CONTROL OF NEARLY ORDINARY HECKE ALGEBRAS

HARUZO HIDA

ABSTRACT. Let p be a prime and F be a totally real field. We describe the structure
theory of the nearly-ordinary Hilbert modular p-adic Hecke algebra for F'. In particular,
if we fix a central character (without allowing the character to deform), we prove that
the dimension (over Z,) of the cuspidal part is [F' : Q] and the Eisenstein part is 1 + ¢
for the p-adic defect ¢ of the Leopoldt conjecture. We may be able to touch the control
theorem and the Galois representation into GL(2) with coefficients in the algebra.

We prepare some notation to define Hilbert modular Hecke algebras (for F') in a classical
way. Write I = Homgaq(F, Q). Let G = Resp,zGL(2) for the integer ring O of F'. Thus
G is a group scheme with G(A) = GLy(A ®z O); so, G(Z) = GL2(0), G(Q) = GLa(F),
G(Z) = GL2 (O) for Z = HZ:primos ZZ and O = HI: prime ideals O[ = O®ZZ7 G(A) = GL2(FA)
for the adele ring A of Q (Fy = F ®g A) and G(R) = GLy(R)! since F @9 R = R! by
E@1 = (0(1)ser. Then G(R) = {(go)ser € G(R)|g, € GL2(R)} acts naturally on
3 = (C — R)! by component-wise linear fractional transformation. Let Z C G be the
center; so, Z(A) consists of scalar matrices in G(A). Let Ty = ng/o be the diagonal torus
of GL(2),0, and put T" = Resp/zTy. Then T contains the center Z of G, and identify
T = T/Z with Reso;zGm via y — (49) € T. Take an open subgroup U C G(Z) of
the form U = [[,U; with U C GL3(Oy) (such a group is called a level subgroup), and
consider the (abstract) Hecke ring Ry with convolution product of compactly supported
bi-U-invariant Z-values functions on G(A(®)) (where A = A(>) xR). Here the convolution
product f * g(x) = [ f(zy~')g(y)dy is defined under the Haar measure on G(A)) with
fU dy = 1. For any open-compact bi-U-invariant set X C G(A(>)), we write [X] for the
characteristic function of X. Then

Ry= @ ZUU]
rEG(A())

and is an algebra with identity [U]. Thus shows Ry = @), Ry, for the convolution algebra

Ry, with respect to U C GLy(F}). The standard level subgroup in G(Z) of I'o(MN)-type
for an integral ideal 9t (called a level) is given by

(0.1) To (M) :{(gg)eG(Z)\cemé}.
We also define the I'y-type level subgroup
(M) = {(gg) eToMa—1,d—1€ m@}.
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We fix a level 9 prime to p and a level subgroup U with To(91) > U D T (M). Since
U = [],U: with U C GL2(Oy), U = GLy(Oy) for [{91. Each f € Ry is a tensor product
of local functions f; : GLy(F\) — Z and f; is the characteristic function of G L2 (Oy) for
almost all [{9%; in other words, f(x) =[], fi(z)) and [UzU] = Q,[Ux U], where [Uw U]
is the characteristic function of the double coset Uz (U

Write U, = UNTy(p*) and U} = UNT(p*). Hereafter we only consider a general level
subgroup S with U, D S D U} for some a. If we need to indicate the exponent a of the
p-power level, we write S, for S. At p, we consider, fixing a generator w, of pO, for p|p,

A={(3%) € M(O, x Op)la € [[wy x Fgi}.
plp
It is easy to check that Ag = SpmASyn is a multiplicative semi-group. We consider

Hs = {f € Rs|Supp(fpm) C As} where fym= ® e

I|[pMN

Since Ag is a multiplicative semi-group, Hg is an algebra, and we can again factor Hg =
&, Hs,i, and Hg = Ry, for all [{ p. For such groups S =S, C S = 5" witha > b > 0, the
association [Sz.9] — [S'xS"] (x € G(A®)) with z,;m € A) induces a linear map Hg — Hg
(a > b > 0) and hence a linear map: Hg — Hg  (by the tensor product expression). By
group theory, as rings, Hg , = Hg, = Z[Ug(wy)| (Us(y) =[S (g (1]) S]) by this map:

Lemma 0.1. The algebra Hg is commutative, and the above linear map is an isomorphism
of rings: Hs = Hg for all a > b > 0.

We identify all Hg by the above isomorphism and write it as H. For any commutative
ring R, we write H(R) for the scalar extension H ®y R.

IfU, >S5 >8 DU} (so, S>S" with commutative quotient S/S’), we can think of the
Hecke ring Hg = @, Z[S'¢S"]. Then Hg = Hg[S/S'] = H[S/S'] (the group ring of
S/S") by a natural map. Here is a general lemma.

Lemma 0.2. Let M be a Z,-module of finite or cofinite type and w: M — M be a linear
operator. Then the p-adic limit e = lim,_,o u™ exists in Ende(M) and satisfies €2 = e.

Proof. Taking the Pontryagin dual if necessary, we may assume that M is a Z,-module
of finite type. Since Z,[u] C Endz, (M) is a commutative Z,-algebra finite over Z,. Thus
it is a product of finitely many local rings; so, we may assume that Z,[u] is a local ring.
Then the residue field Z,[u] has order ¢, and hence u?"! is either congruent to 0 or 1
modulo the maximal ideal m. Let g, = |Zy[u]/m™|; so, gm = (¢ — 1)¢® for an increasing

sequence a; = 0 < ag < --- < a,, < --- of integers, and u?" is either congruent to 0 or 1
modulo the maximal ideal m™ according as u9~! is congruent to 0 or 1 m. Then we have
1 ifugm,

O

. | .
limy, oo ©™ = limy,,— oo u%™ = ]
0 ifuem,

1. AXIOMATIC METHOD

Let K/Q, be a finite extension and W C K be the p-adic integer ring of K. Fix U
as above. We give ourselves Hg®(W)-modules {M%}s. Since the action of Z(AP™) is
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contained in the H (W )-module structure, the group Z(A®">®)) acts on M}, and suppose
the action extends to Z(A(>)). We require { M}}s to satisfy the following axiom (A0-A4)
for a > 0:

(A0) The center Z(A(®)) acts on M} by a continuous character € : Z(A()) — W*;

(A1) MF is p-divisible of finite corank (its Pontryagin dual Mg is W-free of finite rank);

(A2) UL €S, €S, C Uy (b>a), we have a Hg,?b(W)-linear maps [SzS'| : ME — M
for € Ag (such that [SzS"|o[S"yS"] is induced by [SzS]*[S"yS"]if S D 5" D S”)
and vg/s + M% — M, forming an injective system { M3, v/ }s, and it T(Z/p"Z) D
(S;/U}) surjects down tob (Sa/Us) C T(Z/p"Z), we have [S (7" 9) 5 0 1gys =
Us(p'=*) and ts/s 0 [S (7" 9) 8] = Usr (")

(A3) It U, D S D8 D UL Ms = Hy(S/S', Ms) by i} (¢ Mg = HO(S/S', M),

We assume that the action of S/S" on Mg factors through S/S" =S5 -Z(Q,)/S" - Z(Q,)
(this we can achieve by twisting by a character), for simplicity.

(A4) If U, D S D 8" D U}, for each minimal prime ideal P C W[S/S'|, Ms/PMg
free of finite rank over W (& ME[P] := {x € M{|Pxz = 0} is p-divisible).

Let M be a projective limit li_ms Mg = li_ma M. Since the finite group U,/U}l =
T(Z/p"Z) acts on My, M is a W[[T(Z,)]]-module as well as an H (W )-module. Giv-
ing M the topology of projective limit of the p-adic topology of Mg, the ring Endy (M)
is a compact ring. The subring h = h(M) C Endw (M) generated by the operator in
H(W) and the action of T(Z,) is the compact Hecke algebra of M. For each S, we have
an S-version hg = h(Mg) C End(Ms) = End(M}) which is the algebra generated by
the action of H(W) and T(Z,) (factoring through T(Z/p°Z) if S = S,). Then h(Ms) is
W-free of finite rank (by (Al)) and h = lim_hg. Consider the U(p™) = Us(p™) operator
S (7’(’: (1]) S. Since for any S D S as above, we check by computation the following fact:

— e

S

Lemma 1.1. Let S =5,D2 5 =5, withb>a>0. If m > b— a and the image of S" in
T(Z/p*Z) = Uy /UL modulo p* is the image of S in T(Z/p"Z), we have

sty = s

u€O0p /POy

From this, it is easy to conclude U(p™) = U(p)™. Consider eg = lim, .., U(p)™ € hg
and e= li_mses € h. Let Mg =eg-Mg, M° =e-M = lilns Mg, h® = e-h and hg = eghg.
Split T'(Z,) =T" x p for a torsion-free p-profinite subgroup I' and a torsion subgroup .

Theorem 1.2. We write A for W[[T(Z,)]] and A for W|[]]. Then we have
(1) For S =S,, Mg is a projective (< flat) module of finite type over W[U,/S);
(2) M* is a projective A-module of finite type (so, M° is free of finite rank over A);
(3) For a level group S = S, with a > 0, regarding T(Z/p"Z) — U,/S as a quotient
of T(Z,), put as = Ker(A — W[U,/S]). Then Mg, /asMg, = Mg for all S' C S
and M°/agM® = Mg canonically by the projection M° — Mg;
(4) h° is a A-torsion-free module of finite type.
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Proof. For simplicity, we assume that X(U) is smooth; other wise, replace T(Z,) by
T' =1+ p™0, C T(Z,) (for ag such that X (U, ) is smooth) and use the fact that A is
free (and faithfully flat) over W[T"]] to recover the result for A.

Let U, DS D S D UL Regard Mg as A-module for A = W[S/S']. To see Mg, is A-
projective, for each local ring Ay, of A, we need to prove that the localization My := Mg,

is Am-free. Since for any finite extension W'/W, W’'[S/S'] is W[S/S']-free and hence

W[W]-faithfully flat. Thus freeness over A, and over A, ®w W’ is equivalent.
Replacing W by W', we may assume that A, /P = W for all minimal ideals P of A,,. Let
n = dim M,,/mM,,. Choose a set of generators 1, ..., x, of M, over A, by Nakayama’s
lemma, we have a surjection 7w : A} — My, sending (a4, ..., a,) to Zj ajz;. By (A4),
My /P M.y, is W-free for each minimal prime P C A,. We have a surjection 7p : W" =
(Am/P)" = My /PMy. The minimal number of generators of My,/P My, over Ay/P =W
is dim(Muy/PMy @4 A/m) = dim My, ®4 A/m = n, then the LHS and RHS of 7p are free
of rank n over W; so, mp is an isomorphism; hence Ker(r) C (), P" — {0}. Thus Mg, is
A-projective, proving (1). Passing to the limit, we get (2) by (A3).

We now prove (3). If U, D S, D S D U}, (3) follows from (A3). Thus we assume
that 8" = S, € S, = S with b > a, and we ﬁrst assume first that the image of S’ in

T(Z/p*Z) modulo p® is the image of S in T(Z/p?Z). By (A2) (and Lemma 1.1), we have
the following commutative diagram:

L/t
Msl e Ms

Us(p) | Nuw | Uslp)
Msl — Ms

for u =[S (7 e 0) 5'). Since U(p) is invertible on Mg and Mg, this shows that Mg, = Mg
as H(W)- modules and also as T(Z,)-modules as long as the image of S’ in T(Z/p’Z)
modulo p® is the image of S in T(Z/p*Z). In general, taking S, D S” D S} such that
Uy, O S, D 5" D UL and that the image of S’ in T(Z/p*Z) modulo p? is the image of S”
in T(Z/p*Z), we have Mg, = Mg, by the above argument, and Mg, /asMg, = Mg by
(A3). Passing to the limit, we get M°/agM° = Mg. Since we get

o AJayy = W[T(Z/p"Z));
° l‘}l/aUlj\/[O1 = M° for all b > a > 0;

o My, is wI[T (Z/p“Z)] projective of finite type for all a > 0,

passing to the limit, we conclude that M° is A-projective of finite type. This proves (1),
(2) and (3). Since h® C Endy(M°) = M,(A) for r = ranky M°, h° is A-torsion-free of
finite rank, and (4) follows. O

Remark 1.1. We can remove (A0) and (A4) deforming the central character. In that case,
the limit group lilna U./U} is isomorphic to T'(Z,). However, in application, automorphic
forms of level S is also invariant under Z(Q); so, we need to think of the quotient Gy :=
lim Z(Q)U,/Z(Q)Ur = T(Z,)/ Zy, where Zyy = Z(Q)NU C Z(Z) is the group of U-units.
The assertion of the above theorem is valid replacing T(Z,) by Gy which is isogenous to

ZLF:QHHJ for the p-adic defect ¢ of the Leopoldt conjecture.
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2. CHOICE OF Mg

To describe the examples of Mg, we assume (by twists) that the central character
¢ is trivial for simplicity. We consider quaternionic Shimura varieties. Let D be a 4-
dimensional central simple algebra over F' (in short, a quaternion algebra over F'). Fix
a maximal order R of D, and define an algebraic group G”(A) = (R ®z A)* for a ring
A. For simplicity, we assume GP(Z;) = G(Z) for all primes £. Such a GP always
exists. Identifying GV (Z) with G(Z), we can use the same level subgroups U and L, (M)
for GP. Since GP for any D shares the same center, we identify them with Z. Then
we consider automorphic varieties X (S) = GP(Q)\GP(A)/S - Z(A)Cp, where Cp is the
maximal compact subgroup of G(R). If U is sufficiently small, X(.S) is a smooth complex
manifold. If G(R)/Z(R) is compact (that is, D®gR is a product of copies of the Hamilton
quaternion algebra H/r), X(S) is just a set of finitely many points. If G(R)/Z(R) is
noncompact, we have a partition I = Ip| |I? for non-empty Ip such that we have
D®gR = My(R)'> xH!”. Through the My(R)™, GP(R) acts on 3p = (C—R)™ by linear
fractional transformation, and X(S) = | |, I'ss\3p (I'ss = ¢g~'S - Z(A)g N GP(Q)) for a
complete representative set {g} (with g, = 1) of GP (Q)\GP(A())/S-Z(A®)) (the set {g}
is finite: the approximation theorem). Thus dim¢ X (S) = d = |Ip|. Under he condition
that GD(Z) = G(Z), |[IP| = [F : Q] mod 2 (Hasse). In the case of Ip # (), by the theory
of canonical models of Shimura, it is the manifold of C-points of a quasi projective variety
X(S),E for the reflex field E. Here E is generated over Q by > ., o(§) for £ € F. In

particular, £ = F if Ip is made of the identity embedding F' — F, and we have F = Q
if Ip = I (the Hilbert modular case). An obvious choice of Mg is Hy(X(S), W) (so,
Mg = HY(X(S), K/W)). We think of the Hecke algebra h(Ms) C Endg(H(X(S), K))
generated over W by the operators of H(W) and T(Z,). Then we can define h°(Ms) and
h° = li_ms h°(Ms). By the Jacquet-Langlands correspondence (e.g. [HMI] 2.3.6), we have

Lemma 2.1. The algebras h° and hg are independent of the choice of D as long as
D # Ms(F). For two choices of such D and D', we have an isomorphism between them
sending [SxzS'| of the D-side to [SxS'] of the D'-side. If D = Ms(F'), the cuspidal part of
hg coincides with the corresponding Hecke algebra of a division D in the same way.

Hereafter, we use the symbol h to indicate the cuspidal Hecke algebra common to all D
and use H for the full Hecke algebra for D = My(F'); so, H® has Eisenstein component.
By the above lemma, to study h°, we can choose a quaternion algebra we like. If |Ip| <
1, Mg is W-torsion-free (because dim X (S) < 1). This shows (Al), and (A2) follows
from the fact that we have the restriction map tg/s» = Resg/s for cohomology and the
correspondence action of [SxS’] on homology and cohomology group. It is a left action
on cohomology groups and by the Poincaré duality we get the homological right action.

Lemma 2.2. Suppose |Ip| < 1 and put Mg = Hy(X(S),W). Then the conditions (A3-4)
are satisfied by {Mg}s.

The conditions (A3-4) follows trivially when |Ip| = 0; so, we may assume |Ip| = 1. We
give a sketch of the proof.
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Proof. A key is the inflation-restriction exact sequence for H*:
0 — H'(S/S', K/W) =5 H'(X(S), K/W) =% H'(X(S"), K/W)¥ — H*(S/S', K/W),

and it is easy by computation to show that Im(Inf) and Coker(Res) is killed by e; so,
HY(X(S), K/W) = HY(X(S"), K/W)® and the Pontryagin dual version is (A3). Extend-
ing scalar if necessary, each minimal prime P C W[S/S'] is generated by (s — x(s)) for
s € §/8" for a character x : S/S" — W*. Since S/5’ is the Galois group of the covering
X(9)/X(S"), we write K/W (x),x(s) and W(x),x(s) for the twist of the constant sheaves
by x. Then by the same argument as above for W (x™1), we get H (X (S), K/W(x™!)) =
HY(X(S"),K/W(x™1))%. The Pontryagin dual of the right-hand-side is Mg /PMs. By
the exact sequence H'(X(S), K(x™')) — HYX(S), K/W(x™')) — H*(X(S),W(x™h)),
since e kills H*(X(S), W(x)), H'(X(S), K/W(x™!)) is p-divisible, and hence its dual
Mg/ /PMg: is W-free by (A4). O

Proposition 2.3. Suppose |Ip| < 1. For each height 1 prime P D ag of A, the localization
M is h%-free of rank r = 2Pl Moreover we have a surjective isogeny ts : h° Jagh® — hg
sending [UszUs] to SxS for x € G(A®)) with z,;m € A.

Proof. For finite level, Mg ®u K is known to be free of rank r = 212! over hg @y K.
Thus for any height 1 prime P D ag of A (so, A/P is W-free),

M3/ PMS = (M3/PMS) @w K = (hs/Phg)” @w K = (h%/Ph)".

By Nakayama’s lemma, we have a surjection (h$%)" — Mp. If it has a kernel, My has
A-torsion, since h} is A-torsion free of finite rank. This is a contradiction, and we get
the freeness over h},. We also have, (h},/Ph$,)" = Mp/PMp = Ms @w K/PMgs @w K =
(hs ®w K/Phg @w K)"; so, the projection h°® to hg sending [UsxUs] to [SxS] induces
h%,/Ph$, = (hg @w K/Phg ®w K). Since ag = [, P for such P, we conclude that the
map h°/agh® — h{ has finite kernel and is an isogeny. U

Remark 2.1. As we said, we can remove (A0) varying also the central character. We can
take Mg = Hy(Y(S), W) for Y(S) = GP(Q)\G(A)/SCp. In that case, M° is W|[[]]-
torsionfree of finite rank for the torsion-free part I' C T'(Z,) /O—JXr of Gy. All analogous
results as above hold for Gy in place of T(Z,). The resulting Hecke algebras, we write
h™r? for the cuspidal one and H™¢ that with Eisenstein component.

We can consider higher weight case also. The set of algebraic characters X(7T') =
Homayg ¢, (T3, G, /) can be identified with Z[I]* so that x = (1, #2) € Z[I]* induces the
following character on T'(Q) = F* x F'*

T(Q) 3 (&1,6) — k&1, &) =E1E2 e QT

where £ =[] ., 0(§)" € Q". Take K sufficiently large so that GP(K) = GLy(K)!,
and we write the projection to the o € I component GLs(K) as o again. Then the
rational representation L(x; K) of GP of highest weight x = (k1, x2), taking the ordering
so that K > 0 if k1 , < kg, for all o € I, is given by

L(I{,, K) = ® ((det oo')“l,cro.@)(nz,g—nl’a)) :

oel
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where o®" is the n-th symmetric tensor representation. Letting ¢®™ act on polynomials
WX+ WX"Y + ... + WY™ by vP((X,Y)) = P((X,Y)'s(v)") for the involution ¢
with v* + = Tr(7y), this representation has W-integral structure. We write L(x; W) for
the W-integral subspace on which GP (W) acts. We put L(k; A) = L(k; W) @w A for any
W-module A. Since X(S) = || . 'ss\3p, we have a covering £(x; A) on X(S) which is
given over I'ss\3p as a quotient I'ss\(3p X L(k; A)) by the diagonal action.

There is an adelic version of the definition of L(x; A). We let u € U act on L(k; A) from
the right by u,' € Gp(Z,) C GP(W) and let Z(A) act on L(x) by scalar multiplication
of &(z,)7" for the p-adic avatar £ of e, L(r; A) =2 GP(Q)\(GP(A) x L(x; A)/S - Z(A)Cp.

Since I'ss N Z(Q) acts trivially on 3p, this quotient to be well defined étale space,
I'se N Z(Q) C OF has to act trivially on L(k; A); so, at least, ki + ko = [K] Y, ., 0 (if
A = W). By this condition, if one of #; is non-parallel (that is, not of the form k3 __, o),
the other is also non-parallel. In particular x; # 0. Thus the original U(p) given by
the action of @ = (29) € GP(Q,) on L(k; A) is divisible by p* = det(a)" = p>ofie.
Thus to have nontrivial space, we need to divide the action of [SxS] by det(x,)"* to make
it optimally integral. Using this new operator [SxS]° = det(z,) " [SzS], if |Ip| < 1,
we can verify (A0-4) for Mg = M} s = HY(X(S),L(k; K/W)). We write U°(p™) for
[Sa™S]°. This modification only affect Hecke operators supported at p. We write 7°(y)
for [S(49)S]° for y € On FY. If y € O, we write U(y) for [S(49) 5] and U°(y) for
[S(49)S)°. If U= GLy(Or) and [ p, T(coy) for a uniformizer @ of Oy is independent of
the choice of wy; so, we write it as T'(I). The resulting Hecke algebra of weight x and the
module M° of weight &, we write hY and M?. An important fact is

Theorem 2.4 (Independence of weight). We have canonical compatible isomorphisms
h® = h° and M, = M. The isomorphism: h® = h? sends [SxS] to [SxS|° for all
r € G(A)) with x,,m € A.

Note that T(Z,) = Oy by (49) < y, and y acted on My originally by U(y); so, the
above isomorphism becomes A-linear if we use U°(y) = y, " U(y) for the action of y.

Proof. Here is a sketch of a proof. For simplicity, we assume that p is unramified in F'/Q;
so, we can take W unramified over Z,. The evaluation of polynomials in L(x, W/p™W)
at (X,Y) = (1,0) gives a U} isomorphism L(k, W/p™W) = W/p™W; so, we get a
T°(y)-equivariant morphism of i,, : My @w W/p™W = My, @w W/p™W. After
taking the limit, we get a morphism iy, : M, — M. The inclusion W/pW > a +—
aY"™~" € L(r; W/pW) is a morphism of Uj-module; so, we have j : My @w W/pW —
M, 2 @w W/pW. Take 7 = (96) € GP(Q,) and 6 = (9§) € GP(Z,). Then define
J = [Ui6Ui] o jo [UrtUh] : Myr @w W/pW — M, yx @w W/pW. By computation, we
find, on My @w W/pW and M, ;1 @w W/pW, ioJ = U°(p) and J oi = U(p). Thus
Ml‘}ll Qw W/pW = M:,Ull @w W/pW. By Nakayama’s lemma applied to the Jacobson
radical of A implies that i, : M7 — M?° is surjective. Then by comparing the rank over
A, i is an isomorphism satisfying T'(y) 0 iee = 0o © T°(y). OJ

Corollary 2.5. Let 7, : A — W be the W-algebra homomorphism induced by T(Z,) >
z— 27" e WX, If k1 < ko, we have a W-algebra isogeny t,; : h® @p ., W — h°(M 1,)
which sends T'(y) to T°(y) for all integral F-idele y.
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There is one more choice of Mg. If we have a good p-integral model X (S),y, we can
think of H%(X(S), Ox(s)) which is the dual of H*(X(S), Qx(s)/w). This can be done tak-
ing “Igusa style model” and the cuspidal part Qi?(sg)/w of Qx(syyw if D = My(F), though
it is quite involved to prove (A1-4). A good point is that Hom(H"(X(S), Q% ey w) W)
is isomorphic to the corresponding Hecke algebra; so, we get (see [PAF] and [HMI] 4.3.9)

Theorem 2.6. Suppose that X (U) is smooth over W. Then h° (resp. h™°"4) is free of
finite rank over A (resp. W{[I'|]). The isogenies vs and v, are isomorphisms.

3. GALOIS REPRESENTATIONS

When |Ip| =1 (so [F : Q] odd), taking Mg to be the étale homology of the Shimura
curve X (S),p. Pick a prime P D ayx N A. Since Mp == (h3)? (if X(U) is smooth) by
Proposition 2.3, the Galois action produces a Galois representation py : Gal(F/F) —
GLy(h%) (constructed in [68c| in [CPS], [H81] and [H86]). If [F' : Q] is even, a similar
construction is possible if we allow ramification of D at finite places. By the theory of

pseudo-representation of Wiles, as he showed, we can actually construct py, : Gal(F/F) —
GLy((h%)"d) even in the case of even degree ([W] and [H89b)).

Theorem 3.1 (A. Wiles, H. Hida). Let T be a reduced local ring of h° or hmord. Then
there exists a continuous Galois representation pr : Gal(F/F) — GL2(Tp) such that

(1) pr is unramified outside p, co and N;

(2) Tr(pr(Froby)) = T(I)|r with the arithmetic Frobenius element Froby at primes |
outside p, oo and N;

(3) If T C h°, det pr = €N for the p-adic cyclotomic character N;

(4) For each decomposition group Dy (p|p), prlp, = (5 72), ally, Fy)) = U°(y)|r and
T 0 of[u, Fy]) = u™ and 7, o B([u, Fy]) = w2 Np, 0, (u)~" for u € OF, where

[z, F}) is a local Artin symbol (with N ([u, Fy]) = Ng, jq,(w)™" and N'(Froby) = ().

Remark 3.1. If the residual Galois representation pr mod mr for the maximal ideal mr
of T is absolutely irreducible, we have pr with values in GL(T).

Let U =T (M). Let FP™/F be the maximal abelian extension unramified outside p.
Then we split C = Gal(FP™/F) = C, x C® for the p-profinite part C, and prime-to-
p part C®). Thus C, is isogenous to Z;,J"; . We consider the continuous group algebra
W[C,]] and consider the inclusion ¢ : C, — W[[C,]]*. If p is odd, then p ® n 2 p for any
2-dim Galois representation p and any character n # 1 of C),. Since p is odd, we have a
unique /¢ : C, — C, C W[[C,]]*. For T C h°, pr ® v/t has determinant ¢ det pr = (EN
and is a promodular representation into G'L2(T[[C,]]). Since we have the Galois character
§ = det(ppn.ora), h° = W™ /(§(0) — EN(0))s, and we have a unique local ring T™°"¢ of
h™o4 surjecting down to T. Since pr®+/¢ is realized by a quotient of T4 (because order
p character has square-free prime-to-p conductor), there exists an algebra homomorphism
7 Tord — T[[C,]] such that 7 o prrora = pr.

Proposition 3.2. If p is odd and T™"* and T are reduced, then T = T[[C,]] by .
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Anyway, dimT = [F : Q] for T C h°® and dim T = [F : Q] + 1 + §. Write H}, and
H7%°" be the Eisenstein component. The Galois representation pr for local ring T of HS,
has trace EN'(o)t + =1, Since T™°4 = T°[[C,]], we have

Proposition 3.3. The algebras HS, and H:°" are equidimensional and has dimension
146 and 2 + 20, respectively.

[CPS]
[HMI]
[PAF]

[SGL]

[H81]

[H6]
[H89a]
[HS9D)]
[H91]

(W]
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