ARITHMETIC INVARIANT AND GEOMETRY 37

4. LECTURE 4: CM COMPONENTS OF THE ‘BiG’ HECKE ALGEBRA

As described above, we get the non-vanishing/non-triviality theo-
rems out of spreading out an invariant over to a bigger geometric object,
i.e., the multiplicative group and Shimura variety. Here we describe a
method using the spectrum of Hecke algebra as the bigger geometric
object. This often work with non CM components.

First, we give here an axiomatic definition of the cuspidal ‘big’ ordi-
nary Hecke algebra h necessary to state our objectives without proof.
After this is done, we give a precise definition of the CM components.

Fix a prime p and for simplicity, assume p > 5. Consider the space
of cusp forms Sy;1(To(Np™™1), ) with (p f N,r > 0). These spaces
are defined in [IAT] §3.5 under the same notation. In the rest of this
series of lectures, we write the weight of modular form as k + 1 since
the [-Frobenius eigenvalue has absolute value 1*/2 for the Galois repre-
sentation of a cusp form f of weight k& + 1.

Let the ring Z[¢)] C C and Z,[¢)] C Q, be generated by the values 1
over Z and Z,, respectively. The Hecke algebra over Z[1] is

h=Z[P|[T(n)n=1,2,+-] C End(Ss1(To(Np™), 2)).

We put hip1,p = hirr,9w = h @z W for a p-adic discrete valuation
ring W C Q, containing Z,[¢)]. Sometimes our T'(p) is written as U(p)
as the level is divisible by p. The ordinary part hy 1 y/w C hit1,p/w is
the maximal ring direct summand on which U(p) is invertible. In other
words, lim,,_.., U(p)™ converges p-adically in Pit1,4/w to the idempo-
tent e of hyy1 p/w = € hip19w-

Exercise 4.1. Let A be a p-adically complete algebra, and suppose that
A is of finite type as a module over Z,. Prove that lim, .., a™ for any
a € A exists in A giving an idempotent of A.

Let 1y = ¥y X the tame p-part of ¢». Then we have a unique ‘big’
Hecke algebra h = hy, ,y characterized by the following two conditions:

(1) h is free of finite rank over A := W/[[T']] with T'(n) € h,
(2) if k> 1 and e : Z) — pipe (W) is a character, as W-algebras,

h/(1+T = (7)e(1)V)h 2 hygep, (v=14p) for ¢y = ',

sending 7T'(n) to T'(n), where w is the Teichmiiller character.

We take an irreducible component Spec(I) C Spec(h) (thus I is a
torsion-free algebra over A and is a A-module of finite type).

A (normalized) Hecke eigenform in Gy (To(Np™™),4) has slope
a € Qif flU(p) = a- f with |a|, = p~®. We simply put a = oo if
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a = 0. Since lim, ... a™ = 1 < a = 0, the algebra hk+17€¢k_acts non-
trivially on a Hecke eigen cusp form f in Siy1(I'o(INV), etn; Q,) if and
only if f has slope 0. A slope 0 form is also called an ordinary from.

An important consequence of the above two facts is

(B) The number of slope 0 Hecke eigenforms of level Np™™, of
weight k+1 and of a given character 1 modulo Np™*! is bounded
independent of k, r and .

If f has slope 0, A : h — @p given by f|T' = MNT)f for T" € h factors
through hgy1p and f=>""" a(n, f)g" => .- NT(n))g". Thus the
number of slope 0 forms with Neben character v is less than or equal
to ranky hg41, = ranka hy, independent of r and . The Hecke field
of fis Q(f) = Q(A(n)|n =1,2,...).

Each point P € Spec(h) has a 2-dimensional (semi-simple) Galois
representation pp (of Gal(Q/Q)) with coefficients in the residue field
k(P) of P such that Tr(pp(Frob)) = (T(I) mod P) for almost all
primes ¢ (see [GME] §4.2 for the construction of the Galois represen-
tation). In particular, I carries a Galois representation p; with

Tr(pr(Froby)) = a(l) (for the image a(l) in I of T'(1)).
If a prime divisor P of Spec(I) contains (1 + T — eyx(y)y*) with

k > 1, regarding it as a W-algebra homomorphism (P : I — @p) €
Spec(I)(Q,), we get a Hecke eigenform fp € Spy1(Lo(Np" )T, eny)
with fp|T'(n) = ap(n) fp for ap(n) = P(a(n)) € Q, for all n. Such a P
is called arithmetic if k > 1, and we write ep = €, ¥p = ey, 7(P) =1
and k(P) = k for such a P. Thus I gives rise to a slope 0 analytic fam-
ily of modular forms Fj = { fp|arithemtic P € Spec(I)(Q,)} and Galois
representations {PP}Pespoc(ﬂ)(@p)- For a € I, we write ap € Q, for P(a).
Describing pp, we have written Tr(pp(Frob;)) = (T'(I) mod P). The
precise meaning of this is, for primes { { Np,

(4.1)  Tr(pp(Frob)) =a(l)p and det(pp(Frob)) = vp(l) ).

We call a Galois representation p CM if there exists an open subgroup
G C Gal(Q/Q) such that the semi-simplification (p|¢)** has abelian
image over G. We call I a CM component if p; has CM.

We have a p-adic L-function

Ly = Ly(Ad(pr)) = Ly (1, Ad(pr)) = Ly(1, " @ det(pr) ) € 1
interpolating

L(1, Ad(pp))

- for all arithemtic P.
period

L,(P) := P(L,) = (L, mod P)=
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Writing Spec(h) = Spec(Il) U Spec(X) for the complement X, we have
(under a mild assumption)

Spec(I)NSpec(X) = Spec(IeonX) = Spec(I/(L,)) (a congruence criterion).

The assumptions are that the connected component of Spec(h) con-
taining Spec(I) is a Gorenstein scheme and that Spec(I) is normal (see
[H10c] §3.1 for more explanation).
If we interpolate L-values including the cyclotomic variable, i.e, adding

a variable s interpolating L(s, Ad(pp)) moving s, we need to multi-
ply the L-value by a nontrivial modifying Euler p-factor. For this en-
larged two variable adjoint L-function, the modifying factor vanishes
at s = 1; so, L,(s, Ad(pr)) has an exceptional zero at s = 1, and for an

L-invariant 0 # L*(Ad(pr)) € H[%], we expect to have L (1, Ad(pr)) <
L(Ad(pr))L, (in the style of Mazur—Tate-Teitelbaum). Greenberg
proposed a definition of a number £(Ad(pp)) conjectured to be equal
to L (Ad(pp)) for arithmetic P. We can interpolate Greenberg’s L-
invariant L(Ad(pp)) over arithemtic P to get a function £(Ad(pr)) # 0
in H[%] so that L(Ad(p1))(P) = L(Ad(pp)) for all arithmetic P.

4.1. Is characterizing CM component important? Here is a list
of such characterizations (possibly conjectural):

e A cuspidal I has CM < cuspidal I is a CM component <> there
exist an imaginary quadratic field M = Q[v/—D] in which p
splits into pp and a character ¥ = Uy : Gy = Gal(Q/M) —T*
of conductor ¢p*> for an ideal ¢ with ccDy/|N such that p; =
IndY, ¥, where Dy is the discriminant of M and Spec(I) is the

normalization of Spec(l). This should be well known; see [H11]
(CM1-3) in §1. This implies L, = L,(¥~)L(0, (M—/@)), where

U~ (o) = ¥(coc o) for complex conjugation ¢, and L,(¥™)
is the anticyclotomic Katz p-adic L-function associated to U~.
This is a base of the proof by Mazur/Tilouine (e.g., [T89] and
[MT90]) of the anticyclotomic main conjecture, different from
the one given by Rubin [Ru91] and [Ru94| via Euler system.

e [ has CM & pp has CM for a single arithmetic prime P. By
Ribet [Ri85], if pp has CM, pp has complex multiplication or
Eisenstein. Then P has to be on a CM component or on an
Eisenstein component(see [H10d] Sections 3 and 4).

e [ has CM < pr mod p has CM. This is almost equivalent to
the vanishing of the Iwasawa p-invariant for L,(W™) (which is
known if ¢ is made up of primes split over Q; see [H10a] and
[H10b]). This is a main result in [H10d].
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e (Strong vertical conjecture in [H11]) Consider the field V,(I) C
Q generated by ap(p) for all arithmetic P with level < Np'*!
for a fixed r > 0. Then I has CM < [V,(I) : Q] < oo. This
was a question of L. Clozel asked to me in the early 1990s.
This holds true if the family contains some weight 2 cusp form
whose abelian variety has good ordinary reduction modulo p
or more generally a weight & > 2 cusp form whose motive is
potentially crystalline ordinary at p (see Theorem 5.2). Here a
crystalline motive is ordinary if its Newton polygon of the crys-
talline Frobenius coincides with the Hodge polygon. By apply-
ing this crystalline-ordinary criterion, the family Fa containing
Ramanujan’s A-function has Vy(I) of infinite degree over Q.

e (Strong horizontal theorem in [H11]) Fix £ > 1 and consider the
field Hy(I) generated by ap(p) over Q(up~) for all arithmetic
P with a fixed weight £ > 1. Then I has CM < [H(I) :
Q(pp=)] < 00 (see Theorem 4.2).

e pp restricted to the decomposition group at p is completely
reducible < I has CM. This is the result of Ghate—Vatsal in
[GVO05].

e For cuspidal I, £L(Ad(pr)) is a constant function over Spf(I) if
and only if I is a CM component. This is a corollary of Strong
horizontal theorem (see my Sapporo lecture for an outline and
details can be found in [H10c]).

e (Conjecture/Question) Does a cuspidal component I have CM
by an imaginary quadratic field M if

L(Ad(fp)) = log,(p) (up to algebraic numbers)

for one arithmetic P for a prime factor p of p in M? Here taking
a high power p" = (), log,(p) = 7log,(@) for the Iwasawa
logarithm log,.

All statements seem to have good arithmetic consequences, and these

examples convinced the author importance of giving as many charac-
terizations of CM components as possible.

4.2. Horizontal theorem. Here is what we prove in this section:

Theorem 4.2. Pick an infinite set A of arithmetic points P with fixed
weight k(P) = k > 1. Write Ha(I) C Hi(L) for the field generated
over K := Q(pup=) by {ap(p)}prea. Then the field H(L) is a finite
extension of K if and only if T has CM. Moreover if I is not CM,

limsup[K (ap(p)) : K] = 0.
PeA
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We prepare a lemma:

Lemma 4.3. Let F be a slope 0 p-adic analytic family of Hecke eigen-
forms with coefficients in 1. Then we have

(1) Fix 0 < r < oo. Let K = Q. Then the degree [K(fp) :
K(ap(p))] for arithmetic P with r(P) < r is bounded inde-
pendently of P,

(2) Let K = Q(pp~) and fix k > 1. Then the degree [K(fp) :
K(ap(p))] for arithmetic P with k(P) = k is bounded indepen-
dently of P.

Proof. If ¢ € Gal(Q/K[¢1,w]) fix ap(p), f& is still ordinary Hecke
eigenforms of the same level and the same Neben character. The num-
ber of such forms is bounded by rankg, ) h. Thus

[K(fp) : K(ap(p))] < [K[¢1,w] : K]rankz, ) h.
O

Hereafter we fix A and assume that [H4(I) : K] < oo for K :=
Q(pp). We try to prove that I has CM. Put K(fp) = K[ap(n);n =
1,2,...] € Q. For a prime [ outside Np, let A() be a root of det(X —
pi(Frob)) = 0. Then oy p := Ap(l) is a root of X? — ap(l)X +
YD) = 0. If | = p, we put A(l) = a(l). Fix [. Extending I,
we assume that A(l) € I. By the lemma, Lp = Ko p| has bounded
degree over K independent of [ and P for all P € A; so, [ is tamely
ramified in Lp/K for [ > 0.

4.3. Weil number. We start preparing for a proof of the theorem. In
this section, we gather some results on Weil numbers. For a prime [, a
Weil [-number a € C of integer weight £ > 0 satisfies

(1) o is an algebraic integer; (2) |a”| = I¥/2 for all o € Gal(Q/Q).

Here is an example of natural appearance of Weil numbers. For
any Hecke eigenform f € Spy1(To(Np ™), ¢) with f|T(I) = aif, if |
is prime to Np, then the roots of X% — a;X + (I)I* = 0 are Weil
numbers of weight k. When k = 1 (that is, for weight 2 cusp forms),
the Hasse-Weil conjecture for X;(N) and the Ramanujan—Petersson
conjecture were proven by Shimura by computing L(s, X;(N)) as a
product of L(s, f) for Hecke eigenforms of weight 2 on X; (V) via the
roots a, 8 of X2 — ;X + (1)l = 0 (see [Sh58] and [IAT] §7.5) and then
reducing the proof of |a| = |3| = /p to the work of Weil for curves.
For higher weight modular forms, Deligne went a similar path to prove
the Ramanujan—Petersson conjecture, reducing it to his proof of Weil’s
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k—2

A

conjecture for the fiber product ExxExx- xxBE (see [D69] and
also [Sc90]). Thus one expects to have Weil number of weight & even for
Hecke eigenvalues of U(p) for a cusp form of weight £+1 > 2, as “old”
Hecke eigenform level p added to the original level p{ N has « or 3 as
U(p)-eigenvalue. This is not always true for eigenforms properly of level
Np™ (r > 0) called primitive forms. For example, if p"*! is bigger
than the p-conductor of 1, then a, could be 0 or £+/v(p)p*~1/? for
the primitive character associated to v if ¥ is imprimitive at p; so, Weil
number of weight k — 1).

On the other hand, if 1) has p-conductor p" ™' (with r > 0), writing
flU(p) = ap - f, a, is a Weil number of weight k. This fact can be
found in [MFM] Theorem 4.6.17). In this case, the proof is elementary
without recourse to arithmetic geometry.

By these facts, Weil numbers have intimate relation to Diophantine
geometry; so, it is natural to ask how often we find such numbers in a
given algebraic number field of finite or infinite degree over Q. This is
what we study here. Here are two easy lemmas:

Lemma 4.4. Let K/Q be a finite extension of Q in C stable under the
“complex conjugation” ¢ (so, write ¢ € Aut(K) for the field automor-
phism induced by the complex conjugation). If for any field embedding
0: K — C, we have coog = g oc, K is a totally imaginary quadratic
extension of a totally real field (in short, a CM field). In particular, if
a is a Weil number, Q(«) is contained in a CM field.

Here is another lemma due to Kronecker:

Lemma 4.5. If ( is a Weil number of weight 0, then there exists a
positive integer N such that (N = 1.

The proof is left to the reader. We call two nonzero algebraic num-
bers a and b equivalent (written as a ~ b) if a/b is a root of unity.

Lemma 4.6. Let K be a finite field extension of Q(uy~) inside Q.
Then for a given prime | and weight k > 0, there are only finitely
many Weil [-numbers of weight k in K up to equivalence. If K =
Q(pp) and there is only one prime in Z[py<] above (1) (for ezample,
if 1 = p), any Weil l-number of weight k is equivalent to (I*)*/? (as long
as (I*)*% € Qlup=]), where I* = (—=1)4V/2 if | is odd, and I* = 2 if
=2

An analytic result of Loxton confirms that, up to equivalence, there
are only finitely many Weil [-numbers of a given weight in the maximal
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abelian extension Q% of @ (see [L74] Lemma 7). We now give an
algebraic proof.

Proof. The decomposition group of each prime [ is of finite index in
Gal(K/Q) (identifying Gal(K/Q) = ZX by the p-adic cyclotomic char-
acter, the decomposition group is generated by [ if [ # p, and oth-
erwise [ = p, p is fully ramified in Q[uy~]; see [ICF| Chapter 2); so,
there are only finitely many primes £ of Z[uy~] above (I). Thus for
a Weil [-number a of weight k, there are only finitely many possibil-
ities of prime factorization of («) if [ # p. If (a) = (5) for two Weil
[-numbers «, (3, then /3 is a Weil number of weight 0; so, a ~ § by
Kronecker’s theorem (Lemma 4.5). If there is only one prime over [ in
Zlpip=], any Weil [-number of weight k is equivalent to (l*)k/z, as long
as (I")*? € Q[up~]. Thus the result follows from this if K = Q(up).
Let W(l, k) (resp. Wk(l,k)) be a complete set of representatives of
Weil l-numbers in Q(pp~) (resp. in K) of weight k under the equiv-
alence. By the above argument, W ([, k) is a finite set, and we want
to prove that Wi(l, k) is finite. Write d = [K : Q(up=)]. If @ € K
is such a Weil [-number, then Ng/q(u,)() is equivalent to a number
in W(l, kd). Thus Ng/q(u,e) induces a map N : Wg(l, k) — W (I, dk).
Write L for the field generated by elements in W (l,dk). Then L/Q
is a finite abelian extension in Q(up~). Since no prime completely
splits in Q(upe), the decomposition subgroup D of [ in Gal(K/Q) is
an open subgroup of finite index. Thus there are only finitely many
valuations v of K with v(l) = 1. Let V be the set of valuations v of
K with v(l) = 1, which is a finite set. For v € V and a € Wg(l, k),
v() € [0, k]Nd~"v(L), because Nic/qu,) () is in W (I, dk) up to roots
of unity. Let V := [] ., ([0,k]Nd~'v(L)), which is a finite set. We
have a map ord; : Wk (l,k) — V sending « to ord;(a) = (v())yey. If
ord;(a) = ordy(0) («, B € Wik(l, k)), then /(3 is an algebraic integer
with complex absolute value |(a/3)?| = 1 for all ¢ € Gal(Q/Q); so, by
Kronecker’s theorem (Lemma 4.5), a ~ 3. Thus ord; is an injection,
proving the finiteness of Wx (I, k). O

To prove an improvement of the above fact, we first state a lemma:

Lemma 4.7. Let K = Qiuy~] inside Q,, and let K'/K (resp. K*"/K)
be the mazximal tamely l-ramified extension (resp. the mazimal unram-
ified extension inside K'). Then we have K' has the l-inertia group
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isomorphic to ZO(1), where ZW(1) = liLnHN pun(Q,) as Gal(K" /Qy)-
modules, and we have

720 x ZO(1) ifl £ p,
(4.2) Gal(K/1) = {Z X %(”(1)( | ;l ii

a semi-direct product with Gal(K'/K) > Z<l>(1), and

o i oo JZ®if L p,
Gal(K /K):{Z Wﬁp

In particular, for a given d > 0, there are finitely many extensions in
K'/K of degree < d.

A proof can be found in [MFG] §3.2.5.

Proposition 4.8. Let K4 be the set of all finite extensions of Q[pip]
of fized degree d inside Q whose ramification at [ is tame (i.e., the
ramification index over Q[uy~] is prime to ). Then there are only
finitely many Weil l-numbers of a given weight, up to equivalence, in
the set-theoretic union Jpcx, L in Q.

The point of the proof is as follows. Writing K = Q[up~]| and K; =
K ®qg Qq, by tameness, there are only finitely many isomorphism class
of K ®q Q-algebras L; = L ®q Q; for L € K4. Thus we only need to
prove finiteness for Weil numbers of a given weight contained in a fixed
isomorphism class of L;. We look at the universal composite L; @, L;
which is a product of fields indexed by [-adic nonequivalent normalized
valuations vy, ..., v,. Indeed, for any composite X of two copies of L;
embedded as Kj-algebras inside a commutative semi-simple Kj-algebra,
a®b+— a-b e X extends to a surjective algebra homomorphism
L; ®k, Li — X by the universality of tensor product. Considering
L; ®k, L;, we can think of any possible composite containing o and
B3. Another important point is the the simple components of L; @, L;
are indexed by equivalence classes of valuations v;s (see [BCM] VL8).
These facts in mind, consider a tuple

Via)=(n(a®1),...,v(a®1),01(1®a),...,v,(1l® «a)).

If & ~ 3, we have V(a) = V(). The tuple V(o) determines the prime
factorization of () in any possible composite K(a, (3); so, if V(o) =
V(B), (o) = (B) in K(«, 3); so, by Kronecker’s theorem (Lemma 4.5),
a ~ [3. Since there are only finitely many possibilities of V(«), there
are only finitely many classes.

It is not very difficult to prove
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Lemma 4.9. Let K7 be one of Kz, Kg and Ky. Suppose IC» # 0. Then
the group of roots of unity in the composite L of L for L € K in Q
contains iy (K) as a subgroup of finite index.

By this lemma, we can replace the equivalent a ~ 3 by finer one
a ~ (3 requiring o/ € uy~, and still the finer equivalence classes in
the union [ J Lex, L of Weil l-numbers of a given weight is finite.

4.4. A rigidity lemma. We start with a rigidity lemma:

Lemma 4.10. Let ®(T') € W([T]]. If there is an infinite subset Q0 C
ppee (K) such that ®(¢ — 1) € py=(Q,) for all ¢ € Q, then there exists
Co € pipee (W) and s € Zy, such that ('®(T) = (1+T)* =302 (5)1T™

By the assumption, for s € Z; sufficiently close to 1, { +— (* is
an automorphism of W{[uy<]] over W3 so, ®(¢* — 1) = &(( — 1)° &
O(t*—1) =P(t—1)° (t =1+ 1T), and the power series is the desired
form as stated in a remark of Chai [C03] Remark 6.6.1 (iv). Here is an
elementary proof supplied to me by Kiran Kedlaya (a proof following
Chai can be found in [H11] §5).

Proof. Making variable change T+ (' (T4 1) — 1 for a {; € Q (re-
placing W by its finite extension if necessary), we may replace € by
(710 3 1; so, rewriting ¢;'Q as Q, we may assume that 1 € 2. Note
t=1T=0.

Write the valuation of W as v (and use the same symbol v for an
extension of v to W{ppy~]). Normalize v so that v(p) = 1. We are trying
to show that ®(7") = (1+7)°( for some s € Z, and some p-power root
of unity ¢’. Anyway, we write ®(0) = (' € pp~ (@p). Replacing ® by
¢"'® (and extending the scalar to a finite extension of W if necessary),
we may assume that ¢(0) = 1.

Suppose that ®(T") ¢ W (non-constant). Write ®(T)—1 =37, a,T"
Since W is a DVR, there is a least index j > 0 for which v(a;) is mini-
mized. For e sufficiently small, if v(7) = ¢, then v(®(7)—1) = v(a;)+je.
In particular, for ¢ a p-power root of unity, taking 7 = ( — 1, we have
v((—1) =p™/(p — 1) for some non-negative integer m, so we have
infinitely many relations of the form jp=™/(p—1)+v(a;) =p~"/(p—1).
Then, we have m — oo = n — oo (by continuity and non-constancy
of 7 — ®(7)); so, taking limits under m — oo yields v(a;) = 0. Also, j
must be a power of p, say j = p", and for m large we have n = m — h.

Since v(aj) = 0, a; mod myy is in F*. For the moment, assume
F = F,. That is, a; reduces to an integer by coprime to p in the
residue field of W. We can thus replace ®(T") by ®,(T") defined by
O(T) = ®(T) x (1 + T)* for some s (namely s = byj = bop™ for
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ho := h) so as to increase the least index j for which v(a;) = 0. Indeed,
writing ®(T) = Y27 _ a, T + T7 f(T) with f(T) € W([[T]], we have
j

D a, T =1+ = (1+T7°) = (14 T)* mod (my + (T771)).
n=0

we have @ (T) = 1 + T/ f(T)(1+T)™* = 1 mod (my + (T7F1)).
Thus if we write j; for the j for this new ®;, j; > j, and j; = p™
with h; > hg and a;, = by mod my for by € Z. Repeating this, for
s = Yo bkp € Zy,, ®(T)/(1+T)*—1 =3, _ a,T" no longer
has a least j with minimal v(a;); so, ®(T")/(1 +T)* = 1, and we get
O(T)=(1+T)".

Suppose now that [ # F,. We have the Frobenius automorphism ¢
fixing Z,[ppe] C W {upe]. Letting ¢ acts on power series by (> a,T™)?
S alT", we find ®¢(t?) = ®(¢)?. Since ®(¢ — 1) is a p-power root of
unity for ¢ in a infinite set  C gy, we have ®(¢ — 1) = ®?(¢?—1) =
P(( — 1) = (¢ —1). Since Q C G, is Zariski dense, we find that
®? = &, which shows ® € W?[[T]] for the subring W* fixed by ¢. Note
that the residue field of W is F,, and the earlier argument applies to
o € We[[T]]. O

Extending I to its integral closure, we assume that I is integrally
closed. For a prime [, we write Hfi) (I) for the subfield generated by
ap € Q for all P € A. We simply write H4(I) = Hfff)(ﬂ). Recall
Lp = Q[pup=][au,p].

Proposition 4.11. Fiz a rational prime | + N tamely ramified in

Lp/Q|upe] for all P € A. Suppose [Hﬁ)(ﬂ) : Q(up=)] < o00. Then,
for W =1NQ,, we have A(l) in W[[T|][t"/?"]NL (t =1+T) for some
0 < n €Z, and there exists a Weil [-number oy of weight 1 and a root
of unity (o such that Ap(l) = ayp = Co(ep(7)) 8@/ 180 (0 )KP) for

all arithmetic P; in other words, A(1)(T) = (o(1 4+ T)° for s = %.

Proof. In this lecture, we give a proof assuming I = A = W|[[T]], refer-
ring to [H11] of Proposition 5.2 for a proof dealing with the general case.
Let A = A(l). By Proposition 4.8 (and a remark after Lemma 4.9), we
have only a finite number of Weil [-numbers of weight & in (Jp. 4 Lp up
to multiplication by roots of unity in p,~ (K), and hence Ap for P € A
hits one of such Weil [-number « of weight k infinitely many times, up
to p-power order roots of unity, unless the automorphic representation
generated by fp is Steinberg at [ # p. If fp, is Steinberg at [ # p for
one arithmetic Py, then [ is a factor of N; so, this case is excluded by
our assumption [ { N (though this case can be also treated; see [H11]
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Proposition 5.2). The automorphic representation generated by fp for
arithmetic P has [-component in principal series if [ { N or k(P) > 2
(as Steinberg case for p is limited to k(P) = 1, otherwise, as already
explained, the U(p) eigenvalue is p*")=1)/2 up to roots of unity or 0
which is not a p-adic unit, against ordinarity at p).

After a variable change T +— Y = v *(14+T)—1, we have A(Y)|y—y =
A(T)|p—k_1. Note that |a|, = 1. Let Q; = {ep(7)|P € A} which is
an infinite set in gy~ (K). Let ®(Y) = aPA(Y) = a tA(y7*(1 +
T)—1) € W[[Y]]. The subset © of Q; made up of ¢ € € such that
O(¢ — 1) € pp(K) is an infinite set. Then P satisfies the assumption
of Lemma 4.10, and for a root of unity ¢, we have A(Y) = (a(1+Y)"
for sy € Z,, and A(T) = Ca(y *(1 +T))*. Let T = 'y* — 1 for
¢" € ppo (K). Then A(C'y* — 1) = Ca(¢yF++ )1, which is equal to a
Weil [-number of weight &' — 1. To get the expression of s as in the
proposition, take k' > 1. Then

0 o ACY =D Calgy
VARTT =) Ca(@yEEne

which is an algebraic number o7 independent of &’. Note that for &’ > 1,
oy is a ratio of Weil [-numbers of weight & — 1 and &/, and hence a; is
log,, (1)
logpp(“f)

not a root of unity. Thus we have s; = . We now equate

log, () /log, (7) (K log,(a1)/log, (v) log,(a1)/ log,,(7)
(Cay (" (1+1)) Co(1+T) ,
where a = (78198 for roots ¢, and (, of unity. By putting
T =0, we get

Ccavlogp(a)/logp(v)—k(logp(al)/10gp(“f)) = (o,

which shows

Co = Cla and ks =log,(«)/log, (7).

We conclude oy = ¢/{a) for () = a(;!, which is a Weil [-number of
weight 1. O

4.5. Proof of Theorem 4.2. Consider the W-algebra endomorphism
05t (14+T) = (1+T) =300 (3)T" of A for s € Z,.

Lemma 4.12. Let A be an integral domain over A. Assume that oo €
Aut(A ) extends to an endomorphism o of A. Let p : Gal(Q/F) —
GLy(A) be a continuous representation for a field F C Q, and put
p° :=cop. If Tr(p°) = Tr(p?). Then p is absolutely reducible over the
quotient field Q) of A.
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Proof. Suppose that p is absolutely irreducible over (), and try to get
absurdity. We have the identity Tr(p?) = Tr(p?) = Tr(p*¥"®?) — det(p)
for the symmetric second tensor representation p*¥™®? of p. Over Q,
by absolute irreducibility, we have the identity of semi-simplification:
(psvm®2)ss = 57 @ det(p). Tensoring det(p) ™!, we get Ad(p)** = (p° @
det(p)~')®1. Since Ad(p) is self-dual, we have 1 — Ad(p) as Gal(Q/F)-
modules. In other words, we have a non-trivial element 0 # ¢ €
Endapm(p) for H = Gal(Q/F(p')) such that Tr(¢) = 0. Since p is
absolutely irreducible, ¢ has to be a scalar multiplication by z € A*
by Schur’s lemma; so, Tr(¢) = 2z # 0, a contradiction (unless A has
characteristic 2 which is impossible as p > 2). O]

Here is a well known lemma called Steinitz’s theorem:

Lemma 4.13. Let ) be a field with a field automorphism o and @_be
an algebraic closure of (). Then o extends to an automorphism of Q).

_ Let @ be now the field of fractions of I and fix an algebraic closure
Q@ of Q). We need one more fact from ring theory.

Lemma 4.14. Suppose 1 is isomorphic to one variable power series
ring Ax := WI[X]]. If L C V be a Ax-submodule of finite type spanning
V' over Q, then the intersection L of all Ax-free submodules of V' of
rank equal to dAimV s free Ax-module of rank equal to dim V.

We call L the reflexive closure of L (cf. [BCM] VIL4.2).

Proof of Theorem 4.2. For simplicity, we assume that I = Ay =
WI[X]] (see [H11] §6 for the treatment in general). The Galois repre-
sentation py : Gal(Q/Q) — GL(Q) is continuous and hence has com-
pact image. Then Im(py) - 12 is a compact set covered by finitely many
open subsets \;I? with \; € Q* as the neighborhoods of 0 in M, (Q) is
given by {A - A?}reqx. Thus L= 3" .50 A1(0)I is a Isubmodule
of finite type of V = Q? spanning V over Q. Take the reflexive closure
L. For o € Gal(Q/Q), pr(o)L = pi(c)L as L is uniquely determined
by L; so, L is stable under the Galois action. By Lemma 4.14, L is free
[-module of rank 2; so, writing py in a matrix form, we may assume
that py has values in GLs(I).

Let K := Q(pp~) and Lp = K(oyp) for a prime I. We need to
prove that [H () : K] < oo = F has CM; so, let us suppose [H4(I) :
K] < oo. For each arithmetic P with k(P) = k, by Lemma 4.3,
[K(fp) : K(ap(p))] < d for a positive integer d independent of P. Thus
[Lp : K| < 2d[H4(I) : K] for each prime [. Therefore, any odd prime
I > 2d[H () : K] is at most tamely ramified in Lp/K. Take such an
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odd prime [ > 2d[H 4(I) : K] prime to Np. Let p : Gal(Q/Q) — G Ly(I)
be the Galois representation associated to F. Thus by Proposition 4.11,
we have Tr(p(Frob)) = (1 +T)% 4 ¢'(1 + T)* for two roots of unity
¢,¢" and a,d’ € Q,.

Take an arithmetic Py € Spec(I)(Q,) to see the order of ¢ is bounded
independent of I. Let a be a root of det(X — pp,(Frob)) = 0 in Q,.
Then [Q(fp,, @) : Q(fr,)] < 2. Write m = [Q(fp,) : Q], ¢ = (,¢® with
¢y € pip and (P of order prime to p. Write R for the integer ring of
Q(fpy, @); s0, 2m > dimg, R/pR. Since (14+7)° =1 mod my, the order
of ¢ is bounded by p?™. Note that Py((1+7)%) = (1+7)* mod Py is
in a finite extension L of Q, depending only on the denominator p" of a.

For example, if Py contains (1+7)—~%, L C Q,[v%] = Q,[ /(1 + p)] C
Qp[ Py (1 + p)] for v =1+ p, where B > 0 is an integer such that ap®
abd a/p? is in Z, (which can be chosen independently of [) . We have
¢y € L[(,] whose degree is bounded by 2m|[L : Q,]; so, the order of ¢,
is also bounded independent of {. Replacing W by its finite extension,
we may assume that all such roots of unity are in W.

Let my = m¥ + (T) and p = p mod my for a sufficiently large
N and F be the splitting field of p. We have Tr(p(Frob)) = ¢/(1 +
7)o+ ¢ (1 +T)7 and p(Frob) =1 mod my (so ¢/ =1 mod my)
for a prime [|l of F of residual degree f. Since ¢/ = 1 mod my,
by taking N large, we may assume that ¢/ = ¢’/ = 1. This shows
Tr(os(p(Froby))) = Tr(p(Frob)®) for all 0 # s € Z,. Thus by Cheb-
otarev density theorem, we get Tr(c,0p) = Tr(p*) over G = Gal(Q/F).
In Lemma 4.12, take A = Q (so, 05 € Aut(A) extends to an automor-
phism of @ by Lemma 4.13 and the lemma is applicable). Then p**|g
is abelian, and hence T has CM.

We give here an outline of the proof of converse and referring to
the research article [H11] for details. Suppose that F = F; has CM;
so, it has complex multiplication by an imaginary quadratic extension
M/Q in Q as explained in §4.1. We then find a continuous character
U Gal(Q/M) — T* with py = IndY, ¥ for the normalization T of
I. By Galois deformation theory, we show that ¥Yp = ¥ mod P for
the arithmetic P of weight k£ is associated to a Hecke character \p
of conductor at most Np™ such that Wp(Frob) = Ap(l) for primes
[{ Np and Ap((a)) = Ca® up to roots of unity ¢ € iy~ for a bounded
m. Thus choosing a complete representative set {a;};—1 .
classes of M, taking a generator o of al, we find that Q(up)(fp) C

@(al,P)k(P)zk,l:non—inort C @(:U“;D‘x’h)[a;/hu = 17 SR h’] which is a finite
extension of Q[uye] containing Hy(I).
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Now we prove, unless F has complex multiplication

limsup[K (a(p, fp)) : K] = oc.
PeA

Indeed, if limsupp[K (a(p, fr)) : K] < oo, the index [Lp : K] (P € A)
is bounded for A € T as in Proposition 4.11. Thus we can still apply
the above proof and conclude that F has complex multiplication. [J

5. VERTICAL VERSION

Let F = Fi = {fr=> -, a(n, fp)q"}PespCC(H)@p) be a cuspidal p-
adic analytic family of p-ordinary Hecke eigen cusp forms of slope 0.
Let Qy,(F) be the subfield of Q generated by a(n, fp) for all n and
all arithmetic P € Spec(I)(Q,) with 7(P) < r. In the early 1990s,
L. Clozel asked the author if (or when) the Hecke field Qy,.(F) for
a finite r is a finite extension of Q. At the time, for a scarcity of
examples, my answer was “probably” that it is finite if and only if the
family contains a CM theta series (i.e., a binary theta series) of weight
k(P) > 2. The following “vertical” conjecture is a slightly stronger
version of our thought at the time:

Conjecture 5.1. Let A be an infinite set of arithmetic points with
bounded level r(P) < r for a fitedr > 0. Let V(1) be the field generated
over Q by {ap p}peca, where P runs over all arithmetic points with
Im(ep) C ppr for a fived r. Then the field V(L) is a finite extension
of Q for a fized r < oo if and only if fp is a CM theta series for an
arithmetic P with k(P) > 1.

Pick a prime [ different from p and write Vﬁ) (I) for the field generated
by {cu p, Bip} for all P € A, where P runs over all points in A.

We give an outline of a proof in [H11] of

Theorem 5.2 (Vertical theorem). Let r be a non-negative integer. For
an infinite set A of arithmetic points P with bounded level r(P) < r
for an r > 0, assume that V4(I) is a finite extension of Q. If there
exists an arithmetic point Py € A with k(Py) > 1 such that

(1) g = ap,(p) is a Weil number,

(2) Tay = {0 : Q(an) = Qllip(af)| = 1} is a CM type of Q(aw),
(3) Va(l) is generated by o over Q.

Then I has complex multiplication.
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5.1. Results towards the vertical conjecture. Let A, be the set

of all arithmetic points of Spec(I)(Q,,) with r(P) < r.

Proposition 5.3. Let F = {fP}Pespoc(ﬂ)@p) be a p-adic analytic family
of classical p-ordinary Hecke eigenforms and A C Spec(I) (@p) be an
infinite set of arithmetic points P with r(P) < r for a fized r > 0.
Assume that for Py € A

(1) ao = ap,(p) is a Weil number,

(2) Sy = 101 Q(ag) — Qlip(a§) = 1} is a CM type of Qa),

(3) Va(l) = Q(aw) is generated by oy over Q.
Then there exist a Weil p-number a of weight 1 with |iy(a)|, = 1 such
that a(p, fp) = C(ep(7))&( @/ 108N (0)EP) for o root of unity ¢ for all
arithmetic P with k(P) > 1, where (o) = exp,(log,(iy(v))) for the
Twasawa logarithm log,,.

Proof. In this lecture, to simply the argument, we only deal with the
case where M := V4(I) is an imaginary quadratic field and r = 0 (see
[H11] Proposition 7.2 for the general case). Take P € A with k(P) > 1.
Then «,, p is a Weil number of weight k(P) > 1 with |a, p|, = 1. Thus
(p) has to split in M; so, (p) = pp in M. Thus %, , is made of single
element ¢ = i,|5s, and for each k, there exists at most one Weil number
ar € M of weight k& (up to roots of unity in M) such that |ay|, = 1.
In M, (o) =" for the prime ideal p of M corresponding to ip|ar. Fix
such a k. Taking a k-th root o = ¥/, , we have a; = a! up to roots of
unity for all [ as (o) = p'.
Since A is an infinite set, there exists an infinite sequence in A

PPy, P, ...

with increasing weight k(P;) < k(P,) < --- such that
(ap,(p)) = 5"

for all 7 > 0. Put

1

() = eXp(k(PO) log,(a(p, fr,)) = exp(log,(a)).

Since (ap,(p)) = pFE), ap, (p)/(c)*F1) is a Weil number of weight 0,
that is, it is an algebraic integer with all its conjugates having absolute
value 1. Then by Kronecker’s theorem, we find ap, (p) = (p, (a)¥F) for
a root of unity (p,. Note that (@) is contained in a finite extension
M’'/M. Since there are finitely many roots of unity in M’, we have
only finitely many possibilities of (p,. Therefore, replacing {F;}; by
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its subsequence, we find an infinite sequence Py, Py, -+, P,,--- of in-
creasing weights such that ap,(p) = ()" for all j = 1,2,... for
a fixed root of unity (. We have a power series ®,(1") € W[[T]] with
coefficients in a discrete valuation ring W finite flat over Z, such that
P, (v* — 1) = ({a)* for all integers k. Since F is an ordinary family,
there exists an element A € I such that a(p, fr) = (A mod P) for
all height 1 prime P of I containing (1 + 7 — ~*")). Thus we find
A =P, mod F; for infinitely many distinct primes Fj; so, A = ®,, as
desired. O

5.2. Proof of the vertical theorem. Suppose that V4(I) is a finite
extension and the existence of an arithmetic point Py as in the the-
orem. Therefore the assumption (2) of Proposition 5.3 is met. By
Proposition 5.3, we find a Weil number a of weight 1 and a power
series @, (T) € WI[T]] such that a(p, fp) = Pu(ep(Y)V*) — 1) =
Clep(7y))orr(@)/ 108, (a)MP) for all arithmetic P, where ¢ is a root of
unity independent of P; in short, a(p) = ®, € W][[T]|] C I. Then,
for the entire set B of arithmetic points P with k(P) = 1, we find
Hp(I) C Q(ppop—1))(¢, o) which is a finite extension of Q(fipe). Then
by the horizontal theorem, I has complex multiplication. The converse
is easier (in the same manner as in the proof of Theorem 4.2; see [H11]
§4 for more details). This finishes the proof of Theorem 5.2.

We could make the following conjecture:

Conjecture 5.4. Let A C Spec(I)(Q,) be an infinite set of arithmetic
points P with bounded level v(P) < r. Suppose that I does not have
complex multiplication. Then we have

lim sup[Q(a(p, fp)) : Q] = oo,
A

Pe



