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INTRODUCTION *

Let Q C C be the field of all algebraic numbers. We fix a prime p > 2 and a p-
adic absolute value |- |, on Q. Then C,, is the completion of Q under |- |,. We write
W={zekK ’|x|p < 1} for the p-adic integer ring of sufficiently large extension
K/Q, inside C,. We write @p for the field of all numbers in C, algebraic over Q,.
Start with a strictly compatible system {p(} of semi-simple Galois representations
o : Gal(Q/Q) — GL4(Ty) for primes [ of the coefficient field T C Q. We suppose
that p is associated to a pure (absolute Hodge) motive in the sense of Deligne (see
[D]). We assume that p does not contain the trivial representation as a subquotient.
We write S for the finite set of ramification of p and p; is unramified outside S U
{00, £}, where ¢ is the residual characteristic of [. We write p = {¢ € OT’ €], < 1}
and often write W := Or, where Or is the integer ring of T'. Often we just write
p for p, which acts on V' = Tpd.

For simplicity, we assume that p ¢ S. Let E¢(X) = det(1 — pq(Frobe)|v,, X) €
T'[X] (assuming q 1 ¢). We always assume that p, is ordinary in the following sense:
p restricted to Gal(Q,/Q,) is upper triangular with diagonal characters N’ on
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the inertia I, for the p-adic cyclotomic character N ordered from top to bottom as
ag>az>--->0>--->aqg. Thus

N®L x o x

0 N9 ...«

plr, = S
56 A

In other words, we have a decreasing filtration 7' p C F'p stable under Gal(Q,/Q,)
such that the Tate twists gri(p)(—i) := (F'p/FT1p)(—i) is unramified. Define

d
Hy( Hdet 1 — Frobp|gei(p)(—iyp' X) = H 1— ;X

Then it is believed to be E,(X) = Hp(X) if p ¢ S and E,(X)|Hp(X) otherwise. In
any case, ord,(a;) € Z. Let us define

g = a; if ordp(a;) > 1
T pa;l if ord,(ej) <0

and put e = [{j|8; = p}|-

d d
H 1—Bip~ 1 and E7(p) = H 1‘6]1’
Jj=1 J=1,B8;#p

Then the complex L-function is defined by L(s,p) = [], Ee(¢~*)~'. We assume
that the value at 1 is critical for L(s, p) (in the motivic sense of Deligne in [D]).
We suppose to have an algebraicity result (conjectured by Deligne) that for a well
defined period ¢*(p)(1)) € C* such that % € Q for all finite order characters
€ Ly — ppee (Q). Then we should have

Conjecture 0.1. Suppose that s = 1 is critical for p. Then there exist a power
series ®**(X) € WI[X]| and a p-adic L-function L™ (s, p) = ®4™(y'~* — 1) in-
terpolating L(1,p ® €) for p-power order character € such that ®5"(e(y) — 1) ~
E(p® 5)% with the modifying p-factor E(p) as above (putting E(p®e) =1 if
€ #1). The L-function Ly" (s, p) has zero of order e +ords=1 L(s, p) for a nonzero
constant L (p) € C; (called the analytic L-invariant), we have

Lan S,
lim M

__ ran + L(l,p)
51 (S—l)e _E ()5 ()

ct(p(1))’

where “img_,1” is the p-adic limit, ¢*(p(1)) is the transcendental factor of the
critical complex L-value L(1, p), and ET(p) is the product of nonvanishing modifying
p-factors.

When e > 0, we call that L;" (s, p) has an exceptional zero at s = 1. Here is

an example. Start with a Dirichlet character x : (Z/NZ) — Q" with x(-1) =
—1. Then ¢(p* (1)) = (2mi). If we suppose x = (=2) for a square free positive
integer D, the modifying Euler factor vanishes at s = 1 if the Legendre symbol
(*}TD):l@()—pmeQm w1thp—{x€0© ’|x|p<1} By a work
of Kubota-Leopoldt and Iwasawa, we have a p-adic analytic L-function Lg" (s, x) =
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(4175 — 1) for a power series ®*"(X) € A = W([[X]] and v = 1 + p such that
for EON™) = (1 = x(p)p™ ™)
L(m, x)

La™(m, x) = (v = 1) = EGN™)L(1 — m, x) ~ E(XN’”)W

for all positive integer m as long as |[n™ — n|, < 1 for all n prime to p. If we
have an exceptional zero at 1, it appears that we lose the exact connection of the
p-adic L-value and the corresponding complex L-value. However, the conjecture
says we can recover the complex L-value via an appropriate derivative of the p-
adic L-function as long as we can compute £%"(p). We may regard y as a Galois
character Gal(Q[un]/Q) = (Z/NZ)* % {£1}, and we remark that x(Frob,) = 1
to have the exceptional zero. For our later use, for the class number h of Q[v/—D],
we write the generator of P as @; so, p" = (w) for w € Q[v—D).

Though we formulated the conjecture for p € S, if p, is ordinary semi-stable, we
have the same phenomena and can formulate a conjecture similarly. Here is such
an example. Start with an elliptic curve E/,q, which yields a compatible system
pE = {T,E} given by the f-adic Tate module TyFE. Suppose that F has split
multiplicative reduction at p. In this case, Hy(X) = (1 - X)(1—pX) and E,(X) =
(1-X), E(pe) =0 and £T(p) = 1. Then by the solution of the Shimura-Taniyama
conjecture by Wiles et al, this L-function has p-adic analogue constructed by Mazur
such that we have ®%*(X) € A with 9 (e(y) —1) = E(pr ®5)%E(1’E’5) for all
p-power order character ¢ : Z) — W™ in other words, Ly" (s, E) = Pan (41— —1).
Here Qf is the period of the Néron differential of E. Thus if F'rob, has eigenvalue 1
on Ty F, the exceptional zero appears at s = 1 as in the case of Dirichlet character.
The Frob, has eigenvalue 1 if and only if £ has multiplicative reduction mod p.

The problem of L-invariant is to compute explicitly the L-invariant £*"(p). The
L-invariant in the cases where p = x = (i) as above and p = pg for E with split
multiplicative reduction is computed in the 1970s to 90s, and the results are

Theorem 0.2. Let the notation and the assumption be as above.

(1) £o"(x) = ii(giz((z)) = —logz(q) for g € C, given by g = w/@™ " = (@) and

the class number h of Q[v/—D];
(2) For E split multiplicative at p, writing E(C,) = (Cpx/qZ for the Tate period

lo
0 € Q' we have L (pr) = 2y

Here log,, is the Iwasawa logarithm and |z|, = p

—ordy (z) .

The first assertion is due to Gross-Koblitz [GsK] and Ferrero-Greenberg [FG],
and the second was conjectured by Mazur—Tate—Teitelbaum [MTT] and later proven

by Greenberg—Stevens [GS] and by some others further later. In the first formula
of the theorem, the sign “—” of —% is correct as explained in [G] (10) (and if
we evaluate the value at s = 0, the minus sign should be removed as was done in
[FG].

Starting with an ordinary p-adic Galois representation p : Gal(Q/Q) — GL4(W),
there is a systematic way to create many Galois representations whose eigenvalues
of Frob, contain 1. Indeed, let p acts on the d x d matrices My(W') by conjugation.

Since
Ma(W) = Ad(W) @ {scalar matrices}



L-INVARIANT OF p-ADIC L-FUNCTIONS 4

for the trace 0 space Ad(W) which is stable under the conjugation. Then the
action of Ad(p)(F'rob,) on Ad(W) has eigenvalue 1 with multiplicity > d — 1.
However it is easy to check that the system Ad(p) is not critical if d > 2. Thus
we assume that d = 2. Now require that pr : Gal(Q/F) — GL2(W) be a Galois
representation associated to a p-ordinary Hilbert Hecke eigenform (belonging to a
discrete series at 0o) over a totally real field F'. We make Ad(pr) and consider the
induced representation Indg Ad(pr) whose eigenvalues for Frob, contains 1 with
multiplicity e for the number e of prime factors of p in F'. The system Ind% Ad(pr)
is critical at s = 1.

Arithmetic L-invariant. Returning to a general ordinary representation p = p,,
we describe an arithmetic way of constructing p-adic L-function due to Iwasawa
and others. We define Galois cohomologically the Selmer group

Sel(p) ¢ H'(Gal(Q/Qux), p @ Qp/Zy)

for the Zy,-extension Qu/Q inside Q(ppos) by the subgroup of cohomology classes
unramified outside p whose image in H'(I,, (p/F*p) ®z, Qp/Z,) vanishes. Here
F*p is the middle filtration F'p and I, is each inertia group at p. The Galois group
I' = Gal(Qx /Q) acts on H'(Gal(Q/Qu), p® Q,/Z,) and hence on Sel(p), making
it as a discrete module over the group algebra W{[I']] = lim WL/ I'?"]. Identifying
I’ with 14 pZ,, by the cyclotomic character, we may regard v € I. Then W[[I']] = A
by v+ 1+ X. By the classification theory of compact A-modules of finite type,
the Pontryagin dual Sel*(p) has a A-linear map into [] req A/ fA with finite kernel
and cokernel for a finite set 2 C A. The power series ®, = [[;cq f(X) is uniquely
determined up to unit multiple. We then define Ly, (s, p) = ®,(v'~*—1). Greenberg
gave a recipe of defining £(p) for this L,(s, p) and verified in 1994 the conjecture for
this L, (s, p) except for the nonvanishing of £(p) (under some restrictive conditions).
For the adjoint square Ad(pr) for pr associated to a Hilbert modular form, the
conjecture (except for the nonvanishing of £(p)) was again proven in my paper
[HOO] in the Israel journal (in 2000) under the condition that pp = (pr mod my)
is absolutely irreducible over Gal(Q/F|[u,]) and the p-distinguishedness condition
for pp| Gal(F, /F,) for all plp (which we recall later). If there exists an analytic p-
adic L-function L&" (s, p) = ®4™(y'~*—1) interpolating complex L-values, the main
conjecture of Iwasawa’s theory confirms ®, = ®¢" up to unit multiple.

Suppose now that pp is associated to a Hilbert modular Hecke eigenform of
weight & > 2 over a totally real field F'. Following Greenberg’s recipe, we try to
compute L(Ad(pr)) = E(Indg Ad(pr)). By ordinarity, we have PF|Ga1(@p/Fp) =

(%‘“ ;p) with two distinct diagonal characters o, and §, factoring through I, —

Gal(Fy[pp=]/Fy) for the inertia group I, for all p|p. We consider the universal
nearly ordinary deformation p : Gal(Q/Q) — G La(R) over K with the pro-Artinian
local universal K-algebra R. This means that for any Artinian local K-algebra A
with maximal ideal m4 and any Galois representation ps : Gal(Q/F) — GLy(A)
such that

(1) unramified outside ramified primes for pp;

(2) pA|Ga1(@p/Fp) >~ (§anr,) with aspy = ap, mod my such that the diagonal

characters factor through I, — Gal(Fy[up]/F}) for all p|p;
(3) det(pa) = det pp;
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(4) pa =pr mod my,

there exists a unique K-algebra homomorphism ¢ : R — A such that pop = pa.
Write I'y = Z,, for the p-profinite part of Gal(F}[ppe]/Fy). Choose a generator 7, of
I, and identify W{[T'p]] with W[[X,]] by 7, < 1+ X,. Since p|Gal(@p/Fp) ~(5s,),
dpap ' s Gal(Fy[pp=]/Fy) — R factors through T'y and induces an algebra structure
on R over W[[X,]]. Thus R is an algebra over K[[X,]],p. If we write ¢, : R — K
for the morphism with ¢, 0 p = pp, by our construction, Ker(¢,) D (Xp)pp = (X).
We state a conjecture:

Conjecture 0.3. We have R = K[[X,]],)p-

By the results of Wiles, Taylor-Wiles, Fujiwara, Kisin and Skinner-Wiles, the
conjecture holds at least if either F' = Q (see [Ki], [Kil] and [Ki2]) or the residual
representation pp = (p mod my) is absolutely irreducible and pp|quF, /r,))™ =

o, @ Bp with @, # Bp (see [Fu] and [Ful]). Here is a theorem:

Theorem 0.4. Assume Conjecture 0.3. Then for the local Artin symbol [p, Fy] =
Froby, we have

L(Ind% Ad(pr)) = det (%@)
p.p’

X=0 lgllogp(%)ap([pa ),
where y, s the generator of I'y by which we identify the group algebra W{[T'y]] with
W[ Xp]]-

This result is proved as [HMI] Theorem 3.73 under some redundant hypothesis in
order to make the book [HMI] self-contained. In this note, we will sketch the proof
in the general case assuming that p totally splits in F'/Q and that pp is unramified
outside p and co. The proof in the nonsplit case is more complicated, and we will
give a full proof in [HO6] along with conjectures predicting £-invariant of symmetric
powers of pp.

Here are some examples showing usefulness of this theorem: Take a totally
imaginary quadratic extension M/F in which all prime factors p|p in F splits as
PP. Take a set ¥ = {P|p} so that ¥ U is the set of all prime factors of p in
M. Write h for the class number of M and choose @w(B) € M so that P* =
(w(R)) for P € ¥. For any Galois character ¢ : Gal(Q/M) — W* of M with
Y(o) # (o) for ¥¢(o) = Y(coc™!) and a complex conjugation ¢ € Gal(Q/F),

we have Ad(Indh, ) = x @ Indh, '€ for x = (M), and we can easily show

L(x) = L(Ad(Ind}; ¢)). The arithmetic p-adic L-function L, (s, x) for y = (M—/F

constructed a la Iwasawa has an exceptional zero of order > e for e = |X|. Since we

can compute explicitely the universal deformation p of p = Indf\} 1, we get from
the theorem

det(log, (Ny/ (w(P)=9))) ., —
Corollary 0.5. We have E(Indg x) = (—1)° l_ipgpef(h/e(‘ﬁ)) EEEE " where

Ny is the local norm Ny, g, and e(*B) is the ramification index of B/p.

A proof of this is given in [HMI] Corollary 5.39, though the sign (—1)¢ is erro-
neously omitted there. We will revisit briefly the proof of this corollary in Lecture 3
and correct the sign error.
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If £/ is an elliptic curve with split multiplicative reduction at all p|p, we write

E/p, (Fy) = pr / qf for the Tate period ¢, € F,*. Then we have directly from the
theorem the following

Corollary 0.6. Assume that E,p is associated to a Hilbert modular form on

GL(2)/p. Then the L-invariant E(Ind% Ad(pg)) is given by [], %, where

Ny is the local norm Ng, g, -

The above two corollaries are obtained by explicitly computing the universal
representation p. The case where F' = Q is treated in [H04]. We will generalize
this corollary to Theorem 2.1 dealing with elliptic curves having multiplicative
reduction at some prime factors of p and ordinary good reduction at the other
prime factors of p and give a proof of Theorem 2.1 limiting ourselves to E having
good reduction everywhere outside p and to F/Q in which p totally splits. The
general case will be treated in [HOG6].

1. LECTURE 1: GALOIS DEFORMATION AND L-INVARIANT

In the following three lectures delivered at the eigenvariety semester at Harvard
university in Spring 2006, we give a sketch of the proof of the results mentioned in
the introduction, assuming as a simplifying assumption that p completely splits in
F/Q (the general case is treated in [HMI] Chapters 3 and 5 and also in [HO06]).

Let p > 2 be a prime, and fix a totally real finite extension F/Q. As we wrote, for
simplicity, hereafter, we assume always that p splits completely in F'/Q. We start
with a Galois representation pr : Gal(Q/F) — GLo(W) associated to a discrete
series (< k > 2) Hilbert modular form f (over F') with coefficients in a finite
extension W/Z, (a DVR). We assume the ordinarity of pp:

€  * . _
prlp, = (63 ap> with €, # ap, €lr, =N* 1 and ap(l,) =1

on the decomposition group and the inertial group I, C D, C Gal(Q/F) for all

prime factor p of p in F. Here N(o) € Z) is the p-adic cyclotomic character
%)" = exp(%) for all n > 0 and k£ > 1 is an integer. Again for
simplicity, we assume that p is unramified outside p and oco. Thus for any prime
[t p, writing f|T(I) = arf, we have Tr(p(Frob;)) = a; € W. Let K be the quotient
field of W (so, K/Q, is a finite extension).

We consider the universal nearly ordinary deformation p : Gal(Q/F) — GLa(R)
over K with the pro-Artinian local universal K-algebra R. This means that for any
Artinian local K-algebra A with maximal ideal m4 and any Galois representation
pa : Gal(Q/F) — GLy(A) such that

with exp(

(K1) unramified outside p;

(K2) palca@,/r,) = (6as,) with aapy = oy mod ma;

(K3) det(pa) = det pp;

(K4) pa = pr mod my,
there exists a unique K-algebra homomorphism ¢ : R — A such that pop = pga.
Note that N : Gal(F,[up<]/F,) = Z) (by splitting of p in F/Q). Let Ty, =
1+pZ, C Gal(Fy[pp=]/Fy). Choose a generator 7, of Iy and identify W{[T';]] with
W[ X,]] by 7p < 1+ X,. Since p|Gal(@p/Fp) ~ (§4,), 6pap ' : Ty — R induces
an algebra structure on R over W[[X,]]. Thus R is an algebra over K[[X,]]y|,-
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If we write ¢ : R — K for the morphism with ¢ o p = pp, by our construction,

Ker(p) 2 (Xp)p|p-
Here is the theorem we have seen in the first lecture:

Theorem 1.1. Suppose R = K[[X;]lpp. Then, if p o p = pp, for the local Artin
symbol [p, Fy] = Frob,, we have

£(Ad(pr)) = det (_f%p g;;fm)
pop’

X:olgllogp(%)ap([p’ F))~

Greenberg proposed a conjectural formula of the L-invariant for a general p-
adic p-ordinary Galois representation V' with an exceptional zero. When V =
Ad(pr), his definition goes as follows. Under some hypothesis, he found a unique
subspace H C H'(F, Ad(pr)) of dimension e = |{p|p}| represented by cocycles
c: Gal(Q/F) — Ad(pr) such that

(1) ¢ is unramified outside p;
(2) c restricted to D, is upper triangular after conjugation for all p|p.

By the condition (2), ¢, modulo upper nilpotent matrices factors through the
cyclotomic Galois group Gal(Qp|pp]/Qp) because F, = Qp, and hence c[p, mod-
ulo upper nilpotent matrices becomes unramified everywhere over the cyclotomic
Zy-extension Fo,/F'. In other words, the cohomology class [c] is in Selp,_ (Ad(pF))
but not in Selp(Ad(pr)).

Take a basis {cp }p|p of H over K. Write

_ (—ap(o) * - p
¢ (0) ( 0 a, (U)> for o € Dy with any p’|p.

Then ay : Dy — K is a homomorphism. His L-invariant is defined by

L(Ad(pr)) = det ((ap([pa Fp/])p7p/|p (10gp(7p/)71%([%/a Fp/]))p,p/lp)il) :

The above value is independent of the choice of the basis {cy},. When F' = Q,
by a result of Kisin [Ki] 9.10, [Kil] and [Ki2] 3.4 (generalizing those of Wiles [W]
and Taylor-Wiles [TW]), we always have R = K[[X,]]. In general, assuming the
following two conditions:

(ai) p= (pr mod my,) is absolutely irreducible over Gal(Q/F[u,));

(ds) p°° has a non-scalar value over Gal(F,/F}) for all prime factors p|p,
by using a result of Fujiwara (see [Fu] and [Ful]), we can prove R = K[[X,]],,. The
following conjecture for the arithmetic L-function is a theorem under the condition
(ai) and semi-stability of pp over O except for the nonvanishing L(Ad(pr)) # 0
(see [HMI] Theorem 5.27 combined with (5.2.6) there):

Conjecture 1.2 (Greenberg). Suppose (ds) and that p is absolutely irreducible. For
Larith(s, Ad(pp)) = @it (y1=5 —1), then L™" (s, Ad(pr)) has zero of order equal
to d = [F : Q] and for the constant L(Ad(pr)) € K> specified by the determinant
as in the theorem, we have

. Lgrith(s, Ad(pr))
lim -2
s—1 (S — 1)d

—1/[K:Qp
= L(Ad(pr))||Selo(Ind3 Ad(pp))| [,/

up to units.
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The factor £1(Ad(p)) does not show up in the above formula, because if we write
Sr(Ad(pr)) for the Bloch-Kato Selmer group H ;(F, Ad(p) ® Q,/Zy), we have, as
explained in [MFG] page 284,

[1Selo(1nd Ad(pp))|| 14 = e+ (4d(pr))|1Sr(Ad(or))|| %) up to units,

and the value “S r(Ad(pr))] ’;1/ Q] i directly related the primitive complex L-

value L(1, Ad(pr)) up to a period. In the following section, we describe the Selmer
group and how to define H.

1.1. Selmer Groups. We recall Greenberg’s definition of Selmer groups. Write
F®)/F for the maximal extension unramified outside p and co. Put & = Gal(F®) /F)
and &y, = Gal(F®) /M). Let V = Ad(pr) with a continuous action of &. We fix
a W-lattice T' in V stable under &.

Write D = D, C & for the decomposition group of each prime factor pp.
Choosing a basis of pr so that pp|p is upper triangular. We have a 3-step filtration:

(ord) Vo F, VO FFV 5 {0},

where taking a basis so that pr|p is upper triangular, 7, V' is made up of upper
triangular matrices, and f;r V' is made up of upper nilpotent matrices, and on
Fy V/FSV, D acts trivially (getting eigenvalue 1 for Froby). Since V' is self-dual,
its dual V*(1) = Homg (V, K) @ N again satisfies (ord).

Let M/F be a subfield of F(), and put &, = Gal(F®) /M). We write p for a
prime of M over p and q for general primes of M. We put

Vv
Ly(V) =Ker(Res : H'(M,,V) — HY(I,, ———)).
o(V) = Kex(Res 1! (M, V) — H' Uy, )
Then for a & ys-stable W-lattice T of V', we define for the image L, (V/T') of L, (V)
in H'(M,,V/T)
Hl(Mp’A)

(1.1) Selpr(A) = Ker(H' (&, A) — [ | m)) for A=V, V/T.
p

The classical Selmer group of V' is given by Selp(V/T), equipped with discrete
topology. Write Fi, for the cyclotomic Z,—extension of F'. We define “~” Selmer
group Sel,,(V/T) replacing L,(A) by
Vv

L, (V) =Ker(Res : H'(M,,V) — H*(I,, ——)).

' ' TE W)
Lemma 1.3. Suppose R = K[[Xy]lpp- Then we have Sel (V) = Homg (mp/m3,, K)
and Selp (V) = 0.

Proof. We consider the space Derg (R, K) of continuous K-derivations. Let K[e] =
K[t]/(t?) for the dual number ¢ = (t mod t?). Then writing K-algebra homomor-
phism ¢ : R — Kle] as ¢(r) = ¢o(r)+¢1(r)e and sending ¢ to ¢1 € Derg (R, K), we
have Homg a15(R, K[¢]) = Derk (R, K) = Homg (mp/m%, K). By the universality
of (R, p), we have

16 — GLa(K tisfies th dti K14
Homic g (B, K[2]) = {p: B — GLy(K]e])|p satisfies the condtions ( )}

~
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Pick p as above. Write p(c) = po(c) + p1(o)e. Then ¢, = p1pp' can be easily
checked to be a 1-cocycle having values in M3(K) D V. Since det(p) = det(pr) =
Tr(cy) =0, ¢, has values in V. By the reducibility condition (K2), [¢,] € Selz (V).
We see easily that p = o/ < [c,] = [c,r]. We can reverse the above argument
starting a cocycle ¢ giving an element of Seln (V') to construct a deformation p.
with values in K[e]. Thus we have

{p: Gal(Q/F) — GLo(K]|e])|p satisfies the condtions (K1-4)} _
~ = Seln (V).

Since the algebra structure of R over W [[X;]]y| is given by 8, ', the K-derivation
§ : R — K corresponding to a K[e|-deformation p is a W{[[X,]]-derivation if and
only if pl|Ga1(Fp/Fp) ~ (4 6), which is equivalent to [c,] € Selp(V), because we
already knew that Tr(c,) = 0. Thus we have Selr(V') = Derwx,)(R,K)=0. O

We also have

Lemma 1.4.

1
(V) Selp(V) =0= HY(& NHHL(F”’
p P

Indeed, by the Poitou-Tate exact sequence, the following sequence is exact:

Selp(V) — H' (&, V) — [ ] % — Selp(V*(1))*.
p

It is an old theorem of Greenberg that dim Selp (V) = dim Selp(V*(1))* (see [G]
Proposition 2); so, we have the assertion (V). O

1.2. Greenberg’s L—invariant. Here is Greenberg’s definition of £(V'): The long
exact sequence of F, V/F,SV < V/FFV — V/F, V gives a homomorphism, not-
ing Fy, = Qp,
H'(Fy, Fy V/FV) = Hom(& , Fy V/FFV) = HY(F,, V) /Ly(V).
Note that
Hom(GY, F, V/FiV) = (Fy V/FSV)? = K?
canonically by ¢ — (2L:E2D o1y Fy))). Here [z, Fy) = [2,Q,] is the local Artin

log,, (v) 7
symbol (suitably normahzed) Since

Ly(Fy V/FFV) = Ker(H (Fy, Fy V/FV) 22

1(]%_7;;‘//?;‘/)),

the image of ¢, is isomorphic to F, V/FFV = K. By (V), we have a unique
subspace H of H(&,V) projecting down onto

YR
HIm lp) — H p’
Then by the restriction, H gives rise to a subspace L of
[[Hom(G®, 7, v/ Ffv) = [[(F, V/IFV)?
p p

isomorphic to ], (F, V/FFV). If a cocycle ¢ representing an element in H is
unramified, it gives rise to an element in Selp(V). By the vanishing of Selp(V)
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(Lemma 1.3), this implies ¢ = 0; so, the projection of L to the first factor Hp j;‘i“j
)
(via ¢ — (&([v, Fp])/log,(7))p) is surjective. Thus this subspace L is a graph of
a K-linear map L : [, 7y V/FSV — T1, Fy V/FSV. We then define L(V) :=
det(£) € K.
Let p : & — GL2(R) be the universal nearly ordinary deformation with
* ok

p’D: 0 &

. Then ¢, = ;Tpp| Xx=0pp" is a l-cocycle (by the argument prov-

ing Lemma 1.3) giving rise to a class of H. By Lemma 1.3, H = Selz(V), and
{cp}p gives a basis of H over K. We have 8([u, Fp]) = (1 4 X,)'°8()/108,(%) for
ue Oy = Z,y . Writing

(o) = (5 Y el

we have ap = 6" %b(:o, and from this we get the desired formula of L(Ad(pr)).
This finishes the proof of Theorem 0.4. (I

If one restricts ¢ € H to &, = Gal(F®)/F,.), its ramification is exhausted by
I' = Gal(F/F') (because F, = Q,) giving rise to a class [¢] € Selr__ (V). The kernel
of the restriction map: HY(®,V) — HY(&,,V) is given by H (T, H*(G ., V)) =0
because H?(B, V) = 0. Thus the image of H in Selr_(V/T) gives rise to the
order d exceptional zero of L " (s Ad(pr)) at s = 1. We have proved

Proposition 1.5. For the number of prime factors e = [F : Q] of p in F, we have

ordg—1 L;”th(s, Ad(pr)) > e.

2. LECTURE 2: ELLIPTIC CURVES WITH MULTIPLICATIVE REDUCTION

Let p be an odd prime. Order the prime factors of p in F' as p1,...,p.. In this
lecture, we describe the computation of the L-invariant of Ad(T,E) for a modular
elliptic curve E,p with split multiplicative reduction at p;[p > 2 for j = 1,2,...,k
and ordinary good reduction at p;|p for j > k.

Theorem 2.1. Assume that R = Qp[[Xp]]p)p. Suppose that the Hilbert-modular
elliptic curve E has split multiplicative reduction at p; for j =1,2,...k (k <e)
with Tate period q; at p; for j < k and has ordinary good reduction at p; withi > k.
Then for the local Artin symbol [p, Fy] = F'rob, and the norm Q; = Nij 10, (a5);
we have for pg =T, E

k
log,,(Q;) 96, ([p, Fi)) log,, (9,
£(Ind$ Ad(pg)) = —P- 222 | det (p7’> —2
r H OrdP(Qj) 8Xj i>k,j>k X=0 ISk O‘p([pa Fl])
where v, is the generator of the p-profinite part Ty of N (Gal(Fy[pp-]/F}y)) by which

we identify the group algebra W[[T'p]] with W[[X,]].

In the proof, for simplicity, as before, we assume that p is completely split in
F/Q. Also, again for simplicity, in the following proof, we assume FE has good
reduction outside p and k =1. We put I'p = Hp Iy.
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2.1. Hecke algebras for quaternion algebras. We make some preparation for
the proof, gathering known facts. We assume that F' # Q (otherwise the theorem
is known by Greenberg-Stevens). For simplicity, p splits completely in F'/Q. Take
first a quaternion algebra By,r central over I unramified everywhere such that
By ®g R = Ma(R)” x H¥" with 0 < r <1 (sor =d mod 2). Then we consider
the automorphic variety (either a Shimura curve (r = 1) or a 0-dimensional point
set (r =0)) given by

X11(p") = By \Bg 4 /511 (p") 24 Cocs,

where Z, = F[ is the center of B}, C is a maximal compact subgroup of the
identity component of B, and identifying B(()Oro) = By ®q Fi with My (Fy) for all

primes [,

Ne o)

Sl ={(24) € GLAO)] (25) = (1) mod "}

for O = [1,0:. Consider M, = H,(X11(p"),%Zy) which is the Pontryagin dual
of H"(X11(p™), Qp/Z,) which is a finite rank free Z,-module with Hecke operator
action of T'(n) for all prime ideals outside p and U (py) = U(pp)" and the diamond
operator action (z) coming from (39) for z € Op. Let e = lim,_.oo U(p)™ as
an operator acting on M, (U(p) = [, U(py)). Let M2 be the direct summand
eM,,. We have natural trace map M,, — M, for m > n compatible with all Hecke
operators and all diamond operators. By the diamond operator action, M2 =
lim | M2 naturally become a W[ g]]-module. Here is an old theorem of mine:

Theorem 2.2. The W([['r]]-module M2 is free of finite rank over W[[['g]].

Let h be the W[[I'p]]-algebra generated over W[[I'r]] by T'(n) for all n prime to
p and all U(p). Then we have

Corollary 2.3. h is torsion free of finite type over W[[I'r]| with hp/(Xy)pphr
pseudo isomorphic to the Hecke algebra of H.(X11(p), W).

Actually if p > 5, h is known to be free over W|[I'r]] and the pseudo isomorphism
as above is actually an isomorphism.

Let T be the local ring of the universal nearly ordinary Hecke algebra h acting
nontrivially on the Hecke eigenform associated to E. Let P € Spf(T)(Q,) corre-
sponding to pg, that is, por mod P ~ pg. Let @p = @n Tp/P"Tp for the localiza-
tion Tp. Since pg =T, E ®Q, is absolutely irreducible, by the technique of pseudo
representation, we can construct the modular deformation pr : & — GLg('ﬁp)
which satisfies (K1-4); in particular, det pr = N, because the central character is
trivial. Since E is modular over F', we have the surJectwe Qp algebra homomor-
phism R — Tp for the localization-completion Tp Since Tp is integral and of
dimension d, we have

Corollary 2.4. If R = K[[X,]],p, then R = Tp.
Under absolute irreducibility of o over Gal(F/F[u,]) with non-scalar semi-simplification
of pp |Ga1(Fp/Fp) for all p|p, the isomorphism R = K[[X,]],|, will be proven by show-

ing R > Tp first (see Appendix).
Take a quaternion algebra By, p such that B; ®gR = My (R)? x H 7 with ¢ < 1
and B is ramified only at p; (among finite places). Then at p;, we have a unique



L-INVARIANT OF p-ADIC L-FUNCTIONS 12

maximal order R; in B,,. Then we define Uy1(p") to be the product of Sy (p™)®P)
and R; and define

Yi1(p") = By\By 4 /U11(p") ZsCxo.

Then we define e; = lim,, o, U(p®))™ acting on the dual N,, = H,(Y11(p"), Z,)
of the cohomology group H?(Y11(p"), Qp/Zp). Let I'y =[], I'y. We go through
all the above process and define h; C EndW[[Fl]]QiLnn e1N,,). Since pg (or cor-
responding automorphic representation 7wg) is Steinberg at p;, by the Jacquet-
Langlands correspondence, we have a Hecke eigenvector fi in H9(Y11(p), Z,) giving
rise to . Then we define T; to be the local ring of h; acting nontrivially on f;.
Let P, € Spf(Ty)(W) be the point associated to pg. We then have a deforma-
tion pr, : & — GLQ(iflJD) of pg. Since the central character is trivial, we have
det pr, = N.

Theorem 2.5. We have

(1) hy is torsion-free of finite rank over W[[I'1]], and @Lpl >~ K[ Xpy, - Xp s

(2) pr, restricted to Gal(Fy, /Fy,) is isomorphic to (%) *), where ¢ = £1 is
the eigenvalue of F'rob,, on the étale quotient of T, F;

(3) There is a surjective algebra homomorphism T/X, T — Ti inducing an
isomorphism 'ﬁ‘p/Xplifp = 'TI\‘LPI;

(4) There is a surjective algebra homomorphism T/(U(p1) —e)T — Ty sending
T(n) to T(n), where U(p1) = U(pp,)-

Here is a sketch of proof. The first assertion follows from construction; in other
words, it can be proven by the same way as the proof of Corollary 2.3. By the
Jacquet-Langlands correspondence, T covers T;. Any automorphic representation
7 corresponding to a point of Spf(T1)(Q,) is Steinberg at p; because B ramifies
at p;. Since points corresponding classical automorphic representation is Zariski
dense in Spf(T;), the Galois representation has to have the form as in (2). Thus
the eigenvalue of U(p1) of 7 is =1 and the corresponding Galois representation has
the form as in (2). The assertion (1) implies (3). By (2), U(p1) is either +1. Since
U(p1) is a formal function on the connected Spf(T;), U(p1) = € is a constant, which
implies (4). O

2.2. Proof of Theorem 2.1. Write for simplicity, X; := X, , I} = F}, and
pj = Pp,- By (3) and (4) of Theorem 2.5, U(p1) = ¢ mod X; is a constant

independent of X := X, for all j > 2. Thus Z5&|x,_o = 0 for all j > 2. Thus

OU(ps) _ 0U(p1) U (pi)
det ( 0X; ) ’X*O 09Xy ’XI:O x det 0Xj ) isa >0 ’X:O'

Since 6y, ([p, Fi]) = U(p;), we get from the formula we stated in the first lecture:

£(Ind® Ad(pg)) = det (%@)
p,p

X=0 1;[ log,, () ([0 Fp) ™,
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the following new formula:

@) £(indg Ad(pp)) = LI o (v (i)
x det (%ﬂ)i>zj>2 ’X_Oglogp(”ypj)ap([ ,Fj])fl.

Thus the result follows from the following lemma of Greenberg-Stevens:

Lemma 2.6. Let us write v = v,,. We have

961 ([p, F1])
0X,

10gp(fh)
ordy(q1)

o 108 (Map (I F1)) ™" =

for 61 = 6p1 .
Proof. Since ay, ([p, F1]) = 1 (split multiplicative reduction), we can forget about
this factor. Since the linear operator £ : [[, Fy VIFV — LI, Fy V/FFV induces
Ly FpoVIFLV — Fp V/FS V by our diagonalization of its matrix. This £4
comes from the subspace

Ly C Hom(D{*, 7, V/FV) = Hom(D{", Q,)

for D1 = Gal(Q,/F1) has a generator ¢o = 5;13)5(11 o D* — Q. Thus by
=

definition

96, (1p, Fi)) oo([p. i)
TR Lo 08 = o, (1) s,

Let pp = T, E@7,Qy, pr = (p mod (X2, Xa, ..., X4)), and write Q, = Q,[X;]/(X?).
The character (§;7 mod X?) is an infinitesimal deformation of the trivial character
fitting into the following commutative diagram of D;-modules:

Qpler) —— pp ——— Qu(d1)

Qp(1) PE Qp-
Twist this diagram by eflj\/' = 1, getting a new diagram

Q) —— pr —— Q,(&})
| |
Qp(l) PE Qp-

Once this type of diagram is obtained (with leftmost column given by @(1) —
Qp(1)), by a general result of Greenberg-Stevens in such a situation (see [GS1]
(2.3.4)), we get

D07 98,

a—Xl([fh,Qp])’XFO =0= a—Xl([fh,Qp])’Xl:O =0.

Write ¢1 = p®u for a = ord,(q1) and u € Z5. Then log,(u) = log,(q1). We have
81([a1, Qpl) = 81([p, Qp])*81([u, Qp]) = 81([p, Qp])* (1 + Xy)~ o8/ 108 ()
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(because N ([u,Qp]) = u™'). Differentiating this identity with respect to X;, we

get from &1 ([u, Qp))[x,1=0 = 61([p; Qp])|x1=0 = 1
,291((p1, @p)) logy(qr) 091 ([p1, Qp)) log, (u)

Xi=0 log,(7)

00X, xi=0  log,(y) “ 00X,

From this, we conclude

=0.

991 ([p1,Q log,(q1)
10gp(7) 1([ 1 ZD]) _ 4 )
0X; x;=0 ordy(q1)
O
The fixed field of the kernel of ¢¢ is a Z,-extension M /Q, (F1 = Qp). Since
Li>¢— % € Q, is surjective, My, ramifies fully. Then by local class field

theory, (N, N, /0, (M) has a rank 1 torsion-free part, which contains go = pu

with @ # 0 and v € Z;. The quantity iiiz(((g;)) € Qp is determined uniquely

independent of the choice of gy, and we now prove

Proposition 2.7.

961([p1, Qp)) _ log,(q0)

1 — .
ng (FY) 3X1 X,1=0 Ordp (qo)

Proof. Let ¢ = 5;13—)‘5(11 : D{* — Q,. Let M,,/Q, be the composite of all Z,-
extensions of @p; so, by local class field theory, Gal(Mu/Q,) = Z2. Then we
have [go,Qp] € Gal(My /M) again by local class field theory, and by defini-
tion, ¢o([q0, Qp]) = 0. Since [g0, Q] = [v,Q][p,Qp)" (b = ord,(qo)) we have

0 = ¢0([q0, Qp]) = @0([v, Qp]) + bgo([p, Qp]). Writing MY /Q, for the unique un-
ramified Z,-extension and MF /Q, for the cyclotomic Z,-extension, the restriction

of ¢g to I't := Gal(M},/Q,) is a constant multiple of log, oV, for the cyclotomic
character Np; i.e., ¢olp+ = z(log,oN,) for x € Q. Since log,(N,([v,Qpl)) =
1ng(vil) - - 1ng(qo)7 we have xlogp(vfl)—kbqﬁo([p, Qp]) = 0. Thus E(Ad(TpE)) =

lo
do([p. Qp))/z = pt®e) 0

3. LECTURE 3: L-INVARIANTS OF CM FIELDS

Let p be an odd prime. Let M/F be a totally imaginary quadratic extension of
the base totally real field F'. We study the adjoint square Selmer group when the
Galois representation is an induction of a Galois character of &, := Gal(M®) /M).
Put &5 := Gal(M® /F). For simplicity, we assume that p > 2 totally splits in
M/Q. We relate the Selmer group with a more classical Iwasawa module of a
quadratic extension of F', and from the torsion property of the Selmer group already
proven, we deduce some (new) torsion property of such classical Iwasawa modules.

3.1. Ordinary CM fields and their Iwasawa modules. Let Oj; be the integer
ring of M. We consider Z = lim Cly(p") for the ray class group Cla(p™) of M
modulo p”. Let A be the maximal torsion subgroup of Z, and put T'y; = Z/A,
which has a natural action of Gal(M/F). We split Z = A x I'j;. We define
't = HY(Gal(M/F),T ) and T~ =T /T'". Since p > 2, the action of Gal(M/F)
splits the extension I't < I'j;y —» I'", and we have a canonical decomposition
Ty =TT xT—. Writen™ : Z - T, 7" : Ty — 't and 7a : Z — A for the
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three projections. Take a character ¢ : A — @X, and regard it as a character of Z
through the projection: Z — A.

Let My be the composite of all Z,-extensions of M. Then by class field theory,
M is the subfield of the ray class filed of M modulo p™ fixed by A. Let Qn/Q
be the cyclotomic Z,-extension. Let M$Y° be the composite M Qo /M. Define M
(resp. MZ) for the fixed subfield of I'~ (resp. I'*). Since M¢ is abelian over
F, we have M$¥¢ C M} and a projection meye : I't — Gal(MY¢/M) C 1+ pZ,.
The Leopoldt conjecture for F' asserts that 7y is an isomorphism; in other words,
ME = M¢. The extension My /M is called the anticyclotomic tower over M.
Thus if the Leopoldt conjecture holds for F'; M, is the composite of the cyclotomic
Zp-extension MSY¢ and the anticyclotomic Z][DF:Q] —extension Mg .

To introduce Iwasawa modules for the multiple Z,-extensions M, O; /M, we fix a
CM type ¥, which is a set of embeddings of M into Q such that I; = Y1IXc for the
generator ¢ of Gal(M/F). Over C, an abelian variety with complex multiplication
by M has C-points isomorphic to C¥/%(a) for a lattice a in M (see [ACM] 5.2),
where X(a) = {(0(a))sex € C¥|a € a}. By composing i,, we write ¥, for the set
of p-adic places induced by i, o o for o € ¥. We assume

(spt) X, NE,c=0.

This is to guarantee the abelian variety of CM type ¥ to have ordinary good
reduction modulo p (whose Galois representation is hence ordinary at all p|p).

Writing M (p°) for the ray class field over M modulo p>°, we identify Z with
Gal(M (p>)/M) via the Artin reciprocity law. Fix a character ¢ of A. We then
define Ma by the fixed field of T in M (p*°); so, Gal(Ma /M) = A.

Since ¢ is a character of A, ¢ factors through Gal(M’ Ma /M) for ? indicating
one of +, —, cyc or “nothing”. When nothing is attached, it refers to the object for
the full multiple Z,-extension M. Let L’ /M’ M be the maximal p-abelian ex-
tension unramified outside ¥,. Each v € Gal(Lo, /M) acts on the normal subgroup
X" = Gal(L? /M Ma) continuously by conjugation, and by the commutativity of
X7 this action factors through Gal(MaM? /M). Then we look into the compact
p-profinite T?-module: X’[p] = X ®z,(A],e W, where I’ = Gal(M’,/M). We
study when X7’[¢] is a torsion Iwasawa module over A” = W[[T'’]]. The module
X"[¢] is generally expected to be torsion of finite type over A’ for the naturally
defined multiple Z,-extensions M7 .

The torsion property of X¥¢[¢] over A€ is classically known (e.g., [HT2] The-
orem 1.2.2). This implies

Theorem 3.1. The modules X|[p], X [¢] and X¢[¢] are torsion modules over
the corresponding Iwasawa algebra A, AT and AY¢, respectively.

We refer this result to [HT2] Theorem 1.2.2 (which was originally due to R.
Greenberg). We study the anticyclotomic Iwasawa module X~ [p] over A~ from
our new view point of Galois deformation theory. As is well known, X [¢] is a
A~ -module of finite type, and under mild assumptions (including anticyclotomy of
©), we will prove the torsion property of X~ [¢] in Theorem 3.3.

The 3-Leopoldt conjecture for abelian extensions of M is almost equivalent to
the torsion property of X~ [p] over A~ for all possible ¢ (see [HT2] Theorem 1.2.2).
Here, for an abelian extension L/M with integer ring Oy, the 3-Leopoldt conjecture
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asserts the closure O_z of Of in Ly, =] L, satisfies

peESp
dimg (0 ©2 Q) = dimg, (0F ®z, Q).

If X~ [¢] is a torsion A~-module, we can think of the characteristic element F~(p) €

A~ of the module X~ [¢]. The anticyclotomic main conjecture (cf. [HT] Conjec-

ture 2.2) predicts the identity (up to units) of 7~ (¢) and the projection of (the
@-branch of) the Katz p-adic L-function (constructed in [K] and [HT1]) under 7.

3.2. Anticyclotomic Iwasawa modules. A character 1 of A is called anticy-
clotomic if 1 (coc™!) = ¢~1(o) for a complex conjugation ¢ € Gal(Q/F). Fix an

algebraic closure F' of F. Regarding ¢ as a Galois character, we define ¢~ (o) =
¢(coc™to™1) for o € Gal(F/M). Then 1) := ¢~ is anticyclotomic.

We define a Galois character ¢ : &5 — W([I'7]] by &(0) = @(0)(a]y,-)"?,
where (o]),~)'/? is the unique square root of (o[y,~) in I'" and (o]~ ) € T~ is
regarded as a group element in '™ C W[[I'7]]. Note that ¢~ () = p(coc™to™t) =
Y(0)oly=. Then we consider Indy (@) : Gal(F/F) — GLy(WI[[T'7]]). We write
anyr for the quadratic character of Gal(F'/F) identifying Gal(M/F) with {+1}.
Lemma 3.2. We have

(1) det(Indk, x) = on/Fx|FAX and Tr(Ind%, x(Frob)) = ZbcoNIvN]\/I/F(b):[ x(b)

for a prime U of F unramified for Indf\} X, tdentifying a character x of
Gal(F /M) with a character of M, /M* by the Artin symbol,

(2) Ad(Ind};(p)) = an/rp® Ind%,(37) as & p-modules.

Since Ind}; ()]s, = @ ® @ with Z.(0) = F(coc™?), we define F," Ind}; 3 = &
for p € £,. In Lecture 1, we have already defined fpiAd(Indf\} ©) and the Selmer
group Selp(Ad(Indy, @) ®z, (W[[['7]])*). Since the image of F, (Ad(Ind}; @)
in apyp is trivial in the above decomposition in Lemma 3.2 and the image of
Fi (Ad(Ind}; 2)) is given by Fif (Indh; (37)), we get (cf. [HMI] Exercise 1.12 and
Corollary 3.81)

Selp(Ad(Ind (@) @wr-1) (W[T)*)
=Selp (anr/r ®z, (W[L]])*) @ Selp(Indy, (37) @wir—y (WD)
=Hom(Cly; @z WI[T'™]], Qp/Zp) & Selar ((¢7) @wyr-1 W),
where Cl}, is the quotient of C'L; by the image of Clr (the order of Cl}; is equal
to the order of the oy p-eigenspace of Clys up to a power of 2). By the definition
of the Selmer group, we note that

(3.1) Selar (¢~ @wir- (WITT])*) = Hom(X ™[], Qp/Zy),

which shows

Theorem 3.3. Let the notation be as above. Then we have

Seljr (Ad(Ind}y; () = (Cly @z WL ™) © X~ 7]
as WI[T~]]-modules. Moreover X~ [p~] is a torsion W[[I'~]]-module without excep-
tional zero if ¢ := ¢~ satisfies the following conditions:

(atl) The character ¢ has order prime to p.
(at2) The local character s is non-trivial for all P € Xy,.
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(at3) The restriction v* of 1 to Gal(F /M*) for the composite M* of M and the
unique quadratic extension inside F[pp] is non-trivial.

The first assertion follows from the argument given as above. The torsion prop-
erty follows from the theorem of Taylor-Wiles and Fujiwara and the propositions
in the following appendix. In [HMI] Theorem 5.33, it is checked that the assump-
tions milder than (at1-3) imply the assumption of the theorem of Taylor-Wiles and
Fujiwara.

3.3. The L-invariant of CM fields. Consider the universal couple (Rp, o) de-
forming pr = Ind%, ¢ mod my, among W-deformations p4 into GLy(A) for proar-
tinian W-algebras A with residue field W/my, satisfying the following conditions

(W1) unramified outside p;
(W2) pA|Ga1(@p/Fp) o (* a:,p) with aa, = ap mod my and aAypapflhp factor-
ing through Gal(Fy[up=]/Fp);

(W3) det(pa) = det p;

(W4) pa=p mod my,
We know Rp 2 T by Fujiwara (see Appendix). Since dim Spf(W[I'"]]) = dim Spf(T),
Spf(WI[I'7]]) gives an irreducible component of Spf(Rp). Write I = W[[I'"]] sim-
ply. Let 7p : T = R — I be the projection (which factors through 7¥¢). We would
like to compute the L-invariant of the component I. Thus we need to compute
a(py) = m1(U(py)). The following fact follows from the fact Ind}; ¢|s,, = ¢ © ¢°.

Lemma 3.4. Let the notation be as above. Then we have a(py) = ¢([pg, My]) for
the prime factor B € XF of p.

Define the character & : Gal(F/M) — (A~)* by k(o) = (o,,~ )% Then =
Ak, and we write k1 = 77 0 k : Gal(F /M) — 1*. Then, & restricted to the inertia
group Iy at P factors through the projection: Iy — Gal(Qp[up=]/Qp) = Z)5. Since
the W{[I'p]]-algebra structure of I is induced by the nearly ordinary character of
Ind}; k1 (restricted to the inertia group ), for ugp € Oprp (B €X5), we have

(3.2) ki([usg, Mg]) = (1 + Xp)logp(Np(uiB))/logp(’Yp),

where p =B NO, N, : Mp = F, — Q, is the norm map and , is the generator of
Ty := (14 pZy) NNy (Oy). Choose an element w(P) € M so that P" = (w(P)) for

each P € 37, where h = |Clp| (the class number of M). Then pf}j = umw(%)gp)

with ug € Oy o for the absolute ramification index e(p) of p (which is the absolute
ramification index of 9B also). Regarding &y as a character of M., /M* by class
field theory, we have k1(w(P)) = 1 = k1(w(P)() with the [-component w(P)( €
M/ for any prime [ outside p, because kr(O[) = 1 and @w(P) € M*. Then we
have
ra(p) = mlph= (D)) = mlug)  [[ ml=m®)y®),
B |p, B AP
where @w(P)q is the P’-component of w(P) € M* C M. By (3.2), we get

c—1
Lo (N (2 (1)) ) o(p) logp (N (= (B)5, )

Hﬂ(pgg) = (1 + Xp) logp (vp) H (1 +Xp/) Togp (7, /) ,
Prexs—{P}
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where p’ = P’ N O. Here log, is the Iwasawa p-adic logarithm defined over @;
characterized by log,(p) = 0. In particular, we have

log, (N (up)) = log(N, (Pl w(P)5" ")) = —e(p) log,, (Ny (w(P)g))-
Thus we have

Lemma 3.5. Let the notation be as above. Then we have, for primes B’ € X, and
=30,
Or(py) _ elp)log, (Ny (w(B) )

= k(py) (14 X, )L
0Xy hlog, (V') (P )( v)

We have a(p,) = cpk(py) for a nonzero constant ¢, € W*, because the nearly
ordinary character of Indf\} ¢ is K times a character of Dy with values in W>*. We
do not need to pay much attention to the constant c,, because the formula of the
L-invariant only involve

» da(py)
(g a(pp) 5p([7p’ FP])) det <<3Tpp/>p,p/>

in which the constant ¢, cancels out. Specializing the above formula to the locally
cyclotomic point P, we get

Theorem 3.6. Let the notation and the assumption be as above and as in Theo-
rem 3.3, including (atl-4). Then we have, for any specialization @p of @ modulo
a locally cyclotomic point P € Spf(I)(W),

E(Ad(Indf\} pp)) = (—1)°det ((1ogp(]\]p/(w(q3)$/c))))m m/gy) H $,
7 P plp
where p=0NP and p’ =0 NP’

Note here ordp(w(%)gf C)) = —h/e(p), taking the valuation ord, associated to
P € ¥. By Lemma 3.2 (2) and Theorem 3.3, we see

L(Ad(Ind}; p)) = L(anr),

and this is the reason for the independence of £(Ad(Ind%, $p)) on the choice of
the locally cyclotomic points P. If F = Q, we have @(P)w=(B)¢ = p" and hence
log, (w(P)) = —log,(w(P)°). Thus log,(w(P)'~¢) = 2log,(w(P)), and therefore
the above formula coincides with the classical analytic L-invariant formula for as, r
of Ferrero-Greenberg.

For a given ordinary CM type (M, X,), we can choose ¢ satisfying the assump-
tions of Theorems 3.3 and 3.6. Then through the above process, we can compute
L(anr) as follows:

Corollary 3.7. Suppose that M/F is an ordinary CM-quadratic extension of M
satisfying (spt). Choose a p-ordinary CM-type ¥ of M. Then the L-invariant
L(anr) of Greenberg for the quadratic Galois character an/p = (M—/F) s given
by
~1)° det (1 N,/ (1-c) ) cp)
(~1)° de ( or N (=B ) g ) T
P
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where h is the class number of M, p" =P’ NO and w(*P) is a generator of P € 7.
If the prime p does not split in F/Q, the L-invariant of apr/p does not vanish.

A regulator similar to the above determinant was introduced long ago in [FeG]|
(3.8) in the context of (classical) cyclotomic Iwasawa’s theory.

Suppose that p does not split in F//Q. Then for w = @(P), Np(@) = [[,e5, @7 =
@>. Then we have |*|, = 1 and |@w>|, < 1 and hence Ny (ww!~¢) cannot be of
the form (p* for v € Q and a root of unity ¢. Thus log,(Ng(w' ™)) # 0 as claimed
in the corollary. Of course, by Baker’s argument (exploited by Brumer in the p-adic
case), if M/Q is abelian, we can also confirm the nonvanishing of the determinant
in the corollary.

4. APPENDIX: DIFFERENTIAL AND ADJOINT SQUARE SELMER GROUP

Recall the universal nearly ordinary deformation p : Gal(Q/F) — GLa(R)
over K with the pro-Artinian local universal K-algebra R. This means that for any
Artinian local K-algebra A with maximal ideal m4 and any Galois representation
pa : Gal(Q/F) — GLy(A) such that

(K1) unramified outside p;

(K2) palca@,/r,) = (6 as,) with aapy = oy mod ma;
(K3) det(pa) = det p;

(K4) pa =p mod my,

there exists a unique K-algebra homomorphism ¢ : R — A such that pop = pg4.
We write ®x(A) the collection of the isomorphism classes of the deformations p4.

Let o = (p mod my ), and consider a similar deformation changing base ring
from K to W. Then we have a universal couple (R, o) as long as (air) p is absolutely
irreducible and (ds) p°® is not scalar-values over D, for all p|p (these assumptions
we always assume). This means that for any pro-Artinian local W-algebra A with
A/my = W/my = F for the maximal ideal my and any Galois representation

pa : Gal(Q/F) — GLy(A) such that
(W1) unramified outside p;

(W2) PA|Ga1(@p/Fp) = (§aa,) With aap = o mod ma;
(W3) det(pa) = det p;
(W4) pa=p mod my,
there exists a unique W-algebra homomorphism ¢ : R — A such that @ o9 = pa.
We write ®(A) the collection of the isomorphism classes of this finer deformations
pa. Thus ®(A) = Homw _qq(R, A).
Let j € ®(A) acting on L. Define

(4.1) T= {¢ € End A (L)|Tr(¢) = o} .

We let 0 € &5 act on v € T by conjugation v — p(0)vp(a)~L. As before, T has
the following three step filtration stable under D, for each prime ideal p|p of F":

(4.2) T>F,T>FT>{o0}
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Let Zy = Qu/Zy = Hom(Z,.Qp/Zy) and A* = Hom(A,Q,/Zy). We thus have
Selp(V/T) = Selp(T ®@ Zy,) for V/T :=T ®z, Qp/Zp, and we also have

T@A A*

Selp(Ad(p)) = Selp(T @4 A*) = Ker(H (8, T 04 A*) — | H'(1,, —=—2——
F(Ad(p)) F(T®a A") (H( aA) =1] (p]-'jT®AA*

plp

for p € ®(A) and the inertia subgroup I, C &. Note that D, acts trivially on
Fy V/FSV. We often indicate this fact by writing F, V/F, V = K as Dp-modules.

Proposition 4.1 (B. Mazur). Suppose that ® has a universal couple (Rr, oF).
Then the Pontryagin dual Sely(V/T) is canonically isomorphic to the module of
1-differentials Qg . /wire) @rpr,e W, where ¢ : Rp — W is the W-algebra homo-

morphism such that p = ¢ o gp. More generally, for any Te ®(A), we have
Selin(T @4 A*) = Hom(Selp(T @4 A*), Z}) = Qo jw(ir)) ORmo A,
where ¢ : Rp — A is the W-algebra homomorphism such that p = ¢ o op.

This proposition is from [MFG] Theorem 5.14. Here Kdhler 1-differentials are
supposed to be continuous with respect to the profinite topology.

Here is a sketch of a proof due to Mazur: Write simply (R, ) for (Rp, or). Let
@ = dmrdhV; 50, B(A) = Homyyaig(R, A). For simplicity, we assume that X be a
profinite R-module, (in general, we take an inductive limit of such modules). Then
R[X] is an object in CLy,. We consider the W-algebra homomorphism £ : R —
R[X] with & mod X = id. Then we can write {(r) = r @ de¢(r) with de(r) € X.
By the above definition of the product, we get de(rr’) = rde(r') + r'de(r) and
de(W) = 0. Thus d¢ is a W-derivation, i.e., d¢ € Dery (R, X). For any derivation
d:R — X over W, r— r®d(r) is obviously a W-algebra homomorphism, and we
get,

(4.3) {pe®R[X]))|p mod X = o} /~x
~{pe ®(R[X])|[p mod X ~ o} /~
~ {¢ € Hompaig (R, R[X])[¢ mod X =id}
= Derw (R, X) = Homp (Qr /w, X),

where “~x” is conjugation under (1®M, (X))NGL2(R[X]), and “~” is conjugation
by elements in GLy(R[X]).

Let p be the deformation in the left-hand side of (4.3). Then we may write
plo) = o(c) ®u' (o) (here v'(0) is a “derivative” of p(o)). We see
e(or) ©u'(07) = (2(0) ®v'(0))(o(7) © u'(7)) = e(o7) ® (o(o)u'(7) + u'(0)e(r))-

Define u(o) = u'(0)o(o)™t, which is a cocycle with values on Ma(X) by the
above formula. Since detp = detp = deto, z(0) = p(o)o(c)~! has values in
SLy(R[X]), u has values in Ad(X) = L(Ad(p)) ®r X. Hence u : &3 — Ad(X) is
a l-cocycle. It is a straightforward computation to see the injectivity of the map:

{p e ®R[X])|p mod X =~ o}/ ~x— H' (6%, Ad(X))

given by p +— [u]. We put fpi (Ad(X)) = fpiL(Ad(g)) ®@r X. Since gz, is upper-
triangular (up to conjugation), we have u|7, has values in F, Ad(X).

If further we insist on d¢(W{[I'r]]) = 0, since W[[I']]-algebra structure is given
by &y, ' which is the character of lower right corner of o (restricted to I,) this
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means the corresponding cocycle u|y, has values in {(§¢)}. Since Tr(u) = 0, we
conclude ul;, € FAd(X). If L is finite, we may tale X = L, and this gives the
desired isomorphism, because T®4A* = Ad(Z). If L is not finite, then L@y A*
can be written as a union of Ad(X) for finite X, and by taking the inductive limit,
we get the assertion. O

If we replace F*+7 in the definition of the Selmer group by F *f‘?, we get the
“minus” Selmer group Sel(?), and by the same argument

Selp(T ®a A")* = Qp,jw @x A.

We can apply the above argument to (R, p). If p € ®(W), we have a unique
P € Spf(Rp)(W) such that ¢ mod P = p. Then R is canonically isomorphic
to the P-adic completion-localization Rp of R at P and p : &5 % GLy(R) —
GLQ(ﬁp) = GL2(R). Thus we get

Corollary 4.2. Assume R = K[[X,]]. Then we have Qp/x ®p,,, K = Selp(V)
which is isomorphic to @plp KdX,.

Under the conjecture, the Selmer group Sel (V) is exactly H € H*(&,V) dis-
cussed in the second lecture, and the restriction map takes H = Seln (V) into
Selp, (V') as we have seen. Recall Greenberg’s formula for a base a, of H:

£(Ad(p)) = det ((ap([p, D)y 1, (08, (3) " ap (s FoD)prin) ™) -

Then by the above corollary, putting ¢, = 88;‘0 p*1’ , {cptplp is a basis of H.
X=0

- ), we can compute the above formula. Note that a, =

ap

Then writing ¢, ~ (761”
b BE g 2 0 ([p, Fy]) = (14 Xp) and 8y ([pp, Fy]) = U(py). From this we
get the formula we stated in the first lecture.

We add the following condition to the deformations L satisfying (W1-4) to make
the universal ring small enough to prove Selp(V/T) is finite (and Selp (V) = 0).
Let X, be the set of all prime factors of p in O. Fix a pair of integers (k1 p, k2,) for
each p € 3, and write x for the tuple (k1 p, k2,p)p. We assume that [k] = K1 p+K2
is independent of p € ¥,. As an extra condition, we now consider

(W5) On f/]-';:f, Gal(F" [upe] /F7) acts by the character N*» for all p|p,
and det(7T) = Nl on an open subgroup of I,,.

We write @,,(A) for the set of isomorphism classes of deformations p : &p —
GL3(A) of p satistying (W1-5). Under (air) or (ds), we have the universal couple
(Rs.,F, 01, r) among the deformations satisfying (W1-5). We call ¢ € & a complex
conjugation, if ¢ is in the conjugacy class of a complex conjugation in Gal(Q/Q).

Conjecture 4.3. Suppose (ds) and (aip) for p and that F is totally real. If
det(p)(c) = —1 for any complex conjugation c, the universal ring R, p is free of fi-
nite rank over W, and R r is a reduced local complete intersection if ko —K1p > 1

forallp € 3.

Here a reduced algebra A free of finite rank over W{[x1, .. ., z]] is a local complete
intersection over R = W([xy,...,x¢]] if A = R[[Ty,...,T.]]/(f1(T),..., fr(T)) for
r power series f;(T), where r is the number of variables in R[[T7,...,T,]]. Though

the assertion of R, r being a local complete intersection is technical, as we will
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see later, this claim is a key to relating the size of the Selmer group with the
corresponding L-value. In the classical setting of Galois representations associated
to elliptic modular forms of weight & (in Sx(I'1(V))), we have xk = (0, k — 1). Thus
the condition kg, — K1, > 1 is equivalent to requiring k& > 2.

Theorem 4.4 (Wiles, Taylor, Fujiwara). Suppose that the initial representation
p is associated to a Hilbert modular form of p-power level (in this case, we call p
modular). If (ainr) holds for M = F[u,], Conjecture 4.3 holds.

See Fujiwara’s papers [Fu] and [Ful]. A more general version of this theorem is
proven as Theorem 3.67 and Corollary 3.42 in [HMI].

Proposition 4.5. Assume Conjecture 4.3. Then
(1) Selp(Ad(p) @w W) is finite for any p € (W) and R = K[[X,]]pes, if
Kap — Ki,p > 1 forallp € 3,
(2) Rp is a reduced local complete intersection free of finite rank over W[[['r]],
(3) Sely(Ad(or) ®r, R}) is a torsion Rp-module,
(4) For an irreducible component Spf(I) of Spf(Rr), write pr = w o o for the
projection ™ : Rp — 1. Then Seli(Ad(pr) ®11*) is a torsion I-module.

Proof. 1f R is reduced and free of finite rank over W, Qg y is a finite module. Thus
the first assertion follows. Note that P, = Ker(x : W[[['r]] — W) is generated by
(14 zp) — N(yp)re) for p € S. Thus NP, = {0}. Since Rp/P.Rr = Ri r
which is free of finite rank s over W, by Nakayama’s lemma, R is generated by s
elements 71, ...,7s over W[[I'p|] which give a basis of R, p over W. Thus we have
a surjective W{[I'p|]-linear map ¢ : W{[[['p]]* — R sending (a1, ..., as) to 3, a;r;.
Taking another ', we find that Rp/P.Rp = R,/ p which is free over W; so, it
has to be free of rank s over W. Thus Ker(:) C P, for all £’; so, ¢ has to be an
isomorphism. This shows the freeness in the second assertion.

Let C be the set of all kK = (kp), such that ko p — k1, > 1 for all p. Then
we still have (..o P« = {0}. Thus the natural W-algebra homomorphism Rp —
[I.cc R« r is an injection. The right-hand side is reduced (i.e., no nilpotent radi-
cal), and Rp is reduced.

We write

W[y, ..., T
o1, (1)
Write £; € mpg, for the image of Tj in R,. Take a lift ¢; in mg of ; so that
t; = (t; mod P,R). Define ¢ : W[[['p|][[T1,...,T]] » Rr by o(f(Th,....T})) =
f(t1,...,t;). Since Rp is W[[['p|]-free, Ker(¢) @wirps W = (f1,---, [,); so,
taking a lift f; € Ker(yp) of Tj, we find Ker(p) = (f1,..., fr) by Nakayama’s
lemma, and hence R is a local complete intersection over W[[I'r]].

Since R is reduced and finite over W[[I'r]], Qg ,. ywr ] is a torsion R p-module.
From this, the last two assertions follow. Since R, p = Rp/P.Rp is reduced,
Spf(Rp) is étale over Spf(W[[Lr]]) around p = P; so, R = Rp = K[[X,]]. This
finishes the proof. (I

R.=7R/P, =

Since Ry is reduced and free of finite rank over W[[I'r]], its total quotient ring
@ is a product of fields of finite dimension over the field K of fractions of W[[I'r]].
For simplicity, we assume that I = W[[['g]]. In particular, writing K for the field
of fractions of I, we have @ = K& X for a complementary ring direct summand
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X. Let I be the projection of Rp to X. Then Spf(Rp) = Spf(I) U Spf(I') (and
Spf(I') is the union of irreducible components other than Spf(I)). We take the
intersection Spf(Cp) = Spf(I) N Spf(I'); so, Cyp = I ®g, I', which is a torsion
I-module called the congruence module of T (or of Spf(I)). It is easy to see that
I@r,I' 21/ ((K®0)NRp) (cf. [H88] 6.3). By the above expression, the W{[[T'p]]-
freeness tells us that charyj(Cp) = (K@ 0) N Ry is an intersection of a power of
prime divisors (cf. [BCM] 7.4.2). Since I = W{[T'p]] is regular, and hence char(Cp)
is a principal ideal generated by h € I. For this conclusion, we do not need the
isomorphism I = W{[I'r]] = W{[z,]], but a milder condition that I is a Gorenstein
ring over W[[['r]] is enough (that is, Homy (I, W[[['r]]) = I as [-modules;
see [H88] Theorem 6.8). Note that a local complete intersection over W[[I'g]] is
a Gorenstein ring (e.g., [CRT] Theorem 21.3). Now by a theorem of Tate (e.g.,
[MFG] 5.3.4),
Char(QRF/W[[pF]] ORp H) = Char(Co) = (h)

We have for any prime ideal P € Spf(I) with ¢ : I/P = W, writing pp = t0 py :

Bp — GLQ(W)

Selp(Ad(pp) @w W) = Qg jwire]] @rpe.p W = Selp(Ad(pr) @1 I*) @1 1/ P.
This shows that if char(Sely (Ad(pr) ®11*)) = (h) for h € I, we have
char(Sel} (Ad(pp) @w W*)) = (h(P)),
where h(P) = (h mod P) € W. Thus we get
Corollary 4.6. We have [Sel(Ad(pp) @w W*)| = |[W(P)], % for all P €
Spf(I)(W).
In this corollary, we do not preclude the case where Sely(Ad(pp) @w W*) is

infinite. In such an extreme case, simply h(P) = 0 and, hence, |h(P)|;[K:Qp} = 00.
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