
L-INVARIANT OF p-ADIC L-FUNCTIONS

HARUZO HIDA

Contents

1. Lecture 1: Galois deformation and L-invariant 6
1.1. Selmer Groups 8
1.2. Greenberg’s L–invariant 9
2. Lecture 2: Elliptic curves with multiplicative reduction 10
2.1. Hecke algebras for quaternion algebras 11
2.2. Proof of Theorem 2.1 12
3. Lecture 3: L-invariants of CM fields 14
3.1. Ordinary CM fields and their Iwasawa modules 14
3.2. Anticyclotomic Iwasawa modules 16
3.3. The L-invariant of CM fields 17
4. Appendix: Differential and adjoint square Selmer group 19
References 23

Introduction 1

Let Q ⊂ C be the field of all algebraic numbers. We fix a prime p > 2 and a p-
adic absolute value | · |p on Q. Then Cp is the completion of Q under | · |p. We write
W =

{
x ∈ K

∣∣|x|p < 1
}

for the p-adic integer ring of sufficiently large extension
K/Qp inside Cp. We write Qp for the field of all numbers in Cp algebraic over Qp.
Start with a strictly compatible system {ρl} of semi-simple Galois representations
ρl : Gal(Q/Q) → GLd(Tl) for primes l of the coefficient field T ⊂ Q. We suppose
that ρ is associated to a pure (absolute Hodge) motive in the sense of Deligne (see
[D]). We assume that ρ does not contain the trivial representation as a subquotient.
We write S for the finite set of ramification of ρ and ρl is unramified outside S ∪
{∞, `}, where ` is the residual characteristic of l. We write p =

{
ξ ∈ OT

∣∣|ξ|p < 1
}

and often write W := OT,p, where OT is the integer ring of T . Often we just write
ρ for ρp which acts on V = T d

p .
For simplicity, we assume that p 6∈ S. Let E`(X) = det(1 − ρq(Frob`)|VI`

X) ∈
T [X] (assuming q - `). We always assume that ρp is ordinary in the following sense:
ρ restricted to Gal(Qp/Qp) is upper triangular with diagonal characters N aj on
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the inertia Ip for the p-adic cyclotomic character N ordered from top to bottom as
a1 ≥ a2 ≥ · · · ≥ 0 ≥ · · · ≥ ad. Thus

ρ|Ip =




Na1 ∗ ··· ∗
0 Na2 ··· ∗
...

...
.. .

...
0 0 ··· Nad


 .

In other words, we have a decreasing filtrationF i+1ρ ⊂ F iρ stable under Gal(Qp/Qp)
such that the Tate twists gri(ρ)(−i) := (F iρ/F i+1ρ)(−i) is unramified. Define

Hp(X) =
∏

i

det(1− Frobp|gri(ρ)(−i)p
iX) =

d∏

j=1

(1− αjX).

Then it is believed to be Ep(X) = Hp(X) if p 6∈ S and Ep(X)|Hp(X) otherwise. In
any case, ordp(αj) ∈ Z. Let us define

βj =

{
αj if ordp(αj) ≥ 1,
pα−1

j if ordp(αj) ≤ 0

and put e = |{j|βj = p}|.

E(ρ) =
d∏

j=1

(1− βjp
−1) and E+(ρ) =

d∏

j=1,βj 6=p

(1− βjp
−1).

Then the complex L-function is defined by L(s, ρ) =
∏

`E`(`−s)−1. We assume
that the value at 1 is critical for L(s, ρ) (in the motivic sense of Deligne in [D]).
We suppose to have an algebraicity result (conjectured by Deligne) that for a well
defined period c+(ρ)(1)) ∈ C× such that L(s,ρ⊗ε)

c+(ρ(1))
∈ Q for all finite order characters

ε : Z×
p → µp∞ (Q). Then we should have

Conjecture 0.1. Suppose that s = 1 is critical for ρ. Then there exist a power
series Φan(X) ∈ W [[X]] and a p-adic L-function Lan

p (s, ρ) = Φan
ρ (γ1−s − 1) in-

terpolating L(1, ρ ⊗ ε) for p-power order character ε such that Φan
ρ (ε(γ) − 1) ∼

E(ρ⊗ ε)L(1,ρ⊗ε)
c+(ρ(1))

with the modifying p-factor E(ρ) as above (putting E(ρ⊗ ε) = 1 if
ε 6= 1). The L-function Lan

p (s, ρ) has zero of order e+ ords=1 L(s, ρ) for a nonzero
constant Lan(ρ) ∈ C×

p (called the analytic L-invariant), we have

lim
s→1

Lan
p (s, ρ)

(s − 1)e
= Lan(ρ)E+(ρ)

L(1, ρ)
c+(ρ(1))

,

where “lims→1” is the p-adic limit, c+(ρ(1)) is the transcendental factor of the
critical complex L-value L(1, ρ), and E+(ρ) is the product of nonvanishing modifying
p-factors.

When e > 0, we call that Lan
p (s, ρ) has an exceptional zero at s = 1. Here is

an example. Start with a Dirichlet character χ : (Z/NZ) → Q×
with χ(−1) =

−1. Then c(ρ+(1)) = (2πi). If we suppose χ =
(−D

·
)

for a square free positive
integer D, the modifying Euler factor vanishes at s = 1 if the Legendre symbol(

−D
p

)
= 1 ⇔ (p) = pp in OQ[

√
−D] with p =

{
x ∈ OQ[

√
−D]

∣∣|x|p < 1
}

. By a work
of Kubota–Leopoldt and Iwasawa, we have a p-adic analytic L-function Lan

p (s, χ) =
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Φan(γ1−s − 1) for a power series Φan(X) ∈ Λ = W [[X]] and γ = 1 + p such that
for E(χNm) = (1− χ(p)pm−1)

Lan
p (m,χ) = Φan(γ1−m − 1) = E(χNm)L(1 −m,χ) ∼ E(χNm)

L(m,χ)
(2πi)m

for all positive integer m as long as |nm − n|p < 1 for all n prime to p. If we
have an exceptional zero at 1, it appears that we lose the exact connection of the
p-adic L-value and the corresponding complex L-value. However, the conjecture
says we can recover the complex L-value via an appropriate derivative of the p-
adic L-function as long as we can compute Lan(ρ). We may regard χ as a Galois
character Gal(Q[µN ]/Q) = (Z/NZ)×

χ−→ {±1}, and we remark that χ(Frobp) = 1
to have the exceptional zero. For our later use, for the class number h of Q[

√
−D],

we write the generator of ph as $; so, ph = ($) for $ ∈ Q[
√
−D].

Though we formulated the conjecture for p 6∈ S, if ρp is ordinary semi-stable, we
have the same phenomena and can formulate a conjecture similarly. Here is such
an example. Start with an elliptic curve E/Q, which yields a compatible system
ρE := {T`E} given by the `-adic Tate module T`E. Suppose that E has split
multiplicative reduction at p. In this case, Hp(X) = (1−X)(1−pX) and Ep(X) =
(1−X), E(ρE) = 0 and E+(ρ) = 1. Then by the solution of the Shimura-Taniyama
conjecture by Wiles et al, this L-function has p-adic analogue constructed by Mazur
such that we have Φan

E (X) ∈ Λ with Φan
E (ε(γ)− 1) = E(ρE ⊗ ε)G(ε−1)L(1,E,ε)

ΩE
for all

p-power order character ε : Z×
p →W×; in other words, Lan

p (s,E) = Φan
E (γ1−s − 1).

Here ΩE is the period of the Néron differential of E. Thus if Frobp has eigenvalue 1
on T`E, the exceptional zero appears at s = 1 as in the case of Dirichlet character.
The Frobp has eigenvalue 1 if and only if E has multiplicative reduction mod p.

The problem of L-invariant is to compute explicitly the L-invariant Lan(ρ). The
L-invariant in the cases where ρ = χ =

(−D
·
)

as above and ρ = ρE for E with split
multiplicative reduction is computed in the 1970s to 90s, and the results are

Theorem 0.2. Let the notation and the assumption be as above.

(1) Lan(χ) = logp(q)

ordp(q) = − logp(q)

h for q ∈ Cp given by q = $/$ (ph = ($)) and
the class number h of Q[

√
−D];

(2) For E split multiplicative at p, writing E(Cp) = C×
p /q

Z for the Tate period

q ∈ Q×
p , we have Lan(ρE ) = logp(q)

ordp(q) .

Here logp is the Iwasawa logarithm and |x|p = p−ordp(x).

The first assertion is due to Gross–Koblitz [GsK] and Ferrero–Greenberg [FG],
and the second was conjectured by Mazur–Tate–Teitelbaum [MTT] and later proven
by Greenberg–Stevens [GS] and by some others further later. In the first formula
of the theorem, the sign “−” of − logp(q)

h
is correct as explained in [G] (10) (and if

we evaluate the value at s = 0, the minus sign should be removed as was done in
[FG].

Starting with an ordinary p-adic Galois representation ρ : Gal(Q/Q)→ GLd(W ),
there is a systematic way to create many Galois representations whose eigenvalues
of Frobp contain 1. Indeed, let ρ acts on the d×d matrices Md(W ) by conjugation.
Since

Md(W ) = Ad(W )⊕ {scalar matrices}
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for the trace 0 space Ad(W ) which is stable under the conjugation. Then the
action of Ad(ρ)(Frobp) on Ad(W ) has eigenvalue 1 with multiplicity ≥ d − 1.
However it is easy to check that the system Ad(ρ) is not critical if d > 2. Thus
we assume that d = 2. Now require that ρF : Gal(Q/F ) → GL2(W ) be a Galois
representation associated to a p-ordinary Hilbert Hecke eigenform (belonging to a
discrete series at ∞) over a totally real field F . We make Ad(ρF ) and consider the
induced representation IndQ

F Ad(ρF ) whose eigenvalues for Frobp contains 1 with
multiplicity e for the number e of prime factors of p in F . The system IndQ

F Ad(ρF )
is critical at s = 1.

Arithmetic L-invariant. Returning to a general ordinary representation ρ = ρp,
we describe an arithmetic way of constructing p-adic L-function due to Iwasawa
and others. We define Galois cohomologically the Selmer group

Sel(ρ) ⊂ H1(Gal(Q/Q∞), ρ⊗ Qp/Zp)

for the Zp-extension Q∞/Q inside Q(µp∞ ) by the subgroup of cohomology classes
unramified outside p whose image in H1(Ip, (ρ/F+ρ) ⊗Zp Qp/Zp) vanishes. Here
F+ρ is the middle filtration F1ρ and Ip is each inertia group at p. The Galois group
Γ = Gal(Q∞/Q) acts on H1(Gal(Q/Q∞), ρ⊗Qp/Zp) and hence on Sel(ρ), making
it as a discrete module over the group algebra W [[Γ]] = lim←−n

W [Γ/Γpn

]. Identifying
Γ with 1+pZp by the cyclotomic character, we may regard γ ∈ Γ. Then W [[Γ]] ∼= Λ
by γ 7→ 1 + X. By the classification theory of compact Λ-modules of finite type,
the Pontryagin dual Sel∗(ρ) has a Λ-linear map into

∏
f∈Ω Λ/fΛ with finite kernel

and cokernel for a finite set Ω ⊂ Λ. The power series Φρ =
∏

f∈Ω f(X) is uniquely
determined up to unit multiple. We then define Lp(s, ρ) = Φρ(γ1−s−1). Greenberg
gave a recipe of defining L(ρ) for this Lp(s, ρ) and verified in 1994 the conjecture for
this Lp(s, ρ) except for the nonvanishing of L(ρ) (under some restrictive conditions).
For the adjoint square Ad(ρF ) for ρF associated to a Hilbert modular form, the
conjecture (except for the nonvanishing of L(ρ)) was again proven in my paper
[H00] in the Israel journal (in 2000) under the condition that ρF = (ρF mod mW )
is absolutely irreducible over Gal(Q/F [µp]) and the p-distinguishedness condition
for ρF |Gal(Fp/Fp) for all p|p (which we recall later). If there exists an analytic p-
adic L-function Lan

p (s, ρ) = Φan
ρ (γ1−s−1) interpolating complex L-values, the main

conjecture of Iwasawa’s theory confirms Φρ = Φan
ρ up to unit multiple.

Suppose now that ρF is associated to a Hilbert modular Hecke eigenform of
weight k ≥ 2 over a totally real field F . Following Greenberg’s recipe, we try to
compute L(Ad(ρF )) = L(IndQ

F Ad(ρF )). By ordinarity, we have ρF |Gal(Qp/Fp)
∼=(

βp ∗
0 αp

)
with two distinct diagonal characters αp and βp factoring through Ip →

Gal(Fp[µp∞ ]/Fp) for the inertia group Ip for all p|p. We consider the universal
nearly ordinary deformation ρ : Gal(Q/Q)→ GL2(R) overK with the pro-Artinian
local universal K-algebra R. This means that for any Artinian local K-algebra A
with maximal ideal mA and any Galois representation ρA : Gal(Q/F ) → GL2(A)
such that

(1) unramified outside ramified primes for ρF ;
(2) ρA|Gal(Qp/Fp)

∼=
( ∗ ∗

0 αA,p

)
with αA,p ≡ αp mod mA such that the diagonal

characters factor through Ip → Gal(Fp[µp∞ ]/Fp) for all p|p;
(3) det(ρA) = det ρF ;
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(4) ρA ≡ ρF mod mA,
there exists a unique K-algebra homomorphism ϕ : R → A such that ϕ ◦ ρ ∼= ρA.
Write Γp

∼= Zp for the p-profinite part of Gal(Fp[µp∞ ]/Fp). Choose a generator γp of
Γp and identify W [[Γp]] with W [[Xp]] by γp ↔ 1+Xp. Since ρ|Gal(Qp/Fp)

∼=
( ∗ ∗

0 δp

)
,

δpα
−1
p : Gal(Fp[µp∞ ]/Fp)→ R factors through Γp and induces an algebra structure

on R over W [[Xp]]. Thus R is an algebra over K[[Xp]]p|p. If we write ϕρ : R→ K
for the morphism with ϕρ ◦ρ ∼= ρF , by our construction, Ker(ϕρ) ⊃ (Xp)p|p = (X).
We state a conjecture:

Conjecture 0.3. We have R ∼= K[[Xp]]p|p.

By the results of Wiles, Taylor-Wiles, Fujiwara, Kisin and Skinner-Wiles, the
conjecture holds at least if either F = Q (see [Ki], [Ki1] and [Ki2]) or the residual
representation ρF = (ρ mod mW ) is absolutely irreducible and ρF |Gal(F p/Fp))

ss ∼=
αp ⊕ βp with αp 6= βp (see [Fu] and [Fu1]). Here is a theorem:

Theorem 0.4. Assume Conjecture 0.3. Then for the local Artin symbol [p, Fp] =
Frobp, we have

L(IndQ
F Ad(ρF )) = det

(
∂δp([p, Fp])

∂Xp′

)

p,p′

∣∣∣
X=0

∏

p

logp(γp)αp([p, Fp])−1,

where γp is the generator of Γp by which we identify the group algebra W [[Γp]] with
W [[Xp]].

This result is proved as [HMI] Theorem 3.73 under some redundant hypothesis in
order to make the book [HMI] self-contained. In this note, we will sketch the proof
in the general case assuming that p totally splits in F/Q and that ρF is unramified
outside p and ∞. The proof in the nonsplit case is more complicated, and we will
give a full proof in [H06] along with conjectures predicting L-invariant of symmetric
powers of ρF .

Here are some examples showing usefulness of this theorem: Take a totally
imaginary quadratic extension M/F in which all prime factors p|p in F splits as
PP. Take a set Σ = {P|p} so that Σ t Σ is the set of all prime factors of p in
M . Write h for the class number of M and choose $(P) ∈ M so that Ph =
($(P)) for P ∈ Σ. For any Galois character ψ : Gal(Q/M ) → W× of M with
ψ(σ) 6= ψc(σ) for ψc(σ) = ψ(cσc−1) and a complex conjugation c ∈ Gal(Q/F ),
we have Ad(IndF

M ψ) = χ ⊕ IndF
M ψ1−c for χ =

(
M/F

·

)
, and we can easily show

L(χ) = L(Ad(IndF
M ψ)). The arithmetic p-adic L-function Lp(s, χ) for χ =

(
M/F

·

)

constructed à la Iwasawa has an exceptional zero of order ≥ e for e = |Σ|. Since we
can compute explicitely the universal deformation ρ of ρ = IndF

M ψ, we get from
the theorem

Corollary 0.5. We have L(IndQ
F χ) = (−1)e

det(logp(NP′ ($(P)(1−c))))
P,P′∈Σ∏

P∈Σ(h/e(P)) , where
NP is the local norm NMP/Qp

and e(P) is the ramification index of P/p.

A proof of this is given in [HMI] Corollary 5.39, though the sign (−1)e is erro-
neously omitted there. We will revisit briefly the proof of this corollary in Lecture 3
and correct the sign error.
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If E/F is an elliptic curve with split multiplicative reduction at all p|p, we write
E/Fp

(F p) ∼= F
×
p /q

Z
p for the Tate period qp ∈ F×

p . Then we have directly from the
theorem the following

Corollary 0.6. Assume that E/F is associated to a Hilbert modular form on

GL(2)/F . Then the L-invariant L(IndQ
F Ad(ρE )) is given by

∏
p

logp(Np(qp))

ordp(Np(qp))
, where

Np is the local norm NFp/Qp
.

The above two corollaries are obtained by explicitly computing the universal
representation ρ. The case where F = Q is treated in [H04]. We will generalize
this corollary to Theorem 2.1 dealing with elliptic curves having multiplicative
reduction at some prime factors of p and ordinary good reduction at the other
prime factors of p and give a proof of Theorem 2.1 limiting ourselves to E having
good reduction everywhere outside p and to F/Q in which p totally splits. The
general case will be treated in [H06].

1. Lecture 1: Galois deformation and L-invariant

In the following three lectures delivered at the eigenvariety semester at Harvard
university in Spring 2006, we give a sketch of the proof of the results mentioned in
the introduction, assuming as a simplifying assumption that p completely splits in
F/Q (the general case is treated in [HMI] Chapters 3 and 5 and also in [H06]).

Let p > 2 be a prime, and fix a totally real finite extension F/Q. As we wrote, for
simplicity, hereafter, we assume always that p splits completely in F/Q. We start
with a Galois representation ρF : Gal(Q/F ) → GL2(W ) associated to a discrete
series (⇔ k ≥ 2) Hilbert modular form f (over F ) with coefficients in a finite
extension W/Zp (a DVR). We assume the ordinarity of ρF :

ρF |Dp
∼=
(
εp ∗
0 αp

)
with εp 6= αp, εp|Ip = N k−1 and αp(Ip) = 1

on the decomposition group and the inertial group Ip ⊂ Dp ⊂ Gal(Q/F ) for all
prime factor p of p in F . Here N (σ) ∈ Z×

p is the p-adic cyclotomic character
with exp(2πi

pn )σ = exp(N (σ)2πi
pn ) for all n > 0 and k > 1 is an integer. Again for

simplicity, we assume that ρ is unramified outside p and ∞. Thus for any prime
l - p, writing f |T (l) = alf , we have Tr(ρ(Frobl)) = al ∈W . Let K be the quotient
field of W (so, K/Qp is a finite extension).

We consider the universal nearly ordinary deformation ρ : Gal(Q/F )→ GL2(R)
over K with the pro-Artinian local universal K-algebra R. This means that for any
Artinian local K-algebra A with maximal ideal mA and any Galois representation
ρA : Gal(Q/F )→ GL2(A) such that

(K1) unramified outside p;
(K2) ρA|Gal(Qp/Fp)

∼=
( ∗ ∗

0 αA,p

)
with αA,p ≡ αp mod mA;

(K3) det(ρA) = det ρF ;
(K4) ρA ≡ ρF mod mA,

there exists a unique K-algebra homomorphism ϕ : R → A such that ϕ ◦ ρ ∼= ρA.
Note that N : Gal(Fp[µp∞ ]/Fp) ∼= Z×

p (by splitting of p in F/Q). Let Γp =
1+pZp ⊂ Gal(Fp[µp∞ ]/Fp). Choose a generator γp of Γp and identify W [[Γp]] with
W [[Xp]] by γp ↔ 1 + Xp. Since ρ|Gal(Qp/Fp)

∼=
( ∗ ∗

0 δp

)
, δpα

−1
p : Γp → R induces

an algebra structure on R over W [[Xp]]. Thus R is an algebra over K[[Xp]]p|p.
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If we write ϕ : R → K for the morphism with ϕ ◦ ρ ∼= ρF , by our construction,
Ker(ϕ) ⊇ (Xp)p|p.

Here is the theorem we have seen in the first lecture:

Theorem 1.1. Suppose R ∼= K[[Xp]]p|p. Then, if ϕ ◦ ρ ∼= ρF , for the local Artin
symbol [p, Fp] = Frobp, we have

L(Ad(ρF )) = det
(
∂δp([p, Fp])

∂Xp′

)

p,p′

∣∣∣
X=0

∏

p

logp(γp)αp([p, Fp])−1.

Greenberg proposed a conjectural formula of the L–invariant for a general p-
adic p-ordinary Galois representation V with an exceptional zero. When V =
Ad(ρF ), his definition goes as follows. Under some hypothesis, he found a unique
subspace H ⊂ H1(F,Ad(ρF )) of dimension e = |{p|p}| represented by cocycles
c : Gal(Q/F )→ Ad(ρF ) such that

(1) c is unramified outside p;
(2) c restricted to Dp is upper triangular after conjugation for all p|p.

By the condition (2), c|Ip modulo upper nilpotent matrices factors through the
cyclotomic Galois group Gal(Qp[µp∞ ]/Qp) because Fp = Qp, and hence c|Dp mod-
ulo upper nilpotent matrices becomes unramified everywhere over the cyclotomic
Zp-extension F∞/F . In other words, the cohomology class [c] is in SelF∞ (Ad(ρF ))
but not in SelF (Ad(ρF )).

Take a basis {cp}p|p of H over K. Write

cp(σ) ∼
(
−ap(σ) ∗

0 ap(σ)

)
for σ ∈ Dp′ with any p′|p.

Then ap : Dp′ → K is a homomorphism. His L-invariant is defined by

L(Ad(ρF )) = det
(
(ap([p, Fp′])p,p′|p

(
logp(γp′ )−1ap([γp′ , Fp′ ]))p,p′|p

)−1
)
.

The above value is independent of the choice of the basis {cp}p. When F = Q,
by a result of Kisin [Ki] 9.10, [Ki1] and [Ki2] 3.4 (generalizing those of Wiles [W]
and Taylor-Wiles [TW]), we always have R ∼= K[[Xp]]. In general, assuming the
following two conditions:

(ai) ρ = (ρF mod mW ) is absolutely irreducible over Gal(Q/F [µp]);
(ds) ρss has a non-scalar value over Gal(F p/Fp) for all prime factors p|p,

by using a result of Fujiwara (see [Fu] and [Fu1]), we can prove R ∼= K[[Xp]]p|p. The
following conjecture for the arithmetic L-function is a theorem under the condition
(ai) and semi-stability of ρF over O except for the nonvanishing L(Ad(ρF )) 6= 0
(see [HMI] Theorem 5.27 combined with (5.2.6) there):

Conjecture 1.2 (Greenberg). Suppose (ds) and that ρ is absolutely irreducible. For
Larith

p (s,Ad(ρF )) = Φarith(γ1−s−1), then Larith
p (s,Ad(ρF )) has zero of order equal

to d = [F : Q] and for the constant L(Ad(ρF )) ∈ K× specified by the determinant
as in the theorem, we have

lim
s→1

Larith
p (s,Ad(ρF ))

(s− 1)d
= L(Ad(ρF ))

∣∣|SelQ(IndQ
F Ad(ρF ))|

∣∣−1/[K:Qp]

p

up to units.
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The factor E+(Ad(ρ)) does not show up in the above formula, because if we write
SF (Ad(ρF )) for the Bloch-Kato Selmer group H1

f (F,Ad(ρ) ⊗ Qp/Zp), we have, as
explained in [MFG] page 284,
∣∣|SelQ(IndQ

F Ad(ρF ))|
∣∣−1/[K:Qp ]

p
= E+(Ad(ρF ))

∣∣|SF (Ad(ρF ))|
∣∣−1/[K:Qp]

p
up to units,

and the value
∣∣|SF (Ad(ρF ))|

∣∣−1/[K:Qp]

p
is directly related the primitive complex L-

value L(1, Ad(ρF )) up to a period. In the following section, we describe the Selmer
group and how to define H.

1.1. Selmer Groups. We recall Greenberg’s definition of Selmer groups. Write
F (p)/F for the maximal extension unramified outside p and∞. Put G = Gal(F (p)/F )
and GM = Gal(F (p)/M ). Let V = Ad(ρF ) with a continuous action of G. We fix
a W -lattice T in V stable under G.

Write D = Dp ⊂ G for the decomposition group of each prime factor p|p.
Choosing a basis of ρF so that ρF |D is upper triangular. We have a 3-step filtration:

(ord) V ⊃ F−
p V ⊃ F+

p V ⊃ {0},

where taking a basis so that ρF |D is upper triangular, F−
p V is made up of upper

triangular matrices, and F+
p V is made up of upper nilpotent matrices, and on

F−
p V/F+

p V , D acts trivially (getting eigenvalue 1 for Frobp). Since V is self-dual,
its dual V ∗(1) = HomK(V,K) ⊗ N again satisfies (ord).

Let M/F be a subfield of F (p), and put GM = Gal(F (p)/M ). We write p for a
prime of M over p and q for general primes of M . We put

Lp(V ) = Ker(Res : H1(Mp, V )→ H1(Ip,
V

F+
p (V )

)).

Then for a GM-stable W -lattice T of V , we define for the image Lp(V/T ) of Lp(V )
in H1(Mp, V/T )

(1.1) SelM(A) = Ker(H1(GM , A)→
∏

p

H1(Mp, A)
Lp(A)

)) for A = V, V/T .

The classical Selmer group of V is given by SelM(V/T ), equipped with discrete
topology. Write F∞ for the cyclotomic Zp–extension of F . We define “−” Selmer
group Sel−M(V/T ) replacing Lp(A) by

L−
p (V ) = Ker(Res : H1(Mp, V )→ H1(Ip,

V

F−
p (V )

)).

Lemma 1.3. Suppose R ∼= K[[Xp]]p|p. Then we have Sel−F (V ) ∼= HomK(mR/m
2
R,K)

and SelF (V ) = 0.

Proof. We consider the space DerK(R,K) of continuous K-derivations. Let K[ε] =
K[t]/(t2) for the dual number ε = (t mod t2). Then writing K-algebra homomor-
phism φ : R→ K[ε] as φ(r) = φ0(r)+φ1(r)ε and sending φ to φ1 ∈ DerK (R,K), we
have HomK-alg(R,K[ε]) ∼= DerK (R,K) = HomK(mR/m

2
R,K). By the universality

of (R,ρ), we have

HomK-alg(R,K[ε]) ∼=
{ρ : G→ GL2(K[ε])|ρ satisfies the condtions (K1–4)}

∼=
.
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Pick ρ as above. Write ρ(σ) = ρ0(σ) + ρ1(σ)ε. Then cρ = ρ1ρ
−1
F can be easily

checked to be a 1-cocycle having values in M2(K) ⊃ V . Since det(ρ) = det(ρF )⇒
Tr(cρ) = 0, cρ has values in V . By the reducibility condition (K2), [cρ] ∈ Sel−F (V ).
We see easily that ρ ∼= ρ′ ⇔ [cρ] = [cρ′ ]. We can reverse the above argument
starting a cocycle c giving an element of Sel−F (V ) to construct a deformation ρc

with values in K[ε]. Thus we have

{ρ : Gal(Q/F )→ GL2(K[ε])|ρ satisfies the condtions (K1–4)}
∼=

∼= Sel−F (V ).

Since the algebra structure of R overW [[Xp]]p|p is given by δpα
−1
p , the K-derivation

δ : R → K corresponding to a K[ε]-deformation ρ is a W [[Xp]]-derivation if and
only if ρ1|Gal(Fp/Fp) ∼ ( ∗ ∗

0 0 ), which is equivalent to [cρ] ∈ SelF (V ), because we
already knew that Tr(cρ) = 0. Thus we have SelF (V ) ∼= DerW [[Xp ]](R,K) = 0. �

We also have

Lemma 1.4.

(V) SelF (V ) = 0⇒ H1(G, V ) ∼=
∏

p

H1(Fp, V )
Lp(V )

.

Indeed, by the Poitou-Tate exact sequence, the following sequence is exact:

SelF (V )→ H1(GM , V )→
∏

p

H1(Fp, V )
Lp(V )

→ SelF (V ∗(1))∗.

It is an old theorem of Greenberg that dimSelF (V ) = dimSelF (V ∗(1))∗ (see [G]
Proposition 2); so, we have the assertion (V). �

1.2. Greenberg’s L–invariant. Here is Greenberg’s definition of L(V ): The long
exact sequence of F−

p V/F+
p V ↪→ V/F+

p V � V/F−
p V gives a homomorphism, not-

ing Fp = Qp,

H1(Fp,F−
p V/F+

p V ) = Hom(Gab
Qp
,F−

p V/F+
p V )

ιp−→ H1(Fp, V )/Lp(V ).

Note that
Hom(Gab

Qp
,F−

p V/F+
p V ) ∼= (F−

p V/F+
p V )2 ∼= K2

canonically by φ 7→ (φ([γ,Fp ])
logp(γ)

, φ([p, Fp])). Here [x, Fp] = [x,Qp] is the local Artin
symbol (suitably normalized). Since

Lp(F−
p V/F+

p V ) = Ker(H1(Fp,F−
p V/F+

p V ) Res−−→ H1(Ip,F−
p V/F+

p V )),

the image of ιp is isomorphic to F−
p V/F+

p V ∼= K. By (V), we have a unique
subspace H of H1(G, V ) projecting down onto

∏

p

Im(ιp) ↪→
∏

p

H1(Fp, V )
Lp(V )

.

Then by the restriction, H gives rise to a subspace L of
∏

p

Hom(Gab
Fp
,F−

p V/F+
p V ) ∼=

∏

p

(F−
p V/F+

p V )2

isomorphic to
∏

p(F−
p V/F+

p V ). If a cocycle c representing an element in H is
unramified, it gives rise to an element in SelF (V ). By the vanishing of SelF (V )
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(Lemma 1.3), this implies c = 0; so, the projection of L to the first factor
∏

p

F−
p V

F+
p V

(via φ 7→ (φ([γ, Fp])/ logp(γ))p) is surjective. Thus this subspace L is a graph of
a K–linear map L :

∏
pF

−
p V/F+

p V →
∏

p F
−
p V/F+

p V . We then define L(V ) :=
det(L) ∈ K.

Let ρ : GF → GL2(R) be the universal nearly ordinary deformation with

ρ
∣∣
D

=
(
∗ ∗
0 δ

)
. Then cp = ∂ρ

∂Xp
|X=0ρ

−1
F is a 1-cocycle (by the argument prov-

ing Lemma 1.3) giving rise to a class of H. By Lemma 1.3, H = Sel−F (V ), and
{cp}p gives a basis of H over K. We have δ([u, Fp]) = (1 + Xp)logp(u)/ logp(γ) for
u ∈ O×

p = Z×
p . Writing

cp(σ) =
(
−ap(σ) ∗

0 ap(σ)

)
ρF (σ)−1,

we have ap = δ−1 dδ
dXp
|X=0, and from this we get the desired formula of L(Ad(ρF )).

This finishes the proof of Theorem 0.4. �
If one restricts c ∈ H to G∞ = Gal(F (p)/F∞), its ramification is exhausted by

Γ = Gal(F∞/F ) (because Fp = Qp) giving rise to a class [c] ∈ SelF∞ (V ). The kernel
of the restriction map: H1(G, V )→ H1(G∞, V ) is given by H1(Γ,H0(G∞, V )) = 0
because H0(G∞, V ) = 0. Thus the image of H in SelF∞(V/T ) gives rise to the
order d exceptional zero of Larith(s,Ad(ρF )) at s = 1. We have proved

Proposition 1.5. For the number of prime factors e = [F : Q] of p in F , we have

ords=1 L
arith
p (s,Ad(ρF )) ≥ e.

2. Lecture 2: Elliptic curves with multiplicative reduction

Let p be an odd prime. Order the prime factors of p in F as p1, . . . , pe. In this
lecture, we describe the computation of the L-invariant of Ad(TpE) for a modular
elliptic curve E/F with split multiplicative reduction at pj|p > 2 for j = 1, 2, . . . , k
and ordinary good reduction at pj|p for j > k.

Theorem 2.1. Assume that R ∼= Qp[[Xp]]p|p. Suppose that the Hilbert-modular
elliptic curve E has split multiplicative reduction at pj for j = 1, 2, . . . , k (k ≤ e)
with Tate period qj at pj for j ≤ k and has ordinary good reduction at pi with i > k.
Then for the local Artin symbol [p, Fp] = Frobp and the norm Qj = NFpj

/Qp
(qj),

we have for ρE = TpE

L(IndQ
F Ad(ρE )) =




k∏

j=1

logp(Qj)
ordp(Qj)


·det

(
∂δp([p, Fi])

∂Xj

)

i>k,j>k

∣∣∣
X=0

∏

i>k

logp(γpi )
αp([p, Fi])

,

where γp is the generator of the p-profinite part Γp of N (Gal(Fp[µp∞ ]/Fp)) by which
we identify the group algebra W [[Γp]] with W [[Xp]].

In the proof, for simplicity, as before, we assume that p is completely split in
F/Q. Also, again for simplicity, in the following proof, we assume E has good
reduction outside p and k = 1. We put ΓF =

∏
p Γp.
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2.1. Hecke algebras for quaternion algebras. We make some preparation for
the proof, gathering known facts. We assume that F 6= Q (otherwise the theorem
is known by Greenberg-Stevens). For simplicity, p splits completely in F/Q. Take
first a quaternion algebra B0/F central over F unramified everywhere such that
B0 ⊗Q R ∼= M2(R)r × Hd−r with 0 ≤ r ≤ 1 (so r ≡ d mod 2). Then we consider
the automorphic variety (either a Shimura curve (r = 1) or a 0-dimensional point
set (r = 0)) given by

X11(pn) = B×
0 \B

×
0,A/S11(pn)ZAC∞,

where ZA ∼= F×
A is the center of B×

A , C∞ is a maximal compact subgroup of the
identity component of B×

0,∞ and identifying B(∞)
0,l = B0 ⊗Q Fl with M2(Fl) for all

primes l,

S11(pn) =
{(

a b
c d

)
∈ GL2(Ô)

∣∣ ( a b
c d

)
≡ ( 1 ∗

0 1 ) mod pn
}

for Ô =
∏

lOl. Consider Mn
∼= Hr(X11(pn),Zp) which is the Pontryagin dual

of Hr(X11(pn),Qp/Zp) which is a finite rank free Zp-module with Hecke operator
action of T (n) for all prime ideals outside p and U (pn

p ) = U (pp)n and the diamond
operator action 〈z〉 coming from ( z 0

0 1 ) for z ∈ Op. Let e = limn→∞ U (p)n! as
an operator acting on Mn (U (p) =

∏
p U (pp)). Let M ord

n be the direct summand
eMn. We have natural trace map Mm � Mn for m > n compatible with all Hecke
operators and all diamond operators. By the diamond operator action, M ord

∞ =
lim←−n

M ord
n naturally become a W [[ΓF ]]-module. Here is an old theorem of mine:

Theorem 2.2. The W [[ΓF ]]-module M ord
∞ is free of finite rank over W [[ΓF ]].

Let h be the W [[ΓF ]]-algebra generated over W [[ΓF ]] by T (n) for all n prime to
p and all U (p). Then we have

Corollary 2.3. h is torsion free of finite type over W [[ΓF ]] with hF/(Xp)p|phF

pseudo isomorphic to the Hecke algebra of Hr(X11(p),W ).

Actually if p ≥ 5, h is known to be free overW [[ΓF ]] and the pseudo isomorphism
as above is actually an isomorphism.

Let T be the local ring of the universal nearly ordinary Hecke algebra h acting
nontrivially on the Hecke eigenform associated to E. Let P ∈ Spf(T)(Qp) corre-
sponding to ρE , that is, ρT mod P ∼ ρE . Let T̂P = lim←−n

TP/P
nTP for the localiza-

tion TP . Since ρE = TpE⊗Qp is absolutely irreducible, by the technique of pseudo
representation, we can construct the modular deformation ρT : G → GL2(T̂P )
which satisfies (K1–4); in particular, det ρT = N , because the central character is
trivial. Since E is modular over F , we have the surjective Qp-algebra homomor-
phism R → T̂P for the localization-completion T̂P . Since T̂P is integral and of
dimension d, we have

Corollary 2.4. If R ∼= K[[Xp]]p|p, then R ∼= T̂P .

Under absolute irreducibility of ρF over Gal(F/F [µp]) with non-scalar semi-simplification
of ρF |Gal(F p/Fp) for all p|p, the isomorphism R ∼= K[[Xp]]p|p will be proven by show-

ing R ∼= T̂P first (see Appendix).
Take a quaternion algebra B1/F such that B1⊗Q R ∼= M2(R)q×Hd−q with q ≤ 1

and B is ramified only at p1 (among finite places). Then at p1, we have a unique
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maximal order R1 in Bp1 . Then we define U11(pn) to be the product of S11(pn)(p1)

and R×
1 and define

Y11(pn) = B×
1 \B

×
1,A/U11(pn)ZAC∞.

Then we define e1 = limn→∞U (p(p1))n! acting on the dual Nn = Hq(Y11(pn),Zp)
of the cohomology group Hq(Y11(pn),Qp/Zp). Let Γ1 =

∏
p 6=p1

Γp. We go through
all the above process and define h1 ⊂ EndW [[Γ1 ]](lim←−n

e1Nn). Since ρE (or cor-
responding automorphic representation πE) is Steinberg at p1, by the Jacquet-
Langlands correspondence, we have a Hecke eigenvector f1 in Hq(Y11(p),Zp) giving
rise to E. Then we define T1 to be the local ring of h1 acting nontrivially on f1.
Let P1 ∈ Spf(T1)(W ) be the point associated to ρE . We then have a deforma-
tion ρT1 : G → GL2(T̂1,P ) of ρE . Since the central character is trivial, we have
det ρT1 = N .

Theorem 2.5. We have

(1) h1 is torsion-free of finite rank overW [[Γ1]], and T̂1,P1
∼= K[[Xp2 , . . . , Xpd ]];

(2) ρT1 restricted to Gal(Fp1/Fp1) is isomorphic to ( εN ∗
0 ε ), where ε = ±1 is

the eigenvalue of Frobp1 on the étale quotient of TpE;
(3) There is a surjective algebra homomorphism T/Xp1T � T1 inducing an

isomorphism T̂P/Xp1 T̂P
∼= T̂1,P1;

(4) There is a surjective algebra homomorphism T/(U (p1)− ε)T � T1 sending
T (n) to T (n), where U (p1) = U (pp1 ).

Here is a sketch of proof. The first assertion follows from construction; in other
words, it can be proven by the same way as the proof of Corollary 2.3. By the
Jacquet-Langlands correspondence, T covers T1. Any automorphic representation
π corresponding to a point of Spf(T1)(Qp) is Steinberg at p1 because B1 ramifies
at p1. Since points corresponding classical automorphic representation is Zariski
dense in Spf(T1), the Galois representation has to have the form as in (2). Thus
the eigenvalue of U (p1) of π is ±1 and the corresponding Galois representation has
the form as in (2). The assertion (1) implies (3). By (2), U (p1) is either ±1. Since
U (p1) is a formal function on the connected Spf(T1), U (p1) = ε is a constant, which
implies (4). �

2.2. Proof of Theorem 2.1. Write for simplicity, Xj := Xpj , Fj = Fpj and
pj = ppj . By (3) and (4) of Theorem 2.5, U (p1) ≡ ε mod X1 is a constant
independent of Xj := Xpj for all j ≥ 2. Thus ∂U(p1)

∂Xj
|X1=0 = 0 for all j ≥ 2. Thus

det
(
∂U (pi)
∂Xj

) ∣∣∣
X=0

=
∂U (p1)
∂X1

∣∣∣
X1=0

× det
(
∂U (pi)
∂Xj

)

i≥2,j≥2

∣∣∣
X=0

.

Since δpi ([p, Fi]) = U (pi), we get from the formula we stated in the first lecture:

L(IndQ
F Ad(ρE )) = det

(
∂δp([p, Fp])

∂Xp′

)

p,p′

∣∣∣
X=0

∏

p

logp(γp)αp([p, Fp])−1,
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the following new formula:

(2.1) L(IndQ
F Ad(ρE)) =

∂δp([p, F1])
∂X1

∣∣∣
X1=0

logp(γp1 )αp1([p, F1])−1

× det
(
∂δp([p, Fi])

∂Xj

)

i≥2,j≥2

∣∣∣
X=0

∏

j≥2

logp(γpj )αp([p, Fj])−1.

Thus the result follows from the following lemma of Greenberg-Stevens:

Lemma 2.6. Let us write γ = γp1 . We have

∂δ1([p, F1])
∂X1

∣∣∣
X1=0

logp(γ)αp1 ([p, F1])−1 =
logp(q1)
ordp(q1)

for δ1 = δp1 .

Proof. Since αp1([p, F1]) = 1 (split multiplicative reduction), we can forget about
this factor. Since the linear operator L :

∏
p F

−
p V/F+

p V →
∏

p F
−
p V/F+

p V induces
L1 : F−

p1V/F
+
p1V → F

−
p1V/F

+
p1V by our diagonalization of its matrix. This L1

comes from the subspace

L1 ⊂ Hom(Dab
1 ,F−

p1
V/F+

p1
V ) ∼= Hom(Dab

1 ,Qp)

for D1 = Gal(Qp/F1) has a generator φ0 = δ−1
1

∂δ1
∂X1

∣∣∣
X1=0

: Dab
1 → Qp. Thus by

definition
∂δ1([p, F1])

∂X1

∣∣∣
X1=0

logp(γ) = logp(γ)
φ0([p, F1])
φ0([γ, F1])

.

Let ρE = TpE⊗Zp Qp, ρ̃E = (ρ mod (X2
1 , X2, . . . , Xd)), and write Q̃p = Qp[X1]/(X2

1 ).
The character (δ1 mod X2

1 ) is an infinitesimal deformation of the trivial character
fitting into the following commutative diagram of D1-modules:

Q̃p(ε1)
↪→−−−−→ ρ̃E

�−−−−→ Q̃p(δ1)y
y

y

Qp(1) −−−−→ ρE −−−−→ Qp.

Twist this diagram by ε−1
1 N = δ1, getting a new diagram

Q̃p(1) ↪→−−−−→ ρ̃E
�−−−−→ Q̃p(δ2

1)y
y

y

Qp(1) −−−−→ ρE −−−−→ Qp.

Once this type of diagram is obtained (with leftmost column given by Q̃p(1) �
Qp(1)), by a general result of Greenberg-Stevens in such a situation (see [GS1]
(2.3.4)), we get

∂δ2
1

∂X1
([q1,Qp])

∣∣
X1=0

= 0⇒ ∂δ1

∂X1
([q1,Qp])

∣∣
X1=0

= 0.

Write q1 = pau for a = ordp(q1) and u ∈ Z×
p . Then logp(u) = logp(q1). We have

δ1([q1,Qp]) = δ1([p,Qp])aδ1([u,Qp]) = δ1([p,Qp])a(1 +X1)− logp(u)/ logp(γ)
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(because N ([u,Qp]) = u−1). Differentiating this identity with respect to X1, we
get from δ1([u,Qp])|X1=0 = δ1([p,Qp])|X1=0 = 1

a
∂δ1([p1,Qp])

∂X1

∣∣∣
X1=0

−
logp(q1)
logp(γ)

= a
∂δ1([p1,Qp])

∂X1

∣∣∣
X1=0

−
logp(u)
logp(γ)

= 0.

From this, we conclude

logp(γ)
∂δ1([p1,Qp])

∂X1

∣∣∣
X1=0

=
logp(q1)
ordp(q1)

.

�

The fixed field of the kernel of φ0 is a Zp-extension M∞/Qp (F1 = Qp). Since
L1 3 φ 7→ φ([γ,Qp])

logp γ
∈ Qp is surjective, M∞ ramifies fully. Then by local class field

theory,
⋂∞

n=1NMn/Qp
(M×

n ) has a rank 1 torsion-free part, which contains q0 = pbv

with a 6= 0 and v ∈ Z×
p . The quantity logp(q0)

ordp(q0)
∈ Qp is determined uniquely

independent of the choice of q0, and we now prove

Proposition 2.7.

logp(γ)
∂δ1([p1,Qp])

∂X1

∣∣∣
X1=0

=
logp(q0)
ordp(q0)

.

Proof. Let φ0 = δ−1
1

∂δ1
∂X1

: Dab
1 → Qp. Let M∞/Qp be the composite of all Zp-

extensions of Qp; so, by local class field theory, Gal(M∞/Qp) ∼= Z2
p. Then we

have [q0,Qp] ∈ Gal(M∞/M∞) again by local class field theory, and by defini-
tion, φ0([q0,Qp]) = 0. Since [q0,Qp] = [v,Qp][p,Qp]b (b = ordp(q0)) we have
0 = φ0([q0,Qp]) = φ0([v,Qp]) + bφ0([p,Qp]). Writing Mur

∞ /Qp for the unique un-
ramified Zp-extension and M+

∞/Qp for the cyclotomic Zp-extension, the restriction
of φ0 to Γ+ := Gal(M+

∞/Qp) is a constant multiple of logp ◦Np for the cyclotomic
character Np; i.e., φ0|Γ+ = x(logp ◦Np) for x ∈ Q×

p . Since logp(Np([v,Qp])) =
logp(v−1) = − logp(q0), we have x logp(v−1)+bφ0([p,Qp]) = 0. Thus L(Ad(TpE)) =

φ0([p,Qp])/x = logp(q0)

ordp(q0) . �

3. Lecture 3: L-invariants of CM fields

Let p be an odd prime. Let M/F be a totally imaginary quadratic extension of
the base totally real field F . We study the adjoint square Selmer group when the
Galois representation is an induction of a Galois character of GM := Gal(M (p)/M ).
Put GF := Gal(M (p)/F ). For simplicity, we assume that p > 2 totally splits in
M/Q. We relate the Selmer group with a more classical Iwasawa module of a
quadratic extension of F , and from the torsion property of the Selmer group already
proven, we deduce some (new) torsion property of such classical Iwasawa modules.

3.1. Ordinary CM fields and their Iwasawa modules. Let OM be the integer
ring of M . We consider Z = lim←−n

ClM (pn) for the ray class group ClM (pn) of M
modulo pn. Let ∆ be the maximal torsion subgroup of Z, and put ΓM = Z/∆,
which has a natural action of Gal(M/F ). We split Z = ∆ × ΓM . We define
Γ+ = H0(Gal(M/F ),ΓM) and Γ− = ΓM/Γ+. Since p > 2, the action of Gal(M/F )
splits the extension Γ+ ↪→ ΓM � Γ−, and we have a canonical decomposition
ΓM = Γ+ × Γ−. Write π− : Z → Γ−, π+ : ΓM → Γ+ and π∆ : Z → ∆ for the
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three projections. Take a character ϕ : ∆→ Q×
, and regard it as a character of Z

through the projection: Z � ∆.
Let M∞ be the composite of all Zp-extensions of M . Then by class field theory,

M∞ is the subfield of the ray class filed of M modulo p∞ fixed by ∆. Let Q∞/Q
be the cyclotomic Zp-extension. Let M cyc

∞ be the composite MQ∞/M . Define M−
∞

(resp. M+
∞) for the fixed subfield of Γ− (resp. Γ+). Since M cyc

∞ is abelian over
F , we have M cyc

∞ ⊂ M+
∞ and a projection πcyc : Γ+ → Gal(M cyc

∞ /M ) ⊂ 1 + pZp.
The Leopoldt conjecture for F asserts that πcyc is an isomorphism; in other words,
M+

∞ = M cyc
∞ . The extension M−

∞/M is called the anticyclotomic tower over M .
Thus if the Leopoldt conjecture holds for F , M∞ is the composite of the cyclotomic
Zp-extension M cyc

∞ and the anticyclotomic Z[F :Q]
p –extension M−

∞.

To introduce Iwasawa modules for the multiple Zp-extensions M ?
∞/M , we fix a

CM type Σ, which is a set of embeddings ofM into Q such that IM = ΣtΣc for the
generator c of Gal(M/F ). Over C, an abelian variety with complex multiplication
by M has C-points isomorphic to CΣ/Σ(a) for a lattice a in M (see [ACM] 5.2),
where Σ(a) = {(σ(a))σ∈Σ ∈ CΣ|a ∈ a}. By composing ip, we write Σp for the set
of p-adic places induced by ip ◦ σ for σ ∈ Σ. We assume

(spt) Σp ∩Σpc = ∅.
This is to guarantee the abelian variety of CM type Σ to have ordinary good
reduction modulo p (whose Galois representation is hence ordinary at all p|p).

Writing M (p∞) for the ray class field over M modulo p∞, we identify Z with
Gal(M (p∞)/M ) via the Artin reciprocity law. Fix a character ϕ of ∆. We then
define M∆ by the fixed field of Γ in M (p∞); so, Gal(M∆/M ) = ∆.

Since ϕ is a character of ∆, ϕ factors through Gal(M ?
∞M∆/M ) for ? indicating

one of +,−, cyc or “nothing”. When nothing is attached, it refers to the object for
the full multiple Zp-extension M∞. Let L?

∞/M
?
∞M∆ be the maximal p–abelian ex-

tension unramified outside Σp. Each γ ∈ Gal(L∞/M ) acts on the normal subgroup
X? = Gal(L?

∞/M
?
∞M∆) continuously by conjugation, and by the commutativity of

X?, this action factors through Gal(M∆M
?
∞/M ). Then we look into the compact

p-profinite Γ?–module: X?[ϕ] = X? ⊗Zp [∆],ϕ W , where Γ? = Gal(M ?
∞/M ). We

study when X?[ϕ] is a torsion Iwasawa module over Λ? = W [[Γ?]]. The module
X?[ϕ] is generally expected to be torsion of finite type over Λ? for the naturally
defined multiple Zp-extensions M ?

∞.

The torsion property of Xcyc[ϕ] over Λcyc is classically known (e.g., [HT2] The-
orem 1.2.2). This implies

Theorem 3.1. The modules X[ϕ], X+[ϕ] and Xcyc[ϕ] are torsion modules over
the corresponding Iwasawa algebra Λ,Λ+ and Λcyc, respectively.

We refer this result to [HT2] Theorem 1.2.2 (which was originally due to R.
Greenberg). We study the anticyclotomic Iwasawa module X−[ϕ] over Λ− from
our new view point of Galois deformation theory. As is well known, X−[ϕ] is a
Λ−-module of finite type, and under mild assumptions (including anticyclotomy of
ϕ), we will prove the torsion property of X−[ϕ] in Theorem 3.3.

The Σ-Leopoldt conjecture for abelian extensions of M is almost equivalent to
the torsion property of X−[ϕ] over Λ− for all possible ϕ (see [HT2] Theorem 1.2.2).
Here, for an abelian extension L/M with integer ringOL, the Σ-Leopoldt conjecture
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asserts the closure O×
L of O×

L in LΣ =
∏

p∈Σp
Lp satisfies

dimQ(O×
L ⊗Z Q) = dimQp(O

×
L ⊗Zp Qp).

IfX−[ϕ] is a torsion Λ−-module, we can think of the characteristic element F−(ϕ) ∈
Λ− of the module X−[ϕ]. The anticyclotomic main conjecture (cf. [HT] Conjec-
ture 2.2) predicts the identity (up to units) of F−(ϕ) and the projection of (the
ϕ-branch of) the Katz p-adic L-function (constructed in [K] and [HT1]) under π−.

3.2. Anticyclotomic Iwasawa modules. A character ψ of ∆ is called anticy-
clotomic if ψ(cσc−1) = ψ−1(σ) for a complex conjugation c ∈ Gal(Q/F ). Fix an
algebraic closure F of F . Regarding ϕ as a Galois character, we define ϕ−(σ) =
ϕ(cσc−1σ−1) for σ ∈ Gal(F/M ). Then ψ := ϕ− is anticyclotomic.

We define a Galois character ϕ̃ : GF → W [[Γ−]] by ϕ̃(σ) = ϕ(σ)(σ|M−
∞

)1/2,
where (σ|M−

∞
)1/2 is the unique square root of (σ|M−

∞
) in Γ− and (σ|M−

∞
) ∈ Γ− is

regarded as a group element in Γ− ⊂ W [[Γ−]]. Note that ϕ̃−(σ) = ϕ̃(cσc−1σ−1) =
ψ(σ)σ|M−

∞
. Then we consider IndF

M (ϕ̃) : Gal(F/F ) → GL2(W [[Γ−]]). We write
αM/F for the quadratic character of Gal(F/F ) identifying Gal(M/F ) with {±1}.

Lemma 3.2. We have
(1) det(IndF

M χ) = αM/Fχ|F×
A

and Tr(IndF
M χ(Frobl)) =

∑
b⊂OM ,NM/F (b)=l χ(b)

for a prime l of F unramified for IndF
M χ, identifying a character χ of

Gal(F/M ) with a character of M×
A(∞)/M

× by the Artin symbol,
(2) Ad(IndF

M (ϕ̃)) ∼= αM/F ⊕ IndF
M (ϕ̃−) as GF -modules.

Since IndF
M (ϕ̃)|GM = ϕ̃ ⊕ ϕ̃c with ϕ̃c(σ) = ϕ̃(cσc−1), we define F+

p IndF
M ϕ̃ = ϕ̃

for p ∈ Σp. In Lecture 1, we have already defined F±
p Ad(IndF

M ϕ̃) and the Selmer
group SelF (Ad(IndF

M ϕ̃) ⊗Zp (W [[Γ−]])∗). Since the image of F+
p (Ad(IndF

M ϕ̃))
in αM/F is trivial in the above decomposition in Lemma 3.2 and the image of
F+

p (Ad(IndF
M ϕ̃)) is given by F+

p (IndF
M (ϕ̃−)), we get (cf. [HMI] Exercise 1.12 and

Corollary 3.81)

SelF (Ad(IndF
M(ϕ̃)⊗W [[Γ− ]] (W [[Γ−]])∗)

=SelF
(
αM/F ⊗Zp (W [[Γ−]])∗

)
⊕ SelF (IndF

M (ϕ̃−) ⊗W [[Γ− ]] (W [[Γ−]])∗)

=Hom(Cl−M ⊗Z W [[Γ−]],Qp/Zp) ⊕ SelM ((ϕ̃−) ⊗W [[Γ− ]] W [[Γ−]]∗),

where Cl−M is the quotient of CLM by the image of ClF (the order of Cl−M is equal
to the order of the αM/F -eigenspace of ClM up to a power of 2). By the definition
of the Selmer group, we note that

(3.1) SelM (ϕ̃− ⊗W [[Γ− ]] (W [[Γ−]])∗) ∼= Hom(X−[ϕ−],Qp/Zp),

which shows

Theorem 3.3. Let the notation be as above. Then we have

Sel∗F (Ad(IndF
M(ϕ̃))) ∼=

(
Cl−M ⊗Z W [[Γ−]]

)
⊕X−[ϕ−]

as W [[Γ−]]-modules. Moreover X−[ϕ−] is a torsion W [[Γ−]]-module without excep-
tional zero if ψ := ϕ− satisfies the following conditions:

(at1) The character ψ has order prime to p.
(at2) The local character ψP is non-trivial for all P ∈ Σp.
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(at3) The restriction ψ∗ of ψ to Gal(F/M∗) for the composite M∗ of M and the
unique quadratic extension inside F [µp] is non-trivial.

The first assertion follows from the argument given as above. The torsion prop-
erty follows from the theorem of Taylor–Wiles and Fujiwara and the propositions
in the following appendix. In [HMI] Theorem 5.33, it is checked that the assump-
tions milder than (at1–3) imply the assumption of the theorem of Taylor–Wiles and
Fujiwara.

3.3. The L-invariant of CM fields. Consider the universal couple (RF , %) de-
forming ρF = IndF

M ϕ mod mW amongW -deformations ρA into GL2(A) for proar-
tinian W -algebras A with residue field W/mW satisfying the following conditions

(W1) unramified outside p;
(W2) ρA|Gal(Qp/Fp)

∼=
( ∗ ∗

0 αA,p

)
with αA,p ≡ αp mod mA and αA,pα

−1
p |Ip factor-

ing through Gal(Fp[µp∞ ]/Fp);
(W3) det(ρA) = det ρ;
(W4) ρA ≡ ρ mod mA,

We knowRF
∼= T by Fujiwara (see Appendix). Since dimSpf(W [[Γ−]]) = dimSpf(T),

Spf(W [[Γ−]]) gives an irreducible component of Spf(RF ). Write I = W [[Γ−]] sim-
ply. Let πI : T = RF � I be the projection (which factors through πcyc). We would
like to compute the L-invariant of the component I. Thus we need to compute
a(pp) = πI(U (pp)). The following fact follows from the fact IndF

M φ|GM = φ⊕ φc.

Lemma 3.4. Let the notation be as above. Then we have a(pp) = ϕ̃([pP,MP]) for
the prime factor P ∈ Σc

p of p.

Define the character κ : Gal(F/M )→ (Λ−)× by κ(σ) = (σ|M−
∞

)1/2. Then ϕ̃ =
λκ, and we write κI = πI ◦ κ : Gal(F/M )→ I×. Then, κI restricted to the inertia
group IP at P factors through the projection: IP → Gal(Qp[µp∞ ]/Qp) ∼= Z×

p . Since
the W [[ΓF ]]-algebra structure of I is induced by the nearly ordinary character of
IndF

M κI (restricted to the inertia group IP), for uP ∈ O×
M,P (P ∈ Σc

p), we have

(3.2) κI([uP,MP]) = (1 +Xp)logp(Np(uP))/ logp(γp),

where p = P ∩O, Np : MP = Fp → Qp is the norm map and γp is the generator of
Γp := (1+pZp)∩Np(O×

p ). Choose an element $(P) ∈M so that Ph = ($(P)) for
each P ∈ Σc

p, where h = |ClM | (the class number of M ). Then ph
P = uP$(P)e(p)

P

with uP ∈ O×
M,P for the absolute ramification index e(p) of p (which is the absolute

ramification index of P also). Regarding κI as a character of M×
A(∞)/M

× by class
field theory, we have κI($(P)) = 1 = κI($(P)l) with the l-component $(P)l ∈
M×

l for any prime l outside p, because κI(O×
l ) = 1 and $(P) ∈ M×. Then we

have
κI(ph

P) = κI(ph
P$(P)−e(p)) = κI(uP)

∏

P′|p,P′ 6=P

κI($(P)−e(p)
P′ ),

where $(P)P′ is the P′-component of $(P) ∈M× ⊂M×
A . By (3.2), we get

κI(ph
P) = (1 +Xp)

logp(Np($(P)e(p)c up))
logp(γp)

∏

P′∈Σc
p−{P}

(1 +Xp′ )
e(p) logp(N

p′ ($(P)c−1
P′ ))

logp(γ
p′ ) ,
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where p′ = P′ ∩ O. Here logp is the Iwasawa p-adic logarithm defined over Q×
p

characterized by logp(p) = 0. In particular, we have

logp(Np(uP)) = log(Np(ph
P$(P)−e(p)

P )) = −e(p) logp(Np($(P)P)).

Thus we have

Lemma 3.5. Let the notation be as above. Then we have, for primes P′ ∈ Σp and
p′ = P′ ∩O,

∂κ(pP)
∂Xp′

=
e(p) logp(Np′ ($(P)(c−1)

P′ ))
h logp(γp′ )

κ(pp)(1 +Xp′ )−1.

We have a(pp) = cpκ(pp) for a nonzero constant cp ∈ W×, because the nearly
ordinary character of IndF

M ϕ̃ is κ times a character of DP with values in W×. We
do not need to pay much attention to the constant cp, because the formula of the
L-invariant only involve

(
∏

p|p

a(pp)−1δp([γp, Fp])) det

((
∂a(pp)
∂Xp′

)

p,p′

)

in which the constant cp cancels out. Specializing the above formula to the locally
cyclotomic point P , we get

Theorem 3.6. Let the notation and the assumption be as above and as in Theo-
rem 3.3, including (at1–4). Then we have, for any specialization ϕ̃P of ϕ̃ modulo
a locally cyclotomic point P ∈ Spf(I)(W ),

L(Ad(IndF
M ϕ̃P )) = (−1)e det

((
logp(Np′ ($(P)(1−c)

P′ ))
)

P,P′∈Σc
p

)∏

p|p

e(p)
h

,

where p = O ∩P and p′ = O ∩P′

Note here ordp($(P)(1−c)
P′ ) = −h/e(p), taking the valuation ordp associated to

P ∈ Σ. By Lemma 3.2 (2) and Theorem 3.3, we see

L(Ad(IndF
M ϕ̃P )) = L(αM/F ),

and this is the reason for the independence of L(Ad(IndF
M ϕ̃P )) on the choice of

the locally cyclotomic points P . If F = Q, we have $(P)$(P)c = ph and hence
logp($(P)) = − logp($(P)c). Thus logp($(P)1−c) = 2 logp($(P)), and therefore
the above formula coincides with the classical analytic L-invariant formula for αM/F

of Ferrero–Greenberg.
For a given ordinary CM type (M,Σp), we can choose ψ satisfying the assump-

tions of Theorems 3.3 and 3.6. Then through the above process, we can compute
L(αM/F ) as follows:

Corollary 3.7. Suppose that M/F is an ordinary CM-quadratic extension of M
satisfying (spt). Choose a p-ordinary CM-type Σ of M . Then the L-invariant
L(αM/F ) of Greenberg for the quadratic Galois character αM/F =

(
M/F

·

)
is given

by

(−1)e det
((

logp(Np′ ($(P)(1−c)
P′ ))

)
P,P′∈Σc

p

)∏

p|p

e(p)
h
,
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where h is the class number of M , p′ = P′∩O and $(P) is a generator of P ∈ Σc
p.

If the prime p does not split in F/Q, the L-invariant of αM/F does not vanish.

A regulator similar to the above determinant was introduced long ago in [FeG]
(3.8) in the context of (classical) cyclotomic Iwasawa’s theory.

Suppose that p does not split in F/Q. Then for$ = $(P), NP($) =
∏

σ∈Σ$
σ =

$Σ. Then we have |$Σ|p = 1 and |$cΣ|p < 1 and hence NP($1−c) cannot be of
the form ζpα for α ∈ Q and a root of unity ζ. Thus logp(NP($1−c)) 6= 0 as claimed
in the corollary. Of course, by Baker’s argument (exploited by Brumer in the p-adic
case), if M/Q is abelian, we can also confirm the nonvanishing of the determinant
in the corollary.

4. Appendix: Differential and adjoint square Selmer group

Recall the universal nearly ordinary deformation ρ : Gal(Q/F ) → GL2(R)
over K with the pro-Artinian local universal K-algebra R. This means that for any
Artinian local K-algebra A with maximal ideal mA and any Galois representation
ρA : Gal(Q/F )→ GL2(A) such that

(K1) unramified outside p;
(K2) ρA|Gal(Qp/Fp)

∼=
( ∗ ∗

0 αA,p

)
with αA,p ≡ αp mod mA;

(K3) det(ρA) = det ρ;
(K4) ρA ≡ ρ mod mA,

there exists a unique K-algebra homomorphism ϕ : R → A such that ϕ ◦ ρ ∼= ρA.
We write ΦK(A) the collection of the isomorphism classes of the deformations ρA.

Let ρ = (ρ mod mW ), and consider a similar deformation changing base ring
fromK toW . Then we have a universal couple (R, %) as long as (aiF ) ρ is absolutely
irreducible and (ds) ρss is not scalar-values over Dp for all p|p (these assumptions
we always assume). This means that for any pro-Artinian local W -algebra A with
A/mA = W/mW = F for the maximal ideal mA and any Galois representation
ρA : Gal(Q/F )→ GL2(A) such that

(W1) unramified outside p;
(W2) ρA|Gal(Qp/Fp)

∼=
( ∗ ∗

0 αA,p

)
with αA,p ≡ αp mod mA;

(W3) det(ρA) = det ρ;
(W4) ρA ≡ ρ mod mA,

there exists a unique W -algebra homomorphism ϕ : R → A such that ϕ ◦ % ∼= ρA.
We write Φ(A) the collection of the isomorphism classes of this finer deformations
ρA. Thus Φ(A) ∼= HomW−alg(R,A).

Let ρ̃ ∈ Φ(A) acting on L̃. Define

(4.1) T̃ =
{
φ ∈ EndA(L̃)

∣∣Tr(φ) = 0
}
.

We let σ ∈ GF act on v ∈ T̃ by conjugation v 7→ ρ̃(σ)vρ̃(σ)−1. As before, T̃ has
the following three step filtration stable under Dp for each prime ideal p|p of F :

(4.2) T̃ ⊃ F−
p T̃ ⊃ F+

p T̃ ⊃ {0}.
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Let Z∗
p = Qp/Zp = Hom(Zp.Qp/Zp) and A∗ = Hom(A,Qp/Zp). We thus have

SelF (V/T ) = SelF (T ⊗ Z∗
p) for V/T := T ⊗Zp Qp/Zp, and we also have

SelF (Ad(ρ̃)) = SelF (T̃ ⊗A A
∗) = Ker(H1(G, T̃ ⊗A A

∗)→
∏

p|p

H1(Ip,
T̃ ⊗A A∗

F+
p T̃ ⊗A A∗

))

for ρ̃ ∈ Φ(A) and the inertia subgroup Ip ⊂ G. Note that Dp acts trivially on
F−

p V/F+
p V . We often indicate this fact by writing F−

p V/F+
p V ∼= K as Dp-modules.

Proposition 4.1 (B. Mazur). Suppose that Φ has a universal couple (RF , %F ).
Then the Pontryagin dual Sel∗F (V/T ) is canonically isomorphic to the module of
1-differentials ΩRF /W [[ΓF ]] ⊗RF ,ϕ W , where ϕ : RF → W is the W -algebra homo-
morphism such that ρ ∼= ϕ ◦ %F . More generally, for any T̃ ∈ Φ(A), we have

Sel∗F (T̃ ⊗A A
∗) = Hom(SelF (T̃ ⊗A A

∗),Z∗
p) ∼= ΩRF /W [[ΓF ]] ⊗RF ,φ A,

where φ : RF → A is the W -algebra homomorphism such that ρ̃ ∼= φ ◦ %F .

This proposition is from [MFG] Theorem 5.14. Here Kähler 1-differentials are
supposed to be continuous with respect to the profinite topology.

Here is a sketch of a proof due to Mazur: Write simply (R, %) for (RF , %F ). Let
Φ = Φn.ord,ν ; so, Φ(A) ∼= HomW -alg(R, A). For simplicity, we assume that X be a
profinite R-module, (in general, we take an inductive limit of such modules). Then
R[X] is an object in CLW . We consider the W -algebra homomorphism ξ : R →
R[X] with ξ mod X = id. Then we can write ξ(r) = r ⊕ dξ(r) with dξ(r) ∈ X.
By the above definition of the product, we get dξ(rr′) = rdξ(r′) + r′dξ(r) and
dξ(W ) = 0. Thus dξ is a W -derivation, i.e., dξ ∈ DerW (R, X). For any derivation
d : R → X over W , r 7→ r⊕ d(r) is obviously a W -algebra homomorphism, and we
get

(4.3)
{
ρ̃ ∈ Φ(R[X])

∣∣ρ̃ mod X = %
}
/ ≈X

∼=
{
ρ̃ ∈ Φ(R[X])

∣∣ρ̃ mod X ≈ %
}
/ ≈

∼=
{
ξ ∈ HomW -alg(R,R[X])

∣∣ξ mod X = id
}

∼= DerW (R, X) ∼= HomR(ΩR/W , X),

where “≈X” is conjugation under (1⊕Mn(X))∩GL2(R[X]), and “≈” is conjugation
by elements in GL2(R[X]).

Let ρ̃ be the deformation in the left-hand side of (4.3). Then we may write
ρ̃(σ) = %(σ) ⊕ u′(σ) (here u′(σ) is a “derivative” of ρ̃(σ)). We see

%(στ ) ⊕ u′(στ ) = (%(σ) ⊕ u′(σ))(%(τ ) ⊕ u′(τ )) = %(στ ) ⊕ (%(σ)u′(τ ) + u′(σ)%(τ )).

Define u(σ) = u′(σ)%(σ)−1, which is a cocycle with values on M2(X) by the
above formula. Since det ρ̃ = det ρ = det %, x(σ) = ρ̃(σ)%(σ)−1 has values in
SL2(R[X]), u has values in Ad(X) = L(Ad(%)) ⊗R X. Hence u : GS

F → Ad(X) is
a 1-cocycle. It is a straightforward computation to see the injectivity of the map:

{
ρ̃ ∈ Φ(R[X])

∣∣ρ̃ mod X ≈ %
}
/ ≈X ↪→ H1(GS

F , Ad(X))

given by ρ̃ 7→ [u]. We put F±
p (Ad(X)) = F±

p L(Ad(%)) ⊗R X. Since %|Ip is upper-
triangular (up to conjugation), we have u|Ip has values in F−

p Ad(X).
If further we insist on dξ(W [[ΓF ]]) = 0, since W [[ΓF ]]-algebra structure is given

by δpα
−1
p which is the character of lower right corner of % (restricted to Ip) this
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means the corresponding cocycle u|Ip has values in {( ∗ ∗
0 0 )}. Since Tr(u) = 0, we

conclude u|Ip ∈ F+
p Ad(X). If L̃ is finite, we may tale X = L̃, and this gives the

desired isomorphism, because T̃ ⊗A A∗ = Ad(L̃). If L̃ is not finite, then L̃ ⊗A A∗

can be written as a union of Ad(X) for finite X, and by taking the inductive limit,
we get the assertion. �

If we replace F+ ?̃ in the definition of the Selmer group by F−?̃, we get the
“minus” Selmer group Sel−F (?), and by the same argument

Sel−F (T̃ ⊗A A∗)∗ ∼= ΩRF /W ⊗R A.

We can apply the above argument to (R,ρ). If ρ ∈ Φ(W ), we have a unique
P ∈ Spf(RF )(W ) such that % mod P = ρ. Then R is canonically isomorphic
to the P -adic completion-localization R̂P of R at P and ρ : GF

%−→ GL2(R) →
GL2(R̂P ) = GL2(R). Thus we get

Corollary 4.2. Assume R ∼= K[[Xp]]. Then we have ΩR/K ⊗R,ϕρ K
∼= Sel−F (V )

which is isomorphic to
⊕

p|pKdXp.

Under the conjecture, the Selmer group Sel−F (V ) is exactly H ⊂ H1(G, V ) dis-
cussed in the second lecture, and the restriction map takes H = Sel−F (V ) into
SelF∞(V ) as we have seen. Recall Greenberg’s formula for a base ap of H:

L(Ad(ρ)) = det
(
(ap([p, Fp′])p,p′|p

(
logp(γp)−1ap([γp′ , Fp′]))p,p′|p

)−1
)
.

Then by the above corollary, putting cp = ∂ρ
∂Xp

ρ−1
∣∣∣
X=0

, {cp}p|p is a basis of H.

Then writing cp ∼
(

−ap ∗
0 ap

)
, we can compute the above formula. Note that ap =

δ−1
p

∂ρ
∂δp

∣∣∣
X=0

, and δp([γp, Fp]) = (1 + Xp) and δp([pp, Fp]) = U (pp). From this we
get the formula we stated in the first lecture.

We add the following condition to the deformations L̃ satisfying (W1–4) to make
the universal ring small enough to prove SelF (V/T ) is finite (and SelF (V ) = 0).
Let Σp be the set of all prime factors of p in O. Fix a pair of integers (κ1,p, κ2,p) for
each p ∈ Σp, and write κ for the tuple (κ1,p, κ2,p)p. We assume that [κ] = κ1,p+κ2,p

is independent of p ∈ Σp. As an extra condition, we now consider

(W5) On T̃ /F+
p T̃ , Gal(F ur

p [µp∞ ]/F ur
p ) acts by the character N κ1,p for all p|p,

and det(T̃ ) = N [κ] on an open subgroup of Ip.
We write Φκ(A) for the set of isomorphism classes of deformations ρ̃ : GF →
GL2(A) of ρ satisfying (W1–5). Under (aiF ) or (ds), we have the universal couple
(Rκ,F , %κ,F ) among the deformations satisfying (W1–5). We call c ∈ GF a complex
conjugation, if c is in the conjugacy class of a complex conjugation in Gal(Q/Q).

Conjecture 4.3. Suppose (ds) and (aiF ) for ρ and that F is totally real. If
det(ρ)(c) = −1 for any complex conjugation c, the universal ring Rκ,F is free of fi-
nite rank over W , and Rκ,F is a reduced local complete intersection if κ2,p−κ1,p ≥ 1
for all p ∈ Σp.

Here a reduced algebra A free of finite rank overW [[x1, . . . , xt]] is a local complete
intersection over R = W [[x1, . . . , xt]] if A ∼= R[[T1, . . . , Tr]]/(f1(T ), . . . , fr(T )) for
r power series fi(T ), where r is the number of variables in R[[T1, . . . , Tr]]. Though
the assertion of Rκ,F being a local complete intersection is technical, as we will
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see later, this claim is a key to relating the size of the Selmer group with the
corresponding L-value. In the classical setting of Galois representations associated
to elliptic modular forms of weight k (in Sk(Γ1(N ))), we have κ = (0, k− 1). Thus
the condition κ2,p − κ1,p ≥ 1 is equivalent to requiring k ≥ 2.

Theorem 4.4 (Wiles, Taylor, Fujiwara). Suppose that the initial representation
ρ is associated to a Hilbert modular form of p-power level (in this case, we call ρ
modular). If (aiM) holds for M = F [µp], Conjecture 4.3 holds.

See Fujiwara’s papers [Fu] and [Fu1]. A more general version of this theorem is
proven as Theorem 3.67 and Corollary 3.42 in [HMI].

Proposition 4.5. Assume Conjecture 4.3. Then
(1) SelF (Ad(ρ̃) ⊗W W ∗) is finite for any ρ̃ ∈ Φk(W ) and R ∼= K[[Xp]]p∈Σp if

κ2,p − κ1,p ≥ 1 for all p ∈ Σp,
(2) RF is a reduced local complete intersection free of finite rank over W [[ΓF ]],
(3) Sel∗F (Ad(%F )⊗RF R∗

F ) is a torsion RF -module,
(4) For an irreducible component Spf(I) of Spf(RF ), write ρI = π ◦ %F for the

projection π : RF � I. Then Sel∗F (Ad(ρI) ⊗I I∗) is a torsion I-module.

Proof. If R is reduced and free of finite rank over W , ΩR/W is a finite module. Thus
the first assertion follows. Note that Pκ = Ker(κ : W [[ΓF ]]→ W ) is generated by
((1 + xp) − N (γp)κ1,p ) for p ∈ S. Thus ∩κPκ = {0}. Since RF/PκRF

∼= Rκ,F

which is free of finite rank s over W , by Nakayama’s lemma, RF is generated by s
elements r1, . . . , rs over W [[ΓF ]] which give a basis of Rκ,F over W . Thus we have
a surjective W [[ΓF ]]-linear map ι : W [[ΓF ]]s →RF sending (a1, . . . , as) to

∑
j ajrj .

Taking another κ′, we find that RF/Pκ′RF
∼= Rκ′,F which is free over W ; so, it

has to be free of rank s over W . Thus Ker(ι) ⊂ P s
κ′ for all κ′; so, ι has to be an

isomorphism. This shows the freeness in the second assertion.
Let C be the set of all κ = (κp)p such that κ2,p − κ1,p ≥ 1 for all p. Then

we still have
⋂

κ∈C Pκ = {0}. Thus the natural W -algebra homomorphism RF →∏
κ∈C Rκ,F is an injection. The right-hand side is reduced (i.e., no nilpotent radi-

cal), and RF is reduced.
We write

Rκ = R/Pκ =
W [[T1, . . . , Tr ]]

(f1(T ), . . . , fr(T ))
.

Write tj ∈ mRκ for the image of Tj in Rκ. Take a lift tj in mR of tj so that
tj = (tj mod PκR). Define ϕ : W [[ΓF ]][[T1, . . . , Tr ]] � RF by ϕ(f(T1, . . . , Tr)) =
f(t1, . . . , tr). Since RF is W [[ΓF ]]-free, Ker(ϕ) ⊗W [[ΓF ]],κ W = (f1, . . . , fr); so,
taking a lift fj ∈ Ker(ϕ) of f j, we find Ker(ϕ) = (f1, . . . , fr) by Nakayama’s
lemma, and hence RF is a local complete intersection over W [[ΓF ]].

SinceRF is reduced and finite overW [[ΓF ]], ΩRF /W [[ΓF ]] is a torsionRF -module.
From this, the last two assertions follow. Since Rκ,F = RF /PκRF is reduced,
Spf(RF ) is étale over Spf(W [[ΓF ]]) around ρ = P ; so, R = R̂P

∼= K[[Xp]]. This
finishes the proof. �

Since RF is reduced and free of finite rank over W [[ΓF ]], its total quotient ring
Q is a product of fields of finite dimension over the field K of fractions of W [[ΓF ]].
For simplicity, we assume that I = W [[ΓF ]]. In particular, writing K for the field
of fractions of I, we have Q = K ⊕ X for a complementary ring direct summand
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X. Let I′ be the projection of RF to X. Then Spf(RF ) = Spf(I) ∪ Spf(I′) (and
Spf(I′) is the union of irreducible components other than Spf(I)). We take the
intersection Spf(C0) = Spf(I) ∩ Spf(I′); so, C0 = I ⊗RF I′, which is a torsion
I-module called the congruence module of I (or of Spf(I)). It is easy to see that
I⊗RF I′ ∼= I/ ((K⊕ 0) ∩RF ) (cf. [H88] 6.3). By the above expression, the W [[ΓF ]]-
freeness tells us that charI(C0) = (K ⊕ 0) ∩ RF is an intersection of a power of
prime divisors (cf. [BCM] 7.4.2). Since I = W [[ΓF ]] is regular, and hence char(C0)
is a principal ideal generated by h ∈ I. For this conclusion, we do not need the
isomorphism I ∼= W [[ΓF ]] = W [[xp]]p but a milder condition that I is a Gorenstein
ring over W [[ΓF ]] is enough (that is, HomW [[ΓF ]](I,W [[ΓF ]]) ∼= I as I-modules;
see [H88] Theorem 6.8). Note that a local complete intersection over W [[ΓF ]] is
a Gorenstein ring (e.g., [CRT] Theorem 21.3). Now by a theorem of Tate (e.g.,
[MFG] 5.3.4),

char(ΩRF /W [[ΓF ]] ⊗RF I) = char(C0) = (h).
We have for any prime ideal P ∈ Spf(I) with ι : I/P ∼= W , writing ρP = ι ◦ ρI :

GF → GL2(W )

Sel∗F (Ad(ρP ) ⊗W W ∗) ∼= ΩRF /W [[ΓF ]] ⊗RF ,P W ∼= Sel∗F (Ad(ρI)⊗I I∗)⊗I I/P.
This shows that if char(Sel∗F (Ad(ρI)⊗I I∗)) = (h) for h ∈ I, we have

char(Sel∗F (Ad(ρP )⊗W W ∗)) = (h(P )),

where h(P ) = (h mod P ) ∈W . Thus we get

Corollary 4.6. We have |Sel∗F (Ad(ρP ) ⊗W W ∗)| = |h(P )|−[K:Qp]
p for all P ∈

Spf(I)(W ).

In this corollary, we do not preclude the case where Sel∗F (Ad(ρP ) ⊗W W ∗) is
infinite. In such an extreme case, simply h(P ) = 0 and, hence, |h(P )|−[K:Qp]

p =∞.

References

Books

[ACM] G. Shimura, Abelian Varieties with Complex Multiplication and Modular Functions,

Princeton University Press, Princeton, NJ, 1998.
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