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1. LECTURE 1: ABELIAN COMPONENTS OF THE ‘BIG’ HECKE ALGEBRA

Fix a prime p > 5, field embeddings C <> Q &, @p and a positive integer N prime
to p. Consider the space of modular forms M, (Io(Np™t), ) with (p 4 N,r > 0)
(including Eisenstein series) and cusp forms Sy11(To(Np™™),4). Let the ring Z[¢)] C
C and Z,[¢] C @p be generated by the values i over Z and Z,, respectively. The
Hecke algebra over Z[¢] is H = Z[Y][T(n)|n=1,2,---] C End(Mj11(To(Np™™1),4)).
We put Hyy1,y = Hy1,4w = H @z W for a p-adic discrete valuation ring W C @p
containing Z,[¢)]. Sometimes our T'(p) is written as U(p) as the level is divisible by
p. The ordinary part Hy,i 4w C Hpy1yw is the maximal ring direct summand
on which U(p) is invertible. Let 1)1 = 1)y X the tame p-part of ¢». Then, we have a
unique ‘big’ Hecke algebra H = Hy, ,w such that

(1) H is free of finite rank over A := W{[T']] equipped with T'(n) € H for all n,
(2) if k> 1and e : Z; — pp is a character,

H/(1+T = ¢(7)e(7)7")H = Hypop, (v = 14 p) for ¢y, = o',
sending T'(n) to T'(n), where w is the Teichmiiller character.
A (normaized) Hecke eigenform in Mj,1(To(Np™t1), 1) has slope 0 if f|U(p) =a- f
with |a|, = 1. An important consequence of the above two facts is
(B) The number of slope 0 Hecke eigenform of level Np™™', of weight k+ 1 and of
given character 1 modulo Np™*! is bounded independent of k, r and .

If f has slope 0, A : H — @p given by f|h = A(h)f for h € H factors through Hj.1
and f =Y > a(n, f)¢" = constant + Y >, A(T'(n))g". Thus the number of slope
0 forms with Neben character v is less than or equal to ranky Hyy1,» = ranks Hy,
independent of r and €. The Hecke field of fis Q(f) = Q(A(n)|n =1,2,...).

The corresponding objects for cusp form is denoted by the corresponding lower case
characters; so, for example, h = Z[¢][T'(n)|n= 1,2, -] C End(Sk.1(To(Np™t1),4)),
hit1,pw = h @z W, the ordinary part hyy1y C hry1y and the big cuspidal Hecke
algebra h/y. Replacing modular forms by cusp forms (and upper case symbols by
lower case symbols), we can construct the “big” cupspidal Hecke algebra hy, and for
the algebra, the same assertions as (1) and (2) holds. We have a surjective A-algebra
homomorphism H — h sending 7'(n) to T'(n).

Each point P € Spec(H) has a 2-dimensional (semi-simple) Galois representa-
tion pp (of Gal(Q/Q)) with coefficients in the residue field x(P) of P such that
Tr(pr(Frob)) = (T(I) mod P) for almost all primes ¢. In particular, I carries a
Galois representation p; with

Tr(pr(Froby)) = a(l) (for the image a(l) in I of T'(1)).
If a prime divisor P of Spec(I) contains (1 + T — e (v)y") with & > 1, regarding

k
it as an algebra homomorphism (P : I — Q,) € Spec(I)(Q,), we therefore have a
Hecke eigenform fp € My, (Do(Np™ )+ eopy) with fp|T(n) = ap(n)fp for ap(n) =
P(a(n)) € Q, for all n. Such a P is called arithmetic if k > 1, and we write ep = ¢,
r(P) = r and k(P) = k for such a P. Thus I gives rise to a slope 0 analytic family
of modular forms 7 = {fp|arithemtic P € Spec(I)(Q,)} and Galois representations
{pp}PeSpCC(H)(@p). For a € I, we write ap € Q, for P(a).

We call a Galois representation p abelian if there exists an open subgroup G C
Gal(Q/Q) such that the semi-simplification (p|¢)*® has abelian image over G. We



ARITHMETIC INVARIANT AND SHIMURA VARIETIES 3

call T an abelian component if py is abelian. A component I is called cuspidal if
Spec(I) C Spec(h), and if not, we call it Eisenstein component.
Hereafter assume I to be cuspidal. We have a p-adic L-function

Ly = Ly(Ad(pr)) = Ly(1, Ad(pr)) = Ly(1, o @ det(pr) ") €1
interpolating

L(1, Ad(pp))

Ly(P)i= P(Ly) = (L, mod P)= =00

for all arithemtic P.
Writing Spec(h) = Spec(I) U Spec(X) for the complement X, we have (under a mild
assumption)

Spec(I) N Spec(X) = Spec(I @y, X) = Spec(l/(L,)) (a congruence criterion).

If we interpolate L-values including the cyclotomic variable, i.e, adding a variable
s interpolating L(s, Ad(pp)) moving s, we need to multiply the L-value by the modi-
fying Euler p-factor. For this enlarged two variable adjoint L-function, the modifying
factor vanishes at s = 1; so, L,(s, Ad(pr)) has an exceptional zero at s = 1, and for an

L-invariant 0 # L (Ad(pr)) € H[%], we expect to have L (1, Ad(pr)) < L™(Ad(pr)) L,
(in the style of Mazur—Tate-Teitelbaum). Greenberg proposed a definition of a num-
ber L(Ad(pp)) conjectured to be equal to L (Ad(pp)) for arithmetic P. We can
interpolate Greenberg’s L-invariant L(Ad(pp)) over arithemtic P to get a function

L(Ad(pr)) # 0 in H[%] so that L(Ad(p1))(P) = L(Ad(pp)) for all arithmetic P.
1.1. Is characterizing abelian components important? Here is a list of such
characterizations (possibly conjectural)

e (Well known) A cuspidal I is abelian < there exist an imaginary quadratic
field M = Q[v/—D] in which p splits into pp and a character ¥ = Uy : Gy =
Gal(Q/M) — T* of conductor ¢p™ for an ideal ¢ with c¢cDy|N such that
p1 = Ind% W, where D), is the discriminant of M. Thus we call cuspidal

abelian component a CM component. This implies L, = L,(¥~)L(0, (M—/Q)),

where U~ (0) = W(coc™to™!) for complex conjugation ¢, and L,(¥™) is the
anticyclotomic Katz p-adic L-function associated to W~. This is a base of the
proof by Mazur/Tilouine of the anticyclotomic main conjecture.

e (Known) I is abelian < pp is abelian for a single arithmetic prime P.

e (Almost true, 4th lecture) I abelian < p; mod p is abelian. This is almost
equivalent to the vanishing of the Iwasawa p-invariant for L,(W~) (which is
known if ¢ is made up of primes split over Q). We discuss about p in the last
two lectures.

e (Known under a mild condition, 2nd lecture) Consider the composite of Hecke
fields V,(I) C Q generated by ap(n) for all n and all arithmetic P with level
< Np™*! for a fixed r > 0. Then I is abelian < [V,(I) : Q] < oo. This was a
question of L. Clozel asked to me in the early 1990s.

e (Horizontal theorem in the 1st lecture) Fix k > 1 and consider the composite
of Hecke fields Hy(I) generated by ap(n) for all n and all arithmetic P with
weight k. Then I is abelian < [H(I) : Q(pp=)] < 0.

e (Known, 3rd lecture) L(Ad(pr)) is a constant function if and only if I is a CM
component. This is a corollary of Horizontal theorem.
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o (7) Ly(s,Ad(fp)) (for an arithmetic P) has exceptional zero at s = 1 and
its L-invariant L£(Ad(fp)). Is I abelian if and only if L(Ad(fp)) = log,(p/p)
for one arithmetic P up to algebraic numbers? Here taking a high power
(n/p)" = (a), log,(p/p) = +log,(c) for the Iwasawa logarithm log,.

All statements seem to have good arithmetic consequences, and I am convinced the
importance of giving as many characterizations of abelian components as possible.

1.2. Horizontal theorem. Here is what we prove in this first lecture:

Theorem 1.1. Pick an infinite set A of arithmetic points P with fized weight k(P) =
k > 1. Write Ha(l) C Hi(L) for the field generated over Q(uy~) by {ap(p)}peca.
Then the field Ha(L) is a finite extension of Q(pp=) if and only if I is abelian.

We prepare a lemma:

Lemma 1.2. Let F be a slope 0 p-adic analytic family of Hecke eigenforms with
coefficients in I. Then we have

(1) Fix 0 < r < oo. Let K = Q. Then the degree [K(fp) : K(ap(p))] for
arithmetic P with r(P) < r is bounded independently of P,

(2) Let K = Q(up=) and fix k > 1. Then the degree [K(fp) : K(ap(p))| for
arithmetic P with k(P) = k is bounded independently of P.

Proof. If o € Gal(Q/K [1,w)]) fix ap(p), f& is still ordinary Hecke eigenforms of the
same level and the same Neben character. The number of such forms is bounded by
rankgz, 7y h. Thus [K(fp) : K(ap(p))] < [K[¢1,w] : K]rankg, iy h. U

Hereafter we fix A and assume that [H4(I) : K] < oo for K := Q(up~). We try
to prove that I is abelian. Put K(fp) = Klap(n);n = 1,2,...] C Q. For a prime I
outside Np, let A(l) be a root of det(X — pi(Frob)) = 0. Then oy p := Ap(l) is a
root of X2 — ap(l)X + 1 (D)IFF) = 0. If | = p, we put A(l) = a(l). Fix I. Extending
I, we assume that A(l) € I. By the lemma, Lp = K[y p| has bounded degree over K
independent of [ and P for all P € A; so, [ is tamely ramified in Lp/K for [ > 0.

1.3. Weil numbers. We start preparing for a proof of the theorem. For a prime [,
a Weil [-number a € C of integer weight £ > 0 satisfies

(1) o is an algebraic integer; (2) |a”| = I¥/2 for all o € Gal(Q/Q).

If o is a Weil number, Q(«) is contained in a CM field. We call two nonzero algebraic
numbers a and b equivalent (written as a ~ b) if a/b is a root of unity.

Lemma 1.3. Let K be a finite field extension of Q(pup=). Then for a given prime [
and weight k > 0, there are only finitely many Weil [-numbers of weight k in K up to
equivalence. If 1 = p and K = Q[up=|, any Weil p-number of weight k is equivalent
to (p*)*/2, where p* = (—=1)P~V/2p if p is odd, and p* =2 if p = 2.

Proof. If | # p, the prime [ remains prime in Q[uy~] over a finite subextension of
Q[ptp<]. Thus there are only finitely many primes £ of Z[u,~] above (1) Thus for a
Weil [-number « of weight k, for the normalized valuation ve of £ with ve(l) = 1,
0 < vg(aw) < k is bounded, and there are only finitely many possibilities of prime
factorization of (a). If (o) = () for two Weil [-numbers «, 3, then a/3 is a Weil
number of weight 0; so, a ~ (8 by Kronecker’s theorem. If [ = p, there is only one
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prime in Q[uy=]| above p; so, any Weil p-number of weight k is equivalent to (p*)k/ 2,
since v/p* € Q[up]. Thus the result follows from this if K = Q(pp=).

For general finite extension K/Q|u,e], still there are finitely many primes over [ in

the integer ring of K’; so, the same argument works. O

Here is a slight improvement of the above fact:

Proposition 1.4. Let KCy be the set of all finite extensions of Q[up=| of fixed degree
d inside Q whose ramification at | is tame. Then there are only finitely many Weil
l-numbers up to equivalence of a given weight in the set-theoretic union ULG,Cd L in

Q.

The point of the proof is as follows. Writing K = Q[up~] and K; = K ®, Q;,
by tameness, there are only finitely many isomorphism class of K ®, (;-algebras
L; =L ®qQ for L € K4. Thus we only need to prove finiteness for Weil numbers of
given weight contained in a fixed isomorphism class of L;. We look at the universal
composite L; ®g, L; which is a product of fields indexed by [-adic nonequivalent
normalized valuations vy, ..., v,. Consider a tuple

Via)=(n(a®1),...,o(a®1),01(1®a),...,v,(1l ®«a)).
If o ~ 3, we have V(a) = V(). The tuple V() determines the prime factorization
of (a) in any possible composite K («, 3); so, if V(a) =V (f), (o) = (B) in K(«, 5);
so, by Kronecker’s theorem, o ~ (3. Since there are only finitely many possibilities of
V(a), there are only finitely many classes.

It is not very difficult to prove

Lemma 1.5. The group of roots of unity in the composite L of L for L € Kq in Q
contains iy (K) as a subgroup of finite index.

By this, we can replace the equivalent o ~ [ by finer one o =~ ( requiring /3 €
tpee, and still the finer equivalence classes in the union [ J rex, L of Weil l-numbers of
given weight is finite.

1.4. A key lemma in the entire lectures. We start with a rigidity lemma:

Lemma 1.6. Let ®(1') € W[[T]]. If there is an infinite subset 2 C fuye (K) such that

D¢ — 1) € pp=(Q,) for all { € Q, then there exists (y € ppee (W) and s € Z, such
that (' ®(T) = (1+1)° = 302, (7)T™

By the assumption, for s € Z; sufficiently close to 1, { +— (* is an automorphism of
W{[ppee]] over Wi so, ®(¢* — 1) = &(()* < ®(t°) = ®(¢)® (t =1+ T), and the power
series is the desired form by a lemma of Chai [C] Theorem 4.3 and [C1] Remark 6.6.1
(iv). Here is a sketch of an elementary proof supplied to me by Kiran Kedlaya.

Proof. Making variable change T+ ¢; (T + 1) — 1 for a ¢; € Q (replacing W by its
finite extension if necessary), we may replace Q by ¢;'Q 3 1; so, rewriting ;'€ as
), we may assume that 1 € (). Notet =1« T =0.

Write the valuation of W as v (and use the same symbol v for an extension of v to
W pp=]). Normalize v so that v(p) = 1. We are trying to show that ®(7") = (1+7")°(’
for some s € Z, and some p-power root of unity ¢’. Anyway, we write ®(0) = (' €
= (Q,). Replacing @ by ¢"'® (and extending the scalar to a finite extension of W
if necessary), we may assume that ®(0) = 1.
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Suppose that ®(T') € W (non-constant). Write ®(T) — 1 =32, a;T". Since W is
a DVR, there is a least index j > 0 for which v(a;) is minimized. For e sufficiently
small, if v(7) = €, then v(®(7) — 1) = v(a;) + je. In particular, for ¢ a p-power root of
unity, taking 7 = ( — 1, we have v(( — 1) = p~/(p— 1) for some non-negative integer
m, so we have infinitely many relations of the form jp=™/(p—1)+wv(a;) = p~"/(p—1).
Then, we have m — oo = n — oo (by continuity and non-constancy of 7 — ®(7));
so, taking limits under m — oo yields v(a;) = 0. Also, j must be a power of p, say
j = p", and for m large we have n = m — h.

Since v(a;) = 0, a; mod myy is in F*. For the moment, assume F = F,. That
is, a; reduces to an integer by coprime to p in the residue field of W. We can thus
replace ®(7T') by ®1(T") defined by ®(7') = &1(T) x (1 + T)* for some s (namely
s = boj = bop" for hg := h) so as to increase the least index j for which v(a;) = 0.
Indeed, writing ®(T') = >~7 _ a, " + 17+ f(T) with f(T) € W[[T]], we have

j

Y @, T = 140" = (1+T7°) 0 = (1+T)° mod (my + (T7+)).

n=0
we have ®1(T) =1+ TP f(T)(14+T)* =1 mod (my + (77F1)). Thus if we write
1 for the j for this new @y, j; > j, and j; = p™ with hy > hg and a;, = b1 mod my,
for by € Z. Repeating this, for s = Y po byp"™ € Z,, ®(T)/(1+T)*—1=>" _, a,T"
no longer has a least j with minimal v(a;); so, ®(7T")/(1 + T)* = 1, and we get
O(T)=(1+T).

Suppose now that F # [F,. We have the Frobenius automorphism ¢ fixing Z, [p,] C
W pp]. Letting ¢ acts on power series by (3. a,T™)? =3 a?T", we find ®?(t¢) =
®(t)?. Since ®(¢—1) is a p-power root of unity for ¢ in a infinite set Q C p,e, we have
PO(C—1) = D?(¢¢ — 1) = B(¢ — 1)¢ = ®(¢ — 1). Since Q C G, is Zariski dense, we
find that ®® = &, which shows ® € W?[[T]] for the subring W? fixed by ¢. Note that
the residue field of W is FF,, and the earlier argument applies to ® € W?[[T]]. O

Extending I to its integral closure, we assume that I is integrally closed. For a
prime [, we write Hﬁ) (I) for the subfield generated by oy p € Q for all P € A. We
simply write H4(I) = Hfff) (I). Recall Lp = Q[pupe][cv,p]-

Proposition 1.7. Fiz a rational prime | 1 N either | = p or tamely ramified in
Lp/Qlppes] for all P € A. Suppose [H&?(H) : Q(up=)] < 00. Then, for W =1NQ,,
we have A(l) in W([[T)][t/P"]NL (t = 1+T) for some 0 < n € Z, and there exists a Weil
l-number oy of weight 1 and a root of unity (o such that Ap(l) = ayp = (o{ay )1

for all arithmetic P; in other words, A(1)(T) = (o(1 +T)® for s = lffg”(i:)).

Proof. We give a sketch of a proof assuming I = A = W/[[T]]. Let A = A(l). By
Lemma 1.4, we have only a finite number of Weil [-numbers of weight & in (Jp. 4 Lp
up to roots of unity, and hence Ap for P € A hits one of such Weil [-number « of
weight £ infinitely many times, up to roots of unity.

After a variable change T +— Y = v %(1+T)—1, we have A(Y)|y—g = A(T)|p=r_1.
Note that |a|, = 1. Let 3 = {ep(7)|P € A} which is an infinite set in e (K). Let
O1(Y) :=atAY) = A(y (1 +T) — 1) € W[[Y]]. The subset Q5 of Q; made up of
¢ € Q such that ®1({ —1) is a root of unity is an infinite set. We thus find an infinite
subset 2 C €9 and a root of unity ¢; such that {®1(¢—1)|¢ € Q} C (ppe(K). Then
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® = (; '@, satisfies the assumption of Lemma 1.6, and for a root of unity ¢, we have
AY) = Ca(l +Y)* for sy € Zy, and A(T) = Ca(y*(1 4+ T))*. From this, it is not
difficult to determine s; as stated in the proposition. O

1.5. Proof of the theorem. We start with a couple of preliminary results. Consider
the W-algebra endomorphism o : (14+7) — (1+T1)* = > _>" (3)T™ of a power series
ring A for s € Z,.

Lemma 1.8. Let A be an integral domain over A. Assume that oo € Aut(A,w)
extends to an endomorphism o of A. Let p : Gal(Q/F) — GLy(A) be a continuous
representation for a field F C Q, and put p” := o o p. If Tr(p®) = Tr(p?). Then p is
absolutely reducible over the quotient field (Q of A.

Proof. Suppose that p is absolutely irreducible over @), and try to get absurdity. We
have the identity Tr(p”) = Tr(p?) = Tr(p*¥™®?) — det(p) for the symmetric second
tensor representation p*¥™®? of p. Over @, by absolute irreducibility, we have the
identity of semi-simplification: (p*¥™®2)%¢ = p7 @ det(p). Tensoring det(p)~t, we
get Ad(p)** = (p° @ det(p)™!) @ 1. Since Ad(p) is self-dual, we have 1 — Ad(p) as
Gal(Q/F)-modules. In other words, we have a non-trivial element 0 # ¢ € Endapm(p)
for H = Gal(Q/F(p")) such that Tr(¢) = 0. Since p is absolutely irreducible, ¢ has
to be a scalar multiplication by z € A* by Schur’s lemma; so, Tr(¢) = 22 # 0, a
contradiction (unless A has characteristic 2). O

Proof of Theorem 1.1. Let K := Q(up~) and Lp = K(ayp) for a prime .
We need to prove that [H4(I) : K] < co = F has complex multiplication. Thus
suppose [H4(I) : K] < oo. For each arithmetic P with k(P) = k, by Lemma 1.2,
[K(fp) : K(ap(p))] < d for a positive integer d independent of P. Thus [Lp : K| <
2d[H 4(I) : K] for each prime [. Therefore, any odd prime [ > 2d[H 4(I) : K] is at
most tamely ramified in Lp/K. Take such an odd prime | > 2d[H4(I) : K| prime
to Np. Let p : Gal(Q/Q) — GLy(I) be the Galois representation associated to F.
Thus by Proposition 1.7, we have Tr(p(Frob)) = (1 + T)* + ¢'(1 + T)* for two
roots of unity ¢,(" and a,a’ € Q,. Take an arithmetic @ € Spec(I) (@p). Note that
C(1+T)%¢'(1 +T) is at most in a quadratic extension of Q(fy); so, it is easy
to see that the order of ¢,(’ is bounded independently of I. Let my = m¥ + (T
and p = p mod my for a sufficiently large N and F' be the splitting field of p. We
have Tr(p(Frob)) = ¢/(1 4+ T)/* + ¢ (1 + T)7% and p(Frob) = 1 mod my (so
¢/ =1 mod my) for a prime I|l of I of residual degree f. Since ¢/ =1 mod my,
by taking N large, we may assume that ¢/ = ¢’/ = 1. This shows Tr(o,(p(Froby))) =
Tr(p(Froby)®) for all 0 # s € Z,. Thus by Chebotarev density theorem, we get
Tr(og 0 p) = Tr(p®) over G = Gal(Q/F). Then by the above lemma, p**|¢ is abelian,
and hence I is abelian.

On the other hand, if 7 = F7 has complex multiplication by an imaginary quadratic
extension M/Q in Q, we have a character A : Gal(Q/M) — I unramified outside Np
such that ay is the value of Ap(Frob)) = A(F'rob)) mod P for a prime [ in M over
¢. Here p is a prime factor of p in M. Let F be the residue field of I (note that
I is a local ring with maximal ideal m, because it is finite flat over A). Write W
for the ring of Witt vectors of F. Let (R, )\ : Gal(Q/M) — R*) be the universal
couple with the universal character unramified outside Np deforming (A mod m)
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over W. Writing C,, for the p-primary part of the ray class group Cly/(Np*>) modulo
Np> of M, by class field theory, R = W]|[C,]|]. By universality, we have a W-
algebra homomorphism ¢ : R — I such that ¢ o A = A. Thus I — W/[[['y]] for
the maximal torsion-free quotient I'y;, and I'y; contains I' naturally. The A-algebra
structure of I is equal to that coming from the original inclusion A — T (after twist
by the k-th power of the p-adic cyclotomic character). Then for an arithmetic point
P with (P) < r, Ap = A mod P has infinity type k — 1; that is, Ap(a) = oF!
for « € M congruent to 1 modulo Np™*!. For the class number h of M, taking
a generator o of [", we have Ap(l) = o!'/*(¢ for ¢ € . Thus choosing a complete
that Q(ovw,p)k(p)=k,e C @(,upooh)[a;/hu = 1,..., h] which is a finite extension of Q[ztpe]
containing Hy,(I), which has finite degree over Q[gy]|. This finishes the proof. O
Here is an obvious corollary of the above proof.

Corollary 1.9. Let K := Q[ and A C Spec(I)(Q,) be an infinite set of arithmetic
points P with fived weight k(P) =k > 1. Unless F has complex multiplication

limsup[K (a(p, fp)) : K] = oc.
PeA

Indeed, if limsupp[K (a(p, fp)) : K] < 0o, the index [Lp : K] (P € A) is bounded
for A € T as in Proposition 1.7. Thus we can still apply the above proof and conclude
that F has complex multiplication.

2. LECTURE 2: VERTICAL VERSION

Let F = F1 = {fpr} PeSpec(D)(T@,) be a cuspidal p-adic analytic family of p-ordinary
Hecke eigen cusp forms of slope 0. We have the following “vertical” conjecture:

Conjecture 2.1. Let A be an infinite set of arithmetic points with bounded level
r(P) < r for a fixed r > 0. Let V(L) be the field generated over Q by {cy p}pea,
where P runs over all arithmetic points with Im(ep) C p,r for a fived r. Then the
field V A(I) is a finite extension of Q for a fized r < oo if and only if fp is a CM theta
series for an arithmetic P with k(P) > 1.

Pick a prime [ different from p and write Vﬁ) (I) for the field generated by {«a p, G1.p}
for all P € A, where P runs over all points in .[A. Then we might speculate that

(Vertical [-version): The field Vﬁ) (I) is a finite extension of Q for a fived r < oo if
and only if for an arithmetic P with k(P) > 1, either fp is a CM theta series or the
automorphic representation generated by fp is square-integrable at [.

We prove

Theorem 2.2 (Vertical theorem). Let r be a non-negative integer. For an infinite set
A of arithmetic points P with bounded level r(P) < r for anr > 0, assume that V 4(I)
is a finite extension of Q. If there exists an arithmetic point Py € A with k(Py) > 1
such that

(1) g = ap,(p) is a Weil number,

(2) Sa, = {0+ Qa0) — Qliplag)| = 1} is a OM type of Qo).

(3) Va(l) is generated by o over Q.
Then I has complex multiplication.
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2.1. Results towards the vertical conjecture. Let A, be the set of all arithmetic
points of Spec(I)(Q,) with r(P) <.

Proposition 2.3. Let F = {fp}PGSpCC(H)@p) be a p-adic analytic family of classical

p-ordinary Hecke eigenforms and A C Spec(ﬂ)(@p) be an infinite set of arithmetic
points P with r(P) < r for a fivzed r > 0. Assume that for Py € A

(1) g = ap,(p) is a Weil number,

(2) oo = {0 : Qo) — @Hz’p(a8)| =1} is a CM type of Q(av),

(3) Va(l) = Q(a) is generated by ag over Q.
Then there exist a Weil p-number o of weight 1 with |i,(a)|, = 1 such that a(p, fp) =
(Y P) for a root of unity ¢ for all arithmetic P with k(P) > 1, where (o) =
exp,(log,(iy(cv))) for the Twasawa logarithm log,.

Proof. First, in order to give a simple sketch of the proof, suppose first that M =
V() is an imaginary quadratic field. Take P € A with k(P) > 1. Then a, p is a
Weil number of weight k(P) > 1 with |a, p|, = 1. Thus (p) has to split in M; so,
(p) = pp in M. Thus %, , is made of single element ¢ = i, |y, and for each k, there
exists at most one Weil number ay, € M of weight &k (up to roots of unity in M) such
that |agl, = 1. In M, () = p” for the prime ideal p of M corresponding to ip| -
Fix such a k. Taking a k-th root o = /a,,, we have oy = a! up to roots of unity for
all [ as (o) = 9.
Since A is an infinite set, there exists an infinite sequence in A

P, Py P, ...
with increasing weight k(P;) < k(P,) < --- such that
(ap,(p)) = "
for all 7 > 0. Put
1
() = eXp(k:(Po) log,,(a(p, fr,)) = exp(log,(a)).

Since (ap,(p)) = pE)), ap, (p)/()*F1) is a Weil number of weight 0, that is, it
is an algebraic integer with all its conjugates having absolute value 1. Then by
Kronecker’s theorem, we find ap,(p) = (p, (@)*F3) for a root of unity (p,. Note that
() is contained in a finite extension M’/M. Since there are finitely many roots
of unity in M’, we have only finitely many possibilities of (p,. Therefore, replacing
{P;}; by its subsequence, we find an infinite sequence P, Ps,--- , B, - - - of increasing
weights such that ap,(p) = C{a)* i) for all j = 1,2,... for a fixed root of unity (.
We have a power series @, (X) € W[[X]| with coefficients in a discrete valuation ring
W finite flat over Z, such that ®,(y* — 1) = ((a)* for all integers k. Since F is an
ordinary family, there exists an element A € I such that a(p, fp) = (A mod P) for
all height 1 prime P of I containing (1 + X — +*(")). Thus we find A = &, mod P;
for infinitely many distinct primes Pj; so, A = ®,, as desired.

We now treat the general case where M may not be an imaginary quadratic field.
Let K C Q be a number field with integer ring O. Consider O ®z K. Then O ®z K is
a product of fields 0(O)K C Q indexed by (some) embeddings o : O < Q. Take the
base ring W containing O. Then [ ®z K contains O ®z K, and 1 ®z K decomposes
accordingly: I®z K =[], I,. Regard I®z K as a K-algebra from the right factor (and
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K isembedded in @p by ip,). Note Iz K = 1®z, 72,2, K = 1®z, K, for K, = 7,2, K.
For an arithmetic prime P, we have Z[fp| := Z[ap(n)|n = 1,2,...] C I/P. Then
Zlfpl®@zK C1/P®z K as K is Z-flat. On the other hand, Z[fr|®zK = Q(fp)®zK =

HT:Q(fp)‘—@p ip(7(Q(fp))K). The composite o(Q(fp))K is taken in Q, by sending it
by i, inside @p. For some 7 (for example, complex conjugation 7 = ¢), we may have
ip(r(ap(p)y < 1

Let us give more details why this strange phenomenon: |i,(7(ap(p)))|, < 1 could
occur. Suppose K/Q is a Galois extension with O C W. Then writing V = K N W
(the valutaion ring corresponding to i, : K — Q,), V @z V C [Trecax/@o(V)V.
Let e, for the idempotent of o(V)V. Writing Dy C Gal(K/Q) for the decomposition
subgroup of V, unless 0 € Dy (i.e., o(V) = V), o(V)V = K. Since V' C hyp)11,4p,
we regard e, € hypyy1p, ®z V. Since U(p) is invertible in hyp)i1,4,, the image
of ex(U(p) ® 1) is invertible in K = o(V)V, but that does not mean e,(U(p) ® 1)
is a p-adic unit. Define Ep = lim,,_.(U(p) ® 1)™ under the p-adic topology 7p of
hy,(py11,4p, ®2V inducing the natural topology on 1& V' C hyp)41,4, ®zV. Then Ep is
orthogonal to e, if e,(U(p)®1) is p-adically nilpotent under the p-adic topology 7p of
hy(p)41,4, @2z V. The idempotent ep = lim,, . U(p)™ in Ri(py+1,0p (for p = Yrpyep)
is only defined over Q; so, e may not commute with some ¢. In other words, we
could have ep @ 1 # Ep, and Ep = 3 i (app))),=1 €~ We can embed h into
I1p hepy1,0p C Ip hr(p)+1,0, for an infinite set A of arithmetic points P of W{[T]
sending T'(n) to diagonal T'(n) in the product of right-hand-side. The tensor product
h ®z K is embedded in [[p(hrp)+1,0p @z K). We write E = [[, Ep, which is an
idempotent of [],(hip)11,4, ®z K) but may not be in ([[p hrp)+1,0p) ®z K. The

closure h ®7 K of h ®; K inside Hp(hk(p)JerP ®z K) contains F, and E(hm)
is free of finite rank over W[[T]][;] (though h ®z K could be huge). Each irreducible

1
p
component of F (h@Z\K) gives rise to another p-adic analytic family of slope 0.

Pick an arithmetic point P, and write & = ap(p). Take an irreducible component
Spec(I2) of Spec(I,) N Spec(E(hm)). Let P, be a factor of PRz K CI®y K =
[1, I, corresponding to I2. Regarding P, : I — Q,, we have P.(a) = 7(a) and
fp. = fp. Since 1, C E(hm), we have |7(a)|, = 1. The image a,(p) of a(p) ® 1
in I, modulo P, gives the unit 7(ap(p)); so, a,(p) is a unit in the integral closure of
WI([T]] in L.

Here is a more down-to-earth proof of the fact that I above gives rise to another
analytic family F, containing f7. Start with another arithmetic (Q : I — @p) €
Spec(I) (@p), but regarding @) as a prime divisor of Spec(I), I/Q has a unique embed-
ding I/Q) C @p induced by @ : T — @p. Then I2/Q, C I/P ®; K for corresponding
Q- € Spec(I2)(Q,). Indeed, tensoring K to the exact sequence Ker(Q) — I —
Im(Q), we get another exact sequence: Ker(Q) ®z K — [[, I, - Im(Q) ®z K, and
Im(Q) ®z K contains o(K)K canonically and 7’ coincides with o on K N Q(fg) and
induces 7' = Qg : QN W — Q,. Then we have fg , = fg which is a classical
modular form. It is slope 0 with respect to i, (i.e., with respect to the product topol-
ogy [IpZp) because of E/- I = I2. Thus F, is another slope 0 family. We rewrite
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0. for 7. Let m, : [®z K — I be the projection. We have a commutative diagram
H/Q — H;/QT’

b b
K —— ¢(K)K

,_ )
T'=0Q,0

where K is the closure of K in I/Q and O’W is the closure of o(K)K in I2/Q,.

Take K to be the maximal real subfield of M (not to have complex conjugation ¢
with |ap(p)¢|, < 1). Take the starting P to be Fy. Write simply ¥y for ¥,,. Then
the set I of embeddings of K into @p is in bijection to Xo, and op, 5| € ¥o. By the
assumption (2), any prime p|p in K splits as p = PP in M and My = K, = Mgg; so,
M C K non-canonically. Since ag = ap,(p) generates M and {K — U(K)K}a € o}
cover all conjugates of K inside Q, for any o # ¢’ in I we find 0py.0(Q0) # Tpy.0 ().
Thus we have at least |I| distinct families: {F,}ses. In other words, the set ¥ of
p-adic embeddings of M induced by {0¢ s }ser for @ € A is a p-adic CM type of M.
Here a p-adic CM type is a CM type X = {0 : M — @p} of M such that, writing ¥,
for the set of p-adic places induced by ¢ € X, 3, N X¢ = ) for complex conjugation ¢
on M.

Since there are only finitely many p-adic CM types of M, replacing A by an infinite
subset, we may assume that X p is identical to a p-adic CM type X for all P € A.
This forces (ap(p)) = Hpezg pe®E(P) for the absolute ramification index e(p) of p/(p).

As before we choose an infinite sequence in A

P, Py P, ...
with increasing weight k(P;) < k(P,) < --- such that
(ar,(p)) = ] p "
peXp

for all j > 0. Then ap,(p)/{a)*Fi) is a Weil number of weight 0, that is, it is an al-
gebraic integer with all its conjugates having absolute value 1. Then by Kronecker’s
theorem, we find ap, (p) = (p,(a)¥7) for a root of unity (p,. Note that (a) is con-
tained in a finite extension K’/K. Since there are finitely many roots of unity in
K', we have only finitely many possibilities of (p,. Therefore, replacing {P;}; by

its subsequence, we find an infinite sequence Py, P, -+, P,, - -- of increasing weights
such that ap,(p) = ({a)¥") for all j = 1,2,... for a fixed root of unity . By the
same argument as before, we conclude A = &, as desired. O

2.2. Proof of the vertical theorem. Suppose that V4(I) is a finite extension and
the existence of an arithmetic point I as in the theorem. Therefore the assumption
(2) of Proposition 2.3 is met. By Proposition 2.3, we find a Weil number « of weight
1 and a power series ®,(X) € W[[X]] such that a(p, fr) = Pa(cp(Y)Y*) — 1) =
C(ep(7y))otn(@)/ 108N (0 )F(P) for all arithmetic P, where € is a root of unity independent
of P; in short, a(p) = ®, € W[[X]] C I. Then, for the entire set B of arithmetic points
P with k(P) = 1, we find Hg(I) C Q(ptpe(p—1))(¢, ) which is a finite extension of
Q(ptp<). Then by the horizontal theorem, I has complex multiplication. The converse
is easy. This finishes the proof of Theorem 2.2.
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We could make the following conjecture which is a vertical version of Corollary 1.9:

Conjecture 2.4. Let A C Spec(I)(Q,) be an infinite set of arithmetic points P with
bounded level r(P) < r. Suppose that 1 does not have complex multiplication. Then
we have

lim sup[Q(a(p, £r)) : Q] = o0,

PeA

3. LECTURE 3: CONSTANCY OF ADJOINT L-INVARIANT

Consider a cuspidal slope 0 family of Hecke eigenforms F = { fp|P € Spec(I)(Q,)}
indexed by points of Spec(I)(Q,) and its family of Galois representations {pp}p.
For each p-decomposition subgroup D C Gal(Q/Q), we have pp|p = (7 5, ) with
unramified quotient character dp (e.g., [GME] Theorem 4.2.6). Here, for each P €
Spec(I), fp is a p-adic modular form of slope 0 of level Np")*! for a fixed prime to
p-level N (pt N). Consider the adjoint representation Ad(pp) realized in the trace
zero subspace in sly(k(P)) C Ma(x(P)) by conjugation action. Thus Ad(pp)(F'rob,)

has an eigenvalue 1; so, L,(s, Ad(pp)) has an exceptional zero of order 1 at s = 1.
For the L-invariant £(Ad(pp)) defined by Greenberg [Gr| (see also [HMI] §1.5.2), his

conjecture L (Ad(pp)) < L(Ad(pp)) is still an open question. Anyway we get a
function P — L(Ad(pp)) defined on the set of arithmetic points of Spec(I). This
function is interpolated analytically on Spec(I). We still write P +— L(Ad(pp)) for
this analytic function (see [H04b]). Supposing almost known Conjecture 3.5, we prove
in this lecture

Theorem 3.1. The analytic function P — L(Ad(pp)) is constant if and only if the
famaly F has CM.

By this theorem, if F is a non CM family, P — L(Ad(pp)) is a non-constant func-
tion; so, except for finitely many Galois representations in the family, the conjecture
of Greenberg (see [Gr]) predicting the non-vanishing of L(Ad(V)) is true.

Conjecture 3.2. For a slope 0 parallel weight family (i.e., a cyclotomic family) of
Hilbert modular Galois representations {pp}pespecn), P +— L(Ad(pp)) is constant if
and only if the family F has CM.

The conjecture implies that for a non-CM component, P — £(Ind% Ad(pp)) is non-
constant; so, it vanishes only on a thin proper Zariski closed set in the component.

The Galois representation py restricted to the p-decomposition group D is reducible.
We write pj® for its semi-simplification over D. Then py satisfies, for primes [ 1 Np,

(Gal)  Tr(pu(Frob)) = a(l), pi*(17", Q) ~ (“F07°0) 0 o (2. Qo) ~ (5 i) ) -

where 7* = (1+p)* € Z) for s € Z, and [z,Q,] is the local Artin symbol.
Recall that the family has CM if one of the following four conditions is satisfied:

(1) there exists an arithmetic point P € Spec(I) and a nontrivial Galois character
x such that pp ® x = pp,

(2) for all arithmetic points P € Spec(I) and a nontrivial Galois character x, we
have prp & X = PP,
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(3) there exists an arithmetic point P € Spec(I) such that fp is a theta series of
a binary quadratic form,
(4) for all arithmetic points P € Spec(Il), fp is a theta series of a binary quadratic
form.
If 7 has CM, x cuts out an imaginary quadratic field M, and p; = Ind% U for a
character ¥ : Gal(Q/M) — I¥. The decomposition (pr|p)*® = € @ § can only happen
if p splits into pp in M so that ¥ ramifies at p and ¥¢(0) = ¥(coc™?) is unramified at
p. Then D is the decomposition grup of p, e = ¥ and 6 = ¥°. Write R for the integer
ring of M. At an arithmetic point, fp is the theta series of a Hecke character \p
whose p-adic avatar Up = P o W has p-type Vp([z, M) = t1ep(z){z)*P) (z € RY)
identifying R, with Z,, and U ([p, M,]) = Y5 ([p, My]) = a(p); so,
alp) = Go(1 + T)logp(ﬁ)/log(v)
for a root of unity (s, where log,(p) = L log,(a) taking h such that p" = (o) with

“h
ae M.
Here is a version of Lemma 1.6 ([C] Theorem 4.3) I explained in the first lecture:

Lemma 3.3. Let F, be an algebraic closure of F,. If a power series ®(T) € Og, =
F,[[T]] regarded as a function of t = 1+ T satisfies ®(t*) = ®(t)* for z in a open
subgroup of Z, then ®(t) = c-t* for s € Z, with a constant ¢ € I,

3.1. Proof of Theorem 3.1. By (1.6) of [H04b], L(Ad(pp)) is a constant multiple

. (a(p)‘lcij—;?v ’X:O’

where if PN A = (X) for X =~7%¢1t — 1 for t =1+ T. After proving the theorem
assuming this formula, we recall the proof of the formula. By variable change (as
T = log,(t) mod T?), we get

(a5 |, = (a2

Thus the constancy of L(Ad(pp)) implies the constancy of

dzg?) = a(p)_ltdozi(tp) =secW.

Thus t% = s a for a(t) = a(p)(t) for s € W. In other words, putting b(z) =
log, oa(exp,(x)) (for z =log,(t)), as dz = %, we get from the chain rule,
B _dody _dudlogo) 1
dr  dvda dr da a
Thus b is a linear function of x with slope s:

t=CyF

a(p)'(1+7)

log,(a) = sz +c <« a= Cexp,(s-log,(t)) = Ct® (C = exp,(c)).

Then a(p) = Ct* € K[[T||NT = W|[[T]] (t* = exp,(s-log,(t))) for the quotient field K
of W, and t* € W[[T]]. Taking ®(¢) :=t* mod my in F[[T]], we find ®(t*) = P(¢)*
for z € Z,. Thus by Chai’s lemma above, we conclude s € Z,. Write f; = fp for
P = (X) (X =~7%1 —1) with ¢ € ppr. The form f; is a Hecke eigenform in
Sk(C1(Np™1)), and we have a(p, fc) = Cy*¢*. Take ¢ = 1. Then a(p, f1) = Cy** is
a Weil number a of weight k. This shows that for any ¢ € gy, a(p, fc) = o up to
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p-power roots of unity. Thus the field generated by a(p, f¢) for all ( € i, is a finite
extension of Q[up~]. Then by the horizontal theorem, we conclude that F is a CM
family.

Conversely, we suppose F is a CM family. Then we find a Galois character ¥ :
Gal(Q/M) — I* for an imaginary quadratic field M such that pp = Indy, ¥ mod P
for all P € Spec(Il) and ¥ is unramified at a unique factor p|p in M. Then a(p) is the
value of the character W°(Frob,) at the Frobenius element Frob, at p. As already
explained, we have W¢(Frob,) = t°&®/2:() up to a root of unity. This shows the
constancy of L-invariant for the CM family. O

3.2. Recall of L-invariant. According to Mazur—Tate-Teitelbaum [MTT], the £-
invariant times the archimedean L-value give the leading term of the Taylor expansion
of a given p-adic motivic L-function at an exceptional zero. For an elliptic curve
E g with multiplicative or ordinary good reduction modulo p, its p-adic L-function
L,(s, E) has the following evaluation formula at s = 1:

1y Leo (1, E)

L,(1,E)=(1—a,
JLE) = (1 - )=,

p
where Lo (s, E) is the archimedean L-function of E, and a, is the eigenvalue of the
arithmetic Frobenius element at p on the unramified quotient of the p-adic Tate
module T'(F) of E. If E has split multiplicative reduction, a, = 1, L,(s, E) has zero
at s = 1. This type of zero of a p—adic L—function resulted from the modification
Euler p—factor is called an exceptional zero, and it is believed that if the archimedean
L—values does not vanish, the order of the zero is the number e of such Euler p—factors;

80, in this case, e = 1. Then L (1, F) = %321 is conjectured to be equal to the
archimedean value % times an error factor £ (FE), the so-called L-invariant:

/ an LOO (17 E)
L,(1,E) = L"(E) period
The problem of L-invariants is to find an explicit formula (without recourse to p—adic
L—functions) for motivic p-adic Galois representations V. Writing F (@p) = @; /q*
for the Tate period ¢ € pZ,, the solution conjectured by [MTT] and proved by
Greenberg-Stevens [GS] is
_ log,(q)

ordy(q)

Since E is modular, L(s, F) = L(s, fg) for an elliptic Hecke eigenform fz of weight
2. In particular, a(p, fg) = a, = 1 and a(1, fg) = 1. We can lift fg to a unique
family F7 so that fg is a specialization of F at an arithmetic P with k(P) = 1. Then
one of the key ingredients of their proof is the following formula:

da(p) } ‘
dX 1x=0

L(E)

£ (B) = —2log, ()
Here is an analogous formula in [H04b]:

Theorem 3.4. Let p be an odd prime, and assume Conjecture 3.5 in the following
section. Then we have

L(Ad(pp)) = —2log,(v)ap(p) ™" da(p)

d—X’X:O'
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3.3. Galois deformation. A main ingredient of the proof of Theorem 3.4 is Galois
deformation theory. Since pp is irreducible and Tr(p;) € L, via pseudo representation,
we arrange py to have values in Ip. Let Hp = hm Ip/P"lp. It is known that Hp =
k(P)[[X]] (see [HMI] Proposition 3.78). The character det(pr)~! det(p) has values in
the p-profinite group 1+m; for the maximal ideal my of I, and hence we have its unique
square root 1) with values in 1+my. Define a representation p : Gal(Q/Q) — G Ly(Ip)
with det(p) = det(p) by (o1 ® ¥)(0) = ¥(0)pi(o). Note that p = pp mod P. Fix a
decomposition subgroup D, C Gal(Q/Q) at p. Normalize pp so that pp|p, = (7 5. )
with unramified dp. Then ep # dp and €p is ramified.

Simply write k := k(P). Let S be the set of places of Q made up of all prime factors
of Np and oco. Consider the deformation functor into sets from the category of local
artinian x-algebras with residue field x whose value at a local artinian x-algebra A
with maximal ideal m4 is given by the set of isomorphism classes of 2-dimensional
continuous Galois representations p4 : Gal(Q/Q) — GLy(A) unramified outside S:

(D1) (ps mod m4) = pp:

(D2) Writing ¢ : K — A for the structure homomorphism of k-algebras, we have the

identity of the determinant characters:

vo det(p) = det(pa);

(D3) We have an exact sequence pa|p, = (E(f ;A) with 4 = 0p mod my.

The condition (D3) is the near ordinarity, and we call the character é4 of D, the
nearly ordinary character of p. By the work started by Wiles/Taylor (and practically
ended by Kisin), we know (e.g., [HMI] Corollary 3.77 for most cases) the following
conjecture is true for almost all cases:

Conjecture 3.5. The above functor is pro-represented by the pair (ﬁp, p).

In the following sections, we start with a brief review of the definition by Greenberg
of the Selmer group and his L—-invariant.

3.4. Selmer Groups. We describe the definition due to Greenberg of his Selmer
group associated to the adjoint square Galois representation. For simplicity, we as-
sume that S = {p,o0} (so, N = 1). One can find the definition in the general case
in [Gr] and in [HMI] §1.2.3. We may assume that x has p-adic integer ring WW. Let
Q° be the maximal extension unramified outside S. All Galois cohomology groups
are continuous cohomology groups in [MFG] 4.3.3. Write &° = Gal(Q°/Q) and I,
for the inertia subgroup of the decomposition subgroup D, C &°.

Write V' for the space of pp. Let & act on End.(V) by conjugation and put
Ad(V') C End, (V) (the trace 0 subspace of dimension 3). We have a filtration:

(ord) V2PV 2 {0}

stable under the decomposition group D, such that D, acts on the quotient V/F*V
by dp. Then Ad(V') has the following three step filtration stable under D,:

(F) Ad(V) D F~Ad(V) D FTAd(V) D {0},

where
F-Ad(V) ={¢ € Ad(V)|¢p(FTV) C FTV} (upper triangular),
FTAd(V) ={¢ € Ad(V)|¢p(FTV) =0} (upper nilpotent).
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Note that D, acts trivially on F~Ad(V)/F*TAd(V); so, F~Ad(V)/F*TAd(V') = k; so,
the p-adic L-function of Ad(V') has an exceptional zero at s = 1. Put

U,(Ad(V)) = Ker(Res : H'(D,, Ad(V)) — H"(I,, %))
Then we define
L HU(DY)

(3.1) Sel(Ad(V)) = Ker(H" (&, Ad(V)) A ).
Replacing U,(Ad(V)) by the bigger
U (Ad(V)) = Ker(Res : H'(D,, Ad(V)) — H' (I, %))

for p|p, we can define a bigger “—” Selmer group Sel™ (Ad(V)) D Sel(Ad(V)).

In the above definition, replacing &° by the stabilizer &3 of the cyclotomic Z,-
extension Q,/Q and V by A = V/L for a Galois stable lattice L, one can define
the Selmer group Selg. (A) whose characteristic power series ®(7") is supposed to be
the adjoint p-adic L-function L,(s, Ad(pp)) (the adjoint main conjecture). It is easy
to see Sel”(A) is sent (with possibly finite kernel) into Selg, (A) (as p-ramification
of cocycles giving Sel™ (A) projected to F'~A/FT A is absorbed by the wild ramifica-
tion of Q/Q). The image produces the exceptional zero of algebraic L-function
s — ®(y* — 1) = L%(s, Ad(pp)) at s = 1. Greenberg’s philosophy is there-
fore that the L-invariant must be produced out of cocycles in Sel™(A). Assuming
L(Ad(pp)) # 0, Lo9(s, Ad(pp)) has order 1 zero at s = 1 and L/ (1, Ad(pp)) =
L(Ad(pp))L(1, Ad(pp))/period up to units under mild conditions (see [Gr] Proposi-
tion 4, [HO7b] Theorem 3.1 and [MFG| Theorem 5.20).

Taking the Tate-dual Ad(V)*(1) = Hom, (Ad(V), x)(1) with single Tate twist, and
the filtration dual to (F), we define the dual Selmer group Sel(Ad(V)*(1)).

Lemma 3.6. Assume Conjecture 3.5. We have dimSel™ (Ad(V)) =1 and
(V) Sel(Ad(V')) = Sel(Ad(V)*(1)) = 0.

In the earlier article [H04b], the balanced Selmer group Selg (see [Gr] (16) and
[HMI] §1.5.1) is used to prove this type of result. However by definition Selg(Ad(V)) D
Selg(Ad(V)) and by duality Selg(Ad(V)*(1)) C Selg(Ad(V)*(1)). Then by Greenberg
(see [Gr] Proposition 2 or [HMI] Proposition 3.82), we have

dim Selg(Ad(V)) = dim Selg(Ad(V)*(1)),

and therefore, to prove the vanishing of all such Selmer groups, we only need to show
Selg(Ad(V)) = 0.

Proof. Here is a sketch of the proof. For any derivation 0 : Ip — Kk, consider ¢, :=
(0p)pp : 8% — End(V). Applying 0 to p(c)p(r) = p(oT), we verify ¢y is cocycle.
Since det(p) is constant, ¢, has values in Ad(V). Since p|p, is upper triangular, [c,] €
Sel” (Ad(V)). By universality, any such cocycle is of the form cy. Thus the tangent
space 7p = k of Spec(ip) at P is isomorphic to Sel™ (Ad(V)); so, dim, Sel ™ (Ad(V)) =
1. Since the diagonal entry of ¢y is non-trivial, Sel(Ad(V")) is a proper subspace of of
Sel™(Ad(V)); so, it vanishes. By Greenberg, dim, Sel(Ad(V')) = dim, Sel(Ad(V)*(1))
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(strictly speaking dim, Sel(Ad(V)) = dim, Sel(Ad(V)*(1)) as remarked; see [HMI]
Lemma 1.84); so, the desired vanishing also follows for the dual. O

We have the Poitou-Tate exact sequence (e.g., [MFG] Theorem 4.50 (5)):

H'(D,, Ad(V))
U,(Ad(V))

0 — Sel(Ad(V)) — H (&, Ad(V)) — Sel(Ad(V)*(1))*.

Thus by (V), we have

H'(Dy, Ad(V'))
Up(Ad(V))

2

() HY(&°, Ad(V))

3.5. Greenberg’s L—invariant. Greenberg defined in [Gr| his invariant £(Ad(V))
in the following way. Write F'~H'(D,, Ad(V)) for the image of H'(D,, F~Ad(V)) in
H'(D,, Ad(V)). By the definition of U,(Ad(V)), the subspace % inside
the right-hand side of (I) is isomorphic to Sel ™ (Ad(V)) = k. Namely, we have

~ F~HYD,,Ad(V)) _ HY(D,, Ad(V))
Res  U,(Ad(V)) Uy(Ad(V))

Sel™ (Ad(V))

Then by projecting down to F~Ad(V)/F*Ad(V) & k with trivial D,-action, cocycles
in Sel™ (Ad(V)) gives rise to a subspace L of

Hom(D3’, F~Ad(V)/F*Ad(V)) = Hom(D2", k).

Note that

Hom(D%¥, k) & k X K

canonically by ¢ — (qﬁlf)[g%’)]) ,0([p, Qp))) for any u € Z of infinite order. Here [z, Q)]

is the local Artin symbol (suitably normalized).

If a cocycle ¢ representing an element in Sel™ (Ad(V)) is unramified, it gives rise to
an element in Sel(Ad(V')). By the vanishing (V) of Sel(Ad(V)), this implies ¢ = 0;
so, the projection of L to the first factor x (via ¢ — ¢([u, Q,])/log,(u)) is surjective.
Thus this subspace L is a graph of a xk-linear map

L:K— K,

which is given by the multiplication by an element L(Ad(V')) € k.

3.6. Proof of Theorem 3.4. Write p|p, = (§5) with nearly ordinary character 8.
We know that ¢y for O = < gives a nontrivial element in Sel” (Ad(V)). The image
of cy in Hom (D%, k) is 65'08|x—o. We know that d,'8([p, Q,]) = ap(p)'a(p) and
65 0([u, Q) = (CF)loan(w/2log, (V) log, (w)/2108,(7) Ty our construction. Then to get
the desired result is just a simple computation.
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4. LECTURE 4: IMAGE OF A-ADIC GALOIS REPRESENTATIONS MODULO p

We call a prime ideal P C I a prime divisor if Spec(I/P) has codimension 1 in
Spec(I). Put ®(N) = N? [Tn(1- ) for an integer N > 1 and its prime factors I.

Theorem 4.1. Take a non CM component I of cube-free prime-to-p level N, and let
P € Spec(l) be a prime divisor above (p) C Z,|[T]]. If p t ®(N), the image of pp
contains an open subgroup of SLa(F,[[T]]).

Recall, for primes [ { Np,
(Gal)  Tr(pr(Froby)) = a(l), pi*([7, Q) ~ (707 9) 0 o[, Q) ~ (G an)) -

We have a unique decomposition I¥ = (I*) x u®, where u® is a finite group of
order prime to p and (I*) is a p-profinite group. Write a — (a) for the projection
to (I*). Since p > 5, a € (I*) has a unique square root /a € (I*). We put

pr=pm® \/(det(pﬂ)>_1. Then det(p’) has finite image. Since Im(pr) N SL(2) =
Im(p') N SL(2), we may replace p; by p' to prove the theorem. Note here Im(p’)

contains <(1+T0)75/2 (H;)S/z) for all s € Z, by (Gal).

Here is an outline of the proof. For a prime divisor P above (p) C Z,[[T], let B(P)
be an algebraic closure of x(P). The Zariski closure of the image Im(pp) N SL(2) in
SL(2) /7p) is an algebraic subgroup G'p of SL(2) zpy defined over x(P). Let G% be the
connected component of Gp. Then GY% is either Borel subgroup, a torus or a unipotent
1471) /2 *
o 0) (1+T
If G% is a Borel subgrup or a torus, we prove that P has to be either an Eisenstein

ideal or the family has congruence modulo P with a CM component I having CM by
an imaginary quadratic field M. In the Eisenstein case, by a result of Mazur—Wiles
[MW] and Ohta [O1], P divides the Iwasawa power series of a Kubota-Leopoldt p-adic
L-function. This is impossible as the Kubota—Leopoldt p-adic L-function has trivial
p-invariant [FeW]. In the CM case, P divides L,(Ad(pr)) = h - L,(¥y) (congruence
criterion) for the class number h of M as remarked in Lecture 1, where L,(¥ ) is the
anticyclotomic p-adic Hecke L-function constructed by de Shalit, Yager and Katz (see
(K] and [HO7b]). By [Fi] and [H10], the anticyclotomic p-adic Hecke L-function has
trivial p-invariant (under p 1 ®(N)); so, if p 1 h, this proves the theorem. If p|h, by
computation of the congruence power series, we prove that the congruence between
CM components exhausts the p-part of the congruence power series, and thereby, we
conclude that Gp is SL(2), and (Gal) implies, by a result of Pink [P], that pp to have
the open image property.

This type of results, asserting Im(pp) contains an open subgroup of SLs(Z,) for
non CM arithmetic primes P was proven by Ribet [R] long ago. If p|®(N), the
theorem could fail. We make the following conjecture in the Hilbert modular case
over a totally real field F' with integer ring O:

Conjecture. Let Fy be a non CM parallel weight Hilbert modular family (in [H88b])
of prime-to-p level N for a totally real field F. Suppose p > 5, and let P be a prime
divisor of I over (p) C Zy[[T]]. Then we have

(1) The mod P Galois representation pp is irreducible over Gal(Q/F).
(2) Suppose p { ®p(MN) = N(M)? [[1n(1 - W) and that N is prime to p and
cube free. If either dimp F[u,] > 2 or the strict class number of F is odd, pp

group. Since G%(k(P)) contains < )5/2), G% is not a unipotent group.
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contains a subgroup isomorphic to an open subgroup of SLo(F,[[T]]), where
det(pr([vg, Q@p))) = (L +T)* for a generator vp of ¥*» N Npjp(Oy).

If dimp Fp,] = 2 and F has a CM quadratic extension unramified everywhere,
the p-invariant of the anticyclotomic p-adic Hecke L-function could be positive [H10]
(M1-3); so, irreducibility is at most we could expect under such circumstance. The
above conjecture is almost equivalent to vanishing of the p-invariant of Deligne-Ribet
p-adic L and of Katz p-adic L restricted to anticyclotomic parallel weight variable.

Here is a general fact from the theory of new/old forms:

Proposition 4.2. Let 1 = ®;m; be an irreducible cuspidal automorphic representation
of GLa(A) of weight k + 1 with central character 1. Write C(m) for the conductor
of m. Fix a prime |, and write m for its l-component. For a new vector f € m,
write f|T(l) = a - f and defining a, 3 to be the two roots of X? — aX + ()I* =0
if mp is spherical. Then the following is the list of all Hecke eigenvectors in m whose
eigenvalues for T'(q) with q # 1 coincide with those for f:

(1) If m is spherical, in addition to f, we have fo, f3, fo such that f,|U(l) = x- f,
(here fo = f5 if a = [3), where the minimal level of f,, fs, fo are, respectively,
C(m)l,C(m)l and C(7)I?;

(2) If m is Steinberg, we have f, = f, fo under the same convention as above,
where the minimal level of fo, fo are, respectively, C(mw) and C(w)l;

(3) If m is supercuspidal, f = fo.

The above vector f, is determined by x up to constant multiple.

In the spherical case (1), if f is a new form in 7w, f,(2) = f(z) — 6f(lz). If
a = 3, U(l) gives a nontrivial nilpotent. If f is of weight 2 and I3 { C(7), a # 8
by Coleman-Edixhoven [CE]; so, U(l) on such 7 is semi-simple if 3 { C(7). For
simplicity, we assume that h is a reduced algebra (which is true if N is cube-free by

[CE]).

4.1. CM components. Let Spec(I*) be the union inside Spec(h) of all irreducible
components having CM by a fixed imaginary quadratic field M. Consider the ray
class group Cly(cp”) modulo c¢p” (of M) for ¢ prime to p and put C = lim Clp(cp™).
Let M./M be the ray class field with Gal(M./M) = C. If Spec(I) C Spec(I{}), we
have a unique ideal ¢ = ¢(I) prime to p such that ¢¢Dy/|N and p; = Indy ¥ for a
character ¥ : Gal(M./M) — I*. Since ccDy/|N, each prime factor [ of ¢ divides V.
The ideal ¢(I) is determined in the following way:

(1) If (1) = [l and a(l) # 0, we have one of factors of I, say [ such that a(l) = ¥(I),
and in this case, ¢ is prime to [ and ordy(c) = ord;(N), where ¢ = ], [o"4(
and N = [, o7V,

(2) If (I) = T and a(l) = 0, ord((c) = ordy(c) = 1 and ord;(N) = 2.

(3) If [ = (1) is inert and a(l) # 0, we have a(l) = £1/V(l), ordi(c) = 0 but
1 <ordy(N) <2.

(4) If [ = (1) is inert and a(l) = 0, ord,(¢) = 1 and ord;(N) = 2.

(5) If 2 = (1) and a(l) # 0, a(l) = ¥(I), ord((c) = 0 but 1 < ord;(N) < 2.

(6) If 2 = (1) and a(l) = 0, ord((c) = 1 but ord;(N) = 2.

For any prime a prime to cp, we write [a] for the class lof a in C'. If a is not prime to cp,
we put [a] = 0 in W[[C]]. Let C, be the Sylow p-part of C. Then C' = C®) x C,, with
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finite group C'® of order prime to p. We write A for the maximal finite subgroup of
Cp, and put I'y; := C,/A = Z,. Pick a CM irreducible component Spec(II) C Spec(h),
and let Spec(T) be the connected component of Spec(h) containing Spec(I). We
assume W = Q, N L. We define Spec(T.,) C Spec(T) by the union of all CM
components of Spec(T). Let Q be the quotient field of Z,[[T]] and @ be an algebraic
closure of @, and regard I as a subalgebra of Q by a fixed embedding over W{[T]].
We list here easy consequences of explicit form of CM components: Let M and L
be distinct imaginary quadratic fields in which p splits.
Fact 1. If P € Spec(I* ) N Spec(I£ ) is a prime divisor, P contains T'; so, it is prime
to (p).
Fact 2. Let I and I' be two distinct CM components in T,,, and write a(l) and a/(l) fo
the image of T'(1) in I and I, respectively. If a(l) = o(a/(1)) for o € Gal(@/@)
for almost all [, any prime divisor P € Spec(I) N Spec(I') is prime to (p).
Fact 3. By the explicit form of theta series of M,

[N+1[] if () =0 with [#£]T,
hsT() [(D)] if (1) is a prime in M outside N or (I)|c,
+/[(D)] 1f ({ |N is a prime in M outside c,
if (

)
1] [)="Fin M

gives a ring homomorphism h — W[[C]] inducing T, ) = WI[Cpllp); so,
Tem, p for any prime P over (p) is a local complete intersection, and for an
irreducible component Spec(I) C Spec(Ter,), Ip = W{[['y]](p) which is regular.
See [H86¢].

4.2. Irreducibility and Gorenstein-ness. We would like to prove

Theorem 4.3. If pp is absolutely irreducible and pp|r, = (4 1) with ep # 1 for the
inertia group I, C Gal(Q/Q) at p, then the localization Tp is a Gorenstein ring.

To prove this, we apply Mazur’s argument proving Lemma 15.1 of [M]: irreducibility
= Gorenstein-ness, that is,

Homyry, (Tp, W[[T]]p) = Tp
as Tp modules.

We prepare some notation and a proposition. Let J;(Np") be the jacobian of
the modular curve X;(Np"),g. We consider its Tate module 7},J;(Np") and its limit
im Tp,J, (Np") via Albanese functoriality. The limit is a Galois module. The ordinary
part J of lim T),Ji(Np") (that is the image of e = limj, .o U(p)™ of the limit) still
carries the Galois action. By Diamond operators, (Z/NZ)* x p,—1 C (Z/NZ)* x 7}
acts on J. We can take the maximal quotient L of J®z, W on which (Z/NZ)* X i,
acts by 1. The Galois module L is naturally an h[Gal(Q/Q)]-module.

Over the valuation ring A, = Z,[11,-]¥"¥?) | we have a well defined multiplicative
component of the Barsotti-Tate group of J;(Np")[p™]®z, W (see [AME]| Chapter 14).
Thus regarding the Poltryagin dual of L as the injective limit of the generic fiber of
these Barsotti—Tate groups over Aoo, we have a connected-étale/ramified-unramified
exact sequence: L;”“lt — Lyz, — L5, . A seen in [H86b] Theorem 9.3 (when 1 # 1)
and by Ohta [O] otherwise, we have
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Proposition 4.4. L™ = h_ and L = Homyy (b, W[[T]]) as h-modules.

Proof of Theorem 4.3. We follow the proof of [M] Lemma 15.1 and Corollary 15.2.
Take a prime P € Spec(T) C Spec(h) as in the theorem and put V = Lp/PLp
as Galois module. Then, by [O] Theorem (where actually the Galois module V' :=
V @ det(pp)t is studied), Vmult .= [mult /prmult (isomorphic to V'™ just as vector
spaces) is the eigen subspace of L on which the inertia group acts by the nontrivial
character ep. By the above lemma, V™ is 1 dimensional over x(P). If V is two

dimensional, we have dim(L%/PL%) = 1, and hence by Nakayama’s lemma L =
Tp = hp. Since Le = Homyy iy (b, W[[T]]), this shows

Tp = hp = Homy iy, (hp, W[[T]]p) = Homyry, (Tp, W([T]]p)

as desired.

Let ®;(X) = det(X —pr(Frob)) € 1].X] for primes [ outside Np. Since L is killed by
®,(F'roby), by the irreducibility of pr, V' is killed by ®;(Frob;); so, irreducible subquo-
tients of V' are all isomorphic to pp. Thus the semi-simplification V** is isomorphic to
o for m > 0. The subspace V™!t .= [mult /prmult — / i5 the unique 1-dimensional
subspace on which I, acts by ep. Then I, acts trivially on L%/PL% = V/V™u Since
multiplicity of ep on V*° is m, we have m = 1 and hence dim Lp/PLp = 2, which
finishes the proof. 0J

4.3. Congruence modules. Pick a prime divisor P in Spec(T.,) over (p). Since
Uy mod P restricted to I, has infinite order and is unramified at p, pp is absolutely
irreducible (so, Tp is Gorenstein by Theorem 4.3). By Fact 1, we have T2, p = Tem,p,
and T, p is a local complete intersection (and hence Gorensteln). For the torsion-
free part I'y := C,/A of Cp, I = W/[[['p]]; so, I is a regular ring. We have therefore
the projection maps

TP - Tcm,P - HP
where all rings involved are Gorenstein rings.

Theorem 4.5. Suppose p 1 ®(N) and that N is cube free. Let P € Spec(T.y,) be a
prime divisor over (p) C Z,[[X]]. Then we have Tp = Tep p.

We prepare some notation and two lemmas and a proposition for the proof of the

theorem. For simplicity, we write the sequence Tp — T, p — Ip as R % s 2, A
and we put A = ¢pof : R — A. Since T is reduced, we have the following (unique)
decomposition

(1) Spec(R) = Spec(R') U Spec(S) with complementary component Spec(R’') of
Spec(S). Put Cy(0,S) := R' ®r S; so, Spec(R') N Spec(S) = Spec(Cy(8, S)).
(2) Spec(S

Spec(A). Put Cy(¢, A) := 5" ®g A; so, Spec(S’) N Spec(S) = Spec(Co(¢, A)).
(3) Spec(R) = Spec(R") U Spec(A) with complementary component Spec(R").
Put Cy(A, A) := R" @g A; so, Spec(R") N Spec(A) = Spec(Co(A, A)).

By Gorenstein-ness we have verified, we have

Homy (R, A) =2 R, Homy(S,A) =2 S and Homy (A, A) =2 A as R-modules.

) =
).
) = Spec(S’) U Spec(A) with complementary component Spec(R’) of
)-
) =

Under this circumstances, as proved in [H88a] Theorem 6.6, we have
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Lemma 4.6. We have the following exact sequence of R-modules:
0— Co(gp; A) — Co(N\; A) — Cp(0;5) @5 A — 0.

Moreover we have Cy(A; A) = AJcyA for ey € A, Co(p; A) = AJcyA for ¢y € A and
Co(0;S) = S/coS forcg € S (s0, Co(6;5) ®s A= A/d(cp)A).

We have a morphism (Z/(¢cNZ))* — Cly(c) sending ideal 0 < n € Z to its class in
Cla(c), and we write h™(c) for the order of cokernel Cl},(c) of this map. Now write
¢ for the prime to p conductor of ¥y.

Lemma 4.7. We have c, = h™ (¢ N<) up to units in Ip.

We have a natural inclusion I' = 1 + pZ, — R; — C,, which gives rise to the
A-algebra structure A — W/[[C,]]. Since S is the p-localization of the group algebra
W[C,]], it is well known that ¢, is the index of I" in C, (up to p-units; see for example,
[H86¢| Lemma 1.9 and Lemma 1.11).

Let Uy (1) = Uy(cret771) for complex conjugation ¢ be the anticyclotomic pro-
jection of Wy and L,(¥; ) be the primitive anticyclotomic Katz p-adic L-function as
in [HO6] and [HO7b]. We regard L,(¥;) € L.

Proposition 4.8. If pt ®(N), we have ¢y = h™ (¢ N'¢)L,(Vy ) up to units in Ip.

Proof. Write Spec(T) = Spec(I) U Spec(X) for the complementary component X. For
general P € Spec(I), as long as Tp is Gorenstein, we have Spec(Ip) N Spec(Xp) =
Spec(Ip/(Ly)). The L-function L(s, Ad(fp)) may not be a primitive L-function if I
is an old component. Thus writing L,(s, Ad(pp)) for the primitive L-function,

L(s, Ad(fp)) = E(s)L(s, Ad(fp)) = E(1)h(c N L(1, ¥7)
for a product E(s) of Euler-like factors over inert prime factors of N/cc. As
L (Frobgy) = ®p(Froby)/®p(c- Frobpc ') =1

for inert I, E(1) is a constant independent of P. We compute E(1) = 2(1 4 1) which
is a factor of ®(N) in I. Thus if p t ®(N), we get the desired result. O

Proof of Theorem 4.5. Note that the assertion of the theorem is equivalent to
the vanishing Cy(#;S) = 0, which is in turn, by Nakayama’s lemma, equivalent to
Co(0;9) ®r A = 0. We study Cy(0;S) ®r A. By the above two lemmas and the
proposition, we find that ¢(cg) = cx/cy; s0, ¢(cg) = L,(¥ ) up to units in A. Let p#
(0 < p € Q) be the exact power dividing L,(V; ) in A. Then ¢(cp) = 1 (up to units
in A) < Cy(0;S) ®r A = 0 < p = 0. The vanishing of y is proven in [H10] and [Fi]
under p + ®(N) and the theorem follows. O

4.4. Proof of the theorem. We first prove

Proposition 4.9. Suppose p ¥ ®(N) and that N is cube-free. If T is a non CM
component of the Hecke algebra h, for each prime divisor P € Spec(I) over (p) =
pZy|[T1], G is isomorphic to SL(2) /zp).

Proof. Replace pp by p == p1 ® \/(det(pﬂ»_l. Then det(p’) has finite image; so,
the Zariski closure Gp of Im(p’), has connected component G% in SL(2). The semi-
simplification of py| 1, has values in a split torus in G L, containing a matrix with two
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distinct eigenvalues (which are 1 and (1+7")*® for some s # 0). Thus the semisimplifi-
cation of p'[;, has values in a split torus of SL;. We need to prove G = SL(2). Since
p'(I,) is an infinite group by (Gal), dimGp > 0. There are only three possibilities:
either G% is isomorphic to a split torus 7, or is contained in the Borel subgroup
B, or G% = SL(2). If G5 C T, we conclude that p = IndY ¢ for an imaginary
quadratic field M and a Galois character ¢ : Gal(Q/M) — (I/P)*. We can lift by
class field theory ¢ to a character ¥ : Gal(Q/M) — W][[C,]]* with Im(¥) D> C,
without changing its ramification outside p. Then Spec(I) and Spec(I) intersect at
P, which is impossible by Theorem 4.5. Thus we now assume that G% C B and G%
has nontrivial nilpotent radical. Since conjugation by p'(c) has to preserve G% and
its nilpotent radical, p’ has to be reducible; so, P is an Eisenstein prime of h. By [O1]
Theorem 2.4.10, under the assumption p t ¢(N) for the Euler function ¢(N), any
Eisenstein ideal is killed by a Kubota-Leopoldt p-adic L-function, which has trivial
p-invariant by a theorem of Ferrero-Washington [FeW]. Thus p’ cannot be upper
triangular. The only remaining possibility is G% = SL(2). OJ

We need the following result of Pink (Proposition 0.6 and Theorem 0.7 in [P]).

Theorem 4.10 (Pink). Write Ad : PSL(2) — End(sl(2)) for the adjoint representa-
tion. Let G be a compact subgroup Zariski dense in PSLs(F((x))) for a characteristic
p finite field F, and define E C F((x)) be a closed subfield generated by Tr(Ad(g)) for
all g € G. If the Zariski closure of G is PSL(2), there exists an algebraic group Hg
such that H x5 F((x)) = PSL(2) and that G contains an open subgroup of H(E).

Proof of Theorem 4.1. Let p), = p/ mod P for p/ in the proof of the above
proposition. We now apply Pink’s results to G given by Im(p}) N SL(2) modulo
center. By the above proposition, the Zariski closure of Im(p}) N SL(2) is the
full group SL(2) (so, the Zariski closure of G is PSL(2)). Since k(P) is a lo-
cal function field of characteristic p, the integral closure of F,[[T]] in x(P) is iso-
morphic to F[[z]] for a variable x € x(P) with a finite field extension F/F,; so,
k(P) =F((z)). Thus we may assume that the image G is contained in PS Lo (F[[z]]).
Let Ad(p») = Ad(pp) = Ado pp be the adjoint representation of pp on sl(2). By
(Gal), we have Tr(Ad(pp)([v*,Qp])) = 1+ (1 +T)°+ (1 +T)~*. Thus F,((7)) is
the closed subfield in F((z)) generated by Tr(Ad(pp)|s,) over F, in I/P, and we get
E D F,((T)). Again by (Gal), the semi-simple part of p»([y*,Q,]) is conjugate to

(1+1)=*/2 0
0 (1+4T)=/2

is a split torus 7 of SL(2)r(r)). Thus its Zariski closure 7 in H,p is still split over
E, and the group H is split; so, H/p = PSL(2);g. This shows the Galois image
contains an open subgroup of SLy(F) for E D F,((T)).

). Therefore the Zariski closure of the semi-simplification of pp|s,

Remark 4.1. If ¥ modulo my is unramified at an inert prime [ but ¥ ramifies at [
(this happens when p|®(N)), the p-invariant of L(W ) is positive as explained at the
end of [H10]. Therefore, we have a mod p congruence of the CM component of W and
a non CM component. Thus for this non CM component, its Galois representation
does not have the open image property modulo p.
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5. LECTURE 5: VANISHING OF THE p-INVARIANT OF p-ADIC KATZ L-FUNCTIONS

The last two lectures are an introductory discussion of problems concerning van-
ishing of the Iwasawa p-invariant of p-adic L-functions. This type of results for
Kubota-Leopoldt p-adic L has found applications in divisibility problems of class
numbers (see [ICF] Chapter 7), in proofs of the main conjectures in Iwasawa’s theory
and in proving open image property of mod p A-adic modular Galois representations.
Recently, new methods of proving the vanishing emerged in the work of Vatsal, Fi-
nis and myself. See [V] for an overview. We describe a geometric method, which
was started by Sinnott in [S] and [S1] and has been generalized in [H04a], [HO7b] and
[H10] via the theory of Shimura varieties. We rely on a general philosophical principle
(proposed by Chai, Oort and others): “A Hecke invariant subvariety of a Shimura va-
riety is a Shimura subvariety”. For any power series ®(z1,...,2q4) € W/|[x1, ..., z4]],
define ;(®) € Z by the exact power p“®) || ®(X) in W{[zy,...,24]]. The W-valued
measure space on Z, can be identified with one variable power series ring W{[7]] by

o ®(T) = [, (1+T)dp(s) € W[T].

Let p > 2 be a prime. Let M be a CM field of degree 2d in which p is unramified.
We assume to be able to split primes of M over p into a disjoint union %, LI 37
for complex conjugation ¢ on M. Then Katz associated to ¥, and each finite order
branch character ¢ of p-power conductor a p-adic L-function L, = L,(¢). Recall fixed

embeddings C <> Q A Q,. We have a CM type associated ¥ = {0 : M — C} to %,
(so, Homgeg(M, C) = ¥ LU 3¢). We may view the p-adic L-function as a power series
Ly(25,Y)oex € W][xs,y]] of d+ 1 variables for the p-adic big unramified complete
DVR W C C, with algebraic closed residue field F = F,. For each fractional ideal
a of M prime to p, its power a” becomes principal generated by o € M*. Define
(a%) € @; by exp, (3 log,(a”)) for the p-adic logarithm log,. Then

/):,Wrg L a= <a—k2—n(1—c)> = H(a—ka'—lio.a'(l_c)>

oeY

is the p-adic avatar of an arithmetic Hecke character )\, ; of conductor at most p with
infinity type > .y, ko +rKs(1—c)o. For k > 0(< ke > 0 Vo € ¥) and k > 0, we have

L(i) | Ly — 1,9 = 1) T L(0, P A)
QFS425 T OkZ+2k OkZ+2k
p P 0

= *E(YAck) for v, =vy=1+p.

Here Q7 = (Q24)0ex is the p-adic/complex Néron period of CM abelian variety of
CM type ¥ (with ordinary good reduction at p), * is a simple constant with |*|, =1
including the I'/e-factor, and E(A) = [[ ey (1 — A(p°))(1 — N(p)"'A(p)~"). Limiting
ourselves to the case of imaginary quadratic M, we describe a sketch of the proof of

Theorem 5.1. p1 Ly(xs,y) in Wl[zs,y]] (so u(Ly(v)) =0).

For a weight k£ > 0, we prove supcc, ., w(Ly() (s, (y* — 1)) = 0, which implies
w(Ly(¥)(z5,y)) = 0. Since the proof is the same for any choice of F', for simplicity,
we assume

(1) F =Q@Q; so, M is an imaginary quadratic field with integer ring O,

(2) M has class number prime to p with (p) = pp and X, = {p},

(3) p>5, ¢ =1, any ring to have ; and |O*| = 2.
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5.1. Eisenstein series. For any lattice L = Zw, + Zws; C C, we can think about

(fi?)ka(L) - % Z El_k = %C(l — k) + Z( Z d*1)g" (Eisenstein series),

teL—{0} n=1 0<d|n

which is a function of lattices satisfying Gy(aL) = o *Gj(L). The quotient C/L
gives rise to an elliptic curve X(L) C P? by Weierstrass theory. Since Qy(p)/c is
generated by du for the variable u of C and we can recover out of (X(L),du) the
lattice L as {fﬁ/ du|y € m(FE)}, we regard Gy, as a function of the pairs (E,w) of an
elliptic curve £ with a generator w of Q¢ satisfying Gy (F, aw) = a*Gy(E,w). For
a given base ring By 1, a modular form f defined over B of weight k and of level 1
can be interpreted as a functorial rule assigning a number in A to the isomorphism
class of a pair (E,w)/4 of an elliptic curve £ over a B-algebra A and a differential
with H(E,Qp/4) = Aw such that

(1) f(E,w) xa,A") =p(f(E,w)) for any B-algebra homomorphism p: A — A’

(2) f(E,aw) =a " f(E,w) for a € AX,

(3) f is finite at cusps (the value at the Tate curve at each cusp lands in B[[q]]).
If a modular form f defined over C has g-expansion in B[[g]] at the infinity cusp, f is
actually defined over B (assuming B C C). Indeed, then f is an isobaric polynomial
®(go, g3) in Blga, g3], and if (F, w) is defined over A by y* = 423 — go(E, w)x — g3(F, w)
with w = %m, f(B,w)=®(g:(B,w),g3(F,w)) € A. We take B:=W =W NQ.

Removing p-coefficients, G(2) = 3=, o (2 0<din d=H{d)*)q"™ gives rise to a p-adic
analytic family with ¢; = w™'. It is a part of the family {Gp}pespec(n) such that
a(n,Gp) = D geqm ep(d)d " Hd)* if P = (14T —ep(y)7y""). Often we write this Gp
as Gi¢ for ¢ = ep(7y) € pipee (@p) and also e = ep. The form Gy ¢ is also an Eisenstein
series with possibly nontrivial Nebentypus. Since the mod p* class group C of M has
splitting C' = Cl x O, /{£1} by our assumptions, we may regard . as a character &
of C' projecting down C' to OF = Z% (so, we have (1 +T) = (1+y)y™").

The CM curve X(a) is defined over W and has a differential w(a) with w(a) =
m*w(0) for a fixed w(O), where 7 : X(a) — X(O) is an étale isogeny of degree
[R : a]. Fix a generator a € m(X(0)), and put Qs = [ w(0). We find ‘C”“Q#];) =
Gk (Qoctt) = Grc(X(a),w(a)) € W[(] and

Aii(?) N zxo,lk@ o )™= dowlaaT)N(aa™) P famo = L1 (0, Ao g)

a€a,(a)+(p)=0 aca
Grc(a) -
————~ = L,1(0,ec o k),
SC)\OJg(a) a1 ( ¢ O,k)
where “=" indicates that we need to multiply Euler-like factor E(?).

Applying the invariant differential operator (of Maass—Shimura)

K

B L N oo
k= omi \ 20y 92 an k= Ok4+2k—2 ks

we have, by Shimura,

5/{
M = Lg-1(0,cA\e i) (only dependent on the class of a).
EcAnk(a)
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This can be seen as follows: For zg = zp(a) with a = Zzy+Z (and Im(zp) > 0), define
p=pa: M — M(Q) by p(a)(*) = (*)a. Then p(a)(z) = z. We take a local
parameter ¢ around zg so that p(a)(t) = o't and t = 0 < z = 2 (for example, if

20 =i =+/—1,t=%2). Then we find, regarding (a'~) € C*
0p(Gr({aW))li=o _ (a'=)"65(Gr(20(a))) _ 05 (Gr(20(a)))
)\07k(a) )\07k(a) )\mk(a)

There is a canonical p-adic Serre—Tate parameter 7 around zy (as a point of a modular

curve). Heuristically, log,(7) behaves like t: t =0« 7 =1 and 7o p(a) = 7* *. For

0 := Tdd—T, by Katz, with a specific p-adic period €, € W* of X(O) (we recall later),
L) _ 500G Dy _ 5 BiGe(0x) , 7L(0 M)

Qfr2n Aok(a) A k(@) ' Qk+2r

for a running through ideal classes. Thus, we can compute the Taylor expansion of

= Lo (0, )\,@k).

a a

1—c
E = Za% with respect to 2’ = log,(7) by computing the derivative with
respect to 0. Since E is defined over W, out of this identification of the Taylor
expansion, we conclude that L,(x,7* — 1) is almost the expansion with respect to
T =7 —1 of E. Strictly speaking, first, the 7-expansion is the expansion of the
measure given by E as a measure on Z, not on 1+ pZ,. Second, we want to know
the non-vanishing of the 7-expansion modulo p of the restriction of the measure on
Cl(p>) to 1+ pO, = T?. Thus we need to replace G := {Gr¢} by a family {G; . ,}
of Eisenstein series of level p?. Since Lq-1(s, \) (resp. G) can be further decomposed
into a sum of partial L-functions for a class modulo p (resp. a sum of Eisenstein series
of level p?), we have Lg-1(5,A) = D =y mod pslecin(p) Lo-1(5,A), and

Grco™™ )
r- 3 St

beCip) ¢k (b)

gives rise to the exact power series L,(7, v*¢ — 1) as a measure on L.
Note that 7 is the local parameter around z,(O). Suppose the following fact (which
will be proven at the end of this lecture):

Theorem 5.2. For any non-zero non-constant mod p-modular form fs of weight k
indexed by ideal classes, {fb(7‘<blfc>)}[b]eclM(p)/N are linearly independent over F in

F[[T]], where {[b]} is a representative set of ray classes modulo p under the equiva-
lence: [b] ~ [c] & (b'7¢) = a(c)' (! ™) for a(c) € M*.

Indeed, {7(°" 7}, is algebraically independent in F[[T]] over F, we can compute the
Ly (w, 7% = 1)) = p(Ly(T, (" — 1)) by g-expansion of feo =3, Gpco(72O7):
w(Ly(z, % — 1)) = min(ord,(f¢ s))s, where ord,(f) = min,(ord,(a(n, f))). This goes
as follows. Note that p"® || f.o(7) € W[[T]] « p"® || feolq) € W][g]]. Thus
dividing E¢ by p* for g = ming pu(b), and applying Theorem 5.2 to p~* f¢ s, we find
w(Ly(x, Cy* — 1)) = p(L,(T,¢y* — 1)) = p, where L,(T,(~y* — 1) is the T-expansion
of E¢ (or equivalently the 7-expansion of the measure corresponding to L,(z,y)). For
C € ppoo (@p), we prove sup , ordy(fee) = 0, and p 1 Ly(x,y) follows as u(Ly(v,y)) <
u(Lp(z, (y* = 1)). If b= p~ta for p € (a/pa)* = (O/pO)*, Gj . is “something like”
the sum over o € a with &« = p mod p. Thus for a suitable prime [, the g-expansion
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coefficient a(l, f;p) is 14 @p.c (1)1~ for a suitable character ¢y, (1) = ¢ /1080 yp
to p-adic units. Thus min(ord,(fes))s < ming(ord,(a(l, fecp))) = 0.

5.2. Modular Curves as Shimura variety. To prove Theorem 5.2, we study sub-
variety of self product of modular curves stable under the diagonal “toric” action by
p(a). Write G = GL(2) /2.

We study classification problem of elliptic curves E,4 over a ring A,p for B =
Z|, 1n] (with specific primitive root ¢ € py), looking into the following moduli
functor of level I'(IV) and writing “[-|” for “{-}/ =7,

Erno(A) = [(E, én : (Z/NZ)* = E[N]) ja|(¢n(1,0), 6x(0,1)) = (],

which is represented by geometrically irreducible curve Y:(N). Here (-, -) is the Weil
pairing. We know classically Epny(C) = I'(N)\$H = Y(N)(C). If we remove the
contribution upon ¢ and consider the functor &rny(A) = [(E, ¢N)/A} defined on the
category of Z[%]-algebras, we have &) = |—|C Er(ny ¢, and this functor is represented
by a geometrically non-connected curve Y (N) = | | Y¢(N) defined over Z|+]if N > 3.

We can let o € G(Z/NZ) act on Y(N) by (E,¢) — (E,¢ o «). Thus the group
G(Z) = lim G(Z/NZ) acts on the limit ¥ = lim Y'(N) (which is a pro-scheme
defined over Q), and SLQ(Z) preserves the connected component Y = lim  Y¢ (V).

A remarkable fact Shimura found is that this action of G (Z) can be extended to the
finite adele group G(A(>®)) = G(A)/G(R) (see [IAT] Chapter 6). An interpretation
by Deligne of this fact is equally remarkable (see [PAF] 4.2.1): To explain Deligne’s
idea, we consider the Tate module T'(E) = lim  E[N] for an elliptic curve E/4 for a
Q-algebra A. Then T'(F) = 72 and V(E) =T(E) ®z Q = (A®))2. Deligne realized
that Y represents the following functor defined over Q-algebras:

ECN(A) = {(E,n: (A)?* 2 V(E)),4}/isogenies.
Here A is the finite adele ring. Then g € G(A) sends a point (E,n)/4 € EC(A)
to (E,no g(‘x’))/A for the projection ¢(® of g to A,
Take the quotient Y®) = lim , Y(N) =Y/G(Z,). Put V(E) = T(E) @5 AP,
and consider the prime-to—p level structure n® : (A®>))2 = V(®)(E). Then Y ® over
Zpy represents the following functor defined over Z,-algebras:

EP(A) = {(E,nP : (AP)? = V(p)(E))/A}/prime-tofp isogenies,

. L . L . )
where an isogeny ¢ is prime to p if deg(¢) is prime to p. On Y'®) and its p-fiber Y/E‘?

over Spec(IF), again g € G(A) acts by n + 1o gP>).

If we have a prime-to—p non-central endomorphism « : £ — FE, then F has
complex multiplication by M = Q|a], and we can write a o n® = 1) o pP)(a) for
pP(a) € G(AP®). Thus if 2o = (E,n) € YP(A) (A = W and F), we find that
pP(a)(z0) = 20, and

O/ Ziyy = {9 € Aut(Y ®)lg(z0) = 20}
Pick the elliptic curve X := X(0) y with CM by the integer ring O of M. Since

¥ = {p}, we have p = O N'myy and W/myy = F,, and X[p™] is étale constant
and X[p>®] = jiyee over W. We fix a level p-structure 7y : pipee = X[p*>] and ng' :



ARITHMETIC INVARIANT AND SHIMURA VARIETIES 28

~

Qp/Z, = X[p™]. Then n; induces an isomorphism of formal groups: 7, : G, =
Spf(W [ 1)) = X; so, we have w(O) = Q, - (77;*6?) for Q, € W*. This is the

p-adic period. Write n, = (1°,15") © pipee X Qp/Z, = X[p>] x X[p™], and define a
homomorphism p, of O, into the diagonal torus of G(Z,) by a on, = n, o py() for
a € O). Thus 75 0 py(a) = an, identifying O, with Z, and 15" o p,(a) = ang'.

Fix a base w;, wy of O =~ 7®) (X) over Z(f”), and identify Ml(foo) with (A®P>))2,
The choice induces prime-to-p level structure 7 : (AP>))2 = O, AP®) = V@)(X).
We put n = 1, x 7). Define p : Opy — G(Zy % AP>®)) by 1o p(a) = aon. Since
a € O(Xp) induces an isogeny a : X — X sending an® = n®pP)(q), the point
20(0) = (X(0),n) € Y?) = Y/GLy(Z,) is fixed by p(a). Pick a fractional ideal
a C M prime to p; so, a = (a@) N M for an idele a € M, with a, = asx = 1. Then
we have zp(a) = (X(a),n(a)) = p(al‘l(ZE(O)).

Consider the formal completion Y =Y, of Y/(f& along z = z(a) € Y®)(F). Then

by the universality of Y ®) Y satisfies

Y(A) = E(A) = {Eu|E@aF = X(a)p} /=
where A runs through p—proﬁnlte local W- algebras with A/my = W/ my = F. By the
deformation theory of Serre-Tate, Y 2 G,, canonically. Indeed, first E €& (A)

determined by the extension E[p™]° «— E[p>®] — E[p>]® of the Barsotti-Tate groups.
By Serre-Tate, such an extension over A is classified by

Ext(E[p™]", E[p™]°) = Hom(@p/zp/m fpee/a) = 1M i (A) = G (A).
For this identification, we used 7y : py = X (a)[p>] and its dual inverse n¢' : Q,/7Z, =
X(a)[p™]. Since a, = 1, the above identification is independent of a and a. Since
pla) fix zo(a), it acts on Y. As already remarked ([H10] Proposition 3.4):

Lemma 5.3. Identifying Y with G, = Spf(lim Wir, T N/(r—=1)"), if a € M*, we
have p(a)(t) =7 for complex conjugation c.

5.3. Hecke invariant subvarieties. We write I, for the irreducible component of
Y/(Hf) = Y ® x,, F containing zo(a). Let a be a fractional ideal prime to p of M with
da=a0 fora e M with a, = asx = 1. Then p(a) gives an isomorphism of I := I
onto I, sending zy(O) to zp(a). Thus we identify I = I, for any a. Then for any
a,B € Oy N M*, we have a skew diagonal A, 3 =Im(p(a) x p(B) : I — I xgI) in
I xp I for o, 3 € Oy N M*.

Theorem 5.4. Let H C [ Xy -+ Xpl (with n > 1) be a proper closed irreducible
subscheme with a dominant projection to the product of the first n — 1 factor and to
the last factor. If zo(O)" € H and H is stable under the diagonal action of a p-adic
open subgroup ofO /Z , up to permutations of the first (n — 1) factors, we have

n—2

—
H=1x---x1xA,g

This can be proven via Chai’s theory of Hecke invariant subvariety of Shimura
variety (see [H10] Corollaries 3.16 and 3.19). We recall the proof in the last lecture.
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5.4. Conclusion. First we prove Theorem 5.2: Let a; € Z) (j = 1,2,...,h). Regard
a =a; € Aut(?) = Autgp(@m) given by 7 +— 7% Let z = 2(0) and O, for

the stalk of z € Y mod p. Suppose that the algebra homomorphism: Q%" :=
h

0.0r0.® - @ O: = F[T)| = Og,_ givenby fi(7)®- @ fu(r) to []; f;(r*) has
a nontrivial kernel & The schematic closure H of Spec(O%" /&) in I" is stable under
the action of p(O(,). Thus by Theorem 5.4, there exist ¢ # j such that Oy /Z; >

a;/a; € (O(Xp) N MX)/Z(XP). Let ai,...,a, be the representatives of Cly(p)/ ~. Let
a; = (a;_c>. Then a;/a; & (O NM>)/Z, for alli # j. This proves Theorem 5.2. [

We have Ly(7,7*¢ — 1) = 3, fc.a;(7%) for the sum of Eisenstein series f o, of
weight k = p — 1 with g-expansion ) ° ja(n, fcq,)q". Dividing f¢o, by the Hasse
invariant i does not change g-expansion and the value of f¢ 4. Thus we have

M(LP(T, ’}/kc . 1)) Thoogm 5.2 H}L%X(Ordp(a(n’ fC,aj))

as 7 is a local parameter at z = zo(O) and ¢ is a local parameter at the cusp oo of
the irreducible modular curve I. By computation, we can find a prime ¢ and index j
such that a(l, f¢q,) =1+ (logy()/1og, (M) gk—1 independent of the choice of ¢. Thus

0 < pu(Ly) <suppu(Ly(T,¢ = 1)) < sup  (ord,(1 + & O/ les k1)) =
C CE/J,poo(@p)

as the p-power order of the root of unity ¢'°8()/1°8,(") grows indefinitely. This conclude
the proof of the theorem. O

Scrutinizing a(n, f¢q;) more, we can prove

Corollary 5.5. Suppose F' = Q. Then the p-invariant of the anticyclotomic Katz
p-adic L-function L (z) = Ly(x,0) also vanishes.

When F # Q, writing L, (2,) = Ly(7,,0), u(L,) could be positive, though
w(Ly(zs,y)) = 0 always. This possibility only occur if [F' : Flu,]] = 2 and M/F
is unramified everywhere at finite places (see (M1-M3) in [H10] for a precise set of
conditions for u(L,) > 0).

6. LECTURE 6: HECKE INVARIANT SUBVARIETY

In this last lecture, we provide a sketch of the proof of the specific case (we used) of
the conjecture asserting that “a Hecke invariant subvariety of modulo p Shimura vari-
ety is a Shimura subvariety.” We can prove this (conjectural) principle for the Hilbert
modular variety and its self-products, but in this lecture, we only deal with modular
curves and their self-products for notational simplicity. Any essential ingredients for
the proof of the general case show up in this simpler case. Write G = GL(2),z with
center Z = G, z. In this lecture, the word “variety” mean a reduced scheme of finite
type over .

We recall the following lemma we mentioned already
Lemma 6.1. Identifying Y with G,, = Spf(!i_mn Wir,77Y/(r — 1)), if a € M*, we

have p(a)(7) = 7% for complex conjugation c.
p
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Note that if & € M* is not prime to p, the action of p(«) is an endomorphism of
Y®) not an automorphism. A proof of this can be found in [H10] as Proposition 3.4.

Then the action of p(a) on the Serre-Tate coordinate is given by 7 +— 7' factoring
through G(A®>))/Z(Q), since Z(Q) acts trivially on the Shimura variety Y ®).

6.1. Hecke invariant subvarieties. We write I for the irreducible component of
Y/(p) Y ®) %, F containing 2y = 2(O); so, the formal completion along 2 is Y =1

We want to give a sketch of a proof of the following two theorems ([H10] Corollaries
3.16 and 3.19):

Theorem 6.2. Suppose that H C I Xy 1 is a closed irreducible subvariety of codimen-

sion 1 contaming (20,20) € I xp I stable under the action of a p-adic open subgroup

ofO /Z = Zy. Then either H = 20 x I or H = I x 20 or H = A, for
a, 3 E O(p ﬂ M*.

——t—
Theorem 6.3. Let H C I Xy --- Xgl (n > 2) containing z§ be a closed irreducible
subvariety with a dominant projection to the product of the first n — 1 factor and to
the last factor. If H is of codz’mensz’on 1 stable under the diagonal action of a p-adic

open subgroup ofO /Z Z , up to permutations of the first (n — 1) factors, we
n—2

—
have H =1 x --- x I XAy p.

6.2. Rigidity lemma and proofs. We start with general lemmas. Let T' C O(Xp)/Z(Xp)
be the open subgroup (under p-adic topology) fixing H by the diagonal action of
pla) x --- x p(a) (o € T). Then the formal completion H along zj is also stable
under 7', since 2§ is fixed by T'. By the Serre-Tate theory, Hclne Gm /F

As we have seen, if a power series (7)) = ®(7) (7 = 7—1) satisfies &(7%) = $(7)?
for all z in an open subgroup of Z), then ®(7) = 7° for s € Z, (Lemma 3.3). Note

Gy = Spt(W(r, 771]) = SpE(WI[T]]).
The cocharacter group of G, is isomorphic to Z", which we write X,(G”,). Then by
tautology, G = G,, ®z X.(G?). Similarly in the formal setting, putting X*(@?n) =
X(G},) ®z Z, = Zy (the formal cocharacter group), we have @"m = Gm ®z, X*(@"m)

A slightly more general version of Chai’s rigidity lemma can be stated as follows (e.g.,
[H10] Lemma 3.7):

Lemma 6.4 (C.-L. Chai). If Z C @"m/]F is a reduced equidimensional formal sub-

scheme of dimension r stable under the diagonal action of an open subgroup of
Autyy(G) = Z, then

Z = U@m ®Zp L C @:Ln/ﬁr,
L

where L runs over (finitely many) Z,-direct summand of X*(@"m) of rank r.

The proof is given in [C] but is technical and long; so, we admit this lemma.
We apply this to the formal completlon H along 2z = (%o, zo, ...,20) € I™ inside

G" Since H is stable under 7 +— 7% ° for a € OX /Z — Z,, by continuity,
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H is stable under the closure Ly of {a' ‘| € O } Since H is an excellent irreducible

scheme, H is reduced equidimensional of d1mens1on n—1. Thus, by the above lemma,

(6.1) H=|JG®z, LCGy=1"
L

where L runs over (finitely many) Z,-direct summand of X,(I") of rank n — 1. Let
‘H — H be the normalization of H. Since H is irreducible, H is irreducible. By
(6.1), each point over z{ of H is indexed by {L}, and for the point y;, € H over z{
corresponding to L, 7-AlyL is étale over G,, ® L. Write I" = I' x I" for I' = "~ and
I" = I for the last component.

Lemma 6.5. The scheme H is finite flat over I' around z;~". In particular, each L
1s of rank n — 1 and projects down to an open subgroup of X*(@"m‘l) &~ Z;L‘l. If one
of L surjects down onto X,(I') (I' = @?n‘l), all of L surjects down onto X,(I'), and
the projection H — 1' is étale finite around 2, ™"

Proof. Since the projection of the first (n — 1)-factor I’ = I"~! is dominant, at least
one of L, call it Ly, projects down to an open Z,-submodule of X*(@"m_l). If there is
L with image in X*(f’) of rank < n — 1, the non-flat locus H" C H of H — I’ is a
nonempty proper closed subscheme of H. Since dim @m ®@L=rankL =n —1, H*
has dimension n — 1 equal dim H; so, H has to be reducible, a contradiction. Thus
H — I' is finite flat around z;~' via faithfully flat descent from 7—?/ ' to H/T'.

If one of L, call it Ly, surjects down to X*(f’ ) and another L; has image smaller
than X, (I’), the ramified locus H"*™ of H — I' is nontrivial proper closed subscheme
of dimension n — 1, again a contradiction to the irreducibility of H; so, H — I’ is
étale finite around 2!, again via faithfully flat descent from 7—?/ T’ to H/I'. O

When n = 2, by applying a power of the p-power Frobenius or its dual to H (that
is, applying p(a) for a generating pO(y) or its dual p(@)), we may assume that at
least one L surjects down to X*(f’); so, by the above lemma, all L surjects down to
X*(f’ ). Thus we may assume that H — I’ is étale finite around z;*~'. Now assume
n = 2. Then, over an open dense subscheme U C ‘H containing all points above 22,
the two projections 7, : U — I’ =1 and g : U — ["” = I are étale finite.

We consider the universal elliptic curve (E,n),;. We pull it back to H: (A,na) =
75 (E,n) and (B,n5) = n3(E,n). For a point y € H over 22, H = H ={(’, 19|t €
1= Am} c I x1. Since m; « ' H — I is étale finite around y, we may assume that
a,b € Z); so, we may assume that b = 1. Let X = X(O). The map Iste—r0el
is 1nduced ont el = Hom, (X [p™], X[p>]) by regarding a as an endomorphism
of X[p*>]. Thus identifying X = X(O),r with the fibers A, = B, of A and B at
y, we regard the unit ¢ € End(X[p*>]) as a O,-linear map a : Ay[p®] = X[p>*] —
X[p™] = By[p*] inducing identity on X[p>°]. We note the following fact (see [H10]
Proposition 3.15):

Lemma 6.6 (C.-L. Chai). Further shrinking the open neighborhood U of y in H, we
may assume that the isomorphism a : Ay[p™] = X[p™] — X[p™] = B,[p™] extends

toa: Ay[p™®] — By[p™]. This implies that H, = G, by (1,7%) < 7 at any point
u e U(F).
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Here is a sketch of a proof of the above lemma. Since a can be approximated
p-adically by a,, € R, modulo p", a can be extended to p(a,) : Alp"]y — B[p"]5.
Passing to a limit, we have an extension @ : A[p™]y — B[p™]g. Write O for the
stalk of Oy at y; so, H = Spf(@). Since a is determined by its restriction a to
A, [p™], it is a unique extension of a. Since O ®o O is reduced (because of excellency
of O), the pull backs of a by two projections H X H — H and three projections
H X H H X H—H X H coincides; so, a satisfies the descent datum with respect
to @/O, getting desired U. O

Proof of Theorem 6.2. Since the two projections 7; : H — I (j = L, R) are
dominant, we have End(A)® Q = End(B)®Q = Q. Let Y3 = A x4 B. Thus there
are only two possibilities of End%(Y) = End(Y %) ® Q: Either End%(Y) = Q x Q
or End%(Y) = M,(Q). Suppose that End%(Y) = My(Q). By semi-simplicity of the
category of abelian schemes, we have two commuting idempotent e; € EndQ(Y) such
that e4(Y) = A and ep(Y) = B. Since End%(Y) = M,(Q), we can find an invertible
element B in GLy(Zp)) C Ma(Q) such that go eq = ep; SO, 5: A — B is an isogeny
with 3 omna = np, whose specialization to the fiber of A and B at y gives rise to an
endomorphism § € End(X(0)) ® Q. Thus the isogeny [ is induced by p(/3), and we
conclude Ay g3 = H.

We suppose End®(Y) = Q x Q and try to get a contradiction (in order to prove
that End%(Y) = M,(Q)). We pick a sufficiently small open compact subgroup K C
G(A(”‘X’)) maximal at p so that the normalization Hx of Hx C Yx X Y is smooth at
the image of y. The variety Yy is naturally defined over a finite extension F, /I, as the
solution of the moduli problem £® /K. The universal elliptic curve Ef is therefore
defined over Ik /r,, and Hy is a variety of finite type over IF,. Let n be the generic point
of Hg/r,, and write 77 for the geometric point over n and F,(77)*® for the separable
algebraic closure F,(77)*® of F,(n) in F,(7). Take an odd prime ¢ # p, and consider
the (~adic Tate module T;(Y75) for the generic fiber Yz of Y. We consider the image
of the Galois action Im(Gal(F,(77)*®/F,(n))) in GLO(XO( (Te(Y7)). Then by a result of
Zarhin ([DAV] Theorem V.4.7), the Zariski closure over Q of Im(Gal(F,(7)*?/F,(n)))
is a reductive subgroup G of GLg,xq,(T:(Y7) ® Q), and Im(Gal(F,(7)*?/F,(n))) is
an open subgroup of G(Q). Moreover, by Zarhin’s theorem, the centralizer of G in
Endg,xg,(T¢(Y7) ® Q) is End(Y) ® Q. Since the reductive subgroups of GL(2) are
either tori or contain SL(2), the derived group G;(Qy) of G(Qy) has to be SLa(Q,xQy).
By Chebotarev’s density, we can find a set of closed points u € Hg (F) with positive
density such that the Zariski closure in G of the subgroup generated by the Frobenius
element Frob, € Im(Gal(F,(7)°*"/F,(n))) at u with 7j(u) = u; (u; € Ix(F)) is a
torus containing a maximal torus T, = (7, % Tu,) NGy of the derived group G; of G.
In particular the centralizer of T, in G is itself. Thus Y, is isogenous to a product
of two non-isogenous elliptic curves Y1 = F,, and Y, = F,, defined over a finite field.
The endomorphism algebra M; = EndQ(Yj) is an imaginary quadratic field of Q
generated over Q by the relative Frobenius map ¢; induced by Frob,, and M; # M2

The relative Frobenius map F'rob, acting on X*(fu ) = Z, has one eigenvalue: gb(l )

for the CM type ¥y = {0} of Y7, which differ from the elgenvalues of ¢ € End(Y3)
on X*(fuz) = Z,. Since we have proven that over the open dense subscheme U of
H, the formal completion of U at u € U with u = (u1,u2) € X C V? is canonically
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isomorphic to a formal subtorus Z C ful X IAU2 with co-character group X*(E ) = Zy,
we may assume that our point u = (uy,uz) as above is in the (open dense) image
Uk of U in Hg. Projecting X,(Z) down to the left and the right factors Ix, the
projection map X,(Z) — X, (I ) is actually an injection commuting with the action
of Frob,. Thus Frob, has more than one distinct eigenvalues on X*(Z ) of rank 1,
which is a contradiction. Thus we conclude that End®(Y) = M(Q) for any choice
of small open compact subgroups K max1mal at p.

As we have remarked at the beginning, H C H 2 C IxTis given by {7‘ T )|t €

m} for nonzero 3 € O¢,. Suppose that y corresponds to L; so, H cIxI
coincides with G,, ® L. On the other hand, we have the skew-diagonal Ag = Ay 3 =
{(z,p(0)(2))|z € I} € I x I. The formal completion Ag along (zo, 2z9) therefore

coincides with 7-Aly and Ay = G, ® L C fl(zwo) inside 1. Thus Az C H. By the
irreducibility of H, we conclude H = Ag. 0J

There are two ways of proving Theorem 6.3. One is an induction reducing things
to Theorem 6.2, and another is to prove that End(Y) ® Q = My(Q) x Q"2 for
Y = Hj m; E for the projection 7; of H to j-th component [ (after a permutation of
the factors I).
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