is a free A—module
of finite rank with

GO A) @k Zp = G To(p), xw ¥ Zy)
for all k > 2. Here k : A — Z, is the evaluation at u® — 1 of the power series. If we
identify A with the Iwasawa algebra Z,[[1 + pZy|] (via1+T < u € 1 +pZ,), k is

induced by the character 1+ pZ, > z +— 2% € /o
We write G(A) for the A-module made of formal g—expansions

= a(n;®)(T)q" € Allq]
n>0
such that ®(u*—1) € V[k] for infinitely many k. Thus we have @X G(x;A) C G(A),
where x runs over (actually even) powers of Teichmiiller characters.

We now consider the space of p-adic modular forms V), over A of level p>°. In
other words, we shall make base-change T, n/z, t0 Trnn/a = Tinnjz, Xz, A and
consider p-adic modular forms over A. The functions in V,y = V@ZPA classify
couples: (E, ¢ : ppee — E[p*]) g defined over p-adic A-algebras R, and f € V), is
a functorial rule assigning the value f(E, ¢) € R for each couple (E, ¢),r as above.

This space has two A-—module structures: One coming from the base ring A and
another coming from the action of Gal(T},,«/Sm) = Z,; by diamond operators (2).
Let v : 1+ pZ, — A* be the universal character given by v(z) = [z] € 1 + pZ,,.
Then we can define

(9.7) G(A) ={f e V)a|fl{z) =v(2)f Vz € L+ Ly} .

Each ® € G(A) has a g-expansion at co: ®(T,q) = > ~,a(n; ®)(T)q". By defini-
tion, we have a natural map: -

Via®as Zp — Vg,

for each s : A — Z,, taking ®(T') to ®(u® — 1) for s € Z,. Here the tensor product
is taken using A-module structure induced by the diamond operators. The map is
injective by the g—expansion principle. Since on G(A), the two A—module structures
coincide, this map brings ® € G(A) to a p—adic modular from of weight s. Therefore,
® is a A-adic form.

Conversely, starting from a A—adic form ®, we regard ® as a bounded measure on
1 +pZ, having values in V)7 . Here we use the fact that Z,[[1+pZ,]] is canonically
isomorphic to the measure space on 1+ pZ, by a(T) — [ 2*da = a(u®—1). Thus ®
is a bounded Z,-linear map of C(1 + pZ,, Z;) into V,z, . Then for each test object
(E,$)/r for a p-adic A-algebra R, regarding R as a p-adic Z,algebra, we can
evaluate [¢d® € Vyy at (E,¢p) g, getting a bounded Z,-linear form from the
space C(1 + pZ,, Zy) into R, which we write ®(E, ¢)(T) € R®z,A = R[[T]]. Since
R is already a A-algebra, the A-module structure AQR — R given by A @ r = Ar
induces a surjective algebra homomorphism m : R@ZPA — R. We then define
O(E,p) by m(®(E,$)(T)). Then the assignment: (E,¢) — O(E, $) satisfies the
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axiom of the p—adic modular forms defined over A. It is easy to check that this
p-adic modular from is in G(A) having the same g—expansion at co as ®. Thus we
have found:

Theorem 9.4. The subspace G(A) C V), is isomorphic to the space G(A) of all
A-adic forms via g—expansion at the cusp oco. In particular, we have

PG A) = e(G(A))

for the p—ordinary projector e : V5 — V/‘Xd.

Let (E,w),w be an elliptic curve with complex multiplication by an imaginary
quadratic field F = Q[v/—D]. We suppose that w is defined over W = W NQ fixing
an embedding i, : Q — @p. Suppose that p splits in F' and write p = pp. Under
this assumption, E has ordinary good reduction modulo p; so, E is p-ordinary. We
may assume that W = W (F,) and E[p™] is the étale part of E[p>] over W. Thus
we have ¢ : ppo = E[p™]. In this way, we can evaluate a given A-adic form ® at

(B, ¢)-

Corollary 9.5. If ®(E, ¢) = 0 for infinitely many distinct E with complex multi-
plication, then ® = 0. There exists a finitely many elliptic curves (E;, ¢;)w such
that any given linear form G(x; A) — A is a A-linear combination of evaluation at

(Es, ¢i).

If ® € G(x;A) and further if f = ®(u* — 1) € Grp(To(p), xw™*; W), then
f(E,w) € W. The morphism p,~ — E induces a canonical differential weqn =
(b*%. Then w = Qpwean, and we have a result of Katz [K2] Chapter II:

f(ancan) (I)(Ea ¢)(uk - 1) =
(EQ1) JBw) =g = O eWwcaQ.
p p
We may assume that E(C) = C/Op. Let w be the variable of C. Then dw induces

a canonical differential wo, on E(C). Then w = Qyws, and we get a result of
Shimura [Sh4]:

(BQ2) f(Ew) =1 (%k“’“) _ I ;2‘:““” ewcqQ
00 P

The lattice Op = H1(E,Z) C C is generated over Op by a single element v = 1
and
Do = / w,
v

9.2.2. Some p-adic L-functions. For simplicity, we assume that p > 2 and only
consider the A—adic Eisenstein series of level p*. Let us fix an even power y =
w?® of the Teichmiiller character. For simplicity, we choose a Z 0 mod p — 1;
so, x is non-trivial. Then we consider the Kubota-Leopoldt p-adic L—function
—1L,(1—s,x) =ao(u® —1) (u=1+p) with ag € Z[[T]] (cf. [LFE] 3.4-5). Then
we have

because f,y dw = 1.

Ly(1—k,x) = (1= xw " (p)p* LA — k, xw™¥)
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for positive integers k. Then we define an element &, € G(x; A) by
an, &) = Y x(d)d (14 T)ED/ P80 and a(0,€y) = ao(T).
0<d|n,ptd
We want to relate &, (u* — 1) to the following classical Eisenstein series:

1 1
BB~ Y —

(maZ(0.0) (mw1 + nwy)

where (E,w),c corresponds to the lattice L = Zw; + Zwy by Weierstrass theory
(that is, E(C) = C/L and w = dw for the variable w € C). As is well known (e.g.
[LFE] 5.1), for even k > 2

Be=clk) [ 50 -0+ (3 d g

n>0 0<d|n
for ¢(k) = % Thus shows that if w* = ¥, then
Ex(uk —1) =c(k)™! (Ek —pkflEk(pz)) .

If we take the elliptic curve (E,w) defined by y? = 1 — 2* with w = ”;—x, then it has
complex multiplication by Q[v/—1] and for k > 2 with w* = y, we have

1 L(k, k)

§Ek(an> = Tar
where \; is a Hecke character of conductor 1 such that A\x(a) = aF. Since in

SLy(Z) (29) SLy(Z), we can find o such that (w1, w2)o is a base of p; so, we
rediscover Katz’s p—adic interpolation of Hurwitz numbers:

E(B,w)(u* —1) _1 (L(k ) = PP N ()P~ Lk, Ar))

0k 0k
_L(k, A
= 26(k) (1 - p nef) A2,

This is a A—adic version of Katz’s way of constructing the p—adic Hecke L—function:
L,(s) =& (E,w)(u® — 1) ([K2] and [HT]).

A p-adic Rankin product can be constructed similarly. Let & be a normalized
Hecke eigenform in G(x;A). Writing L for the field of fractions of A. As seen in
Section 4, the Hecke algebra acts semi-simply on G(x;A); so, we can decompose
uniquely G(x;A) ®4 L = L® @ X as Hecke modules. Let ¢ : G(x;A) — L be
the linear form defined by ¥ = ¢(¥)® + z for + € X. We consider two copies
of A, say Z,[[S]] and Z,[[T]]. Take two Hecke eigenforms ® € G(x;Z,[[T]]) and
U € G(¢; Zy[[S]]). Extend linearly £ to G(x; Zy[[T]))&z,Zy[[S] — L&z,Z,[[S]].
Then we define

L,(S,T) = £e(U(S)Eyy 1 (L+T)(L+8)~" — 1)),
where e : Vyz (] — V/()ZZSIHT]] is the p—ordinary projector. Then we see
U(S)Exp-1 (L +T) L+ 8) ™ H)|szum 17w -1 = V(W™ = 1)Eyy-1 (u*™ — 1).

Thus ¥(u™ —1)&, -1 (u™(1+T) —1) € G(x; Zp[[T]]) and hence Ly (u™ —1,u* —1)
is the coefficient of W(u™ — 1)Ej_,, in ®(u* — 1) for a suitable Eisenstein series

= 2c¢(k)




p-ADIC AUTOMORPHIC FORMS 85

Ej—m of weight kK — m. As is shown by Shimura, this coefficients can be computed
by the Rankin product value
Dk —1,®(uf — 1), T(u™ — 1))
((ur — 1), @(uk — 1))
for the Petersson inner product (, ) up to an explicit constant; so, L, gives p-

adic interpolation of the Rankin product. For an explicit evaluation formula for
L,(S,T), see [LFE] Chapter 7 and 10 and [H96] Chapter 6.

(k >m)

What I would like to emphasize is that the we have used almost everywhere are:

1. Vertical Control Theorem:;
2. The g—expansion principle (irreducibility of the Igusa tower).

10. Icusa TOWERS

We sketch a proof of irreducibility of the generalized Igusa tower by using the
determination of the automorphism group of the arithmetic automorphic function
field by Shimura and his students. The method is classical and goes back to works
of Deuring [Du] and Igusa [I]. By this result, the g—expansion principle holds for
p—adic modular forms on symplectic groups, and for unitary groups, one need to
modify it in an appropriate way. We can construct, as Panchishkin did for Siegel
modular forms, the p—adic Eisenstein measure for quasi-split unitary groups. The
difference of our result from Panchishkin’s treatment is that our measure has values
in the space of p—adic automorphic forms (not just in the formal g-expansion ring in
Panchishkin’s work), since we dispose the ¢g—expansion principle. A detailed proof
of the result presented here and a further generalization are in [PAF] Section 8.4.

10.1. Automorphism Groups of Shimura Varieties. Let the notation be as
in Section 6. For a number field X, we write Ix for the set of all field embeddings of
X into the algebraic closure Q of Q in C. Let W be the ring of Witt vectors W (IF)
for an algebraic closure F of FF),, and we identify W with a subring of the p-adic
completion of an algebraic closure @p of Q,. We fix an embedding 3, : Q — @p
and write W for the pull back image W under i,. We write myy (resp. m) for
the maximal ideal of W (resp. W). Recall the setting in Section 6 that Fj is a
totally real finite extension of Q, that F' = Fj in Case C and D and that in Case
A, F is a totally imaginary quadratic extension of a totally real field Fy. Let the
algebraic group G be as in Section 6 and also assume that we are in Case A or C.
Presumably Case D can be treated similarly, but the results of Shimura we need are
often formulated only for groups of type A and C. Towards the end of this lecture,
we assume for simplicity that Fy = Q and G in Case A is quasi-split over Q.

10.1.1. Automorphism Groups of Automorphic Function Fields. For the moment,
we do not assume that Fy = Q. The group G is indefinite at co, that is, G(R) is
not compact modulo its center Z(R). We use the formulation of Shg described
in Section 6 which represents the functor P classifying quadruples (X, i, A, 7) /g for
FE-—schemes S, where F is the reflex field. Thus F is the minimal field of definition of
the complex representation of B on V; in Section 6. Take a finite Galois extension
F'/Q containing F. When we are in Case A, writing formally the signature of G
ass =y m(o) Zrem;, 7o for embeddings o : F < F’ and for R}, = Gal(F'/F),
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E is the fixed field of Rp = {0 € Gal(F'/Q)|soc = s}. Then we can define m/(o)

for o € I by
Z m(o) Z (ro)~' = Z m/ (o) Z TO.

o€lr TER", o€lp TER R/

Then 6 = ., m'(0)o can be regarded as a character of Resg/qG,,/p with
values in Resp/gGy,/p (see [Sh3] Section 1). Then 0(E} ) = 0(Resg/gGm/r(A)) is
a closed subgroup of F = Resp Gy r(A).

Kottwitz formulated the Shimura variety over Op ®z Zy), but we only need
Deligne’s models over E to define the automorphic function field & We then
take a tower {Vk} (allowing K not necessarily maximal at p) of the geometrically
irreducible component of Shy so that Vx(C) =Tk\3 for T'x = KGR)+ N G(Q)
and Vi is covered by V), if K’ C K, where 3 is the symmetric hermitian domain
of G(R)4. Then the union K of the function field Q(Vi) of Vi is independent of
the choice of the tower (up to isomorphisms), since Vi is the canonical model in
Shimura’s sense ([ACM] and [AAF] Chapters T and II). Since the group G(A(>))
acts on the functor P by isogenies, we let G(A) act on P through the projection
G(A©)). Let Gy C G(A) be the stabilizer of the tower {Vi}x. Since Vi (C) =
'k \3, the closure of |J, 'k G(R)4 is contained in G.

We now suppose that G is an inner form of GSp(2n) /g in Case C and in Case A

G(Q) = {a € GLQH(F)’tEJna =v(a)J, for v(a) € Q}

with J,, as in (6.6) for an imaginary quadratic field F. Therefore F = Fy = Q,

0 =id : Q — F, B is either Q or a quaternion algebra over Q in Case C, and

in Case A, B = F and G in Case A is quasi-split over Q (any quasi-split unitary

group acting on a hermitian space of dimension 2n). In this case, we have an
explicit description of G4 by a work of Shimura ([ACM] 26.8, [AAF] 8.10, [Mik],
[Mit] and [MiS]):

(Shl) Gy = ¢ H((F*)'RY) in G(A) for ¢ = det /v™ : G(A) — F; in Case A;
G+ =GA)y ={z € G(A)|v(rs) > 0} in Case C; so, we have G, D SG(A)
(SG(A) = {z € G(A)|det(z) = v(z) = 1}) and v(G4) = AY = (A))* xR,

(Sh2) (Shimura’s reciprocity map) Let Z C G be the center. Then we have a
canonical exact sequence:

1= ZQG(R)s — G+ T Aut(®) — 1,

and 7 is continuous and open under the Krull topology on & (see [IAT] 6.3
for the topology and [PAF] Theorem 7.7 for a description of 7).

(Sh3) The maximal abelian extension Qgp of Q is the field of scalars of &, that is,
R D Qg and & and C are linearly disjoint over Qgp. In particular, 7(x) acts
on Qg through the image of v(z) under the projection: A* — A /RYQ* =
Gal(Qup/Q) (Artin reciprocity map).

(Sh4) The subfield Ex of Qg fixed by v(K) is the field of definition of Vi, that is,
E¥ is isomorphic to the algebraic closure of Q in Q(Vi).

(Sh5) The extension 8/Q(Vxk) is a Galois extension with

Gal(R/Q(Vk)) = 7(KG(R)4).

The first three terms of the exact sequence of (Sh2) are proven in [Sh3] and [Mik]
along with finiteness of the cokernel of 7. The surjectivity of 7 can be shown, using
the result in [Mit] (see [MiS]). When Fy # Q, we need to replace Q*G(R)4 by
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the adelic closure F'™*G(R)4 in (Sh2) and Coker(7) is non-trivial (basically given
by Aut(Fp)), and the notation G is often used in place of G in the literature we
quoted.

We suppose the following condition:

(ord) psplit in F' (in Case A).
(spt) G in Case C is split over Q.

Thus, identifying G(Q,) with the symplectic or unitary similitude group of J,,, we
have the parabolic subgroup P, C G given by {(§ %) ’ * is of size n x n}.

We fix a place B of Qqp over p. For an open compact subgroup K = K, x K ()
with K, = GLy4(Zy) x Z; in Case A and GSpy(Zy,) in Case C, we know that

Shg) (and hence Vi) has good reduction at 9 and hence Vi = (Vg mod P) is
irreducible (as described in Section 6). Recall that such an open compact subgroup
is called maximal at p. Let v be a valuation of K over B such that the residue
field of v restricted to Q(Vi) is the function field of Vx mod B for any open
compact subgroup maximal at p. In other words, the field g ax at pr(\N/K) for
K maximal at p is the residue field of v restricted to 87 = Jx... . »,QVk) C &

The valuation vz is unique and is discrete, because R(?) is the function field of a
smooth model @1 K:max at p Vi /w over the discrete valuation ring WW. Since R/ £
is algebraic, v| g extends to a valuation v on K (which is not discrete).
Let
D = {0 € Aut(R)|voo =v}.

Thus D is the decomposition (or monodromy) group of v inside Aut(£). Since
R//RP) is algebraic, D is unique up to conjugations in Aut(8).
We now state our main theorem:

Theorem 10.1. Let the notation and assumptions be as above. Suppose that we
are in Case A or C with Fy = E = Q. In addition to (ord) and (spt), we suppose
that G in Case A is quasi split isomorphic to U(n,n). Then the group D is the
image (under ) of a conjugate in G4 of

p— {x e (Pn((@p) x G(A(p>)) NG |v(x) e Qgc@xm} ,
where RY is the identity connected component of R*.

We will prove the theorem in Case A in the following section. See [PAF] 6.4.3
and Section 8.4 for the proof valid for more general Shimura varieties in Cases A
and C.

Suppose that K is maximal at p and K ®) is sufficiently small. Let S = Sh [%]
for a lift E' of the Hasse invariant H. Let S° be a geometrically connected compo-
nent of S,y Since S is smooth over W, by the existence of the projective compact-
ification of Shg@w as described at the end of 6.1.2, S7 = S° ®w F is geometrically
connected. Let T o /S1 be the Igusa tower as in Sections 7 and 8. Since we only
care T oo, we simply write To, for T o. Let L,, be the Levi subgroup of G1 N P,.
Thus Ly(Z,) is isomorphic to G Ly (Zy) in Case C and to GL,(Op) x GL,(Of) in
Case A, writing O = Op for the integer ring of F'. By construction, L, (Z;) acts
transitively on the set of geometrically connected components of T, over S7. Thus
Gal(T2,/SY) for a geometrically connected component T, of Tw, is a subgroup of



p-ADIC AUTOMORPHIC FORMS 88

L,(Zp). In Case A, by (ord), we have ¥ = {p,p}. We define a subgroup & of

(10.1) & = {

Let w, be the o—eigenspace of the action of O on w, where ¢ : O — W is an
embedding. For the moment we suppose that we are in the unitary case. Extending
scalar to C (from W), the automorphic factor j,(g, z) defining w, satisfies

det(jeo (g, 2)) = det(g) ™" det(jo (g, 2))-

In Subsection 4.2, jeo(g,2) (resp. Jjo(g,2)) is written as h(g,z) (resp. j(g,2)).
These sheaves are actually defined over W, and the difference (which is det(g))
factors through the map 7|g,, (because basically det = v™ on G4). Thus the two
sheaves det(w, ) and det(w,,) are equivalent over W = W (F,).

We take a geometrically connected component 15 of T, Xg S7 containing the
infinity cusp. Since w,go = P1 ®z Ogy, the Galois group Gal(T3,/S7) in Case A
has to be contained in &. By (Sh5), we now conclude from the theorem that the
Galois group Gal(T2 /SY) of the Igusa tower contains &; so, they are equal.

{(gp,gg) € GL,(Op) x GLn(Og)’ det(gp) = det(gg)} in Case A,
GL,(Zy) in Case C.

Corollary 10.2. Let the assumption be as in the theorem. The Galois group
Gal(T2,/SY) is equal to the above group &. In the symplectic case, Ty m Xg S
is geometrically irreducible. In the unitary quasi-split case, each geometrically irre-
ducible components of the Iqusa tower T, has Galois group over ST isomorphic to
& as in (10.1), which is a proper subgroup of GLy,(Oy) X GL,(Op) = Ly (Zy) and
hence Th m X ST for m > 1 is not irreducible.

The irreducibility was first implicitly proven by Deuring [Du] and explicitly by
Igusa [I] in the elliptic modular case and was generalized to the Hilbert modular
case by Ribet [Ri] and to the Siegel modular case GSp(2n),qg by Faltings-Chai
[DAV] V.7. There is a further generalization in [PAF] Section 8.4.

Corollary 10.3. Let the assumption be as in the theorem. We assume that G =
GSp(2n),g. Then a p-adic automorphic form (in VV) on G is determined by its
g—expansion at the infinity (or any other cusps unramified over Shy ). If f and g in
V/[I]/V have congruences a(&; f) = a(&;g) mod p*, then f = g in Vk[foo =VY/prvl.

10.1.2. g-Ezpansion Principle for Quasi-split Unitary Groups. Hereafter we assume
that F' is an imaginary quadratic field with (p) = pp and that G is given by the
quasi-split group GU(n,n). As stated in Corollary 10.2, the original Igusa tower
is not irreducible; so, to get the g—expansion principle, we need to take a smaller
tower.

Let us explain how to define a smaller (irreducible) tower. Let X be the universal
abelian scheme over S. Then we write P, (resp. P,,) for the étale quotient
X[p™]¢t of X[p™] (resp. X[p™]¢"). The original tower T}, /S5 represents the functor
Isom((O/p™)" x (O/p™)", Py x P.,) taking an S¢—scheme T to the set of O-linear
isomorphisms ¢ : (O/p™)" x (O/p™)" = P,, x Pp,. By the shape of & in (10.1),

we find that )

Qm/se = /\(Pm @® Pp) = (A"Pp) ® (A"Py)
is constant over ST because & acts trivially on @Q,,/p. Thus fixing an isomorphism
tm  (ZJp"Z) x ST =2 Qm (m=1,2,...)
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over F so that ¢y, induces ¢y, the irreducible component T, (1, )/SY (correspond-
ing to ty,) represents a subfunctor

T {¢ € Tsomy ((O/p™)" X (OfF™)", P X Pr)| A =1}

of Isom((O/p™)" x (O/p™)™, P X Py,). Considering the tower Ty ,,, (tm) over W,
we can think of the ring of global sections Vi m(tm) = HO(Tao)m(Lm)/Wa,OTg,m),
and define

VU(Loo) = liinavoo,a(Loo)U-

This space of p-adic modular form is a subspace of V¥ we considered before.
The formal scheme Tt ,, = @1 oL o,m is étale over the formal completion S5, and

extends to a unique toroidal compactification T, ~, étale over the toroidal compact-
ification So, of SS.. In other words, taking the semi-abelian scheme G /S extending

the universal abelian scheme X 5o , we have T oo.m = Isom(0/p™O, é[pm]o), where

o

é[pm]o is the Cartier dual of the connected component G[p™]° (which naturally
extends X[p™]¢* = P,, ® P,, by the duality). Since S, contains the infinity cusp,
we have a well chosen infinity cusp of Tw ., regarding it as a formal subscheme of
a suitable level p”™ moduli scheme. Thus we can talk about the infinity cusp of the
irreducible component of T o containing T3 - Then we can state

Corollary 10.4. Let the assumption be as in the theorem. Suppose that G is given
by GU(n,n) for an imaginary quadratic field F' where p splits. Then a p—adic auto-
morphic form (in VY (1)) on G is determined by its q—expansion at the infinity (or
any other cusps unramified over Shi ). If f and g in VU(LOO)/W have congruences
a(é; f) = a(&g) mod p*, then f =g in VI (too) = VY (to0) /PFVY (t00).-

10.2. Quasi-split Unitary Igusa Towers. We shall give a sketch of a proof of
the theorem in the quasi-split unitary case of even dimension at the end of this
lecture. The proof in the split symplectic case is basically the same and actually
easier (see [PAF] 6.4.3).

10.2.1. Preliminaries. First we describe necessary ingredients of the proof. Recall
that J, = (10n ~5" ). Then G = GU(n, n) can be identified with the following group
functor:
G(A) = {a € GLan (A ®q F)|aty'a = v(a)Jy, v(a) € AX}.
Here c is the non-trivial automorphism of F/Q extended to A ®q F' for each Q-
algebra A. We consider the F—vector space V of dimension 2n and the alternating
pairing {x,y) = xJ,¢. Then (bz,y) = (x, b°y); so, the positive involution * on B =
F is given by ¢. Then C = EndpV = My, (F)°P; in other words Ma, (F) acts on
V' by the right multiplication. Let L C V' be a O-lattice with L, = Homgz, (L, Zy)
under (, ). We take h : C — Csx = C ®g R to be h(i) = —J, ® 1. In this
case, the representation of O on Vj is just a multiple of the regular representation
of O; so, its (p—adic) isomorphism class is unique under (ord). We consider the
following moduli problem for an integer N > 0 prime to p: To each W-scheme S,
we associate the set of isomorphism classes: [(X iy A, n(®)) / Sl(det)] such that
e i: 0 — End(X/g) taking 1 to idx;
e 77" is made of a pair of ngp) :TP)(X,) =2 L® modulo [P>) as OP)-modules
for any geometric point s € S and ny : L/NL = X[N], where for L=L®;Z,
[ =T, ={zecGA)zL=L}.
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e \: X — X is a polarization which induces (, ) on L® under n; and of
degree prime to p.

The open compact subgroup of G(A(>)) corresponding to this moduli problem is:
(V) = TL(N) = {x eTp|(z - 1)L = NE} .

Suppose that N is sufficiently large so that the moduli problem has a solution, that
is, we have a fine moduli scheme M.

We want to know the exact objects the generic fiber M,, classifies. For a given
quadruple (X, i, A\, 77®)), if it has a generic fiber X,, T(X,) can be embedded (as
skew hermitian O-modules) into V ®@g A(>) so that the embedding coincides with
n at £ for each prime £ 4 p. Thus we know the isomorphism class of the localizations
of Hi1(X,,,Z) as skew hermitian O-lattice in V outside p. Let L’ be the image of
H(X,,Z)inV.

For any given O-lattice A C V', we define

e u(A) to be the ideal of Z generated by (z,x) for all z € A;

e 1o(A) to be the Op—ideal generated by (x,y) for all z,y € A.

If A is maximal among lattices having the same pu, we call it maximal. By the self
duality at p of L', uo(L},) = Op,p. It is easy to see that u(A)O C po(A) C o7 u(A)
for the relative different 0 of F//Q. If Ly D L;, with pu(Ly) = p(Lj,), then by (ord),
we find
t(Ly,)OFy C po(Ly,) C po(Ly) € p(Ly,)OF,p.

Thus L;, = Ly and hence Lj;, is maximal with u(L},) = Z,. By the same argument,
L, is maximal with p(L,) = Z,. Then by a lemma of Shimura proven in the 1960’s
([EPE] 5.9 or [Ko] Corollary 7.3), there exists z;, € G1(Qp) so that L}, = x,L,. By
self duality of L, and L]’D, we see that xﬁ € fp and hence z, € fp. Thus we find
that L), = L, as skew hermitian O ,-modules.

This shows that there are only finitely many isomorphism classes of hermitian
O-lattices in the genus class of L (approximation theorem). Thus the generic
(geometrically) irreducible component of M classifies (X, i, A, n®)) /s satisfying the
following conditions:

e i: 0 — End(X/g) taking 1 to idx;

e 77?) is made of a pair of 5y : Hy(X,,Z) = L up to isomorphisms as skew

hermitian O—modules for any geometric point s € S and ny : L/NL = X[N].
e \: X — X is a polarization which induces (, yon L under ;.
This type of moduli problem has been studied over the reflex field £ by Shimura
(see, for example, [ACM] Section 26, [AAF] Chapters I and IT and [Sh2]). In the
formulation of [AAF] Section 4, the above conditions are summarized into a PEL
type: Q = (V, U, L, J,,t1,...,t2,), where t; are generators of L/NL over O and
¥ is the isomorphism class over Q of the representation of F on Vi C V ®g C on
which h(y/=1) acts by the multiplication by v/—1. A quadruple (X,i, \, 7)) over
C is called of type € if we have a real analytic isomorphism V Sx (C) with
Ker(¢) = L such that

e ¢ induces an identification of V3 2 Lie(X) as complex vector space on which

F acts by U,

e ¢ induces the polarization (, ) on V' (up to positive rational multiple). This

means that (z,y) = Trp/q(zJn'y°),
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o &(at) =i(a)é(t) for t € V and a € O,

e 7: (O/NO)*" — X|[N] given by 7(a1, ..., a,) = > a;€(t5).
The condition on ¥ is equivalent to (det) over E = Q. We can think this moduli
problem over E for an arbitrary N and get a tower of moduli space My. We
now take L to be O?". Then each geometrically irreducible component of My is
defined over Q[Cy]. The component Vy/quy] = VfL( N)/Qn] classifies quadruples

(X,i,\, 1) over Q[uy] under an extra condition that ey (t;,1;) = CJJ\\,W"’?]') for the
duality pairing ey : X[N] x X[N] — pn and the dual base Z; of t; under ( , )
localized at N. We then consider the union of the tower of fields Q[un](Vn) =
Q(Vy), and write the field as & Naturally the group z € G(A()) acts on M =
lim y My by changing L to xL and t; to xt;, and if x € G1(A©)), x keeps ( , ).
Let
H(A) = {x € G(A)’ det(x) = v(z)", v(z) € AX} )

Then we have the following explicit description ([AAF] 8.8):

Gy = HAPNG(Q)1GR) 1 = (Tr(N) N H(A))Z¥)G(Q)+ G(R)4,
where G(R); is the identity connected component of G(R), G(Q)+ = G(Q) N
G(R)4, and i(s) = diag[l,, s 11,] € H(A) for s € AX. To see this, we write
¢ =det /v : G(A) — FJ. Then H(A) = Ker(¢). By (Shl), for a given = € G,
we have ¢(z) = Cu for u € R} and ( = £'7¢ for £ € M* (& (¢° = 1). Taking
a € G(Q)4 with ¥(a) = ¢, we find that za=* € H(A), which shows the first
equality of the above expression. For the second equality, we refer the reader to
[AAF] 8.8. Since F' is imaginary quadratic, it has only finitely many units; so,
(F*)'=cR} is a closed subgroup of F,, and hence Gy is a closed subgroup of
G(A). This is the reason why we do not need to take closure of (F*)!~“RX in F
in the definition of G4 in (Shl).

For pt N, we have

Gal(Q[unpm, Vivpm ]/ Qlunpm, V1) = T(Np™)/T(N) = SG(Z/p™ Z)
for N sufficiently large by (Sh3,5) (and the strong approximation theorem). Here
SG(A) = SLsy (A ®z 0O) NG1(A) and
I'(N)={y€SGQ)|yL=L and (y—1)L¢ C NL; V{[N}.
The moduli variety My, classifies quadruple (X, \,7, ¢ : (O/p™0)?" — X[p™])

for a level f(N )—structure 77. Thus taking the universal abelian variety X over My,
we have, for each Shf‘L( N)fscheme T

My (T) = {6 (0/p™ 03 = X[p"] /1 }

The action of g € G(Z,) on Mpp~ is induced by the action on the level structure
¢ — ¢ og. Thus taking 2n—th exterior power /\2O"X[pm], we find that g € G(Z))
acts by det(g) € O,‘. Then by the description of the stabilizer G, of a geometrically

irreducible component Sh, we find that the action is trivial on /\20" X[p™ if g €
G N SG(A)). Thus the group scheme

AXp™ = (A"X[p™]) @ (A*"X[p™)
O
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is constant on each geometrically irreducible component Viy of M. In other words,
A?"X[p™] vy is a base-change of i X (Z/p™Z)"™ from Q to Vn/g-

Now we look into the Kottwitz model Sh(fp()N) w for N prime to p. In the rest
of the paper, we always suppose that N is prime to p. Since each geometrically
irreducible component of Sh(fp()N) ®z,,, Q = Mpy/q is defined over Q[un] in the
sense of Weil, it remains irreducible after taking spacial fiber modulo myy (Zariski’s
connectedness theorem combined with the existence of a smooth projective com-

pactification). Thus we can talk about geometrically irreducible component VJS}Z)W

of Sh(fp()N) w whose generic fiber is Viy/q and whose special fiber is the special fiber
(p)

of the schematic closure of Vy in ShF (VYW
Since the universal abelian scheme Xy, extends to the universal abelian scheme
of the Kottwitz model VJ\(,];)W,

2n
Qm _ /\X[pm]et _ (/\nX[pm]et) ® (/\nX[ﬁm]et)
is constant over S7 JF- Since the Igusa tower T}, over S} /F is given by

Tsom((O/p™ 0y, X[p™] ),
Ty, cannot be irreducible, and each irreducible component of T}, r is contained in
Ty (1) for an isomorphism ¢, : Z/p™Z = N** X[p"]¢* = Q,. Thus, for a geometri-
cally irreducible component T2 of T, the Galois group Gal(T),/S?) is a subgroup

of & in (10.1). We reached the same conclusion before stating Corollary 10.2 by
looking into vector bundles w_. In any case, we need to show that

Gal(Tg,/S]) =@
to prove Corollary 10.2.
Since p splits in F, we have SG(Z/p™Z) = SL2,(Z/p™Z). Since we have
a smooth model of My over W, we take the valuation v of &y = Q[un](VN)

corresponding to the generic point of Vy mod f = Vy ®yy F containing the
infinity cusp. Since M3 = ij(gf(N)) under the notation in Section 6, we

can write the Satake compactification of Vi, as Proj(R) for B = @5 R,
with R; = HO(VN,det(g);W). By g-expansion at co, we can embed R into
W[[qg]]geMn(F)+, where

M, (F); = {° = x € M, (F)|  is totally non-negative}.

and the symbol A[[¢%]l¢enr, (r), indicates the completion by the augmentation
ideal of the monoid algebra of the additive semi-group M, (F); with ¢¢ indicat-
ing the element represented by . Each f € R; has g-expansion } . a(¢; et €
WI[¢%]leen, (r), - Replacing ¢* by exp(2miTr(£2)) 2 € 3, we get the Fourier expan-
sion at oo of f (regarding W — C).

We take a valuation v of & which is induced by a valuation v on R given by

v(>_ agq®) = Infe ordy(ac),
¢

where ord, is the discrete valuation of W with ord,(p) = 1. Here we used the
existence of the smooth toroidal compactification of Viy (p 1 N) worked out by
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Fujiwara ([F]) and the g-expansion principle for f € R; on I'(N) with p { N to
assure that the residue field of v restricted to Q(Vy) for p { N is the function
field of Vy mod ‘B. Since the Satake compactification of Mpy,m g is again given
by Proj(R)/qlun,m) for R = @50 R; with R; = H®(Mpym /g, det(w)’q), we can
extend the valuation v to R by the same formula in terms of the unique extention
of ord, to W[u,m]. This extension induces a valuation on Q(Vypm) = Rnpm and
on R =J,, Uy Bnpm. We are going to show that the decomposition group D, of
v in Aut(f) contains P,(A) NGy and G1(AP>)).

10.2.2. Proof of the irreducibility theorem. Let L C V be an O-lattice satisfying
(L1-2) of Section 6 and recall

T, = {x € GA®)|2L = Z}

TL(N) = {x ely|(@— 1L = NZ} :
where L = L Rz, 7. Let Xy be the universal abelian scheme over Vi C Shf( N) for
N sufficiently large. We have the following specification of the action of G4 (see
[AAF] Theorem 8.10):
1. x € G4 acts on the maximal abelian extension Qg of Q by the image of v(x)
under the reciprocity map of class field theory.
2. If v € GQ)+ = G@Q) NG(R),, v regarded as an element of G(Q); C G4
satisfies f7(7) = fo~.
3.Ifx=(§,), ) with s € 7%, then a(&; f7®)) = o(a(&; f)) for all € € M, (F),
where o is the automorphism of Q,; corresponding to s~* by class field theory.
Strictly speaking, writing f = % for g,h € R;, we have fr@® = ’;—: with
a(¢2?) = ola(§a).
4. The natural action of I'y (N)® on V;nx = Isom(L/tL v, ,Xn[t],vy) induces
the action of fL(N)(p) NGy on E(VT‘L(Nt))'

By (1), D = D, is contained in the image (under 7) of

(o € Gulv(e) e GLQRL.
Let U, be the unipotent radical of P,. By (2), we have 7(P,(Q)) C D, since
(¢5) € P,(Q) acts on g-expansion just by ¢5 — exp(2miTr(Eed1))g? $¢. Then
by density of Q in A, we conclude that

(U) T(Un(A)) CD.

By the strong approximation theorem, cusps of 'y = K N SG(Q) are in bi-
jection to K\SG(A(*))/P,(Q). Choosing K to be maximal, by Iwasawa de-
composition: SG(A(®)) ¢ KP,(A(>)), the above set of cusps is embedded into
K N Py (AP, (AC)) /P, (Q). We have G(A®)) = | |, 5 G(Q)bK for a finite
set B C P,(AP>)). From this, K\ (P,(A)) N SGAP®)) /P,(Q) is a finite set
indexed by ideal classes. Thus the action of b € P,(A®)) brings the ¢-expansion of
f € R; to its g-expansion at other cusps. If K, is maximal, Vi is smooth over the
valuation ring of B, and hence the action preserves v restricted to B(H® (Vi ,w"))
(p1 N), where 3 is the embedding into the space V'V of p-adic modular functions
(with respect to f(N )) we studied in Section 7. Note that the integral closure of
the graded algebra R (Vi = Proj(R)) in 8Y®) for U(L) = U,(Z,) x T(N)® is
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contained in VU by definition. Let w, C w” be the sheaf of cusp forms. Since
Deusp = (@K HO(VK,%{/Q)) N VY, is p-adically dense in V5 (the density

cusp
theorem in Section 7), we conclude that the action of P,(A(P>)) NP preserves
v restricted to &P = Upr Qupr(Vv) and also RUnlZp) — Uz RUL) 5 g for
the unipotent radical U, of P,, because RYV(F) is generated by ratios 5 of cusp
forms f and g in Dcysp. Here L runs over all lattices satisfying (L1-2) in Lec-
ture 6. Thus D - 7(Un(Zp))/7(Un(Zy)) C Aut(RU»(%»)) contains the image of
(P (AP NP) x Uy, (Zy) in Aut(RY»Z0)).
Then by (U), we conclude D contains the image under 7 of

PN (PH(A(W’)) x Un(zp)) .

By the same argument applied to K®), we find that T(PNK (p)) C D. Note that
P (| Pu(AP) P, (@T (V)P
L

is dense in P and hence D D 7(P) (see the proof of Theorem 6.27 in [PAF] for a
different argument giving this inclusion).

Since g = (&4) € PN G(Zy) acts on T, through its diagonal entries (a, d), we
find that Gal(T2,/S7) has to contain & because the matrices (a,d) fills &. This
proves Corollary 10.2.

The reverse inclusion: 7(P) D D follows from the existence of the exact sequence:

0— X[poo]7slo = X[p™]/sy — X[poo]itslo — 0.
See [PAF] Theorem 6.28 and 8.4.3 for more details of how to prove the reverse

inclusion from the above exact sequence. This finishes the proof of Theorem 10.1
in Case A.
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