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Abstract. We study ring structure of the big ordinary Hecke algebra T with the modular de-

formation ρT : Gal(Q/Q) → GL2(T) of an induced Artin representation IndQ
F ϕ from a real

quadratic field F with a fundamental unit ε, varying a prime p ≥ 3 split in F . Under mild
assumptions (H0–3) below (on the prime p), we prove that T is an integral domain free of

even rank e > 0 over Λ for the weight Iwasawa algebra Λ étale outside Spec(Λ/p(〈ε〉 − 1)) for

〈ε〉 := (1 + T )logp(ε)/ logp(1+p) ∈ Zp[[T ]] ⊂ Λ. If p - e, T is shown to be a normal noetherian

domain of dimension 2 with ramification locus exactly given by (〈ε〉 − 1). Moreover, only un-
der p-distinguishedness (H0), we prove that any modular specialization of weight ≥ 2 of ρT is

indecomposable over the inertia group at p (solving a conjecture of Greenberg without exception).

1. Introduction

This is a continuation of the research started in [H20] in Iwasawa’s anniversary volume. Let

F = Q[
√
D] be a real quadratic field inside R with discriminant D and integer ring O. The inclusion

F ⊂ R gives rise to an infinite place of F denoted by ∞. Take an algebraic closure Q of F in C.
Write ς for a field automorphism of Q acting non-trivially on F , and fix a finite order character

ϕ : Gal(Q/F ) → Q
×

with conductor f∞, where f 6= 0 is an O-ideal. For each prime p ≥ 3 split in

F/Q, fix an embedding ip of Q into an algebraic closure Qp of Qp and hence a prime factor p|p in
O induced by ip. Thus we have a decomposition (p) = ppς . Let Zp[ϕ] be the discrete valuation ring

inside Qp generated by the values of ip ◦ϕ. Write F for the residue field of Zp[ϕ], and let W ⊂ Zp[ϕ]

be the ring of Witt vectors with coefficients in F. We denote by ϕ : Gal(Q/F )→ F× the reduction

of ϕ modulo the maximal ideal mZp[ϕ] of Zp[ϕ]. Write c for the prime-to-p part of f. Put ρ := IndQ
F ϕ

and ρ := IndQ
F ϕ which are 2-dimensional representations.

Assuming pς - f, ρ is p-ordinary. When exists, we let R = RQ be the p-ordinary minimal universal
deformation ring of ρ over W with prime-to-p conductor N := NF/Q(c)D. Note N ≥ 5 (as the

discriminant D = 4 implies that F = Q[
√
−1] is imaginary). It is known that R is noetherian.

Writing Il for the inertia subgroup at a prime l, a deformation ρA : Gal(Q/Q)→ GL2(A) for a local
p-profinite W -algebra A with residue field F is said to be minimal if ρA(Il) ∼= ρ(Il) by the reduction
map modulo mA for all primes l|N . We have the corresponding local ring T of the big ordinary
Hecke algebra of prime-to-p level N which is canonically a surjective image of R. The algebra T
is naturally a Λ-algebra for the weight Iwasawa algebra Λ := W [[T ]], and T is free of finite rank
over Λ ([H86] for p ≥ 5 and [GME, §3.2.3–4] in general if Np ≥ 4). Define the anti-cyclotomic part
φ− : Gal(Q/F )→ A× of a character φ : Gal(Q/F )→ A× by φ− = φφ−1

ς , where φς(h) = φ(ς−1hς).

Write F (ρ) = Q
Ker(ρ)

for any Galois representation ρ and ClF (ρ) for the class group of F (ρ) if
[F (ρ) : Q] <∞. Consider the following conditions:

(H0) the local character ϕ−|Gal(Qp/Qp) is non-trivial (so, ρ is absolutely irreducible).

(H1) pς - f (ordinarity; so, the prime to p conductor of ρ is given by NF/Q(c)D).
(H2) the p-quotient ClF (ϕ−) ⊗Z F does not contain a non-trivial isotypic component of an irre-

ducible factor of IndQ
F ϕ

− (this follows if the class number of F (ϕ−) is prime to p), and the
local character ϕ−|Gal(Qp/Qp) is different from the reduction modulo p of the Teichmüller

character ω = ωp acting on µp(Qp).
(H3) the class number hF of F is prime to p.
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Under (H0), the universal ring RQ exists. Since RQ only depends on ρ = IndQ
F ϕ, we may replace

ϕ by the Teichmüller lift of ϕ; so, without losing generality, we assume that ϕ has order prime to
p. We will show as Theorem 2.2 that T is generated over Λ by a single non-unit Θ for general ρ
not necessarily an induced representations under assumptions milder than (H0–3) in the induced
cases (generalizing the result obtained in [H20] for an induced representation). The identity R ∼= T

is known under (H0) ([TW95] and [Th16]). Assuming ρ = IndQ
F ϕ, we have an involution σ over Λ

acting on T and R corresponding to the operation ρ 7→ ρ ⊗ χ for χ :=
(
F/Q

)
[H20, §2]. Let T+

be the subring of T fixed by σ. As is well known (e.g., [H98, §2]), σ is non-trivial on T; so, T 6= Λ
and t∗T/T+

:= mT/(m
2
T + mT+) 6= 0 is generated by the image of Θ ∈ T. Replacing Θ by Θσ − Θ, we

assume that Θσ = −Θ (which will be assumed throughout the paper as long as T is generated by

one element over T+). We write t = 1 +T ∈ Λ× and put 〈ε〉 = tlogp(ε)/ logp(1+p) for the fundamental
unit ε of F and the p-adic logarithm logp. The first theorem we prove in Section 4 is

Theorem A: Assume (H0–3). Then T is an integral domain free of finite even rank e > 0 over the
weight Iwasawa algebra Λ, and T⊗Z Q is a Dedekind domain in which each prime factor of (〈ε〉−1)
fully ramifies. The ring T is isomorphic to a power series ring W [[x]] of one variable (via Θ↔ x) if
and only if 〈ε〉 − 1 is a prime in Λ (and in this case, we have the identity (〈ε〉 − 1) = (x)e). If p - e,

T is a normal domain unramified outside (〈ε〉 − 1), and if e = 2, then Θ =
√

1− 〈ε〉 up to units.

Under (H0–3), we show in Theorem 4.1 that we can normalize Θ so that Θ satisfies an Eisenstein
polynomial over Λ with respect to each prime factor P of (〈ε〉 − 1) in Λ. Without assuming (H2–3),
the number of generators of T over Λ is more than one. However, only assuming p-distinguishedness
(H0) and ordinarity (H1), we prove in Corollary 10.4 the existence of an element θ ∈ T with θσ = −θ
such that Frac(T+[θ]) = Frac(T) and the integral closure of T and T+[θ] coincides in their common

total quotient ring. This is close to the conjecture: “T = T+[
√

1− 〈ε〉]” made in a Documenta
paper [H98, Conjecture 2.2 (1)] (as an even power of θ coincides with 1 − 〈ε〉 if we extend scalars
from W ). The conjecture was made assuming f|p which implies (H0–1). If we fix an anticyclotomic
character ϕ− of order ≥ 3 ramified at all infinite places and run primes p outside f, primes satisfying
(H0–3) have large Dirichlet density (over F ). Indeed, since the conditions (H2–3) do not affect the
density, the density is given by the density of primes p such that ϕ−([p, Fp]) 6= 1, which is given

by ord(ϕ−)−1
ord(ϕ−)

for the order ord(ϕ−) of ϕ− by Chebotarev density theorem. By Belläıche–Dimitrov

[BD16], the rigid analytic localization at each prime factor P of 〈ε〉 − 1 in the eigencurve associated
to Spec(T) was shown to be a discrete valuation ring (a local result at P in rigid analysis). The
ramification of prime divisors P of (〈ε〉 − 1) in the eigencurve was studied in [Di14] via localization
at weight 1 Artin points and in [Be17] by an approach in rigid analysis local at P , where one can find
a sufficient condition for the ramification index e to be equal to 2. Here we call a prime (or a point)

P ∈ Spec(T)(Qp) “Artin” if the associated Galois representation has finite image. We reprove
in Proposition 4.3 smoothness given in [BD16] by our global methods through formal geometry.
Theorem A and Corollary 10.4 almost determine the global structure of T over Λ; so, Theorem A in
particular asserts that Spec(T) can ramifies over Λ only at Artin primes P |(〈ε〉− 1) and possibly at
P |(e). Numerical examples given in [DHI98, Table 1] confirm this fact as εk−1 − 1 and the absolute
different of the weight k Hecke field fixed by the involution do not have common factor within the
table (see Cho’s thesis [C99, Chapter 7] about non-common factors). More examples can be found
in [DG12, §7.3].

Let Φ be the universal character deforming ϕ with minimal ramification outside p. In [H20,

Corollary B], we identified the Pontryagin dual SelQ(IndQ
F Φ−)∨ of the Selmer group SelQ(IndQ

F Φ−)
with Λ/(〈ε〉 − 1) under (H3). Since SelQ(Ad(ρT))∨ (defined in (2.1)) is a T-module isomorphic to
ΩT/Λ by Theorem A.1 and ΩT/Λ

∼= T/(Θ)e−1 up to p-torsion for the element Θ ∈ T, Theorem A
implies

Corollary B: Assume (H0–3). Then we have an isomorphism SelQ(Ad(ρT))∨ ∼= T/(Θe−1) of T-
modules if p - e and in general, SelQ(Ad(ρT))∨⊗Z Q ∼= T⊗Z Q/(Θe−1) as T⊗Z Q-modules. Moreover

SelQ(IndQ
F Φ−)∨ ∼= Λ/(〈ε〉 − 1) as Λ-modules, where SelQ(Ad(ρT))∨ is the Pontryagin dual of the

adjoint Selmer group SelQ(Ad(ρT)).

Here is an expectation generalizing [H98, Conjecture 2.2]:
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Semi-simplicity conjecture: Suppose (H0–3). Then we have e = 2, and hence the Selmer group
SelQ(Ad(ρT))∨ ⊗W Frac(W ) is a semi-simple T-module over the field Frac(W ) of fractions of W .

Under (H0–3), if the above conjecture holds, by Corollary B, we have SelQ(Ad(ρT)) ∼= Λ/(〈ε〉−1)
and hence SelQ(Ad(ρT))∨ ⊗W Frac(W ) is semi-simple as 〈ε〉 − 1 is square-free.

Let TF be the local ring of the big cuspidal p-ordinary F -Hilbert modular Hecke algebra over Λ
of prime-to-p level C := c ∩ cς having residual Galois representation ϕ ⊕ ϕς . Here “p-ordinarity” is
not a standard one as we will describe in §5.4. We will prove that TF is the universal ring among
pseudo characters deforming ϕ+ϕς with an appropriate determinant condition of Chenevier [Ch14].
We have the base-change algebra homomorphism β : TF → T+ over the weight Iwasawa algebra
Λ := W [[T ]] dual to deformations ρ sent to Tr(ρ|Gal(Q/F )) (see [DHI98, §3.4]).

Theorem C: Assume (H0–2). Then β induces an isomorphism TF ∼= T+, and TF is the (minimal)
universal deformation ring over Gal(Q/F ) of the modulo p pseudo-character Tr(ρ|Gal(Q/F )).

In [H98, Conjecture 2.2 (3)], we predicted that β is onto under f|p, but actually β is shown to be
an isomorphism under an extra assumption (H2). Theorem C implies the Galois side of [DHI98,

Conjecture 1.5] (which is stronger than [ibid. Conjecture 3.8] applied to ρ = IndQ
F ϕ), and the

analytic side would be proven if we can prove the adjoint class number formula for ρT|Gal(Q/F ) and

the integral period relation [DHI98, Conjecture 1.3] without assuming absolute irreducibility of ρ
over F . The expected p-integral period relation and the adjoint class number formula have been
shown in [TU20] if the residual representation is full (i.e., its image contains SL2(Fp)).

By the determination of the image under ρT of an inertia subgroup at p, we produce the element
θ ∈ T mentioned after stating Theorem A, and we prove in Section 10 that θ 6∈ P for P ∈ Spec(T)(Qp)
if and only if the Galois representation ρP associated to P is p-locally indecomposable (as conjectured
by R. Greenberg), supplementing results in [GV04], [Z14] and [CWE19] (see the introduction of
[CWE19] for more details of Greenberg’s conjecture and another related conjecture by R. Coleman):

Theorem D: Assume (H0–1). Let f be a Hecke eigenform of level N whose Galois representation

ρf is a minimal deformation of ρ = IndQ
F ϕ. If f has weight ≥ 2, ρf restricted to the inertia subgroup

at p is indecomposable. Indeed, for any prime divisor P ∈ Spec(T)(Qp) outside (〈ε〉 − 1), ρP = (ρT

mod P ) is indecomposable over the inertia subgroup at p.

The indecomposability is proven for non CM modular deformation of an induced representation

IndQ
K ϕ for an imaginary quadratic field K in [CWE19] under the conditions analogous to (H0–

2) and an extra condition requiring ϕ− has order ≥ 3. This theorem does not require the extra
condition nor (H2), and we discuss in [EMI, §8.5] to what extent we can remove the assumptions
made in [CWE19] in the case of imaginary K. If ρ is also induced from an imaginary quadratic field

K, ϕ− =
(
FK/F

)
by [H15, Proposition 5.2 (2)]; so, by (H0), p is either inert or ramified in K. This

implies that there is no CM irreducible component of Spec(T); so, no CM forms f of weight ≥ 2
such that ρf is a deformation of ρ.

Here is an outline of the paper. Without assuming the “R = T” theorem (due to Taylor–Wiles
and others), under some mild conditions, we exhibit the presentation Λ[[X]]/(S) ∼= T for a p-tamely
ramified odd absolutely irreducible p-distinguished residual representations (see Theorem 2.2) not

necessarily induced from a quadratic field. For ρ = IndQ
F ϕ, assuming (H0–2), by this presentation

theorem, T is free of rank 2 over T+, and T+ is in particular a local complete intersection over
Λ (flat over Λ). After recalling the definition of adjoint Selmer groups in Section 3, analyzing the
distinguished polynomial factor D(X) of the power series S = S(X), we show in Section 4 that
D(X) is an Eisenstein polynomial (relative to each prime divisor of (〈ε〉 − 1)) with constant term
given by a unit multiple of 〈ε〉−1. Thus T is an integral domain fully ramified over Λ at each prime
factor of 〈ε〉 − 1, proving Theorem A and reproving the local smoothness result of [BD16]. Under
(H0), we have a representation ρT : Gal(Q/Q)→ GL2(T) universal among modular deformations of
ρ with minimal ramification data. Since the residual representation of ρT restricted to Gal(Q/F )
is no longer irreducible, we do not expect to have an R = T theorem over F in the usual sense.
However, we are able to identify the subring T+ with the universal ordinary pseudo character ring
with a Cayley–Hamilton representation ρord := ρT|Gal(Q/F ) having values in a generalized matrix



UNIVERSAL ORDINARY DEFORMATION RING 4

T+-algebra (T+-GMA) in the sense of Belläıche–Chenevier [FGS]. Ordinarity for pseudo characters
over F is defined similarly to [WWE17] and [CV03, page 93] (but we need some extra care as we
have two primes at p in F ). We recall the theory of pseudo characters in Section 5, make explicit
the universal reducible Cayley–Hamilton representation in Section 6 and ρord in Section 8 and
prove Theorem C in Section 7 via universality of the reducible locus. After recalling in Section 9 a
generalization of a result of Iwasawa from [H21], Theorem D is proven in Section 10 after a careful
analysis (via the results in Section 9) of the image of an inertia subgroup at p under ρT showing
the obstruction of decomposability is given precisely by the ideal (〈ε〉 − 1) (Corollary 10.4). In
Appendix A, we prove a precise control of the adjoint Selmer group used in the main text, and in
Appendix B, we construct a p-adic L-function on Spec(T) interpolating the adjoint L-values. In
these two appendices, we do not assume that ρ is an induced representation.

We supply back-ground details of the result presented here in a forthcoming book [EMI, Chapters
7–8] and discuss related open questions.

Throughout this paper, writing B for a base p-profinite noetherian local ring with residue field
F, all deformation functors are from the category CNL = CNL/B of local noetherian p-profinite
B-algebras with residue field F whose morphisms are continuous local B-algebra homomorphisms.
The ring B is either W or Λ = W [[T ]]. For each object A of CNL, we denote by mA its maximal
ideal, and for each p-profinite A-module M , M∨ denotes its Pontryagin dual module. When A
as above is an A0-algebra for A0 ∈ CNL, we write t∗A/A0

= mA/(m
2
A + mA0) = ΩA/A0

⊗A F (the

cotangent space of A over A0). We call a prime ideal P of a ring A a prime divisor of α ∈ A (resp.
of an A-ideal a) if P has height 1 and P ⊃ (α) (resp. P ⊃ a). For a number field X and an integral
ideal a of X, we write ClX(a) (resp. Cl+X(a)) for the ray class group modulo a (resp. in the strict

sense). If a is trivial, we just write ClX and Cl+X . For each representation ψ of Gal(Y/X), we denote

by F (ψ) for the splitting field Y Ker(ψ) of ψ. If ψ is a character with values in Qp, we write Zp[ψ]

for the subring generated by the values of ψ over Zp. For a topological group H, we write Hab for

the maximal (continuous) abelian quotient of H. We fix an algebraic closure Qp of Qp. We write

Q ⊂ C be the algebraic closure of Q in C and identifying Qp with C once and for all, we regard Q

also a subfield of Qp. Since F ⊂ R ⊂ C, we have a unique embedding F ↪→ Q which induces by the
above identification a unique p-adic place and infinite place of F .
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2. Presentation of the universal deformation ring

In this section, we start with a general odd residual representation ρ : Gal(Q/Q) → GL2(F)
(F/Fp: finite) of prime-to-p conductor N . The following set-up is always assumed in this section:

(s1) Fix a prime p ≥ 3 and an absolutely irreducible odd representation ρ.

(s2) Write F (ρ) := Q
Ker(ρ)

for any Galois representation ρ.

(s3) ρ|Gal(Qp/Qp)
∼= ε⊕ δ (residually split at p); δ 6= ε; δ unramified.

(s4) Ramification index of every prime in F (ρ)/Q is prime to p;

(s5) Write F (p)(ρ) for the maximal p-profinite extension of F (ρ) unramified outside p with G :=

Gal(F (p)(ρ)/Q), and set Dl (resp. Il) for the decomposition (resp. inertia) subgroup at a
prime l of G.

(s6) Let (R,ρ : G → GL2(R)) be the p-ordinary universal deformation over the category CNL
of local p-profinite W -algebras with residue field F. Here W = W (F) is the Witt vector ring
with coefficients in F. So the functor A 7→ D(A) represented by R is given by

D(A) = {ρA : G→ GL2(A)|ρA mod mA = ρ, ρA|Dp
= ( ε ∗

0 δ ) , δ|Ip
= 1 and (δ mod mA) = δ}/Γ(mA),

where Γ(mA) = Ker(GL2(A)
mod mA−−−−−−→ GL2(F)) acts on deformations by conjugation.

Since Ad(ρ ⊗ ξ) = Ad(ρ) with a Galois character ξ for a deformation ρ, as long as the statement
concerns with Ad(ρ), we assume, replacing ρ by a suitable character twist, that for a ramified prime
l 6= p in F (ρ)/Q,

(l) If ρ|Il
∼= εl ⊕ δl, then εl 6= δl.

If ρ = IndQ
F ϕ for a character ϕ : Gal(Q/F ) → F× satisfying (H0–1), the representation ρ satisfies

the requirements (s1–5). We need to verify the conditions (s3–4). Since ϕ has values in F× and
p - |F×|, we have p - [F (ρ) : Q] = | Im(ρ)| as p > 2. This shows (s4). Since p splits in F ,
Dp ⊂ H := Gal(F (p)(ρ)/F ), and hence ρ|Dp

∼= ϕ⊕ ϕς ; so, (s3) holds by (H0).
The condition (s3) together with (l) does not implies (s4). In other words, there can be a prime

l 6= p for which ρ|Dl
cannot be diagonal but still ρ(Il) has order prime to p. For example, if ρ|Dl

is an induced representation from a ramified quadratic extension of Ql of a ramified character,
ρ(Il) is a non-abelian dihedral group which cannot be diagonalized in GL2(Fp) (and there are more
complicated examples of non-dihedral non-abelian irreducible image if l = 2 [W74, §36]).

By (s4), for a prime l 6= p, Il is finite with order prime to p. Therefore the universal ring
deforming det(ρ) over G is the Iwasawa algebra Λ := W [[T ]] with universal character κ satisfying

κ([1 + p,Qp]) = t (t := 1 + T ) (i.e., κ([z,Qp]) = tlogp(z)/ logp(1+p)). Since det(ρ) is a deformation of
det(ρ), we have a unique Λ-algebra structure ιR : Λ→ R so that ιR ◦ κ = det(ρ), giving a canonical
Λ-algebra structure on R.

For each ρ ∈ D(A), write Ad(ρ) for the three dimensional adjoint representation acting on sl2(A)
by conjugation action of ρ. For the Pontryagin dual A∨ of A, we define the discrete Galois module
Ad(ρ)∗ by Ad(ρ) ⊗A A∨ with Galois action through the factor Ad(ρ).

Let N be the prime to p conductor of ρ. Let h be the big Hecke algebra described in [H20, §1]
of prime-to-p level N (though we do not assume that N is cube-free as in [H20]). We have a local
ring T of h whose residual representation is isomorphic to ρ. Let ρT : G → GL2(T) be the Galois
representation of T such that Tr(ρT(Frobl)) for primes l outside {l|Np} is given by the image in T
of the Hecke operator T (l). The algebra T is an algebra over Λ via det(ρT) which is a deformation
of det(ρ) over G. As already mentioned, T is free of finite rank over Λ.

Lemma 2.1. Suppose that the prime-to-p level of T coincides with the prime-to-p conductor of ρ.
Then the local ring T is reduced.

The reducedness of T easily follows from minimality of T (which implies the assumption of the
lemma), but it seems no exact reference of this fact; so, let us insert here the argument proving this
fact.

Proof. We use the notation in [GME, Corollary 3.2.22] in the proof, and write K := W ⊗Zp
Qp (the

field of fractions of W ). By our choice, the prime-to-p conductor of the residual representation ρ gives
the prime-to-p level N of the Hecke algebra. Therefore each modular deformation parameterized by
T has the prime to p-conductor N (so, any Hecke eigenform belonging to T has prime to p-conductor
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N ; i.e., N -new). Pick a weight k > 2 and Tk = T/(t − γk)T for t = 1 + T and γ = 1 + p. By
the control theorem [GME, Corollary 3.2.22], Tk is a direct factor of the ordinary Hecke algebra
hk := hordk (Γ0(Np), ψω

−k;W ) generated by all T (n) over W inside EndW (Sordk (Γ0(Np), ψω
−k;W ))

for a Dirichlet character ψ modulo Np independent of k and the Teichmüller character ω (in [GME,
Corollary 3.2.22], the symbol χ is used for ψ here). We can decompose hk ⊗W K = hk(K)new ×
hk(K)old so that hk(K)new (resp. hk(K)old) acts on the subspace of Sordk (Γ0(Np), ψω

−k;K) (K :=
W ⊗Zp

Qp) spanned by the N -new (resp. N -old) forms. If ψω−k has conductor prime to p and

k > 2, new forms in Sk(Γ0(Np), ψω
−k) are non-p-ordinary [MFM, Theorem 4.6.17 (2)]. Thus we

know hordk (Γ0(Np), ψω
−k;W ) ∼= hordk (Γ0(N), ψω−k;W ) by k > 2, and if ψω−k has p-conductor

equal to p, every N -new form in Sordk (Γ0(Np), ψω
−k) is a new form. Then by the theory of new

forms [MFM, §4.6], hk(K)new is a semi-simple commutative K-algebra. Let holdk be the projected
image of hk in hk(K)old . If Tk projects to holdk non-trivially, we have Tk/mTk

∼= holdk /m for a
maximal ideal m of holdk . Then the m-residual representation has prime-to-p conductor less than N ,
a contradiction; so, Tk ⊂ hk(K)new and hence Tk is reduced. Since T is embedded into

∏
k Tk by

the diagonal embedding, T must be reduced. �

For each λ ∈ HomCNL(T,Qp), we have a p-adic modular form fλ =
∑∞

n=1 λ(T (n))qn with

ρλ := λ ◦ ρT ∈ D(Wλ) (Wλ := W [λ(T (n))]n ⊂ Qp) such that ρλ|Dp
=

( ελ uλ

0 δλ

)
. If det(ρλ) = νk−1

p

(for the p-adic cyclotomic character νp : G → Z×
p ) on a open subgroup of Ip with 2 ≤ k ∈ Z, fλ is

classical. When k = 1, fλ is classical if and only if ρλ has finite image.
For a subfield M of F (ρT), writing GM for the subgroup of G fixing M and D℘ ⊂ GM for

the decomposition subgroup of a prime ℘|p of M , we define the Selmer group Sel(Ad(ρ)) for any
ρ ∈ D(A) by

(2.1) SelM (Ad(ρA)) := Ker(H1(GM , Ad(ρA)∗)→
∏

℘|p

H1(D℘, Ad(ρA)∗

F+
−,℘H

1(D℘, Ad(ρA)∗)
),

where ℘ runs over all prime factors of p in M , and choosing a℘ ∈ GL2(A) so that a℘ρAa
−1
℘ |D℘

=(
ε℘ ∗
0 δ℘

)
with δ℘ unramified and δ℘ mod mA = δ, a℘F

+
−,℘H

1(D℘, Ad(ρ)
∗)a−1

℘ is made of cohomology

classes upper triangular over D℘ and upper nilpotent over the inertia subgroup I℘ of D℘. In prevalent
definitions of the Selmer group, local unramifiedness conditions for primes outside p is imposed.
However by (s4) (and the definition of G), the unramifiedness is automatically satisfied (and the
local condition does not appear here). We just write Sel(Ad(ρ)) for SelQ(Ad(ρ)).

We generalize, to non-induced ρ, the following fact in [H20] proven for an induced residual repre-

sentation ρ = IndQ
F ϕ under some extra assumptions.

Theorem 2.2. Let the notation be as above. Assume that ClM ⊗Z[G] Ad(ρ) = 0 for M = F (Ad(ρ))

and that the Galois module Ad(ρ)|Gal(Qp/Qp) does not contain F(1) := µp(Qp) ⊗Fp
F as a Galois

subquotient. Then we have T ∼= Λ[[X]]/(S) for the one variable power series ring Λ[[X]].

The theorem does not assert T 6= Λ (i.e., the power series S = S(X) can be linear inX). If T 6= Λ,
writing Θ for the image of X in T, the characteristic polynomialD(X) of the Λ-linear endomorphism
of T: x 7→ Θx gives the distinguished polynomial factor D(X) of S(X), and T ∼= Λ[X]/(D(X)).

Proof. Since T is free of finite rank over Λ, if T is generated by one element Θ ∈ mT over Λ, the
multiplication by Θ on T has its characteristic polynomial D(X) of degree e = rankΛ T which is a
distinguished polynomial with respect to mΛ satisfying T = Λ[X]/(D(X)). Since T is generated by
Tr(ρT) and by p-distinguishedness (s3), the morphism π : R→ T with π ◦ρ ∼= ρT is surjective. Thus
we need to prove that R is generated by at most one element over Λ. In other words, we prove that
t∗R/Λ := mR/(m

2
R + mΛ) has dimension ≤ 1 over F.

As is well known, we have t∗R/Λ = ΩR/Λ ⊗R F ∼= Sel(Ad(ρ))∨ canonically; see Theorem A.1.

Write G = Gal(F (Ad(ρ))/Q). If p - |G|, plainly H1(G,Ad(ρ)∗) = 0. Otherwise, by Dickson’s
classification, G is isomorphic to either PSL2(F

′), PGL2(F
′) for a subfield F′ of F or A5 (when

p = 3), and we know H1(G,Ad(ρ)∗) = 0 (e.g., [Wi95, Proposition 1.11] and [CPS75]). Thus by
restriction, for M = F (Ad(ρ)), we find Sel(Ad(ρ)) ↪→ HomZ[G](GM , Ad(ρ)

∗). Plainly this map

factors through SelM (Ad(ρ)) inducing an injection Sel(Ad(ρ)) ↪→ SelM (Ad(ρ))G. Thus we need to

show dimF SelM (Ad(ρ))G ≤ 1 under our assumptions.
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Let O be the integer ring of M , Op = O ⊗Z Zp and Ô×
p = lim←−nO

×
p /(O×

p )p
n

(the maximal p-

profinite quotient of O×
p ). Similarly set Ô×

p = lim←−nO
×
p /(O×

p )p
n

for each prime factor p|p. We fix a

prime O-ideal p0|p and choose the inertia group I0 at p0 of GM so that ρT|I0 has values in upper
triangular subgroup with the trivial quotient character. For each p|p, we pick gp ∈ G and put

Ip := gpI0g
−1
p ⊂ GM is a inertia subgroup of p. By local class field theory, the image Iabp of Ip

in the maximal abelian quotient GabM of GM is the surjective image of Ô×
p . By class field theory,

Ô×
p → GabM � CM for CM := ClM ⊗Z Zp is exact, and applying HomZ[G](?, Ad(ρ)), we get an exact

sequence

0→ HomZ[G](CM , Ad(ρ)) ∩ SelM (Ad(ρ))G → SelM(Ad(ρ))G
π−→ HomZp[G](Ô×

p , Ad(ρ))

with Im(π) made of ramified Selmer cocycles at p by local class field theory. Here π factors through

the dual map: HomZp[G](I
ab
0 , Ad(ρ)) ↪→ HomZp[G](Ô×

p , Ad(ρ)) of the surjective Artin map: Ô×
p �

Iab0 . Therefore, identifying the image of I0 in the maximal abelian quotient of GM with Ô×
p0

by class

field theory, φ ∈ π(SelM (Ad(ρ))G) has values over Ô×
p0

in the upper nilpotent subalgebra n ⊂ sl2(F)

and in Ad(ρ(gp))(n) = gpng
−1
p over Ô×

p .

Since the p-decomposition subgroup D ⊂ G of a prime p0|p has order prime to p by (s3), the
isomorphism class of a p-torsion-free Zp[D]-module L of finite type is determined by the isomorphism

class of Qp[D]-modules L⊗Zp
Qp. By p-adic logarithm and the normal basis theorem in Galois theory,

Ô×
p0
⊗Zp

Qp
∼= IndD1 Qp = Qp[D] as Qp[D]-modules. Hence we conclude Ô×

p0
∼= µp(Mp0 ) ⊕ IndD1 Zp.

Hence, up to p-torsion, the p-profinite completion Ô×
p is isomorphic to IndG

D
Ô×

p0
= IndG1 Zp = Zp[G].

If µp(Mp0 ) = {1}, as Ô×
p0

is sent onto the p0 inertia subgroup of GabM by class field theory, we get

HomZp[G](Ô×
p , Ad(ρ))

(1)
= HomZp[D](Ô×

p0
, Ad(ρ))

(2)
= HomZp

(Zp, Ad(ρ)) ∼= Ad(ρ)

from Shapiro’s lemma in which π(SelM (Ad(ρ))G) is sent by the identity (1) into HomZp[D](Ô×
p0
, n)

(n = F with D acting via εδ
−1

) and then by (2) into HomZp
(Zp, n) ∼= n = F having dimension 1 over

F. Thus the theorem follows from our assumption: HomZ[G](ClM , Ad(ρ)) = ClM ⊗Z[G] Ad(ρ) = 0;

so, dimF SelM (Ad(ρ))G = dimF π(SelM(Ad(ρ))G) ≤ 1. This finishes the proof when µp(Mp0 ) = {1}.
Now assume that µp(Mp0 ) has order p. By our assumption, Ad(ρ)|D does not contain ω for

ω := νp mod (p). We have Ô×
p
∼= IndG

D
µp(Q) ⊕ IndG1 Zp, since Ô×

p0
∼= µp(Mp0 ) ⊕ IndD1 Zp. Since

Ad(ρ)|D does not contain ω, by Frobenius reciprocity, IndG
D
µp(Mp0 )⊗Z[G] Ad(ρ) = 0, and we find

HomZp[G](Ô×
p , Ad(ρ)) ∼= HomZp[G](IndG1 Zp, Ad(ρ)).

Then by the same argument as above, we conclude dimF SelM (Ad(ρ))G = dimF π(SelM (Ad(ρ))G) ≤ 1
as desired. �

Here is what happens if Ad(ρ)|Gal(Mp0/Qp) contains ω:

Corollary 2.3. We assume that Mp0 = Qp[µp] and Ad(ρ)|Gal(Mp0/Qp) contains ω in addition to

ClM ⊗Z[G] Ad(ρ) = 0. Then R can have two generators over Λ; in other words, dimF SelQ(Ad(ρ))
can be equal to 2.

Proof. In this case, Ô×
p
∼= IndG

D
µp(Qp)⊕ IndG1 Zp. Since Ad(ρ) = ω ⊕ 1⊕ ω−1 by (s3),

HomZ[G](IndG
D
µp(Q), Ad(ρ)) ∼= F.

Since D acts by ω on the upper nilpotent elements in sl(F), combined with the argument in the

proof of Theorem 2.2 dealing with IndG1 Zp ⊂ Ô×
p , we find that dimF SelM(Ad(ρ))G ≤ 2. As we will

see below in Theorem 3.9, if ρ = IndQ
F ϕ as in the introduction, Sel(Ad(ρ)) = SelM (Ad(ρ))G, and

therefore R can have two generators. �
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Remark 2.4. If Ad(ρ) contains ω (so, (H2) fails), ρ|Dp
∼= ξ ⊗

( νp ∗
0 1

)
mod mW . By (s3) (and the

solution of Serre’s mod p modularity conjecture by Khare and Wintenberger), we have a weight
2 Hecke eigenform form f of level N associated to T giving rise to a W -algebra homomorphism
λ : T→ Qp with f =

∑∞
n=1 λ(T (n))qn. Since f cannot be a theta series of the real quadratic field F

as its weight is 2, we find λ◦σ 6= λ giving rise to another Hecke eigenform f ′ belonging to T of weight
2. Then by level raising [R84, Propositions 3.3–4] (see also [HMI, Lemma 3.7 and Proposition 3.40]
for level raising of the Hecke algebra), we should have one more Hecke eigenform g of weight 2
belonging to T such that g is congruent to f modulo mW ′ (possibly for an extension W ′

/W ) and g is

multiplicative at p with conductor Np. Thus rankΛ T ≥ 3 and hence T 6∼= Λ[
√

1− 〈ε〉] in this case.

As is well known, if ρ = IndQ
F ϕ, Ad(ρ) ∼= χ ⊕ IndQ

F ϕ
− (see the proof of Lemma 3.2). For a

general coefficient ring A ∈ CNL/W , we write χA : G → A× for the character
(
F/Q

)
regarded

as having values in A. If A = F, we write χ for χF. Any A[G]-module M , we define a discrete
A[G]-module M∗ = M ⊗A A∨ with G-action through the factor M . Recall the definition of Sel(χA)

and Sel(IndQ
F φ) for a (minimal) deformation φ : G→ A× of ϕ over G from [H20, §4]:

Sel(χA) := Ker(H1(G, χ∗
A)→ H1(Ip, χ

∗
A)) = Hom(ClF , A

∨)

Sel(IndQ
F φ

−) := Ker(H1(G, (IndQ
F φ

−)∗)→ H1(Dpς , (φ−
ς )∗)).

(2.2)

It is shown in [H20, §4] that Sel(Ad(ρ)) = Sel(χ) ⊕ Sel(IndQ
F ϕ

−), and by the same argument, we

have a canonical isomorphism Sel(Ad(IndQ
F φ)) = Sel(χA) ⊕ Sel(IndQ

F φ
−) (see Theorem 3.9 for a

more detailed statement of this fact). Though we had extra assumptions [H20, (h2–3)], these extra
assumptions do not interfere with the computation there. Indeed the computation is easier in our
case as H1(G,X) for any F[G]-module X is unramified at l 6= p since the inertia subgroup at l in
G has order prime to p (so [H20, (h2–3)] does not matter). By the exact sequence in the proof of
Theorem 2.2:

HomZ[G](ClM , Ad(ρ)) ↪→ SelM (Ad(ρ))G
π−→ HomZp[G](Ô×

p , Ad(ρ))

with M = F (Ad(ρ)) = F (ϕ−), we have dimF Sel(IndQ
F ϕ

−) = dimF SelM (IndQ
F ϕ

−)G ≤ 1 under

(H2) (as everywhere unramified Selmer cocycle with values in IndQ
F ϕ

− comes from the subspace
Hom(ClF (ϕ−) ⊗Z[Gal(F (ϕ−)/F )] ϕ

−, Ad(ρ)) inside HomZ[G](ClM , Ad(ρ))). We record this fact as

Lemma 2.5. Suppose ρ = IndQ
F ϕ. Then Sel(Ad(ρ)) = Sel(χ) ⊕ Sel(IndQ

F ϕ
−) and Sel(χ) =

Hom(ClF ,F). Under (H0–2), we have dimF Sel(IndQ
F ϕ

−) ≤ 1.

The key point of Theorem 2.2 is that T is generated by a single element over Λ, and therefore
this automatically implies the presentation T = Λ[[X]]/(S) as T is free of finite rank over Λ (for the
characteristic polynomial S = S(X) over Λ of x 7→ Θx acting on T). Only under (s1–5) without
assuming CLM ⊗Z[G] Ad(ρ) = 0, we have

(2.3) T ∼= Λ[[X1, . . . , Xr]]/(S1, . . . , Sr) (i.e., local complete intersection over Λ)

for r = dimF Sel(Ad(ρ)), at least when R = T is known (see [TW95], [DFG04], [Th16] and [Ka16]).

3. Adjoint Selmer groups

Hereafter we assume ρ = IndQ
F ϕ. We study the action of σ on the adjoint Selmer groups and,

at the end of this section, the relation of the adjoint Selmer group with more classical Iwasawa
modules. Also in the middle of this section, without assuming R = T (though it is known in this
case by [Th16]), we shall give a short proof of the presentation (2.3) for a real quadratic field F (see
Theorem 3.4).

Let H := Gal(F (ρ)(p)/F ) / G. In the theory of dualizing modules, there is a general notion
of “different” for a finite flat extension A/B of rings (see Appendix C in this paper and [MR70,
Appendix]). In our case where A/B = T/T+, following the computation by Tate in [MR70], the
different equals I = T(σ − 1)T which is well defined without assuming the assumptions (H0–3) of
Theorem 2.2, though it may not be principal without assuming (H2). For a while, we only assume

(H0–1). Since σ acts trivially on T/I, writing ρ := (ρT mod I), we find ρ ∼= ρ⊗ χ for χ =
(
F/Q

)
.

Then by an integral version of Mackey’s theorem [DHI98, Lemma 3.2], ρ ∼= IndQ
F Ψ for a character
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Ψ : H → (T/I)× unramified outside cp deforming ϕ. To make Ψ explicit, let C be the Galois
group over F of the maximal p-abelian extension FC of F inside F (ρ)(p) unramified outside p∞.

Thus C is a p-abelian finite group fitting into the exact sequence: (O×
p /εZ) ⊗Z Zp ↪→ C � CF for

the p-class group CF := ClF ⊗Z Zp. Here εZ is the subgroup of O×
p topologically generated by

the fundamental unit ε. Note that (O×
p /εZ) ⊗Z Zp = Ô×

p /ε
(p−1)Zp . Since CΛ := (O×

p /εZ) ⊗Z Zp
is naturally a subgroup of C and Λε := Λ/(〈ε〉 − 1) ∼= W [CΛ] by sending t ∈ Λ to the class of
(1 + p) ∈ CΛ, we have a canonical inclusion Λε ↪→ W [C]. We identify Λε with its image in W [C].
Define a character Φ : H → W [C]× by Φ(τ ) = ϕ(τ )τ |FC

. By sending h ∈ H to [h, ς] = hςh−1ς−1,
we have an isomorphism C = Gal(FC/F ) ∼= Gal(F (Φ−)/F (ϕ−)).

Since (W [C],Φ) is a universal pair for the deformation functor of ϕ unramified outside pc∞
(over H), we have a canonical surjective algebra homomorphism W [C] � T/I inducing Ψ. Since

IndQ
F Φ is a deformation of ρ over H , we find that Φ is a specialization of Ψ, and therefore this is an

isomorphism (see [CV03, Corollary 2.3] and [H20, Corollary 2.3]).

Note that for this fact T/I ∼= W [C], we do not need R ∼= T as all deformations φ : H → Q
×
p

unramified at pς of ϕ gives rise to a modular form of weight 1 (i.e., the theta series θ(φ) of φ). By the
existence of the fundamental unit, φ factors through the finite group ClF (p∞f∞). Then regarding φ

an ideal character, θ(φ) =
∑

a φ(a)qN(a) (N(a) = NF/Q(a)) is a modular form of weight 1 (a result
of Hecke; see [MFM, Theorem 4.8.3]).

We identify T/I with W [C] and Φ with Ψ. Thus we have a short exact sequence I ↪→ T � T/I.
Taking “+”-eigenspace of σ, we get another I+ ↪→ T+ � T/I; so, we obtain

Lemma 3.1. Under (H0–1), we have a canonical isomorphism T+/I+ ∼= T/I ∼= W [C] as Λ-algebras.
In particular, σ acts non-trivially on T and T 6= T+ which implies ΩT/T+

⊗T F 6= 0.

Proof. We need to prove the last assertion. Since T/I = W [C] is free of finite rank over W and T is
free of finite rank over Λ, I = T(σ−1)T 6= 0. Thus σ acts non-trivially on T, and hence T 6= T+. �

We like to normalize the image of the variable X in T under the presentation T = Λ[[X]]/(S)
in Theorem 2.2. On T (resp. R), we have an involution σ with the property that σ ◦ ρT

∼= ρT ⊗ χ
(resp. σ ◦ ρ ∼= ρ ⊗ χ) for the quadratic character χ =

(
F/Q

)
. Here writing ρT =

(
a b
c d

)
, we define

σ ◦ρT :=
(
aσ bσ

cσ dσ

)
(and σ ◦ρ has the same meaning). We write R+ for the subring fixed by σ. As long

as B ∈ CNLW is a subalgebra of T+ or R+, σ acts on Ω?/B naturally for ? = R,T. In particular σ
acts on ΩT/T+

and on ΩR/R+
by −1. Hence we choose the image Θ of X so that σ(Θ) = −Θ and

ΩT/T+
is generated by dΘ over T.

Take ρA ∈ D(A). Thus ρA is induced by π : R → A. We suppose to have an involution σA acting
on A such that σA ◦ π = π ◦ σ. Then σ acts on ΩR/Λ ⊗R,π A so that σ(ω ⊗ a) = σ(ω) ⊗ σA(a) for
ω ∈ ΩR/Λ and a ∈ A. As is well known (see Theorem A.1), ΩR/Λ⊗R,πA ∼= Sel(Ad(ρA))∨ canonically
as A-modules, we have an action of σ on Sel(Ad(ρA)) via this isomorphism.

We now make explicit how σ acts on Selmer cocycles. Regard χ as having values in A× (we
write χA if we need to indicate the coefficient ring A of χ), and define ρA · χ : G → GL2(A) for
ρA ∈ D(A) by literally multiplying the matrix ρA(g) by the scalar χ(g) (so, ρA · χ ∼= ρA ⊗ χ). Let
j :=

(
1 0
0 −1

)
, and writing ρA =

(
a b
c d

)
, we put ρσA

A = σA ◦ ρA :=
(
aσA bσA

cσA dσA

)
. We normalize ρA so that

j(ρA ·χ)j−1 = ρσA

A (see the argument proving Lemma 7.3 how we normalize ρA in this way). For each

1-cocycle u : G → Ad(ρA)∗, we define u[σ](g) = ju(g)σA j−1. From u(gh) = Ad(ρA)(g)u(h) + u(g),
we find

u[σ](gh) = jρσA

A (g)jju(h)σA jjρA(g−1)σAj + ju(g)σA j = Ad(jρσA

A j)(g)u[σ](h) + u[σ](g)

= Ad(ρA · χ)(g)u[σ](h) + u[σ](g) = Ad(ρA)(g)u[σ](h) + u[σ](g).

Since the conjugation of j preserves the upper triangular p-decomposition subgroup and p-inertia
subgroup of Gal(F (ρ)/Q), in this way, σ acts on Sel(Ad(ρA)).

Pick a character φ : H → A× deforming ϕ unramified outside pς . Suppose ρA = IndQ
F φ ∈

D(A). Consider the standard matrix form of the induced representation: ρA(g) =
(

φ(g) φ(gς)

φ(ς−1g) φ(ς−1gς)

)
,

extending φ well defined over H by 0 outside H . Then σA is trivial, and [σ] is just a conjugate action
of j. Indeed, we have j(ρA · χ)j−1 = ρA.
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Lemma 3.2. Let the notation be as above. Write ρA := IndQ
F φ. Then under the decomposition

Sel(Ad(ρA)) = Sel(χA) ⊕ Sel(IndQ
F φ

−) in Lemma 2.5, the involution σ acts on Sel(IndQ
F φ

−) (resp.
Sel(χA)) by −1 (resp. +1).

Proof. Since σ acts trivially on A as ρA is an induced representation, we have u[σ] = juj−1 by

definition. We have Ad(ρA) ∼= χA ⊕ IndQ
F φ

− by the matrix form of IndQ
F φ as described above. In

this decomposition, χA is realized on diagonal matrices T := {diag[a,−a] ∈ Ad(ρA) = sl2(A)|a ∈ A}
and IndQ

F φ
− is realized on the anti-diagonal matrices A ⊂ Ad(ρ). Since j acts by +1 on T and −1

on A, the action of σ on Sel(χA) is by +1 and on Sel(IndQ
F φ

−) is by −1. �

We now show the presentation (2.3) for ρ = IndQ
F ϕ. Here is a ring theoretic lemma:

Lemma 3.3. Let A be a complete local noetherian ring finite flat over Λ. Then A is a local
complete intersection over Λ if and only if for a non-zero divisor δ ∈ mA, A/(δ) is a local complete
intersection. Moreover if A/(δ) is a local complete intersection free of finite rank over W , we have
dimF t

∗
(A/(δ))/W ≤ 1 + dimF t

∗
A/Λ.

Proof. We first prove the “if”-part. Let m = dimF t
∗
A/Λ for t∗A/Λ := mA/(m

2
A + mΛ), and take a

presentation Λ[[x1, . . . , xm]] � A for the m-variable power series ring Λ[[x1, . . . , xm]] over Λ. Write

the kernel of this map as a. Lifting δ to δ̃ ∈ Λ[[x1, . . . , xm]] so that δ̃ has image δ in A, we have

Λ[[x1, . . . , xm]]/(a + (δ̃)) = A/(δ). Write µ(b) for the minimal number of generators of an ideal b of

a ring. Since A/(δ) is a local complete intersection of dimension 1, a + (δ̃) is generated by a regular

sequence of length m+ 1 as µ(a + (δ̃)) is equal to m+ 1 = dimΛ[[x1, . . . , xm]]− dimA/(δ) for the
complete intersection ring A/(δ) (cf. Theorems 17.4 (i) and (iii) (3) and 21.2 of [CRT]). Since the

height of a+(δ̃) is m+1 and the height of a is m (by dimA = 1+dimA/(δ) as δ is a non-zero divisor;

see [CRT, Theorem 17.4 (i)]), we conclude µ(a + (δ̃)) = µ(a) + 1 = m + 1 from µ(a) ≤ µ(a + (δ̃)).
Then by [CRT, Theorem 17.4 (iii)], we conclude that a minimal set of generators a1, . . . , am of a is
a regular sequence. Thus A ∼= Λ[[x1, . . . , xm]]/(a1, . . . , am) is a local complete intersection by [CRT,
Theorem 21.2 (ii)].

We now prove the “only if”-part. Let (a1, . . . , am) be a sequence generating a. Pick a non-

zero divisor δ ∈ mA and lift it to δ̃ ∈ Λ[[x1, . . . , xm]]. Then plainly (a1, . . . , am, δ̃) is a regular
Λ[[x1, . . . , xm]]-sequence; so, A/(δ) is a local complete intersection.

Suppose that A/(δ) is free of finite rank over W . Then we have dimF t
∗
A/Λ = m. On the other

hand, we have dimF t
∗
(A/(δ))/W ≤ m+ 1 as A/(δ) = W [[T, x1, . . . , xm]]/(a + (δ̃)). �

Here is a case where the presentation as in (2.3) is valid for ρ = IndQ
F ϕ:

Theorem 3.4. Suppose ρ = IndQ
F ϕ for a real quadratic field F . Under (H0–2), we have

T = Λ[[X+
1 , . . . , X

+
r+
, X−]]/(S1, . . . , Sr++1)

for r+ = dimF Sel(χ) = dimFp
ClF ⊗Z Fp such that σ(Θ+

j ) = Θ+
j and σ(Θ) = −Θ for the image Θ

(resp. Θ+
j ) of X− (resp. X+

j ). Moreover Θ is a non-zero divisor.

Under (H0–1) and minimality, it is well known that T is generated over Λ by trace of ρT; so, the
natural map R→ T is surjective.

Proof. Note dimSel(IndQ
F ϕ

−) ≤ 1 by Lemma 2.5. By Lemma 3.1, T 6= T+, and hence t∗T/T+
6= 0.

Since σ acts by −1 on t∗T/T+
:= mT/(m

2
T+mT+) 6= 0 and Sel(Ad(ρ))∨ ∼= t∗T/Λ = mT/(m

2
T+mΛ) surjects

down to t∗T/T+
(as (m2

T +mT+) ⊃ (m2
T + mΛ)), we must have dimSel(IndQ

F ϕ
−) = 1 as Sel(IndQ

F ϕ
−)∨

covers t∗T/T+
, and hence dimF t

∗
T/T+

= 1. Therefore I is generated by at most a single element. Since

σ is non-trivial on T, I is a proper ideal of T; so, I is generated by Θ ∈ mT with σ(Θ) = −Θ.
Since T/I = T/(Θ) ∼= W [C], Θ is a non-zero divisor. Indeed, since T is reduced by Lemma 2.1,
if Θ were a zero divisor, its restriction to an irreducible component of Spec(T) vanishes and hence
dimT/(Θ) ≥ 2, a contradiction. This fact that Θ is a non-zero divisor also follows from Lemma 3.3
as W [C] is a local complete intersection finite flat over W . Since the group algebra W [C] is a local
complete intersection, by Lemma 3.3 applied to (A, δ) = (T,Θ), T is a local complete intersection
flat over Λ generated by r+ + 1 elements for the dimension r+ of the “+”-eigenspace of σ of t∗T/Λ.
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Note that r+ = dimF Sel(χ) by Lemma 3.2, and we can choose the generators Θ+
j and Θ as in the

theorem. �

We record the following fact we have proved in the above proof of Theorem 3.4:

Corollary 3.5. Under (H0–2), we have dimF Sel(IndQ
F ϕ

−) = 1, and under (H3), Sel(χ) = 0.

Proposition 3.6. Assume (H0–1). Then for r− = dimF Sel(IndQ
F ϕ

−), T is generated over T+ by
r− elements Θ1, . . . ,Θr− with σ(Θj) = −Θj for all j.

As mentioned in the introduction, we have R ∼= T by [Th16] in our setting.

Proof. Note that t∗T/Λ
∼= Sel(Ad(ρ))∨ = Sel(χ)∨ ⊕ Sel(IndQ

F ϕ
−)∨ compatible with the action of σ

(see Theorem A.1). By Lemma 3.1, ΩT/T+
⊗T F 6= 0. Look into the first fundamental exact sequence:

ΩT+/Λ ⊗T+ F
i−→ ΩT/Λ ⊗T F→ ΩT/T+

⊗T F→ 0.

Plainly the action of σ on ΩT/T+
⊗T F ∼= mT/(m

2
T + mT+) is equal to −1 and σ fixes point by point

ΩT+/Λ ⊗T+ F. Thus the “−” eigenspace Sel(IndQ
F ϕ

−) of ΩT/Λ ⊗T F = Sel(Ad(ρ))∨ is isomorphic to
ΩT/T+

⊗T F. This implies that T is generated over T+ by r− elements Θj as in the proposition. �

When dimF Sel(IndQ
F ϕ

−) = r−, we choose the generators {Θi}r−i=1 of T over T+ so that σ(Θi) =
−Θi, and write Θ = Θ1 if r− = 1.

Corollary 3.7. (1) If the conditions (H0–2) are satisfied, I = T(σ− 1)T is principal generated
by Θ with σ(Θ) = −Θ, T/(Θ) ∼= T+/(Θ

2) ∼= (Θ)/(Θ2) ∼= W [C] as T-modules, and T and
T+ are local complete intersections free of finite rank over Λ.

(2) If further the conditions (H0–3) are satisfied, for Θ as above,

T = Λ[Θ],T+ = Λ[Θ2] and T/(Θ) ∼= T+/(Θ
2) ∼= Λε.

Proof. By Theorem 3.4, T is a local complete intersection free of finite rank over Λ. Since T+

is a direct factor of T as Λ-modules, T+ is Λ-projective, and hence Λ-free of finite rank. Since
T/(Θ) = W [C] and T is reduced by Lemma 2.1, Θ is a non-zero divisor of T (as explained in
the proof of Theorem 3.4). Thus (Θ)/(Θ2) ∼= T/(Θ) ∼= W [C], and I+ = (Θ2). By Lemma 3.1,
W [C] ∼= T+/I+ = T+/(Θ

2). Since Θ2 is a non-zero divisor and W [C] is a local complete intersection
over W , by Lemma 3.3, we conclude T+ is a local complete intersection. This proves (1)

Since T = Λ[Θ] with σ(Θ) = −Θ by Theorem 2.2 (combined with Proposition 3.6), we find
T+ = Λ[Θ2]. By (H3), we find W [C] = Λε from T = Λ[Θ], proving (2). �

Let K−/F be the maximal p-abelian anticyclotomic sub-extension inside F (ρ)(p) of F , where
the word “anti-cyclotomic” means ς acts on τ ∈ Gal(K−/F ) by ςτ ς−1 = τ−1. Note that K−/F
coincides with maximal anti-cyclotomic extension unramified outside p, as the inertia subgroups of
G at primes in the level N has order prime to p. Recall [H20, Definition 4.3]:

Definition 3.8. Let φ : Gal(F (ρ)/F ) → W× be one of the character ϕ− and ϕ−
ς . Let Y− be the

Galois group over K−F (φ) of the maximal p-abelian extension L = Lφ of K−F (φ) = F (Φ−) unram-
ified outside p and totally split at pς . Regarding Gal(F (φ)/F ) as a subgroup of Gal(K−F (φ)/F ) ∼=
Gal(F (φ)/F )×Gal(K−/F ), define Y(φ) := Y−⊗Zp[Gal(F (φ)/F )],φW. Interchanging the role of p and
pς in the above definition, we define Yς(φ) (which is the ς-conjugate of Y(φς)).

As assumed in the introduction above Theorem A, ϕ has order prime to p; so, F (φ)∩K− = F (as K−

is a p-abelian extension of F ). This assures us that Gal(K−F (φ)/F ) ∼= Gal(F (φ)/F )×Gal(K−/F )
in the above definition.

Since F (ϕ−) ⊂ F (ρ) and only prime factors of p ramifies in K−F (ϕ−)/F (ϕ−), Lϕ− ⊂ F (ρ)(p).

Theorem 3.9. Write χW [C] for the W [C]-free module of rank 1 on which G acts by χW [C] as before.
Under (H0–1), we have canonical isomorphisms

Sel(IndQ
F Φ−)) ∼= (Y(ϕ−)⊗Zp[ϕ−] W )∨, Sel(χW [C]) ∼= C∨

F ⊗Zp
W [C],

Sel(Ad(IndQ
F Φ)) ∼= (C∨

F ⊗Zp
W [C])⊕ (Y(ϕ−)⊗Zp[ϕ−] W )∨,
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and Y(ϕ−) ⊗Zp[ϕ−] W ∼= W [C] up to finite torsion. If further the conditions (H2) are satisfied, we
have

Y(ϕ−)⊗Zp[ϕ−] W ∼= Sel(IndQ
F Φ−)∨ ∼= T/(Θ) ∼= W [C].

Proof. We have the decomposition Ad(IndQ
F Φ) ∼= χW [C] ⊕ IndQ

F Φ− (over W [C]). This combined
with the functoriality of the Greenberg’s Selmer group, we have

Sel(Ad(IndQ
F Φ)) ∼= Sel(χW [C])⊕ (Sel(IndQ

F Φ−)⊗Zp[ϕ−] W ).

General functoriality of the formation of Selmer groups with respect to induction is given in [HMI,
Proposition 3.80] and this fact is verified just above [HMI, Theorem 5.33] for an imaginary quadratic
field (actually for a CM quadratic extension), but the fact being imaginary is not used in the proof
there (see [EMI, §7.4.2] for a down-to-earth exposition of this fact). Thus this splitting of the Selmer
group is valid for any quadratic extensions of a totally real field. By (s4) valid in this induced case,
Selmer cocycle is unramified outside p. Thus actually, we do not need to worry about local conditions
outside p (although in the proof of [HMI, Proposition 3.80] local conditions including those at primes
outside p are taken care of, as (s4) is not supposed in this proposition in [HMI]).

Since Zp[ϕ
−] ⊂ Zp[ϕ] = W , we need to extend scalars to W if necessary. By the same proof

of [HMI, Theorem 5.33] (where the imaginary quadratic case is exposed), we get Sel(IndQ
F Φ−) =

Y(ϕ−)∨, Sel(χW [C]) = Sel(χ)⊗Zp
W [C] and Sel(χ) = Sel(χZp

) = Hom(ClF ,Qp/Zp) = C∨
F . In [HMI],

a more common definition replacing G by the Galois group of the maximal extension of Q inside Q
unramified outside Np is used, but the argument to relate the adjoint Selmer group to Y(ϕ−) is the
same as the one in [HMI] since Lϕ− ⊂ F (ρ)(p) as remarked above. This shows the first isomorphism.

The fact Y(ϕ−) ⊗Zp[ϕ−] W ∼= W [C] up to finite torsion follows from [H20, Proposition 5.1]. To

pin-down this fact, writing Rε for the integer ring of F (εϕ−) for a character ε : C → Q
×
p , we first note

that the Gal(F (εϕ−)/F )-module R×
ε ⊗ZW modulo torsion does not contain εϕ− as a factor. Strictly

speaking, this fact is proven in [H20, Proposition 5.1] when ε = 1. However the triviality in the case
of ϕ− implies the general case by Nakayama’s lemma applied to the augmentation ideal of W [C] (or
one can prove the general case in exactly the same way as the proof of [H20, Proposition 5.1] since
the proof does not use the fact that ϕ− has order prime to p). Then for the fixed prime factor p|p
on F , writing Rε,p = Rε ⊗O Op for the p-adic completion, let X := R×

ε,p/R
×
ε ⊗Zp

W [ε]. Then we
have an identity: X ∼= W [ε] up to finite torsion. By class field theory, Y(ϕ−) ⊗Zp[ϕ−] W contains

the p-profinite part of X as a subgroup of finite index, we find that Y(ϕ−) ⊗Zp [ϕ−] W ∼= W [C] up
to finite torsion.

We now prove the last identity. The control theorem Theorem A.1 applied to A = T/I = W [C]

and ρ0 = IndQ
F Φ implies ΩT/Λ ⊗T T/I = Sel(Ad(ρT))∨⊗T T/I ∼= Sel(Ad(IndQ

F Φ))∨. By Lemma 3.2,

σ acts by −1 on Sel(IndQ
F Φ−) ⊂ Sel(Ad(IndQ

F Φ)), and therefore, taking the “−”-eigenspace, we

have (ΩT/Λ ⊗T T/I)σ=−1 ∼= Sel(IndQ
F Φ−)∨, and the “−”-eigenspace (ΩT+/Λ ⊗T T/I)σ=−1 vanishes.

By the first fundamental sequence [CRT, Theorem 25.1] tensored with T/I = W [C] over T produces
the following exact sequence compatible with the action of σ:

ΩT+/Λ ⊗T+ T/I → ΩT/Λ ⊗T T/I → ΩT/T+
⊗T T/I → 0.

Plainly σ acts on ΩT+/Λ⊗T+ T/I trivially as σ fixes T/I and T+, and hence (ΩT+/Λ⊗T+ T/I)σ=−1 = 0.

Then, taking the “−”-eigenspace of σ, we get (ΩT/Λ⊗T T/I)σ=−1 ∼= ΩT/T+
⊗T T/I. By Theorem 3.4,

we find T = T+[X]/(f(X)) for f(X) = X2−Θ2 by X 7→ Θ. Thus Sel(IndQ
F Φ−)∨ ∼= ΩT/T+

⊗T T/I ∼=
T/(f ′(Θ)) = T/I = W [C] by a · dΘ↔ a ∈ T/I as desired. �

4. Proof of Theorem A.

Here is a detailed version of Theorem A:

Theorem 4.1. Assume (H0–3). Write A = T or T+. Let e = rankΛ T. Then the following four
assertions hold:

(1) If 〈ε〉 − 1 is a prime in Λ, then the ring A is isomorphic to a power series ring W [[x]] of
one variable over W ; hence, A is a regular local domain and is factorial;

(2) The ring A is an integral domain, and for a prime factor P of 〈ε〉 − 1, the localization AP
of A at P is a discrete valuation ring fully ramified over ΛP ;
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(3) If p is prime to a = rankΛA, the ramification locus of A/Λ is given by Spec(Λ/(〈ε〉 − 1)),
the different for A/Λ is principal and generated by Θa−1 and A is a normal integral domain
of dimension 2 unramified outside (〈ε〉 − 1) over Λ;

(4) If p|e, AQ := A⊗Z Q is a Dedekind domain unramified outside (〈ε〉 − 1) over ΛQ := Λ⊗Z Q,
and the relative different for AQ over ΛQ is principal and generated by Θa−1;

(5) If e = 2, T is a normal integral domain; T+ = Λ and T = Λ[
√

1− 〈ε〉].

After proving this theorem, we explore what we can prove under assumptions milder than (H0–3).
There is an imaginary quadratic version of this structure theorem in [EMI, §8.5.4].

If 〈ε〉 − 1 is not a prime (⇔ εp−1 ≡ 1 mod p2), by the existence of ambiguous classes, T cannot

be factorial even if e = 2. Perhaps there is no example known of a prime p ≥ 5 split in F = Q[
√

5]

such that 〈ε〉 − 1 is not a prime in Zp[[T ]]. More generally we consider F = Q[
√
d] with square-free

0 < d ∈ Z and describe how to decide if p2|εk−1 − 1. Since p > 2, p2|(εp−1 − 1)⇔ p2|(ε2(p−1) − 1).

On the other hand, ε2(p−1)− 1 = ε2(p−1)− εp−1ες(p−1) = εp−1(εp−1− ες(p−1)). Define α ∈ Z so that
ε2−αε± 1 = 0. Consider the corresponding Fibonacci type recurrence relation fn = αfn−1∓ fn−2.
Then, for the solution fn with initial values f0 = 0 and f1 = 1, we have fn = εn−εnς

ε−ες . Thus we have
εp−1−ες(p−1)

√
d

= fp−1C for C = ε−ες
√
d

. If d = 5, we have C = 1. In any case we conclude:

(4.1) 〈ε〉 − 1 is not a prime in Λ⇔ p2|fp−1C.

For Q[
√

5] (i.e., d = 5), such primes are called Wall-Sun-Sun primes (named after Donald Dines
Wall, Zhi Hong Sun and Zhi Wei Sun; see [SS92]) and are defined to be primes with p2|fp−1 when p

splits in Q[
√

5]. There are no Wall-Sun-Sun primes less than 9.7× 1014 and this bound is extended
to 2.6×1017 by the PrimeGrid project. These primes are conjectured to exist infinitely many [Kl07]

but are not found yet. For d 6= 5, p = 191, 643 are examples of a split prime with p2|fp−1 for Q[
√

10]

(this fact was pointed out to me by B. Palvannan). There seem many such primes for Q[
√

10]. If
εp−1 ≡ 1 mod p2, the modulo p version of the Leopoldt conjecture discussed in [BGKK18] fails and
the ordinary deformation ring T is not regular (i.e., the ordinary deformation problem is obstructed
but not much (see [BGKK18, §2–3]).

Proof. Since the proof is the same for T and T+, we prove the assertions for A = T. By (H2–3)

and Corollary 3.5, dimF Sel(IndQ
F ϕ

−) = 1 and Sel(χ) = 0. Recall T = Λ[Θ] by Theorem 3.4 with Θ
such that σ(Θ) = −Θ (or by Theorem 2.2 combined with the remark above Theorem A) and that
Θ is the image of X in the presentation T = Λ[[X]]/(S) in Theorem 2.2. Put J = (Θ) = ΘT. For
all 0 6= u ∈ T, [u] : x 7→ ux induces the linear endomorphism gr(u) of the corresponding graded
algebra grJ (T) :=

⊕∞
n=0 J n/J n+1 (with J 0 = T). The filtration {J n}n=0,1,... of T is exhaustive

and separated. Then [u] is injective if gr(u) is injective [BCM, III.2.8, Corollary 1]. By Corollary 3.7,
we have grJ (T) ∼= Λε[x] for the polynomial ring Λε[x], where the variable x corresponds to the image

Θ of the generator Θ of J in the first graded piece J /J 2. Take n so that u ∈ J n but u 6∈ J n+1.
Then gr(u) : grJ (T)→ grJ (T) is multiplication by a polynomial of degree n.

Assume first that 〈ε〉−1 is a prime; so, (〈ε〉−1) = (T ) in Λ and Λε = W . Then grJ (T) is an integral

domain isomorphic to the polynomial ring W [x] (x = Θ); so, if u 6= 0, gr(u) is injective, and hence,
[u] is injective; so, u is not a zero divisor. We conclude that T is an integral domain. The projection
T � T/J = W has a section as T is a W -algebra. Thus we conclude T = lim←−n T/J n ∼= W [[x]] by

sending Θ to x. As is well known (e.g., [CRT, Theorems 19.5 and 20.8]), a power series ring over a
discrete valuation ring is a unique factorization domain and is regular; so, we get the assertion (1).

Now we treat the general case where 〈ε〉−1 can have several prime divisors. Pick a prime divisor P
of 〈ε〉−1. Consider the localization TP = T⊗Λ ΛP and JP = JTP . Then J nP /J n+1

P
∼= Λε⊗Λ ΛP =

P nTP/P
n+1TP ∼= κ(P ) for κ(P ) = ΛP /PΛP . Therefore JTP = PTP = ΘTP by Nakayama’s

lemma. Thus grJTP
(TP ) is isomorphic to the polynomial ring κ(P )[x] with x = Θ over the residue

field κ(P ) = ΛP /PΛP . Therefore, by [CRT, Theorem 28.3], the P -adic completion T̂P of TP is
isomorphic to the power series ring κ(P )[[x]] by sending Θ to x, and hence TP is a discrete valuation
ring with a prime element Θ. Since P is an associate minimal prime of T/J = W [C] = Λε and T/J
is fixed point by point by σ, σ acts on TP so that it acts on κ(P )[x] = grJTP

(TP ) fixing κ(P ) and
σ(x) = −x. Thus TP 6= T+,P ⊃ ΛP and e > 0. Since TP/PTP = κ(P ), TP is fully ramified over
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ΛP . Since T is free of finite rank e over Λ, TP is free of finite rank e over ΛP , and T injects into TP .
In particular T is an integral domain. This proves the assertion (2).

We claim that S = S(X) = 〈ε〉 − 1 +X2f(X2) for f(X2) ∈ Λ[[X2]]. Indeed by Corollary 3.7, we
have Λ/(〈ε〉 − 1) ∼= T/(Θ) = Λ[[X]]/(X, S) = Λ/(S(0)). Thus the constant term of S generates the
ideal (〈ε〉 − 1); so, replacing S by a Λ-unit multiple, we may assume S(0) = 〈ε〉 − 1.

Suppose that S ∈ mΛ[[X]]. Then T = Λ[[X]]/(S) surjects down to Λ[[X]]/mΛ[[X]] ∼= F[[X]],
which is not a Λ-module of finite type. Since T = Λ[[X]]/(S) is Λ-free of rank e, S 6= 0 for S := (S
mod mΛ[[X]]). The reduced power series S ∈ F[[X]] has reduced order m > 0 (i.e., S =

∑∞
n=0 anX

n

with a0, . . . , am−1 ∈ mΛ but am 6∈ mΛ). By a local ring version of Weierstrass’ preparation theorem
(e.g., [BCM, VII.3.8, Proposition 6]), we get a unique factorization S(X) = U(X)D(X) for a monic
distinguished polynomial D(X) of degree m with respect to mΛ and a unit U(X) ∈ Λ[[X]]×. Thus
we see e := rankΛ T = rankΛ Λ[X]/(D(X)) = m. Then evaluating at X = 0, we get 〈ε〉−1 = S(0) =
U(0)D(0). Since U(0) ∈ Λ×, T ∼= Λ[X]/(D(X)), and D(X) is the characteristic polynomial of the
Λ-linear map T ∈ x 7→ Θx ∈ T.

For a prime divisor P |(〈ε〉 − 1), let Λ̂P := lim←−n ΛP/P
nΛP , which is a discrete valuation ring.

Then by Weierstrass preparation theorem for Λ̂P , we have S(X) = DP (X)UP (X) for a unit power

series UP (X) ∈ Λ̂P [[X]]× and a monic distinguished polynomial DP (X) with respect to P . Thus

TP = T⊗Λ Λ̂P is isomorphic to ΛP [X]/(DP (X)), and hence DP (X) is the characteristic polynomial

of the Λ̂P -linear map T̂P ∈ x 7→ Θx ∈ T̂P . Therefore DP (X) = D(X).

Note that (DP (0)) = (D(0)) = (〈ε〉 − 1) and hence DP (0) is square-free in Λ̂P . Thus DP (X) is

an Eisenstein polynomial in Λ̂P [X] [BCM, VIII.5.4]. Since Λ̂P is a discrete valuation ring, by [BCM,

VIII.4.3], DP (X) is irreducible in Frac(Λ̂)[X], and Λ̂P [X]/(DP (X)) is a discrete valuation ring fully

ramified over Λ̂P , reproving (2).
By (2), T/Λ is fully ramified at each prime factor of 〈ε〉 − 1 with ramification index e = rankΛ T.

Then T = Λ[X]/(D(X)) is a local domain by [BCM, VIII.5.4]. The polynomial D(X) = Xe +

ae−1X
e−1 + · · ·+ a0 satisfies (〈ε〉 − 1)|ai and (a0) = (〈ε〉 − 1). Write u = 〈ε〉−1

Θe ∈ T× and aj =
(〈ε〉 − 1)αjuj for αj ≥ 1 and α0 = 1 (0 ≤ j < e) such that uj ∈ Λ is either 0 or (〈ε〉 − 1) - uj for
j = 1, . . . , e− 1 and u0 ∈ Λ×. Then

0 = D(Θ) = Θe + ae−1Θ
e−1 + · · ·+ a0 = (〈ε〉 − 1)(u−1 + u0 +

e−1∑

j=1

(〈ε〉 − 1)αj−1ujΘ
j).

Since 〈ε〉− 1 is not a zero-divisor of T, we find u−1 = −u0−
∑e−1

j=1(〈ε〉− 1)αj−1ujΘ
j ∈ T, and hence

u ∈ T×. Therefore

dD(X)

dX
(Θ) = eΘe−1 + ae−1(e− 1)Θe−2 + · · ·+ a1 = Θe−1(e+

e−1∑

j=1

uαjujjΘ
αje−e+j).

If p - e, (e+
∑e−1

j=1 u
αjujjΘ

αje−e+j) is a unit; so, (dD(X)
dX

(Θ)) = (Θe−1), and the ramification of T/Λ

is limited to prime factors of (Θe−1). Since (Θe−1) ∩ Λ = (〈ε〉 − 1), the ramification locus of T/Λ is
Spec(Λ/(〈ε〉 − 1)) if p - e. Therefore if p - e, TP is a discrete valuation ring for all height 1 prime
P |〈ε〉 − 1. Since T is Λ-free, we have T =

⋂
P TP which is a normal local domain (proving (3)).

Suppose p|e. Write e = pre′ with p - e′. Since

0 = D(Θ) = Θe + ae−1Θ
e−1 + · · ·+ a0 = Θe(1 + u0u+

e−1∑

j=1

uαjujΘ
αje−e+j),

we have −uu0 ≡ 1 mod Θ; so, v = (−uu0)
1/e′ ∈ T. Then T[v1/pr

]/T can ramify only at p as v is

a unit. By replacing Θ by Θ′ = v1/pr

Θ, we find Θ′e = −a0, and T[v1/pr

] = Λ[v1/pr

,Θ′], which can
ramify over Λ only at p and prime factors of 〈ε〉−1 (as (〈ε〉−1) = (a0)). In particular T[ 1p ] =

⋂
P TP

for P running all prime divisors outside p, and TP with P - (p) is a discrete valuation ring. This
shows (4).

If e = 2, σ(Θ) = −Θ implies Θ2 ∈ Λ. Thus D(X) = X2 − Θ2 with Θ2 = −a0 = u0(1− 〈ε〉) ∈ Λ
with u = −u0 ∈ Λ×. Thus u2

0 = −uu0 ≡ 1 mod (Θ). Since (Θ) ∩ Λ = (〈ε〉 − 1) and u0, uu0 ∈ Λ,
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we find u2
0 = −uu0 ≡ 1 mod (〈ε〉 − 1), and

√
u0 ∈ Λ×. Thus replacing Θ by

√
u0Θ, we get

Θ =
√

1− 〈ε〉 and T = Λ[
√

1− 〈ε〉], proving (5). �

A proof similar to the one for Theorem 4.1 produces

Proposition 4.2. Suppose (H0–2). Let T′ (resp. T′
+) be the Λ-subalgebra of T generated by Θ

(resp. Θ2) for Θ ∈ T as in Corollary 3.7 (1). Denote by A′ one of the rings T′ or T′
+.

(1) The ring A′ is free of finite rank over Λ with presentation A′ = Λ[X′]/(D′(X)) with a
distinguished polynomial D′(X′) ∈ Λ[X′] with respect to (Λ,mΛ) such that D′(0) = 〈ε〉 − 1
up to units in Λ;

(2) If 〈ε〉 − 1 is a prime in Λ, then the ring A′ is isomorphic to a power series ring W [[x]] of
one variable over W ; hence, A′ is a regular local domain and is factorial;

(3) The ring A′ is an integral domain, and for a prime factor P of 〈ε〉 − 1, the localization A′
P

of A′ at P is a discrete valuation ring fully ramified over ΛP ;
(4) If p is prime to e′ = rankΛA

′, the ramification locus of A′/Λ is given by Spec(Λ/(〈ε〉 − 1)),

the relative different for A′/Λ is principal and generated by Θe′−1 and A′ is a normal integral
domain of dimension 2 unramified outside (〈ε〉 − 1) over Λ;

(5) If rankΛ T′ = 2, T′ is a normal integral domain; T′
+ = Λ and T′ = Λ[

√
1− 〈ε〉].

In Section 10, we prove that a generator θ of the unipotent part of the p-inertia subgroup of
Gal(F (ρT)/Q) coincides with Θ under (H0–2), and without assuming (H2), we prove in Corollary 10.4
that Λ[θ] in place of T′ satisfies the assertions of the above proposition.

Proof. The proof of (2)–(5) is basically the same as the one given for Theorem 4.1 once we prove
the assertion (1). We prove (1) for A′ = T′ and give a sketch for the rest. Since T′ is Λ-torsion free
Λ-module of finite type (as T is such), V = T′ ⊗Λ Frac(Λ) is finite dimensional over Frac(Λ); so, we
have the characteristic polynomial D′(X′) ∈ Frac(Λ)[X′] of degree e′ of the multiplication by Θ on
V . Since x 7→ Θx preserves T′, D′(X′) ∈ Λ[X′]. Thus T′ = Λ[X′]/(D′(X′)) hence T′ is free of rank
e′ over Λ. Since Θ ∈ mT′ , D′(X) is a distinguished polynomial of degree e′ with respect to (Λ,mΛ).

We now show that we can choose Θ whose characteristic polynomial D′(X) satisfies (D′(0)) =
(〈ε〉 − 1) as ideals. Let T′

+ = T+ ∩ T′. Since T′ = T′
+[Θ] ∼= T′

+[X]/(f(X)) for f(X) := X2 − Θ2,

we have T′(σ − 1)T′ = f ′(Θ)T′ = ΘT′ for f ′(X) = df(X)
dX . By Theorem 3.4, we have T+ =

Λ[Θ+
1 , . . . ,Θ

+
r+ ,Θ

2] and a cartesian diagram

T = T+ ⊗T′

+
T′ ←−−−− T′

x
x

T+ ←−−−− T′
+.

Thus for the different dA/R = (δA/R) of Tate in [MR70, (A.1)] for a local complete intersection
A/R, we have dT/T+

= T(σ − 1)T = I, dT′/T′

+
= T′(σ − 1)T′ and dT/T+

∩ T′ = dT′/T′

+
= ΘT′ (see

Appendix C for more about the different). Thus ΘT′ ∩ Λ = I ∩ T′ ∩ Λ = I ∩ Λ = (〈ε〉 − 1). This
shows

T′/(Θ′) = (Λ + ΘT′)/ΘT′ ∼= Λ/ΘT′ ∩ Λ = Λε.

This produces an isomorphism of Λ-algebras:

Λ/(D′(0)) = Λ[X′]/(X′, D′(X′)) = T′/(Θ′) ∼= Λ/(〈ε〉 − 1).

Writing AnnΛ(M) for the annihilator of a Λ-module M , we find the identity of ideals

(D′(0)) = AnnΛ(Λ/(D′(0)) = AnnΛ(Λ/(〈ε〉 − 1)) = (〈ε〉 − 1).

Thus the setting is identical to the proof of Theorem 4.1. Then for the rest, we argue in the same
way as in the proof of Theorem 4.1 replacing (Λ[[X]], S,T, e) by (Λ[[X′]], D′,T′, e′). �

For a subalgebra A of T and a prime P ∈ Spec(T), we take the localization AP at P ∩A and its

completion ÂP = lim←−nAP /(P ∩A)nAP . Here is a localized version of the above proposition:

Proposition 4.3. Suppose (H0–1). Write P for a prime divisor of I = T(σ − 1)T such that the
projection T/I = W [C]→ T/P induces the a character φ of C; so, P ∩ Λ = (t− φ(γ)) (γ = 1 + p).
Then we have a surjective Λ-algebra homomorphism λ = λφ : T � I for an integral domain I = Iφ
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torsion-free over Λ giving an irreducible component Spec(I) of Spec(T) stable under σ, and any other
irreducible components of Spec(T) do not intersect with Spec(I) at P . The component I satisfies

(1) The ring IP is free of finite rank over ΛP with presentation ÎP = Λ̂P [[X]]/(Dφ) for an

Eisenstein polynomial Dφ(X) ∈ Λ̂P [X] with respect to (ΛP , PΛP ) such that Dφ(0) = φ(γ)−t;
(2) The ring ÎP is isomorphic to a power series ring κ[[x]] of one variable over κ := TP/PTP ;
(3) The localization IP is a discrete valuation ring fully ramified over ΛP ;

(4) If rankbΛP
ÎP = 2, ÎP = Λ̂P [

√
φ(γ) − t] with σ(

√
φ(γ) − t) = −

√
φ(γ) − t.

Proof. Since PTP/(PT2
P + (T )) = ΩTP /ΛP

⊗TP
κ = ΩT/Λ ⊗T κ and ΩT/Λ ⊗T κ = κ by Theorem 3.9,

the ideal PTP is a principal ideal generated by Θφ with σ(Θφ) = −Θφ.
Write eφ := rankΛP

TP . Then the characteristic polynomial of the multiplication by Θφ is a

distinguished polynomial Dφ(X) and TP = ΛP [X] and T̂P = Λ̂P [[X]]/(Dφ(X)). Since P ∩ Λ =
(φ(γ)− t), we get (Dφ(0)) = (φ(γ)− t) as before. Since Dφ(0) is square-free, we conclude that Dφ is

an Eisenstein polynomial; so, T̂P is an integral domain, and hence TP is an integral domain. Define
I to be the image of T in TP . Then IP = TP , IP is free of finite rank over ΛP , and Spec(I) does not
have intersection with any other irreducible components of Spec(T). Replacing (Λ[[X]], S,T, e,Θ)

by (Λ̂P [[X]], Dφ, T̂P , eφ,Θφ) in the proof of Theorem 4.1, we conclude (1–4); in particular, if eφ = 2,

T̂P = Λ̂P [
√
φ(γ) − t]. �

5. Universal pseudo character rings

Since we need to compare the rings universal among pseudo representations of different kind, we
summarize their relations here. In this section, when we are dealing with deformation of the residual
pseudo representation associated to ϕ ⊕ ϕς , we always assume (H0–1); so, in particular, ϕ 6= ϕς .

5.1. Pseudo representation of Wiles. We note G = Gal(F (ρ)(p)/F (ρ)) o Gal(F (ρ)/Q) and
H = Gal(F (ρ)(p)/F (ρ)) o Gal(F (ρ)/F ) as p > 2 and p - [F (ρ) : Q]. We fix such a decomposition;
so, Gal(F (ρ)/Q) ∼= ∆G and Gal(F (ρ)/F ) ∼= ∆ for subgroups ∆ ⊂ H and ∆ ⊂ ∆G ⊂ G. For the
center ∆+ of ∆G, ∆G/∆+ is a dihedral group. We identify the element ς with an element in ∆G

having order 2 in D := ∆G/∆+ (inducing a non-trivial automorphism of F ).
We have a commutative diagram with exact rows defining a subgroup ∆+ ⊂ ∆G

∼= Gal(F (ρ)/Q)

∆+
↪→−−−−→ ∆G

�−−−−→ D

∩
y ∩

yρ ∩
y

Z
↪→−−−−→ GL2(F)

�−−−−→ PGL2(F)

for the center Z of GL2(F). Then D is a dihedral group with maximal cyclic subgroup ∆−, which
fits into the following exact sequence

1→ ∆+ → ∆→ ∆− → 1.

Let Ip (resp. Ipς ) be an inertia subgroup of p (resp. pς) in H and Dp . Ip and Dpς . Ipς be the
decomposition subgroups. We may assume that ∆p := ∆∩Dp is non-trivial and has element δ with
non-trivial image in ∆− by (H0). Let c be complex conjugation in H . Since the conductor of ϕ has
one archimedean place ∞ in it, we have ϕ(c) = −1. Identifying Gal(F (ρ)/Q) with the subgroup
∆G, we may assume

(D1) ς ∈ ∆G is represented by the anti-diagonal element
(

0 ϕ(ς2)
1 0

)
,

(D2) c is represented by diag[−1, 1] ∈ GL2(W ) and δ ∈ ∆p is represented by diag[ϕ(δ), ϕς(δ)]
under ρT, where diag[a, b] = ( a 0

0 b ),
(D3) Dpς = ς−1Dpς.

By (D3), ∆pς := Dpς ∩∆ = ς∆pς
−1. Since ς acts trivially by conjugation on ∆+ and by “inverse”

on ∆−, we find ∆p = ∆pς . We now take the Frobenius element [p, Fp] = [p,Qp] and put φ :=

limn[p, Fp]
qn

for q = |F|. Thus c, φ and all elements in Ip ∩∆ = Ipς ∩∆ are diagonal and commute
each other. We fix an element φ0 ∈ ∆p with non-trivial ϕ−(φ0) (such φ0 exists by (H0)). If p is
unramified, we may assume φ0 = φ.
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In the proof of Theorem C, Wiles’ pseudo representation under normalization with respect to φ0

is useful. Since φ0 is diagonal with ϕ−(φ0) 6= 1, by (D2), this normalization has the same effect as
Wiles’ normalization with respect to c. We define the pseudo representation with values in a profinite
commutative ring A as a triple of continuous functions π = πA = (a, d : H → A, x : H × H → A)
satisfying the following three conditions:

(W1) a(rs) = a(r)a(s) + x(r, s), d(rs) = d(r)d(s) + x(s, r) and

x(rs, tu) = a(r)a(u)x(s, t) + a(u)d(s)x(r, t) + a(r)d(t)x(s, u) + d(s)d(t)x(r, u);

(W2) a(1) = d(1) = 1 and x(r, s) = x(s, t) = 0 if s = 1, φ0;
(W3) x(r, s)x(t, u) = x(r, u)x(t, s).

We define Tr(π) := a + d and det(π)(r) := a(r)d(r) − x(r, r). As we mentioned, the normalization
with respect to φ0 and c is equivalent. Thus we freely refer to the formulas of Wiles’ (normalized with
respect to c). For example, we see easily a(h) = 1

2(Tr(π(h)) −Tr(π(hc))) and d(h) = 1
2 (Tr(π(h)) +

Tr(π(hc))) for all h ∈ H . Since x(h, g) = a(hg) − a(h)a(g) = d(gh) − d(h)d(g), x is determined by
a (or d) on H and hence by Tr(π).

Fix an ordered pair (p, pς) of p-adic places, and write τps for the Wiles’ pseudo representation

(a, d, x) : H → F given by a = ϕ, d = ϕς and x = 0. Our p-ordinarity condition is x(σ, τ ) = 0 as long
as τ ∈ Dp and d|Dp

is unramified. The pς -ordinarity condition is x(σ, τ ) = 0 as long as σ ∈ ς̃−1Dp ς̃
and τ ∈ H and a|eς−1Dpeς is unramified. We call “ordinary” the two conditions combined.

Consider the deformation functor DpsF : CNL/W → SETS sending A ∈ CNL/W to the set
DpsF (A) of Wiles’ pseudo representation π = (a, d, x) : H → A with (π mod mA) = τps satisfying the
following two conditions:

(i) π is ordinary;
(ii) Tr(π)(g−1hg) = Tr(π)(h) for each g ∈ G and h ∈ H .

If π satisfies the invariance condition (ii), p-ordinarity implies pς -ordinarity. Discarding the condition

(ii), we consider another deformation functor Dps,ordF imposing just ordinarity (i). The functors

similar to DpsF and Dps,ordF appear in [CV03] and [Be17, §3.2], and the following result is easy (e.g.,
[Be17, Proposition 3.5] or [MFG, §2.3.2]):

Lemma 5.1. There exist universal pairs (Rps,πps) and (Rps,ord,πps,ord) with Rps, Rps,ord in the

category CNL/W and πps ∈ DpsF (Rps) and πps,ord ∈ Dps,ordF (Rps) representing the functor DpsF and

Dps,ordF , respectively.

Lemma 5.2. We have

(1) det(π)(rs) = det(π)(r) det(π)(s) (i.e. det(π) is a homomorphism from H into A×),
(2) 2 det(π)(r) = Tr(π)(r)2 −Tr(π)(r2) for all r ∈ W [H ],
(3) Tr(π)(rs) = Tr(π)(sr) for all r, s ∈W [H ],
(4) Writing T (r) := Tr(π), we have

T (r)T (s)T (t) + T (rst) + T (tsr) − T (rs)T (t) − T (st)T (r) − T (rt)T (s) = 0.

Proof. We see by (W1) specialized to (t, u) = (r, s)

det(π)(rs) − det(π)(r) det(π)(s) = −x(r, r)x(s, s) + x(r, s)x(s, r)
(W3)
= 0.

Since det(π)(1) = 1 by (W2), we conclude that det(π) is a homomorphism. We have

Tr(π)(r)2 − Tr(π)(r2) = (a(r) + d(r))2 − a(r2)− d(r2) (W1)
= 2a(r)d(r)− 2x(r, r) = det(π)(r)

proving (2). The assertion (3) plainly follows from (W1) as Tr(π) = a+ d is symmetric with respect
to (r, s). The assertion (4) can be proved via a long but direct computation. Here they are:

(a1) T (r)T (s)T (t) = a(r)a(s)a(t) + a(r)a(t)d(s) + d(r)a(s)a(t) + d(r)d(s)a(t) + a(r)a(s)d(t) +
a(r)d(s)d(t) + a(s)d(r)d(t) + d(r)d(s)d(t),

(a2) T (rst)
(W1)
= a(r)a(s)a(t) + x(r, s)a(t) + d(r)d(s)d(t) + x(s, r)d(t) + x(rs, t) + x(t, rs),

(a3) T (tsr) = T (rts) = a(r)a(t)a(s) + x(r, t)a(s) + d(r)d(t)d(s) + x(t, r)d(s) + x(rt, s) + x(s, rt),
(b1) T (rs)T (t) = a(r)a(s)a(t)+a(t)x(r, s)+d(r)d(s)a(t)+x(s, r)a(t)+a(r)a(s)d(t)+x(r, s)d(1)+

d(r)d(s)d(t) + x(s, r)d(t) (by (W1)),
(b2) T (st)T (r) = the equation obtained by replacing (r, s, t) 7→ (s, t, r) in (b1),



UNIVERSAL ORDINARY DEFORMATION RING 18

(b3) T (rt)T (s) = the equation obtained by replacing (r, s, t) 7→ (r, t, s) in (b1).

Let A = (a1) + (a2) + (a3) and B = (b1) + (b2) + (b3). Then cancelling all monomials of
a(r), a(s), a(t), d(r), d(s), d(t) and all possible terms of the form ∗(·)x(·, ·) with ∗ = a, d, we get
A−B = A′ −B′ for A′ = x(rs, t) + x(t, rs) + x(rt, s) + x(s, rt) and B′ = a(t)x(s, r) + d(t)x(r, s) +
a(r)x(s, t)+a(r)x(t, s)+d(r)x(s, t)+d(r)x(t, s)+a(s)x(t, r)+d(s)x(r, t). Then we conclude A′ = B′

from the last relation of (W1). �

5.2. Pseudo character, determinant and Cayley–Hamilton representation. Let

W [[H ]] := lim←−
h/H,h:open

W [H/h]

for h running over normal open subgroups. A pseudo character T : W [[H ]] → A for a p-profinite
commutative ring A with identity is a continuous map satisfying (e.g., [MFG, §2.2.2])

(T1) T (1) = 2;
(T2) T (rs) = T (sr) for all r, s ∈W [[H ]];
(T3) T (r)T (s)T (t) + T (rst) + T (tsr) − T (rs)T (t) − T (st)T (r) − T (rt)T (s) = 0.

This was first considered by R. Taylor and is more conceptual than Wiles’ pseudo representation.
The conditions (T1–3) are modeled with obvious properties satisfied by the trace of a 2-dimensional
representation. However we need to add one more requirement that det(T )(σ) = 1

2
(T (σ)2 − T (σ2))

is multiplicative to reconstruct a Cayley–Hamilton representation (to be defined) with trace given
by the pseudo character. In this sense, pseudo character is a notion slightly weaker than Wiles’
pseudo representation (see Lemma 5.2). We call a pseudo character T Cayley–Hamilton if det(T ) is
multiplicative (i.e., a group homomorphism from H into A×). Therefore, we introduce the notion
of (functorial) determinant following Chenevier. We recall the definition given in [Ch14, §1.5]:

Definition 5.3. Let R be an A-algebra and d be a positive integer. A d-dimensional A-valued
determinant on R is a multiplicative A-polynomial law D : R → A which is homogeneous of degree
d. When R = A[G] for some group G, we say also that D is a determinant on G.

We assume in this paper d = 2 and G = H . Then D(gU +hV ) = D(g)U2 + f(g, h)UV +D(h)V 2

for indeterminates U, V and g, h ∈ H . Then define T (h) = f(h, 1). As seen in [Ch14, Lemma 1.9],
T is a pseudo character and D determines T . We write for a 2-dimensional representation ρ of H ,
Tρ = Tr(ρ) and Dρ = det(ρ) as the determinant in the above sense. If A is a ring in which 2 is
invertible, T (h) recovers D(h) = (T (h)2 − T (h2))/2 as a function; so, having D is equivalent to
having pseudo character with its determinant required to be multiplicative [Ch14, Proposition 1.29].

5.3. Cayley–Hamilton representation. We introduce representations with values in a general-
ized matrix algebra (GMA) as in [FGS], [Ch14] and [WE15]. We refer to [WWE18, §5.9] for the
notion of ordinarity over Q for GMA representations (not treated in [FGS] and [Ch14]). Since we
have two conjugacy classes of p-decomposition groups Dp and Dpς , we modify the definition (see
below) of ordinarity depending on each factor p and pς . We follow [FGS, §1.3] to define a GMA
A-algebra E. Let A be a commutative ring and E an A-algebra. We say that E is a generalized
matrix algebra (GMA) of type (d1, . . . , dr) if R is equipped with:

• a family orthogonal idempotents E = {e1, . . . , er} with
∑

i ei = 1,

• for each i, an A-algebra isomorphism ψi : eiEei
∼−→ Mdi

(A), such that the trace map
T : R → A, defined by T (x) :=

∑
iTr(ψi(eixei)) satisfies T (xy) = T (yx) for all x, y ∈ E.

We call E = {ei, ψi, i = 1, . . . , r} the data of idempotents of E.

In this paper, we assume that r = 2 and d1 = d2 = 1; so, we can forget about ψi as an A-algebra
automorphism of A is unique. Once we have E , we identify eiEei = A and put B = e1Ee2 and
C = e2Ee1. Then a generalized matrix algebra over A is a pair of an associative A-algebra E and
E . It is isomorphic to A⊕ B ⊕C ⊕ A as A-modules; so, we write instead (E, E) = (A B

C A ) which we
call a GMA structure. There are A-linear maps ψ : B ⊗A C → A and ψ′ : C ⊗A B → A (called
the product law of E) such that the multiplication in E is given by 2-by-2 matrix product (and of
course they need to satisfy rules to assure associativity; see [FGS, §1.3]). For b ∈ B and c ∈ C, we
often write simply bc := ψ(b ⊗ c) and cb := ψ′(c ⊗ b) if confusion is unlikely. We call A the scalar
subring of (E, E) and (E, E) is called an A-GMA. The A-GMA’s form a category over the category
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of A-algebras. Here, writing E = ( A B
C A ) and E′ =

(
A′ B′

C′ A′

)
, we say that φE : E → E′ is an A-GMA

morphism over an algebra homomorphism φA : A→ A′ if

(1) φE is an algebra homomorphism,
(2) φE sends each matrix entry of E to the corresponding entry of E′,
(3) on the entries A, φ coincides with φA,
(4) on φE |B : B → B′ and φE |C : C → C ′ are morphisms of A-modules.

A Cayley–Hamilton representation of G with coefficients in A is an A-algebra homomorphism
ρ : A[G] → E, such that (E, E) is an A-GMA, and such that in matrix coordinates, ρ is given by

σ 7→
(
ρE11(σ) ρE12(σ)

ρE21(σ) ρE22(σ)

)
. By abusing the language, we often say that ρ : G → E× is a Cayley-Hamilton

representation if its A-linear extension is a Cayley-Hamiltion representation of the group algebra
A[G]. For a given ρ, if we change the set E of idempotents, the matrix expression changes; so, we
added the superscript E to the matrix entries ρEij to indicate its dependence on E . If the input of E
is clear from the context, we omit the superscript E . Given such a ρ, there is an induced A-valued
pseudo character, denoted Tρ : G → A, given by Tρ = ρ11 + ρ22 and det(ρ) = ρ11ρ22 − ρ12ρ21, cf.
[WE15, Prop. 2.2.3]. It is called Cayley–Hamilton as ρ satisfies the equation X2−TρX+det(ρ) = 0
in the algebra E.

Taking G to be G or H , π = (a, d, x) with a = ρ11, d = ρ22 and x(g, h) = ρ12(g)ρ21(h) gives
Wiles’ pseudo-representation (normalized with respect to φ0) as long as ρ ⊗ 1(φ0) ∈ E ⊗A F is

diagonal non-scalar. We say that ρ has residual representation
(
ϕ 0
0 ϕς

)
(with this order ϕ at the

top) if (ρ11(σ) mod mA) = ϕ(σ), (ρ22(σ) mod mA) = ϕς(σ), and ρ12(σ)ρ21(σ) ≡ 0 mod mA.
In H , we have two conjugacy classes of the p-decomposition groups depending on prime factors

of p in K. Fix a decomposition subgroup Dp ⊂ H for p and put Dpς = ς̃−1Dp ς̃ for pς . We define
p-ordinarity (resp. pς -ordinarity) of ρ to have E (resp. E ς) such that ρE12(σ) = 0 for all σ ∈ Dp and

ρE22(Ip) = 1 (resp. ρE
ς

21(σ) = 0 for all σ ∈ Dpς and ρE
ς

11 (Ipς ) = 1). Though E is defined on H and
cannot be conjugated by ς, later we prove under (H0–2) an extension property claimed in Theorem C
of the Cayley-Hamilton representation to a representation of G; so, we write E ς even if it is not a
conjugate of E in proper sense. We say ρ is ordinary if it is p and pς-ordinary at the same time. This
definition does not depends on the choice of Dp. If we replace Dp by σDpσ

−1, (E, ρ(σ)Eρ(σ)−1)
satisfies the required conditions. Here ρ(σ)Eρ(σ)−1 := {ρ(σ)e1ρ(σ)−1, ρ(σ)e2ρ(σ)−1} regarding ρ(σ)
as an element of E.

Lemma 5.4. Let Γ be a profinite abelian group and ρ = ( ρ11 ρ12ρ21 ρ22 ) : A[Γ] → E = ( A B
C A ) be a

Cayley–Hamilton representation into an A-GMA E for a p-profinite local algebra A with residue
field F. Then ρjj : Γ → A× (j = 1, 2) are characters (i.e., ρ is reducible) and x (of Wiles’ pseudo
representation of Γ associated to ρ|Γ) vanishes, and if Γ is prime-to-p profinite (i.e., the maximal
p-profinite quotient is trivial), we have ρ12 = ρ21 = 0.

Proof. Replacing B (resp. C) by the A-submodule generated by the image of ρ in B (resp. C),
we may assume that ρ12 and ρ21 are onto. Write ψ : B ⊗A C → A and ψ′ : C ⊗A B → A for
the product laws of E. We may assume that A[Γ] → E is surjective, we can pick x, y ∈ A[Γ]

for any given b, b′ ∈ B and c, c′ ∈ C so that ρ(x) =
(
x1 b
c x2

)
and ρ(y) =

(
y1 b′

c′ y2

)
for suitable

xi, yj ∈ A. Since ρ(x)ρ(y) = ρ(y)ρ(x), by computation, we find ψ(b ⊗ c′) = ψ′(c ⊗ b′) for any
b, b′ ∈ B and c, c′ ∈ C. Choosing b′ = 0 and c = 0, we find ψ = 0, and similarly, ψ′ = 0. Therefore
x(g, h) = ψ(ρ12(g) ⊗ ρ21(h)) = 0, and ρ is reducible and a = ρ11, d = ρ22 : Γ→ A× are characters.
Therefore ρ is reducible.

Suppose that Γ is prime-to-p profinite. Then by [FGS, Theorem 1.5.5] applied to ρ ⊗ 1 : Γ →
E ⊗A F, we get HomA(B,F) ↪→ ExtA[Γ](d ⊗ 1, a⊗ 1) = 0 as Γ is prime-to-p profinite. This shows
B ⊗A F = 0, and by topological Nakayama’s lemma, we find B = 0 and similarly C = 0, and hence
ρ12 = ρ21 = 0. �

We now take G to be H . Write E(ϕp ⊕ ϕpς ) = ϕ ⊕ ϕς =
(
ϕ 0
0 ϕς

)
as a Cayley–Hamilton rep-

resentation of F[H ] into an F-GMA EF :=
(

F 0
0 F

)
. We call ρ an A-deformation of E(ϕp ⊕ ϕpς ) if

(ρ11(σ) mod mA) = ϕ(σ), (ρ22(σ) mod mA) = ϕς (σ) and ρ12(σ)ρ21(σ) ≡ 0 mod mA. Though we
have introduced outright the GMA as above, if T is Cayley–Hamilton, we can always lift T to a
A-GMA representation (see [Ch14, Theorem 2.22 (ii)]); so, by doing this, we do not lose generality.
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Conversely, given such a ρ, there is an induced A-valued pseudo character, denoted Tρ : H → A,
given by Tρ = ρ11 + ρ22 and det(ρ) = ρ11ρ22 − ρ12ρ21, cf. [WE15, Prop. 2.2.3]. Comparing
Wiles’ pseudo representation with Cayley–Hamilton representation of Belläıshe–Chenevier, we have
x(σ, τ ) = ρ12(σ)ρ21(τ ). Thus p-ordinarity (resp. pς -ordinarity) of ρ is defined to be ρ12(σ) = 0 for
all σ ∈ Dp and ρ22(Ip) = 1 (resp. ρ21(σ) = 0 for all σ ∈ Dpς and ρ11(Ipς ) = 1). This definition
depends on the fixed order of (ϕ, ϕς) coming from (p, pς). If ρ is p-ordinary and pς-ordinary at the
same time, we call it an ordinary Cayley–Hamilton representation.

Write τ for the pseudo-character given by the trace of E(ϕp⊕ϕpς ). The F-GMA has two primitive
idempotents e1, e2 so that on e1 (resp. e2), the Galois group acts by the character ϕ (resp. ϕς).
Thus we have a quadruple:

(EF :=
(
ϕ 0
0 ϕς

)
, E = {e1, e2}, Dϕ⊕ϕς

: EF → F×, ϕ⊕ϕς : H → E
×
F such that Tr(ϕ ⊕ ϕς) = ϕ + ϕς).

Then the deformation determinant D with values in A ∈ CNLW of Dϕ⊕ϕς
is such that the base

change D ⊗A F is equal to Dϕ⊕ϕς
. Consider the following deformation functor

DF : A 7→ {(E,D : E → A, ρE : H → E×)}/ ∼= and Dpc : A 7→ {(D : E → A}
where E is an A-GMA with a lift E of idempotents, D : E → A is a determinant such that
D ⊗A F = Dϕ⊕ϕς

and ρ : H → E× is a Cayley–Hamilton representation with D(ρ(h)) = det(ρ(h)).
Here the equivalence “∼=” in the definition of DF is an A-GMA isomorphism. An A-GMA morphism
φ : (E,D, ρ)/A → (E′, D′, ρ′)/A′ consists of a W -algebra local homomorphism φA : A → A′ and an
A-GMA homomorphism φE : E → E′ such that φE ◦D = D′ and φE ◦ρ ∼= ρ′. If the homomorphisms
φA and φE as above are isomorphisms, the A-GMA morphism is an A-GMA isomorphism.

This functor DF has an obvious morphism into Dpc given by (E,D : E → A, ρE : H → E×) 7→ D.
The functor DF is representable by a universal object (Ru, Eu, Du, Tu : Eu → Ru, ρuT : H → Eu)
with R ∈ CNLW (see [Ch14, Proposition 1.23] and [WWE18, §5.5–6]). To simplify the notation,
we just write this quadruple as (R, ρuT : H → Eu,×). By writing det(ρuT) (resp. Tr(ρuT)), we mean
Du : Eu → Ru (resp. Tu : Eu → Ru).

5.4. Ordinary Cayley–Hamilton representation. In H , we have two conjugacy classes of the p-
decomposition groups depending on prime factors of p in K. Fix a decomposition subgroup Dp ⊂ H
for p and put Dpς for pς . We define p-ordinarity (resp. pς-ordinarity) of ρ to have E (resp. E ς) such

that ρE12(σ) = 0 for all σ ∈ Dp and ρE22(Ip) = 1 (resp. ρE
ς

21 (σ) = 0 for all σ ∈ Dpς and ρE
ς

11 (Ipς ) = 1).
We say ρ is ordinary if it is p and pς -ordinary at the same time. This definition does not depends
on the choice of Dp and Dpς . For example, if we replace Dp by σDpσ

−1, (E, ρ(σ)Eρ(σ)−1) satisfies
the required conditions. Here ρ(σ)Eρ(σ)−1 := {ρ(σ)e1ρ(σ)−1 , ρ(σ)e2ρ(σ)−1} regarding ρ(σ) as an
element of E.

Remark 5.5. Requiring upper triangularity to both ρ(Dp) and ρ(Dpς ) is a notion different from
the above definition of ordinarity. In other words, the quotient character of an ordinary Cayley–
Hamilton representation in our sense has congruence to ϕς on Dp and ϕ on Dpς , and if we require
upper triangularity on both Dp and Dpς , it has congruence to ϕς on both Dp and Dpς . For more
details, see Remarks 7.5 and 7.6.

If (E, E) can be embedded into the matrix algebra M2(Ã) for a complete local W -algebra Ã with
residue field F containing A, the Cayley–Hamilton representation ρ : H → E× can be regarded as

a representation into GL2(Ã). Since ρ = IndQ
K ϕ is irreducible over G, we may have an extension

ρ̃ : G → GL2(Ã) of the GMA representation ρ to G. If an extension ρ̃ exists, the extension is a

usual representation into GL2(Ã). As usual, we call ρ̃ p-ordinary if ρ̃|Gp
∼= ( ε ∗

0 δ ) with unramified

δ ≡ ϕς mod m eA. The ordering of the residual representation
(
ϕ 0
0 ϕς

)
(with this order ϕ at the top)

is fixed; so, plainly, to have compatibility of ordinarity of ρ over H and Q-ordinarity of ρ̃ (and to
preserve residual order of the characters ϕ and ϕς), we need to define pς -ordinarity to have a set of

idempotent E ς so that ρE
ς |Dpς in the lower triangular form. Indeed, if ρ̃(ς) = ( 0 ∗

1 0 ), ρ is p-ordinary

for E if and only if ρ is pς -ordinary for the same E by choosing Dpς = ςDpς
−1.

By [Ch14, Proposition 1.23] and [WWE18, Propositions 5.5.3 and 5.9.7], there exists a universal
object

(Rord, Eord,ρord : H → Eord,×, T ord, Dord)
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made of the universal ordinary Cayley–Hamilton representation ρord with values in the universal
Rord-GMA Eord (with a lift Eord of idempotents) and the universal ordinary pseudo character
T ord : H → Rord with T ord = Tr(ρord) (resp. determinant) deforming ϕ (resp. Dϕ⊕ϕς

).

Let us briefly recall the construction of (Rord,ρord : H → Eord,×). We consider the universal
Cayley–Hamilton representation ρu : Ru[H ] → Eu =

(
Ru Bu

Cu Ru

)
and its local version ρ? : D? →

E?,× for E? =
(
R? B?

C? R?

)
for the decomposition subgroup D? ⊂ H of ? ∈ {p, pς} (e.g., [Ch14,

Proposition 1.23] and [WWE18, §5.4–5]); so, Tr(ρu) = T and det(ρu) = D. Write it as ρ? =(
ρ?
11 ρ?

12

ρ?
21 ρ?

22

)
for ? = u, p, pς. By the universality of (R?, E?) for ? ∈ {p, pς}, we have a unique morphism

of GMA’s (R?, E?)
π?

−→ (Ru, Eu) such that ρu|D? = π? ◦ ρ?.

Let Jp (resp. Jpς

) be the two-sided ideal of Ep (resp. Epς

) generated by ρ
p
21(Dp) ⊂

(
0 0
Cu 0

)

and ρ
p
22(δ) − 1 ∈

(
0 0
0 Rp

)
for δ in the inertia group Ip ⊂ Dp (resp. by ρ

pς

12(Dpς ) ⊂
(

0 Bp
ς

0 0

)
and

ρ
pς

11(δ)− 1 ∈
(
Rp

ς
0

0 0

)
for δ ∈ Ipς ⊂ Dpς ). By [WWE18, Lemma 5.9.3] (strictly speaking by its proof

replacing their residual representation by our ϕ⊕ϕς), the ideal J? is well defined independent of the

choice of the expression ρ? =
(

ρ?
11 ρ?

12

ρ?
21 ρ?

22

)
for ? = p, pς. By [WWE18, Lemma 5.9.4], for any ?-ordinary

Cayley–Hamilton representation ρ : D? → E, the morphism E? π−→ E with ρ ∼= π ◦ ρ? kills J?; so, π
factors through E?-ord := E?/J?.

Definition 5.6. Let ? ∈ {p, pς} and J?-ord

Ru ⊂ Ru be the ideal generated by the subsets π?(Tr(ρ?)(J?))
and π?(det(ρ?)(J?)) and let J?-ord be the two-sided ideal of Eu generated by π?(J?) and J?-ord

Ru . Let
E?-ord := Eu/J?-ord and R?-ord := Ru/J?-ord

Ru .

Then by [WWE18, Proposition 5.9.7], the pair (R?-ord, H → E?-ord) gives the universal ?-ordinary
Cayley–Hamilton representation.

Definition 5.7. We define Rord := Ru/(Jp-ord
Ru + Jpς

-ord

Ru ) and Eord := Eu/(Jp-ord + Jpς
-ord).

Note that Eord (resp. Rord) is the “push-out” of the two morphisms Eu → Ep-ord and Eu →
Epς -ord (resp. Ru → Rp-ord and Ru → Rpς -ord) in the category of GMA’s (resp. p-profinite local W -
algebras); so, automatically Eord is a Rord-GMA. Therefore, (Rord, H → Eord) is the universal pair
of the universal ordinary Cayley–Hamilton pseudo character ring and the universal Cayley–Hamilton
representation. In other words, (Rord, H → Eord) represents the functor

DordF : A 7→ {(E,D : E → A, ρE : H → E×) : ordinary}/ ∼=,
where E is an ordinary A-GMA with a lift E of idempotents, D : E → A is a determinant such that
D ⊗A F = Dϕ⊕ϕς

and ρ : H → E× is a Cayley–Hamilton representation with D(ρ(h)) = det(ρ(h)).
Call a determinant D : H → A and a pseudo-character T : H → A ordinary if it has a lifting to an
ordinary Cayley–Hamilton representation into an A-GMA.

Lemma 5.8. We have a canonical isomorphism Rps,ord ∼= Rord.

Proof. By Lemma 5.2 (4), Tr(π) for Wiles’ pseudo representation is a pseudo character. The determi-
nant det(π) is multiplicative and determined by Tr(π) as p > 2. Indeed, writing π = (a, d, x), x is de-
termined by a and d by (W1), and assuming 2 is invertible, we have a(g) = 1

2(Tr(π(g)−Tr(π(gc))) and

d(g) = 1
2(Tr(π(g)+Tr(π(gc))) as we recalled just after (W3). Therefore det(π)(r) = a(r)d(r)−x(r, r)

is determined by Tr(π) as long as 2 is invertible. By universality of Rord, we have the morphism

Rord
π−→ Rps,ord sending (Tu, Du) to (Tr(πps,ord), det(πps,ord)). Since Tr(πps,ord) determines πps,ord,

Rps,ord is generated by the values of Tr(πps,ord), and hence π is surjective. Writing ρord =
(
a b
c d

)
, we

have an ordinary pseudo representation (a, d, x) with x(h, h′) = b(h)c(h′); so, by the universality, we
have a morphism ι : Rps,ord → Rord. Writing πps,ord = (a,d,x), by definition ι ◦ (a,d,x) = (a, d, x)
and π ◦ Tu = Tr(πps,ord), these two maps are inverse each other as desired. �

6. Explicit form of the universal reducible Cayley–Hamilton representation

We continue to assume (H0–1). We make explicit the reducible locusRred of the ordinary universal
ring Rord and the universal reducible Rred-GMA Ered. The explicit form here is the key to the
proof of Theorem C.
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Let J ⊂ Rord be the ideal of the reducibility locus Spec(Rred) (see [FGS, §1.5.1] and [WWE17,
§3.3–5]); so, Rred is given by Rord/J . The algebra Rred is equipped with a universal Rred-GMA
Ered and a universal reducible Cayley–Hamilton representation ρred : H → Ered (see [WWE18,
Proposition 7.3.1]). Write the entries of the universal Cayley–Hamilton representation H → Ered

as ρij , and put T red = ρ11 + ρ22. Over the reducibility locus, ρ11 ⊕ ρ22 is a representation of H
deforming ϕ ⊕ ϕς . Recall the universal deformation Φ : H → W [C]× of the character ϕ unramified
outside cp∞.

Since (W [C],Φ) is universal among characters of H deforming ϕ, we have a morphism of CNLW
g : W [C] → Rred with g ◦ Φ = ρ11. Since Rred is generated by the values of T red and det(ρred)
has values in W [C]×, by p-distinguishedness (and Hensel’s lemma), we can solve the values of the
character ρ11 mod J out of the information of T red. Thus Rred is actually generated by the values

of the character ρ11, and hence g is surjective. Define a W [C]-GMA by E(Φ⊕Φς) =
(
W [C] 0

0 W [C]

)
.

Since Φ⊕ Φς : H → E(Φ ⊕ Φς)
× for the universal character Φ : H → W [C] is a Cayley–Hamilton

representation deforming E(ϕp⊕ϕpς ), we have a universal map f : Ered → E(Φ⊕Φς), which induces

f11 : Rred → W [C] with f11 ◦ ρ11 = Φ. Thus f11 is onto as W [C] is generated by the values of Φ
over W . Since f11 ◦ g and g ◦ f11 are both onto, they are isomorphisms. This shows

Lemma 6.1. The canonical morphism: Rred →W [C] is a surjective isomorphism of Λ-algebras.

By this lemma, W [C]-modules Y(ϕ−) ⊗Zp[ϕ−] W and ςY(ϕ−)ς−1 ⊗Zp[ϕ−] W are naturally Rred-
modules.

We have the universal Cayley–Hamilton pseudo character T ? : H → R? for ? = ord, red. By
[FGS, Theorem 1.4.4 (i)], we have the universal (surjective) Cayley–Hamilton representation ρ? :

R?[H ] → E? =
(
R? B?

C? R?

)
. Surjectivity of ρ? follows from the construction of E? as the maximal

GMA quotient of R?[H ] with the property ? (see [Ch14, §1.22]). By [FGS, Proposition 1.5.1] or
[WE15, §7.3], J is the image (under the GMA product law of Eord) of Bord ⊗Rord Cord in Rord, and
Rred = Rord/J .

Proposition 6.2. We have

Bred ∼= Y(ϕ−) ⊗Zp[ϕ−] W and Cred ∼= ςY(ϕ−)ς−1 ⊗Zp[ϕ−] W

as Rred-modules, where Y(ϕ−) and ςY(ϕ−)ς−1 are as in Definition 3.8.

Proof. Write W [C]∨ for the Pontryagin dual of W [C]. Let

Xn = W [C]∨[pn] = {x ∈W [C]∨|pnx = 0} ∼= (W [C]/pnW [C])∨.

Note that W [C]∨ = lim−→n
Xn and Xn/Xn−1 is a free F[C]-module of rank 1. Since Xn is a finite

module, as Λ-modules Xn ∼= W/pnW [C] which is a cohomologically trivial C-module. Define Xn(φ)
by the module Xn with H-action given by φ = Φ,Φς and Φ−. By [FGS, Theorem 1.5.5] applied to
Ered ⊗Rred W [C]/pnW [C], we have an injective Λ-linear map

ιn : HomRred(Bred, Xn) ↪→ Ext1W [H](Xn(Φς ), Xn(Φ)) = H1(H,Xn(Φ−)).

Let Φ−
n := Φ− mod pnW [C]; so, Im(Φ−

n ) = C. By inflation-restriction sequence, we have an exact
sequence

H1(Im(Φ−
n ), Xn(Φ

−))→ H1(H,Xn(Φ
−))→ HomH(Ker(Φ−

n ), Xn(Φ−))→ H2(Im(Φ−
n ), Xn(Φ−)).

Since Im(Φ−
n ) ∼= C and Xn(Φ−) is a cohomologically trivial C-module, Hj(Im(Φ−

n ), Xn(Φ
−)) = 0

(j = 1, 2). In the construction of ιn, writing (ρredij ) for the universal reducible Cayley–Hamilton

representation and taking an element f ∈ HomRred(Bred, Xn), Belläıshe and Chenevier made a
Cayley–Hamilton representation

(6.1) x 7→
(
ρred
11 f◦ρred

12

0 ρred
22

)

in [FGS, §1.5.3 (12)]. Note ρred11 = Φ and ρred22 = Φς . Thus each element f ∈ HomRred(Bred, Xn) is
sent to a homomorphism f ◦ρ12 ∈ HomH(Ker(Φ−

n ), Xn(Φ
−)). This Cayley–Hamilton representation

is ordinary and upper triangular; so, the extension class can possibly ramify at p and unramified at
pς . Thus, the image of ιn lands in

HomW [C](Y(ϕ−) ⊗Zp[ϕ−] W,Xn(Φ−)) ⊂ HomH(Ker(Φ−), Xn(Φ
−)).
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In other words, we get

(6.2) ιn : HomRred(Bred, Xn) ↪→ HomW [C](Y(ϕ−) ⊗Zp[ϕ−] W,Xn(Φ−)).

Pick φ ∈ HomW [C](Y(ϕ−) ⊗Zp[ϕ−] W,Xn). Then φ corresponds to an extension Xn(Φ) ↪→ E �

Xn(Φς). Taking x ∈ E projecting down to the image of 1 ∈ W [C](Φς) in Xn(Φς), we define f : H →
Xn = Xn(Φ) by f(h) = hx− Φς(h)x and a Cayley–Hamilton representation ρ : H →

(
W [C] Xn

0 W [C]

)

by

ρ(h) :=
(

Φ(h) f(h)
0 Φς(h)

)
,

whose trace is a deformation of the pseudo-character τ . Therefore, by the universality of Ered, we
have a unique map φ ∈ Bred → Xn inducing this Cayley–Hamilton representation. This φ recovers

φ and ιn(φ) = φ; so, ιn : HomW [C](B
red, Xn)→ HomW [C](Y(ϕ−)⊗Zp[ϕ−] W,Xn) is onto and hence

is an isomorphism. Passing to the injective limit of Xn = (W [C]/pnW [C])∨ with respect to n, we
get an isomorphism

(6.3) ι∞ : (Bred)∨ ∼= HomW [C](B
red,W [C]∨) ∼= HomW [C](Y(ϕ−)⊗Zp[ϕ−] W,W [C]∨)

∼= (Y(ϕ−) ⊗Zp[ϕ−] W )∨.

For the augmentation map a : W [C] → W , the pairing (x, y) = a(xy) gives rise to an isomorphism
W [C] ∼= HomW [C](W [C],W ); so, W [C] is a Gorenstein (see the bottom of page 199 of [H16] for an
argument showing W [C] is actually a local complete intersection over W ). By taking Pontryagin
dual, we find Bred ∼= Y(ϕ−) ⊗Zp[ϕ−] W . The other identity Cred ∼= ςY(ϕ−)ς−1 ⊗Zp[ϕ−] W can be
proven similarly taking a lower triangular representation similar to ρ. �

Lemma 6.3. We have Eord/JEord ∼= Ered canonically and in particular, Bord/JBord ∼= Bred and
Cord/JCord ∼= Cred.

Proof. The Cayley–Hamilton representation ρord⊗1 into Eord⊗RordRred = Eord/JEord is reducible
in the sense of [FGS, §1.5.1]. By the remark just after Lemma 6.1, we have a surjective morphism of
Rred-GMA π : Ered → Eord/JEord such that π ◦ρred ∼= ρord⊗1. Since the image of ρord generates
Eord over Rord, π is surjective. Since ρred : H → Ered is ordinary, we have a surjective morphism
$ : Eord � Ered with $ ◦ ρord = ρred; so, $ factors through Eord/JEord. Thus the composites
π ◦$ and $ ◦ π are both onto. Since the GMA’s are noetherian, we conclude π ◦$ and $ ◦ π are
isomorphisms. They are identity maps as $◦ρord = ρred and π ◦ρred ∼= ρord⊗1. Thus we conclude
Eord/JEord ∼= Ered as Rord-GMA, which implies the isomorphisms of the lemma. �

7. Modularity of Rord: proof of Theorem C

Recall the pseudo-character τ given by the trace of E(ϕp ⊕ ϕpς ). We first note

Proposition 7.1. Assume (H0–1). Let TF be the local ring of the p-ordinary cuspidal F -Hilbert
modular big Hecke algebra of prime-to-p level NF/Q(c) with tame Neben character ϕϕς whose residual
pseudo-character is given by τ . Then the following assertions hold:

(1) We have a pseudo character TF : H → TF deforming τ such that TF (Frobl) is given by
the projection of the Hecke operator T (l) in TF for all primes outside pNF/Q(c), and there

exists a TF -GMA ETF
=

(
TF BTF

CTF
TF

)
with an ordinary Cayley–Hamilton representation

ρTF
: H → E×

TF
such that Tr(ρTF

) = TF with ideal J of reducibility over H which is the
image of BTF

⊗TF
CTF

.
(2) We have a pseudo character T+ : H → T+ deforming τ such that T+(Frobl) is given by the

projection of the Hecke operator T (l) in T+ for all primes outside pNF/Q(c) with χ(l) = 1,

and there exists a T+-GMA ET+ =
(

T+ BT+

CT+
T+

)
with an ordinary Cayley–Hamilton represen-

tation ρT+ : H → E×
T+

such that Tr(ρT+) = T+ with ideal J+ of reducibility over H which is

the image of BT+ ⊗TF
CT+ .

Since the proof is the same, we deal with the first assertion involving TF .
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Proof. Since the prime-to-p conductor of ϕϕς equals the level NF/Q(c), the algebra TF is reduced by
the same argument proving Lemma 2.1 via the Hilbert modular version of the theory of new forms.
By [Ch14, Proposition 1.29], pseudo character and determinant are equivalent notion (as p > 2). For
each minimal ideal P of TF , we have the Galois representation ρP : H → GL2(TF/P ⊗Λ Q) for the
quotient field Q of Λ with Tr(ρP )(σ), det(ρP )(σ) ∈ TF /P (by using Wiles’ construction [Wi88] or by
[FGS, Theorem 1.4.4 (ii)]). Put ρF = ⊕P ρP as representation having values in GL2(TF ⊗ΛQ). Then
DTF

:= det(ρF ) is a determinant with values in TF in the sense of Definition 5.3, and hence by [FGS,
Theorem 1.4.4 (ii)], it is associated to a Cayley–Hamilton representation as in the proposition. �

Lemma 7.2. Under (H0–1) (resp. (H0–3)), the ring T is generated over T+ (resp. over Λ)
by Tr(ρT(Frobl)) for r− primes l (resp. a single prime l) inert in F outside Np, where r− =

dimF Sel(IndQ
F ϕ

−).

Proof. By definition, T is generated by the image a(l) = Tr(Frobl) of T (l) (here we write T (l) for
U(l) even if l|Np). Let T′ be the subring of T generated over Λ by a(l) for all l - Np. By Chebotarev
density theorem, Tr(ρT) has values in T′. Thus for example, by Wiles’ construction from his pseudo
representation attached to ρT, we have the Galois representation ρT′ : G → GL2(T

′) isomorphic to

ρT after extending scalars to T. If l|N and either ρ|Dl
is irreducible or ρT′ |Dl

∼=
(
ψ 0
0 ψ′

)
with both

ψ and ψ′ ramifies, a(l) = 0; so, we can ignore such primes. Assume l|N and ρT′ |Il
∼=

(
ψ 0
0 1

)
. By

minimality (H1), ψ ramifies and has order prime to p. Thus H0(Il , ρT′) ∼= T′ on which Frobl for
a (well-chosen) prime l|l in F acts by a(l); so, a(l) ∈ T′. If ϕ ramifies at p, the same argument
shows a(p) ∈ T′. If ϕ is unramified at p, choosing a representative φ ∈ Gal(Qp/Qp) of Frobp, by
(H0), ρT′ (φ) has two distinct eigenvalues modulo mT′ . By Hensel’s lemma, the eigenvalues are in
T′; so, each eigenspace is free of rank 1 over T′. By ordinarity, one of the eigenspaces has action
of φ via multiplication by an element δ ∈ T′ with δ ≡ ϕς(φ) mod mT′ . On this eigenspace, φ acts
via multiplication by a(p) = δ ∈ T; so, a(p) ∈ T′. This shows T = T′. Since σ(a(l)) = χ(l)a(l) for

χ =
(
F/Q

)
and T = Λ[Θ] for Θ with σ(Θ) = −Θ under (H0–3) by Theorem 4.1, we can choose an

inert prime l such that the image of a(l) in t∗ generates t∗ over F. Thus a(l) generates T over Λ
under (H0–3).

If we suppose only (H0–1), by Proposition 3.6, T is generated over T+ by Θj (j = 1, . . . , jr−)
with σ(Θj) = −Θj ; so, we need r− primes l with χ(l) = −1 to choose Θj among a(l)s. �

Let T− := {x ∈ T|σ(x) = −x}. Then T− = ΘT+ under (H0–2) by Theorem 3.4. Extend the
character ϕ to a function on G just by 0 outside H to have the following standard realization of the
induced representation:

ρ(τ ) =
(

ϕ(τ) ϕ(τς)

ϕ(ς−1τ) ϕ(ς−1τς)

)
.

Then if χ(τ ) = −1 (⇔ τ 6∈ H), we have

(ρ⊗ χ)(τ ) =
(

0 −ϕ(τς)

−ϕ(ς−1τ) 0

)
= jρ(τ )j−1

for j :=
(

1 0
0 −1

)
. If χ(τ ) = 1 (⇔ τ ∈ H), ρ(τ ) is diagonal commuting with j; so,

(ρ⊗ χ)(τ ) = ρ(τ ) = jρ(τ )j−1.

Thus we conclude ρ⊗ χ = jρj−1.
Here is a more explicit version of ET+ :

Lemma 7.3. Assume (H0–1). After conjugating ρT under a suitable element in GL2(T), we can

arrange ρT|H to have values in the T+-GMA E+ :=
(

T+ T−

T− T+

)
so that ρT(c) = diag[−1, 1] and

ρT(δ) = diag[ϕ(δ), ϕς(δ)] for δ ∈ ∆p and the complex conjugation c chosen in (D2), where the
product law: T− ⊗T+ T− → T+ is given by b⊗ c = bc with the product bc in T.

Proof. Recall from (s6) the deformation functor giving rise to RQ:

(7.1) D(A) := {ρ : G→ GL2(A) : p-ordinary |(ρ mod mA) = ρ}/Γ(mA).

We have the involution σ on RQ given in the introduction. We let χ act on D by

ρ 7→ j(ρ⊗ χ)j−1 ≈ ρσ .
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Recall the ideal of reducibility J+ defined in Proposition 7.1. Since j
(
a b
c d

)
j−1 =

(
a −b
−c d

)
and

(ρT|Hmod J+) = Φ⊕Φς is diagonal, we have uj(ρT ⊗χ)(uj)−1 = ρσT with u ∈ 1 +J+M2(T). Write
U = uj. Applying σ, we get Uσ(ρσT ⊗ χ)U−σ = ρT; so, we have

UρTU
−1 = U(ρT ⊗ χ)U−1 ⊗ χ = ρσT ⊗ χ = U−σρTU

σ.

Thus juσju = UσU = z ∈ Z := 1 + J+T. Since 1 + J+M2(T) is p-profinite, letting σ acts on
1 + J+M2(T) by x 7→ xeσ := jxσj, we can write u = veσ−1 ∈ (1 + J+M2(T)) for v ∈ 1 + J+M2(T).
Replacing ρT|H by v−1jρTjv|H , we find jρT|Hj−1 = ρσT |H . In other words, ρT|H has values in

E+ =
(

T+ T−

T− T+

)
. �

Here is a slightly more detailed version of Theorem C.

Theorem 7.4. Suppose (H0–2). We have canonical isomorphisms for Rps as in Lemma 5.1:

Rord ∼= TF ∼= Rps ∼= T+.

All the rings above are local complete intersection over Λ.

Proof. Let Θ be a generator of I as in Corollary 3.7. By Lemma 7.2, we may assume that Θ =
Tr(ρT(Frobl)) for a prime l inert in F outside Np. For any prime q outside Np inert in F , we
have Tr(ρT(Frob2

q)) + det(ρT(Frobq)). Since det(ρT(Frobq)) ∈ Λ and Frob2
q ∈ H , we find that

T+ is generated over Λ by the trace of ρT|H ; so, β : Rord → T+ is surjective. By Lemma 7.3,
we regard ρT|H as a Cayley-Hamilton representation of H with values in the T+-GMA E+ inside
M2(T). Since I = (Θ) is the minimal ideal of reducibility of T such that ρT mod I is an induced
representation of a character from H , for Θ+ := Θ2, (Θ+) = I ∩ T+ is the minimal ideal such that
ρT : H → E+⊗T+ T+/I+ is reducible; so, (Θ+) is the ideal of reducibility for ρT|H , J surjects down
to I+.

Recall the ideal J of the reducible locus of Rord. Since Rred = Rord/J and Ered = Eord/JEord
by Lemma 6.3, we have Bred = Bord/JBord and Cred = Cord/JCord. By Proposition 6.2 combined
with cyclicity over W [C] of Y(ϕ−) ⊗Zp[ϕ−] W (Theorem 3.9), we find Bord/JBord is cyclic over

Rord. By Nakayama’s lemma, Bord is cyclic over Rord. Similarly Cord is cyclic over Rord. By [FGS,
Proposition 1.5.1], J is the image in Rord of Bord ⊗Rord Cord under the product law of Eord; so
J is cyclic. Therefore J is a principal ideal generated by an element η ∈ Rord. Multiplication by
η : Rord/J = Rred → J /J 2 is surjective.

By Lemma 6.1, we have Rred ∼= W [C]. Therefore we have a surjective Λ-linear map W [C] �

J /J 2. Since J /J 2 surjects onto I+/I
2
+
∼= W [C], the composed map W [C] � J /J 2

� I+/I
2
+ =

W [C] is an onto W -linear map. Comparing the W -rank, it is an isomorphism; so, we find in
particular that J /J 2 ∼= I+/I

2
+. By Theorem 3.4, Θ is not a zero divisor, and therefore Θ+ is not a

zero divisor. Since Θ+ is not a zero divisor in T+, we have a commutative diagram:

J /J 2 ∼−−−−→ I+/I
2
+

onto

yj 7→ηn−1j o
y i 7→ Θn−1

+ i

J n/J n+1 onto−−−−→ In+/I
n+1
+ ,

which tells us that all arrows are isomorphism for all n ≥ 2; so, J n/J n+1 ∼= I+/I
n+1
+ for all n ≥ 0

(here I0
+ := T+ and J 0 := Rord). The filtrations {J n}n of Rord and {In+}n are separated and

exhaustive, the graded rings grJ (Rord) is isomorphic to grI+ T+; so, Rord ∼= T+ by [BCM, IV.2.8,

Corollaries 1 and 2].
The local complete intersection property follows from Corollary 3.7 (1) which shows that T+ is a

local complete intersection over Λ. �

Remark 7.5. We can prove also in an automorphic way that the p-adically cuspidal Hecke algebra
TF has reducible locus TF/I+ as in the proof of the above theorem. Here is a brief sketch of
the argument, assuming for simplicity that c is a split prime q and F has strict class number 1.

Thus the level N = N(c) is a rational prime q. Let φ : Cl+F (qp∞) → Q
×

be a deformation of ϕ.

Write pr for the p-conductor of φ. Consider a Hilbert modular base change θ̂(φ) of θ(φ), which has
Neben type character (1, φφς, φφς) and level Npr of Hodge weight κ = (0, 0) in the sense of [HMI,

§2.3.2]. The form θ̂(φ) has eigenvalue φ(l)+φ(lς) for T (l) for all primes l; so, it is an Eisenstein series
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E := E(φ, φς), where if l|Npr, we wrote T (l) for U(l). The q-component of φφς is equal to ϕq if l = q.
Let f = f(φ) be a p-ordinary stabilization of E so that f |U(l) = φ(pς)f for l = p, pς. We claim that
f is p-adically cuspidal without using p-adic technique. Let M1(Np

r, φφς) be the space of Hilbert
modular forms of Neben type character (1, φφς, φφς), level Npr and of Hodge weight κ = (0, 0). A
local involution w = wq coming from τ =

(
0 −1
$ 0

)
∈ GL2(Fq) for a totally positive generator $ of q

is defined on adelic forms by g|w(x) := g(x) 7→ ϕ(det(x))g(xτ) for g ∈ M1(Np
r, φφς). Then, in the

same manner as in [MFM, (4.6.22-23)], we have a commutative diagram

M1(Np
r, φφς)

w−−−−→
∼

M1(Np
r, ϕ−2φφς)

T (l)

y
yϕ−1(l)T (l)

M1(Np
r, φφς)

w−−−−→
∼

M1(Np
r, ϕ−2φφς)

for primes l 6= q. Thus E|w is proportional to E′ := E(ϕ−1φ, ϕ−1φς). If ϕ−1φ is non-trivial, E′

does not have constant term at ∞, and hence E does not have constant term at w(∞). Thus we
may assume that φ = ϕ. Since w commutes with p-stabilization and f |U(p) = ϕ(pς)f , we find
f |w|T (p) = ϕ−1ϕς(p)f |w, and hence the constant term of f is proportional to the constant term of
the p-stabilizationE′−E′($z) (having U(p)-eigenvalue ϕ−1ϕς(p)), writing z for the Hilbert modular
variable. Thus, even if φ = ϕ, f does not have constant term at w(∞). The same argument replacing
q by qς tells us that f(φ) does not have constant term at (p-adically) unramified cusps. Therefore
the local ring of the cuspidal big Hecke algebra acting non-trivially on f(φ) (for all such φ) is the
cuspidal Hecke algebra TF , and we note that I+ is given by the annihilator of {f(φ)}φ in TF .

Remark 7.6. We keep the notation and assumptions of the previous remark. We assume c+cς = O.
Consider the universal character κ : Gal(FQ∞/F )→ Λ× unramified outside p deforming the identity

character. Thus κ([l,Q]) = tlogp(l)/ logp(γ) for γ = 1 + p for a prime l 6= p. Here Q∞/Q is the
cyclotomic Zp-extension. For (η, ξ) = (φ, φς) or (φς , φ) as an ordered pair, we can think of a Λ-adic
Eisenstein series E(η, ξκ) whose Λ-adic eigenvalue for T (l) is given by η(l)+ξ(lς)κ(Frobl) for primes
outside N(c). Then weight (0, k−1) specialization Ek(η, ξκk−1) for k > 1 of E(η, ξκ) is not cuspidal,
where κk−1 = κ mod (t−γk−1). Indeed, w as in Remark 7.5 essentially interchanges Ek(η, ξκk) and
Ek(ξ, ηκk) and the argument proving cuspidality for k = 1 fails. Note that E1(φ, φςκ0), E1(φς , φκ0)

and θ̂(φ) have the same T (l)-eigenvalues of T (l) for l - N(c)p, but the following U(q) and U(qς )
eigenvalues for primes q|c, p and pς :

E1(φ, φςκ0) E1(φς , φκ0) θ̂(φ)
U(q) φ(q) = 0 φς(q) 6= 0 φς(q) 6= 0

U(qς) φ(qς) 6= 0 φ(q) = 0 φς(q) 6= 0
U(p) φ(p) φς(p) 6= 0 φς(p) 6= 0

U(pς) φ(pς) 6= 0 φ(p) φς(p) 6= 0

Assuming the conductor of φ is prime to p, f = E1(φ, φςκ0), E1(φς , φκ0) and θ̂(φ) lifts to three
Λ-adic forms of prime-to-p level N(c) and Neben character (1, φφς, φφς) given by two Eisenstein
families E(φ, φςκ) and E(φς , φκ) and a unique cuspidal family θ associated to TF under p - hF (ϕ−),
and they never intersect over Spec(Λ) by (H0). However these families at weight 1 points have same
eigenvalues for T (l) for primes l outside N(c)p. This is not contradictory to Wiles’ proof of Iwasawa’s
main conjecture [Wi90], because our ordinarity is different from the one Wiles used as described in
Section 5.4. Note that the two Eisenstein families E(φ, φςκ) and E(φς , φκ) interchange under the
action of Gal(F/Q) switching two variables of Hilbert modular forms indexed by archimedean places
of F , but the local ring TF carrying the family θ is invariant under Gal(F/Q) as it is the base-change
from Q.

8. Modularity of the universal ordinary Cayley–Hamilton representation

We now give an explicit form of the universal ordinary Cayley–Hamilton representation. This
supplies us with an explicit matrix form of the inertia subgroup at p of Im(ρT) which is a key step
towards the proof of Theorems C and D. Since we already know Rord ∼= T+ by Theorem 7.4, we
show that ρT|H normalized as in Lemma 7.3 gives the universal Cayley–Hamilton representation.
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Theorem 8.1. Assume (H0–2). We have Eord =
(

T+ B+

C+ T+

)
∼=

(
T+ T−

T− T+

)
=: E+ with B+ ⊗T+ C+

∼=
T− ⊗T+ T− → T+ given by Θb ⊗ Θc 7→ Θ2bc (the product in T), and ρT|H : H → E+ as chosen in
Lemma 7.3 gives the universal ordinary Cayley–Hamilton representation.

Proof. By Lemma 7.3, ρT|H suitably conjugated in GL2(T) has values in E+ =
(

T+ T−

T− T+

)
. By

Theorem 7.4, Rord ∼= T+, and Eord is a T+-GMA. Therefore we can write Eord =
(

T+ B+

C+ T+

)
with

T+-modules B+ and C+. We know J = Θ+T+ for Θ+ = Θ2. The universal T+-GMA morphism
φ : (Eord,ρord) → (E+, ρT|H) induces T+-linear morphisms φB : B+ → T− and φC : C+ → T−.
Since we have the isomorphism i : Eord ⊗Rord Rred ∼= Ered by Lemma 6.3, the morphism φ? ⊗ 1 :
?red =?+ ⊗Rord Rred → T−/Θ+T− (? = B,C) is induced by this canonical isomorphism i. The
result [FGS, Theorem 1.5.5] is valid for any Cayley–Hamilton representation not necessarily the
universal Ered. Applying this theorem of Belläısche–Chenevier to E+/Θ+E+, replacing Bred by
T−/Θ+T− = T−/JT−, we have a morphism in the same manner as in (6.1) and (6.2)

jn : HomT+(T−/Θ+T−, Xn) ↪→ HomW [C](Y(ϕ−)⊗Zp[ϕ−] W,Xn(Φ−)).

Namely, writing (ρ mod (Θ+)) = (ρij), jn(f
′) = f ′ ◦ ρ12 ∈ HomW [C](Y(ϕ−) ⊗Zp[ϕ−] W,Xn(Φ−))

for f ′ ∈ HomT+(T−/Θ+T−, Xn). Passing to the injective limit (with respect to n), we get as in
(6.3) a W [C]-linear injection j∞ : (T−/Θ+T−)∨ ↪→ (Y(ϕ−) ⊗Zp[ϕ−] W )∨. Taking the dual, we get
the surjective bottom horizontal morphism in the following commutative digram:

Y(ϕ−) ⊗Zp[ϕ−] W
∼−−−−→
ι∨
∞

Bred

‖
y

yφB⊗1

Y(ϕ−) ⊗Zp[ϕ−] W
�−−−−→
j∨
∞

T−/Θ+T−.

The commutativity of this diagram follows since φB is compatible with the construction of ιn and
jn by universality (i.e., jn(f ′) = f ′ ◦ ρ12 = f ′ ◦ (φB ⊗ 1) ◦ ρred12 = ιn(f

′ ◦ (φB ⊗ 1))). Thus φB is a
onto W [C]-linear morphism:

W [C]
(∗)∼= Y(ϕ−)⊗Zp [ϕ−] W � T−/Θ+T− = ΘT+/Θ+ΘT+

∼= W [C],

where the identity (∗) follows from Theorem 3.9. Comparing the W -rank, surjectivity implies an
isomorphism

φB ⊗ 1 : Y(ϕ−) ⊗Zp[ϕ−] W ∼= T−/Θ+T−

of W [C]-modules.
Recall the ς-conjugate Galois group Yς(ϕ−

ς ) of Y(ϕ−) in Definition 3.8. Replacing Y(ϕ−) and

Bred by Yς(ϕ−
ς ) and Cred in the above argument, we conclude that φC ⊗ 1 is also onto.

Since B+/JB+
∼= Y(ϕ−)⊗Zp[ϕ−]W = T−/Θ+T− by Proposition 6.2 and Lemma 6.3, φB and φC

are surjective by Nakayama’s lemma. From T+
∼= T− (x 7→ Θx) as T+-modules, T− is free of rank 1

over T+, and therefore φB and φC must be T+-linear isomorphisms. Thus we conclude Eord = E+

and ρ = ρT|H , as desired. �

Normalize ρT such that ρT|H has values in
(

T+ T−

T− T+

)
, and write simply ρ for the Cayley–Hamilton

representation ρT|H which is isomorphic to ρord.

9. Local Iwasawa theory

Let k/Qp (inside Qp) be a Galois extension with p - [k : Qp] <∞. Write F∞/k for the cyclotomic

Zp-extension inside Qp. Let Γ := Gal(F∞/k) = γZp and put Γn = Γp
n

. Set Fn := F Γn∞ and write on
for the p-adic integer ring of Fn. Let L (resp. Ln) be the maximal abelian p-extension of F∞ (resp.
Fn). Write Xn := Gal(Ln/kn) and X := Gal(L/F∞). We have Gal(L/Qp) = Gal(F∞/Qp) n X,
and Γ (resp. Gal(F∞/Qp)) acts on X by conjugation. Therefore the commutator subgroup of

Gal(L/kn) is given by (γp
n − 1)X, and we have the corresponding exact sequence at each level n:

1→ X/(γp
n − 1)X → Gal(LnF∞/F∞)→ Γn → 1.

Let k∞/k be the unramified Zp-extension inside Qp with its n-th layer kn, and put Υ :=
Gal(k∞/k) and Fn := F∞kn. Let L (resp. Ln) be the maximal abelian p-extension of F∞
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(resp. Fn). Set X := Gal(L/F∞). Pick a lift φ ∈ Gal(L/k) of the Frobenius element [p,Qp]
f

(for the residual degree f of k/Qp) generating Gal(k∞F∞/F∞) and a lift γ̃ ∈ Gal(L/k) of the
generator γ of Gal(F∞/k) = Γ. The commutator τ := [φ, γ̃] acts on X by conjugation, and
(τ − 1)x := [τ, x] = τxτ−1x−1 for x ∈ X is uniquely determined independent of the choice of γ̃
and φ. Define L′ ⊂ L and L′

n ⊂ Ln by the fixed field of (τ − 1)X , which is independent of the
choice of γ̃ and φ. Let X′ = Gal(L′/F∞) and X′

n = Gal(L′
n/Fn). Since p - [k : Qp], we can split

Gal(F∞/Qp) = Gal(k/Qp) n Gal(F∞/k), and regard X′ as a Zp[Gal(k/Qp)]-module through the
conjugation action of Gal(k/Qp) ⊂ Gal(F∞/k). We quote the following result from [EMI, §1.12.2]
and [H21, Proposition A.4.1 (3)]:

Proposition 9.1. Let η : Gal(k/Qp) → Zp[η]
× be a character. Write Zp(η) for the a free

Z[η]-module of rank 1 on which Gal(k/Qp) acts by η. Then the η-isotypic component X′[η] =
X′ ⊗Zp[Gal(k/Qp] Zp(η) is a cyclic Zp[η][[Γ × Υ]]-module (i.e., it is generated topologically over
Zp[η][[Γ× Υ]] by one element).

10. Explicit form of p-inertia group, proof of Theorem D

Recall ρ = ρT|H normalized as in Lemma 7.3. Pick a prime ℘|p of F (ρ). Let Ip (resp. Ipς , Dp) be
the p-inertia (resp. pς -inertia, p-decomposition) subgroup of Hp := Gal(F (ρ)/F (ρ)) corresponding

to ℘ and ℘ς . We choose ρ so that ρ(Dp) is upper triangular with unramified quotient character δ.

Regard [p,Qp]
f ∈ Dp for the residual degree f of P = ℘ ∩ F (ρ), and write ρ([p,Qp]

f) =
(
u−f ∗
0 uf

)

with u = δ([p,Qp]) ∈ T×
+. Let F1 be the subfield of F generated by the values of ϕ over Dp and

W1 = W (F1) (the Witt vector ring with coefficients in F1). Put Λ0 := Zp[[T ]] ⊂ Λ1 := W1[[T, a]] ⊂ T
for a = u2f − 1 (u = δ([p,Qp])). Note uf − 1 ∈ mT; so, the symbol W1[[T, a]] makes sense and it
is the closed subalgebra of T generated by T and a over W1. Recall the subgroup ∆ ⊂ H with
∆ ∼= Gal(F (ρ)/F ) defined in §5.1.

Theorem 10.1. Let the notation be as above. Suppose (H0). Then by conjugating ρ by a diagonal
element in E×

+ , we can choose a non-zero divisor θ satisfying θσ = −θ so that we have

ρ(Ip) =
{
( a b0 1 )

∣∣a ∈ tZp , b ∈ θΛ1

}
(t = 1 + T )

and ρ(Ipς ) = Jρ(Ip)J−1, where J = ρ(ς) =
(

0 ϕ(ς2)
1 0

)
. If further we assume (H0–2), replacing θ by

aθ for a unit a ∈ T×
+ by conjugating ρ by ( a 0

0 1 ), we may choose θ to be a generator of T over T+

with σ(θ) = −θ; in other words, we have aθ = Θ for Θ as in Theorem 3.4.

Replacing ϕ by the Teichmüller lift of ϕ, we assume that ϕ has order prime to p in the proof.

Proof. From the definition of Λ-algebra structure of T and p-ordinarity, we know

ρ(Ip) ⊂M(T) ∩ Eord and ρ(Ipς ) = Jρ(Ip)J−1

for the mirabolic subgroup M(T) :=
{
( a b0 1 )

∣∣a ∈ T×, b ∈ T
}
. Since Gal(Qab

p /Qp) = [p,Qp]
bZ n Z×

p for

the maximal abelian extension Qab/Q and the local Artin symbol [p,Qp], we find

ρ(Ip) ⊂
{
( a b0 1 )

∣∣a ∈ tZp , b ∈ T−
}

by the shape of Eord, and det(ρ(Ip)) = tZp ⊂ Λ×
0 . Thus we have an extension 1 → U → ρ(Ip) →

tZp → 1. Recall the element φ0 we fixed to normalize Wiles’ pseudo representation (see (W2)).
By [H15, Lemma 1.4], this extension canonically split by the action of the element φ0 ∈ ∆ with U
characterized to be an eigenspace on which φ0 acts by ϕ− (or c ∈ ∆ acts by ϕ−(c) = −1); so, we
may assume to have a section s : tZp ↪→ ρ(Ip) identifying tZp with

{
( a 0

0 1 )
∣∣a ∈ tZp

}
. Thus U is made

of unipotent matrices. Here we used the assumption (H0). Defining

I1 = {τ ∈ Ip : τ |K = 1}
for the unique Zp-subextension K/F (ϕ−)P of F (ϕ−)P[µp∞ ], we have U = ρ(I1), since U is made of
unipotent matrices, .

Regard U as an additive submodule inside T− and ϕ− as an abelian irreducible Zp-representation
acting on W = Zp[ϕ] regarded as a Zp-module. Apply Proposition 9.1 to the splitting field k of

ϕ−|Dp
under the notation there. Then the Galois group X′[ϕ−] is cyclic over W1[[Γ×Υ]] (Γ = tZp)

and surjects onto U . Since the action of W1[[Γ × Υ]] factors through Λ1, by Proposition 9.1, U is
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cyclic over Λ1. Since T is Λ1-torsion-free, we have U ∼= Λ1 as long as U 6= 0. Thus we conclude
ρ(I1) = U =

{
( 1 a

0 1 )
∣∣a ∈ θΛ1

}
inside ρ(H) (for a suitable choice of θ ∈ T− by Lemma 7.3).

In [Z14], indecomposability over the p-inertia group of a Hilbert modular Galois representation
(over a totally real field K) attached to a weight 2 non-CM cusp form is proven unconditionally if
2 - [K : Q]. Since ρ = ρT|H and Ip ⊂ H , we can apply the result of [Z14] to modular specializations
of ρ (i.e., K = Q not F ). Thus taking a weight 2 elliptic Hecke eigenform g belonging to a given
irreducible non CM component Spec(I) of Spec(T), the Galois representation ρg of g is indecom-

posable over Ip; so, U ⊗Λ1 I 6= 0. This shows the image of θ in I is non-zero. While if I is a CM
component, then the image of θ vanishes in I as π ◦ ρT for π : T → I is an induced representation.
By minimality (i.e., N is the prime-to-p-conductor of ρ), T is reduced by Lemma 2.1. Since Spec(T)
does not have any CM irreducible components (as explained just below Theorem D), θ is a non-zero
divisor of T. This shows the desired expression for ρ(Ip). Since ρ(Ipς ) = Jρ(Ip)J−1, we obtain the

expression of ρ(Ipς ).
We now assume (H1–2) in addition to (H0). If the T+-span T+ ·U of U is smaller than T− = ΘT+,

we have UT+ ⊂ Θm+T+ = m+T− for the maximal ideal m+ of T+ as T− is free of rank 1 over T+. Let
F (ϕ−)P be the completion at P = ℘∩F (ϕ−). Recall U = ρ(I1). Thus we may write ρ(τ ) =

(
1 u(τ)
0 1

)

for τ ∈ I1. Let u := u mod m+T− which has values in T−/m+T− ∼= F. Let H(ϕ−) := Ker(ϕ− :
H → W×). Since T−/ΘT− = Y(ϕ−) ⊗Zp[ϕ−] W and Θ2T+ defines the reducible locus of ρ by

Proposition 6.2, this homomorphism extends to a non-zero homomorphism u : H(ϕ−) → F with

u(τhτ−1) = ϕ−(τ )u(h) (for τ ∈ H) unramified outside p over F (ϕ−) = F (ρ). Since F (ρ)(p)/F (ρ)
only ramifies at p, u is unramified at ccς . Since ρ(Ipς ) is lower triangular contained in jM(T)j−1,
u is unramified everywhere. Since ClF (ϕ−) ⊗Zp[∆] ϕ

− = 0 by (H2), this is a contradiction as u 6= 0

on H(ϕ−). Thus T+-span of u(I1) is F; so, T+-span of u(I1) is equal to T− by Nakayama’s lemma.
Thus T+u(I1) 6≡ 0 mod m+T−; so, we may assume that Θ ∈ u(I1) and hence θ = Θ. �

Proposition 10.2. Assume (H0–1). Recall the universal character Φ : H → W [C]×. Let L :=
F (Φ−) and W (ϕ−) be the rank one W -free module on which ∆ acts by ϕ−. Then we have a W [C]-
linear surjection: ClL ⊗Z[∆] W (ϕ−) � T−/(θT+ + I+T−); so, T−/(θT+ + I+T−) is finite.

Proof. Write θ for the image of θ ∈ T− in T−/I+T−. Since T− is a T+-module and T+/I+ ∼= W [C]

(Lemma 3.1), we can think of W [C]θ ⊂ T−/I+T−. The pull back by T− � T−/I+T− of W [C]θ
to T− is equal to θT+ + I+T−. By conjugation action, Y(ϕ−) ⊗Zp[ϕ−] W is a W [C]-module. Note

that Y(ϕ−) ⊗Zp[ϕ−] W is the upper nilpotent part Bred of the universal reducible Cayley-Hamilton

representation, and Rord/JRord = Y(ϕ−)⊗Zp[ϕ−] W by Proposition 6.2 and Lemma 6.3. Let I0 be
the wild inertia subgroup at p in Gal(F (ρ)/F (ρ)). As in the proof of Theorem 10.1, we have an exact
sequence 0→ U0 → I0 � Γ → 1 for the Galois group Γ of the cyclotomic Zp-extension of Qp. Lift
c ∈ C = Gal(F (Φ)/F (ϕ)) to c̃ ∈ Gal(F (ρ)/F (ϕ)) so that ρ(c̃) is upper triangular. This is possible
by the form of the universal Cayley–Hamilton representation studied in Section 6. We let c̃ act on I0
and its unipotent part U0 by conjugation. The W [C]-module structure (through the identification
W [C] = T+/I+) of T−/I+T− is induced by the conjugation action of c̃ on the inertia groups, c̃I0c̃

−1

and c̃U0c̃
−1 only depends on c ∈ C; so, we write them as cX for X = I0, I1 and U0,U . Note that cθ is

the image of a generator (over Λ1) of the unipotent part cU . Write U0 for the image of U0 in Y(ϕ−).
Consider the quotient C := (Y(ϕ−)⊗Zp [ϕ−]W )/W [C]U0 for W [C]-span W [C]U0 of U0. Then C is the
scalar extension to W of the Galois group of the maximal p-abelian extension unramified everywhere
of L = F (Φ−) on which ∆ acts by ϕ−, that is, ClL⊗Z[∆]ϕ

−. Therefore we conclude C = ClL⊗Z[∆]ϕ
−

which is finite. Since W [C]U0 has image (W [C]θ+I+T−)/I+T− = (θT++I+T−)/I+T− in T−/I+T−,
C surjects down to T−/(θT+ + I+T−), and therefore T−/(θT+ + I+T−) is finite. �

Corollary 10.3. Assume (H0–1). Then we have θT ∩ Λ = (〈ε〉 − 1).

Proof. By Lemma 3.1, θT+ has image W [C]θ in T−/I+T−, and T−/(θT+ + I+T−) is finite by
Proposition 10.2. Pick λ ∈ Λ such that λ 6∈ (〈ε〉−1) and Λ/(λ) = W . Let Xλ := X[ 1

λ ] = X⊗Λ Λ[ 1
λ ]

for X = T±, I, I±. By |T−/(θT+ + I+T−)| < ∞, we have Tλ− = θTλ+ + I+Tλ−. Suppose Tλ− =

θTλ+ + In+Tλ− for some n > 0. Then

Tλ− = θTλ+ + In+(θTλ+ + I+Tλ−) = θTλ+ + In+1
+ Tλ−.
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Thus by induction, Tλ− = θTλ+ + In+Tλ− for any n > 0, and we conclude

Tλ− =
⋂

n

(θTλ+ + In+Tλ−).

ConsiderM := T−/θT+ which is a T+-module of finite type. Then by Krull’s intersection theorem
[CRT, Theorem 8.9], N :=

⋂
n>0 I

n
+M has an element a ≡ 1 mod I+ such that aN = 0. Since I+

is in the radical mT+ , a is a unit in T+; so, N = 0. This shows
⋂

n

(θT+ + In+T−) = θT+.

Since Λ[ 1
λ ] is Λ-flat, tensoring Λ[ 1

λ ] over Λ (i.e., localization by inverting λ) commutes with inter-
section [BCM, I.2.6]; so, we conclude the identity (∗) in the following equation:

(10.1) Tλ− =
⋂

n

(θTλ+ + In+Tλ−)
(∗)
= θTλ+.

Thus Iλ = ITλ = (θ). This shows θTλ ∩ Λλ = Iλ ∩ Λλ = (〈ε〉 − 1)Λλ as Λ[ 1
λ ] is flat over Λ [BCM,

I.2.6]. Therefore (〈ε〉 − 1)/((θ) ∩ Λ) is a λ-torsion module. We can choose a couple of λs as above,
say λ1, λ2, so that (λ1, λ2) = mΛ. Then the Λ-module (〈ε〉 − 1)/((θ) ∩ Λ) is λj-torsion for j = 1, 2
and hence is killed by mM

Λ for some 0�M ∈ Z. Since (θ)∩Λ is a reflexive Λ-module, the Λ-module
(〈ε〉−1)/((θ)∩Λ) does not have mΛ as an associated prime; so, we conclude (〈ε〉−1)/((θ)∩Λ) = 0,
as desired. �

For the proof of Theorem 4.1 and Proposition 4.2, what we needed are the following three facts:

(i) T′ = Λ[Θ] (i.e., T′ is generated over Λ by one element).
(ii) ΘT′ ∩ Λ = (〈ε〉 − 1) (so, Λ[Θ]/(Θ) = (Λ + (Θ))/(Θ) = Λ/(Λ ∩ (Θ))),
(iii) T′ is free of finite rank over Λ,

Since any Λ-torsion-free ring A finite over Λ generated by one element is Λ-free of finite rank,
replacing Θ by θ, we can apply the arguments proving Proposition 4.2 to the subalgebra Λ[θ] of T
generated by θ in Proposition 10.2 and obtain the assertion (1)–(5) of the following corollary. The
last assertion (6) follows directly from Theorem 10.1:

Corollary 10.4. Assume (H0–1). Let the notation be as in Proposition 10.2. Let Λ[θ] be the
Λ-subalgebra of T generated by θ, and put eθ = rankΛ Λ[θ].

(1) If 〈ε〉 − 1 is a prime in Λ, then the ring Λ[θ] is isomorphic to the power series ring W [[x]]
of one variable over W ; hence, Λ[θ] is a regular local domain and is factorial;

(2) The ring Λ[θ] is an integral domain, and for a prime factor P of 〈ε〉 − 1, the localization
Λ[θ]P of Λ[θ] at P is a discrete valuation ring fully ramified over ΛP ;

(3) If p is prime to eθ, the ramification locus of Λ[θ]/Λ is given by Spec(Λ/(〈ε〉−1)), the relative
different for Λ[θ]/Λ is principal and generated by θeθ−1 and Λ[θ] is a normal integral domain
of dimension 2 unramified outside (〈ε〉 − 1) over Λ;

(4) If p|eθ, Λ[ 1p , θ] is a Dedekind domain unramified outside (〈ε〉 − 1) over Λ ⊗Z Q, and the

relative different for T[ 1p ]/Λ[ 1
p
] is principal and generated by Θe−1;

(5) If eθ = 2, Λ[θ] is a normal integral domain, and one can choose θ =
√

1− 〈ε〉;
(6) If (H2) holds, we have θ = Θ up to units in T.

Proof of Theorem D: By Theorem 10.1, the restriction ρf |Ip
is decomposable if and only if P |(θ),

which is equivalent to P - (〈ε〉 − 1) by Corollary 10.4. This implies that θ 6≡ 0 mod P if P is outside
V ((〈ε〉 − 1)) = Spec(T/(〈ε〉 − 1)). Thus local decomposable points are limited to weight 1 points
associated to Artin representation. �

Appendix A. Control of Selmer group

We used in the main text a precise control result and determination of the size (i.e., the char-
acteristic ideal and Fitting ideal) of the adjoint Selmer group, though perhaps it is well known to
specialists. We present a detailed exposition of the control in this first appendix. The result is valid
for any odd absolutely irreducible p-ordinary p-distinguished representation ρ : G → GL2(F) not
necessarily induced from F . We only assume that the ramification index of ρ at primes outside p is
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prime to p and write G for the Galois group over Q of the maximal p-profinite extension unramified
outside p of the splitting field of ρ. Write S for the set of primes 6= p ramified in F (ρ)/Q such that
ρ|Il

= εl ⊕ δl. By (l) in Section 2, if l 6= p outside S ramifies in F (ρ)/Q, ρ|Dl
is irreducible.

Let κ := det(ρ) : G→ Λ×. Then (Λ,κ) represents the deformation functor

A 7→ {ξ : G→ A×|ξ mod mA = det(ρ)}.
Consider the following deformation functor Dκ : CL/Λ → SETS slightly different from the one D
defined in (s6) (or (7.1)):

Dκ(A) = {ρ ∈ D(A)| det(ρ) = iA ◦ κ}/Γ(mA),

where writing iA : Λ → A for Λ-algebra structure of A. This functor is again represented by
(R = RQ,ρ) regarding R as a Λ-algebra by the W -algebra homomorphism induced by det(ρ) : G→
R×. Indeed, if ρ ∈ Dκ(A), we have iA ◦ κ = det(ρ). Regarding ρ ∈ D(A), we have a unique

W -algebra homomorphism R
φ−→ A such that φ ◦ρ ≈ ρ, where “≈” is conjugation by Γ(mA). Taking

determinant, we get φ◦κ = det(ρ) showing that φ is compatible with iR and iA; so, it is a Λ-algebra
homomorphism, showing HomΛ(R,A) ∼= Dκ(A) by φ↔ ρ.

By the condition (l) for l ∈ S, the universal representation ρ is equipped with a basis (vl,wl)
so that ρ(g)vl = εl(g)vl and ρ(g)wl = δl(g)wl for g ∈ Il for the Teichimüller lift εl and δl of

εl and δl, respectively. At p, for g ∈ Dp, the matrix form of ρ|Dp
for this basis is ( ε ∗

0 δ ) with δ

unramified. By representability, each class c ∈ Dκ(A) has ρ such that V (ρ) = V (ρ) ⊗R,ι A for a
unique ι ∈ HomB-alg(R,A), we can choose a unique ρ ∈ c is equipped with a basis

{(vl = vl ⊗ 1, wl = wl ⊗ 1)}l∈S∪{p}

compatible with specialization. We always choose such a specific representative ρ for each class in
Dκ(A) hereafter.

Fix ρ0 ∈ Dκ(A). We study Sel(Ad(ρ0). Take an A-module M with finite order and consider the
ring A[M ] = A ⊕M with M2 = 0. Then A[M ] is still p-profinite. Pick ρ ∈ Dκ(A[M ]) such that
ρ mod M = ρ0. By our choice of representative ρ and ρ0 as above, we may (and do) assume ρ
mod M = ρ0.

Let ρ0 act on M2(A) and sl2(A) = {x ∈ M2(A)|Tr(x) = 0} by conjugation. Write this represen-
tation ad(ρ) and Ad(ρ) as before. Let ad(M) = ad(A)⊗AM and Ad(M) = Ad(A)⊗AM and regard
them as G-modules by the action on ad(A) and Ad(A). Then we define

(A.1) F(A[M ]) =
{ρ : G→ GL2(A[M ])|(ρ mod M) = ρ0, [ρ] ∈ Dκ(A[M ])}

Γ(M)
,

where [ρ] is the isomorphism class in Dκ(A) containing ρ and Γ(M) := Ker(GL2(A[M ])→ GL2(A))
acts on ρ by conjugation.

Take M finite as above. For ρ ∈ F(M), we can write ρ = ρ0 ⊕ u′ρ letting ρ0 acts on M2(M) by
matrix multiplication from the right. Then as before

ρ0(gh)⊕ u′ρ(gh) = (ρ0(g) ⊕ u′ρ(g))(ρ0(h) ⊕ u′ρ(h)) = ρ0(gh) ⊕ (u′ρ(g)ρ0(h) + ρ0(g)u
′
ρ(h))

produces u′ρ(gh) = u′ρ(g)ρ0(h) + ρ0(g)u
′
ρ(h) and multiplying by ρ0(gh)

−1 from the right, we get the

cocycle relation for uρ(g) = u′ρ(g)ρ0(g)
−1:

uρ(gh) = uρ(g) + guρ(h) for guρ(h) = ρ(g)uρ(h)ρ0(g)
−1,

getting the map F(A[M ])→ H1(G, ad(M)) which factors through H1(G,Ad(M)). By computation,
we can easily verify that ρ is (1 +M2(M))-conjugate to ρ′ if and only if uρ is cohomologous to uρ′ ;
so, this map is injective A-linear map identifying F(A[M ]) with

Sel(Ad(M)) := Ker(H1(G,Ad(M))
Res−−→ H1(Qp, Ad(M))

F+
−H

1(Qp, Ad(M))
),

where F+
−H

1(Qp, Ad(M)) ⊂ H1(Qp, Ad(M)) is a A-submodule spanned by cohomology classes of
cocycles u : G→ Ad(M) upper triangular over Dp and upper nilpotent over Ip.

If M = lim−→i
Mi for finite A-modules Mi, we just define

Sel(Ad(M)) = lim−→
i

Sel(Ad(Mi)).
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Then for finite Mi, F(A[Mi]) = Sel(Ad(Mi)) and lim−→i
F(Mi) = Sel(lim−→i

Ad(Mi)).

For each [ρ0] ∈ Dκ(A), choose a representative ρ0 = ι ◦ ρ. Then we have a map F(A[M ]) →
Dκ(A[M ]) for each finite A-module M sending ρ ∈ F(A[M ]) to the class [ρ] ∈ Dκ(A[M ]). By our
choice of ρ, this map is injective.

Conversely pick a class c ∈ Dκ(A[M ]) over [ρ0] ∈ Dκ(A). Then for ρ ∈ c, we have x ∈ 1 +
M2(mA[M ]) such that xρx−1 mod M = ρ0. By replacing ρ by xρx−1 and choosing the lifted base,
we conclude F(A[M ]) ∼= {[ρ] ∈ Dκ(A[M ])|ρ mod M ∼ ρ0}; so, for finite M ,

Sel(Ad(M)) = F(A[M ]) = {φ ∈ HomΛ-alg(R,A[M ]) : φ mod M = ι}
= DerΛ(R,M) ∼= HomA(ΩR/Λ ⊗R,ι A,M).

Thus

(A.2) Sel(Ad(M)) ∼= HomA(ΩR/Λ ⊗R,ι A,M).

Theorem A.1 (B. Mazur). For any A ∈ CLΛ, we have a canonical isomorphism: Sel(Ad(ρ0))
∨ ∼=

ΩR/Λ ⊗R,ι A. In particular, if ρ0 is modular with ι factoring through T, we have Sel(Ad(ρ0))
∨ =

Sel(Ad(ρT))∨ ⊗T A.

The last assertion follows from the transitivity of tensor product:

Sel(Ad(ρT))∨ ⊗T A = ΩR/Λ ⊗R T⊗T A = ΩR/Λ ⊗R A = Sel(Ad(ρ0))
∨.

We only prove the first assertion.

Proof. Take the Pontryagin dual A∨ := HomB(A,Λ∨) = HomZp
(A⊗Λ Λ,Qp/Zp) = Hom(A,Qp/Zp).

Since A = lim←−iAi for finite rings Ai and Qp/Zp = lim−→j
p−1Z/Z, A∨ = lim−→i

Hom(Ai,Qp/Zp) =

lim−→i
A∨
i is a union of the finite modules A∨

i . We define Sel(Ad(ρ0)) := lim−→j
Sel(Ad(A∨

i )). Defining

F(A[A∨]) = lim−→i
Fl(A[A∨

i ]), we see from compatibility of cohomology with injective limit

Sel(Ad(ρ0)) = lim−→
i

Sel(Ad(A∨
i )) = lim−→

j

Ker(H1(G,Ad(A∨
i ))→ H1(Qp, Ad(A

∨
i ))

F+
−H

1(Qp, Ad(A∨
i ))

)

By the formula (A.2),

Sel(Ad(ρ0)) = lim−→
i

Sel(Ad(A∨
i )) = lim−→

i

HomR(ΩR/Λ ⊗R A,A∨
i )

= HomA(ΩR/Λ ⊗R A,A∨) = HomA(ΩR/Λ ⊗R A,HomZp
(A,Zp))

= HomZp
(ΩR/Λ ⊗R A,Qp/Zp) = (ΩR/Λ ⊗R A)∨.

Taking Pontryagin dual back, we finally get

Sel(Ad(ρ0))
∨ ∼= ΩR/Λ ⊗R,ι A and Sel(Ad(ρ))∨ ∼= ΩR/Λ ⊗R F

as desired. In particular, we have Sel(Ad(ρ))∨ = ΩR/Λ. �

Appendix B. p-Adic adjoint L-function

In [H16, §6.5.5], we constructed a p-adic L-function interpolating the size of the adjoint Selmer
group Sel(Ad(ρ)) for each specialization ρP = ρT mod P with P ∈ Spec(Λ) for each irreducible
component of the form Spec(Λ) of Spec(T). Here we generalize this construction of the L-function
Lmod = LmodI ∈ I to general irreducible components Spec(I) of Spec(T) and glue them together to
obtain LT ∈ T having the interpolation property all over Spec(T) (not just over Spec(I)). Here we
keep the notation introduced in Section A, in particular, (R,ρ) is the minimal universal deformation
ring representing Dκ and we have a canonical surjective morphism ιT : R→ T such that ρT ≈ ιT ◦ρ.

We assume R = T and (2.3): T has a presentation T = Λ[[X1, . . . , Xr]/(S1, . . . , Sr) for r =
dimF Sel(Ad(ρ)). Let ρ : G → GL2(A) ∈ Dκ(A) be a deformation of ρ such that ρ ∼= P ◦ ρT. We
have an exact sequence for (P : T→ A) ∈ HomΛ-alg(T, A)

(S1, . . . , Sr)/(S1, . . . , Sr)
2 ⊗T A −−−−→

⊕r
j=1 A · dXj

�−−−−→ ΩT/Λ ⊗T A

‖
ySj 7→dSj ‖

y o
y

⊕r
j=1 A · dSj

`−−−−→ ⊕r
j=1 A · dXj −−−−→

�
Sel(Ad(ρ))∨.
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Then we define

(B.1) LT := det(

r⊕

j=1

A · dSj `−→
r⊕

j=1

T · dXj),

The element LT gives rise to a p-adic L-function with

Spec(T)(W ) 3 P 7→ |LT(P )|−1
p = |Sel(Ad(P ◦ ρ))|.

Let λ : T = T � I be a Λ-algebra surjective homomorphism for an integral domain I finite

torsion-free over Λ. Let TI := T⊗Λ I and λ̃ be the composite TI � I⊗Λ I
a⊗b 7→ab−−−−−→

�
I. Then for each

P ∈ Spec(I)(W ) = HomW -alg(I,W ), λ̃ induces Λ ↪→ TI

eλ−→ I
P−→W by composition.

Writing ρP := P ◦ λ ◦ ρ. Then det ρP is a deformation of det ρ; so, we have a unique morphism
ιP : Λ→ W such that ιP ◦ κ = det(ρP ). Since the Λ-algebra structure ι : Λ→ T of T = T is given
by det(ρ) = det(ρT) = ι ◦ κ, we find out that the above composite is just ιP .

Let TP = TI ⊗I,P W under the above algebra homomorphism. Note that

TP = T⊗Λ I⊗I,P W ∼= T⊗Λ,ιP W

by associativity of tensor product.
By construction, we have λP : TP → W induced by λ. Even if ιP = ιP ′ , λP may be different

from λP ′ . If λP is associated to a Hecke eigenform of weight ≥ 2, we call P a arithmetic point. If
TP ⊗W Frac(W ) = Frac(W )⊕ (Ker(λP )⊗W Frac(W )) as algebra direct sum, we call P admissible.
If P is admissible, write SP for the image of TP in (Ker(λP ) ⊗W Frac(W )). Then define the
congruence module C0(λP ) := SP ⊗TP ,λP

W . If P is arithmetic, it is admissible. Since TI is a
complete intersection over I, by a theorem of Tate (see [MR70, Appendix] or [H16, Theorem 6.8]),

(B.2) |C0(λP )| = |ΩTI/I ⊗TI
I/P | = |ΩT/Λ ⊗T I/P |.

If ρ ∈ Dκ(A) for W -valued κ = det(ρP ), then ρ ∈ Dκ(A) and hence ρ = φ ◦ ρ for φ : T → A. By
definition, φ factors through

T/R(det(ρ)(g) − κ(g))gR = T/R(κ(g)− κ(g))gR = R⊗Λ,κW.

This shows that T = R⊗Λ,κW for κ : Λ = W [[Γ]]→W induced by κ. Applying this to TP , we get
Rdet(ρP ) = TP .

Here is a well known theorem (a combination of (2.3) and an old result of mine [H88]) which
shows non-vanishing at arithmetic P of the p-adic L-function LT interpolating the size of adjoint
Selmer group over Spec(T) (e.g., [MFG, §5.3.6]) for canonical periods Ωf,± of f :

Theorem B.1. Assume R = T and (2.3). Let λ : T � I be a surjective Λ-algebra homomorphism for

a domain I containing Λ and λ̃ : TI → I be its scalar extension to I. Then there exists LI ∈ I such that
C0(λ) = I/(LI) and for each admissible P ∈ Spec(I), C0(λP ) = W/P (λ(LI)) and if P ◦λ◦ρT

∼= ρf for

a modular form of weight ≥ 2, we have |Sel(Ad(ρP )| = |C0(λP )| = |W/LI(P )| = |L(1,Ad(ρf))
Ωf,+Ωf,−

|−1
p <∞

(so, LI(P ) 6= 0), where LI(P ) := P (λ(LI)).

By (B.2), we need to prove only |C0(λP )| = |W/P (λ(LI))| = |L(1,Ad(ρf))
Ωf,+Ωf,−

|−1
p . If f is of weight 2 on a

modular curveX, forW = W∩Q, we haveH1(X,W)[λP ] =Wω+(f)⊕Wω−(f) (±-eigenspace under
the pull-back action of z 7→ −z on the upper half complex plane) and H1(X,C) = Cδ+(f)+ Cδ−(f)
for δ±f = f(z)dz ∓ f(−z)dz. Then Ωf,±ω±(f) = δ±(f). We use Eichler-Shimura isomorphism to
define Ωf,± for higher weight (see [H16, Theorem 6.28] for details).

Since LI(P ) 6= 0 is a key to show local indecomposability of modular Galois representation
(Theorem C), we give a sketch of a proof of the non-vanishing in two steps.

Proof. Step. 1: Existence of LI. Write M∗ := HomI(M, I) for an I-module M . Let S be the image of

TI in B⊗I Frac(I) for B = Ker(λ̃) in the decomposition T⊗Λ Frac(I) = Frac(I)⊕(B⊗I Frac(I)). Let
µ : TI → S be the projection and put A = Ker(µ). So we have a split exact sequence B ↪→ TI � I.
A local complete intersection TI over I has such a self-dual pairing (·, ·) with values in I such that
(xy, z) = (x, yz) for x, y, z ∈ TI. Thus B∗ ∼= T∗

I /I
∗, and I∗ ⊂ TI = T∗

I is a maximal submodule of
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TI on which TI acts through λ̃; so, I∗ = A inside TI. This implies B∗ ∼= S; so, S is I-free. In other
words, applying I-dual, we get a reverse exact sequence

I∗
↪→−−−−→ T∗

I
�−−−−→ B∗

o
y o

y o
y

? −−−−→ TI −−−−→ S

This shows ? = A ∼= I∗ ∼= I; so, A is principal. Define LI ∈ I by A = (LI). Note that C0(λ̃) = I/A.

Step. 2: Specialization property. We have B∗ = S and a split exact sequence B→ TI → I; so, B is
an I-direct summand of TI. Tensoring W over I via P , B⊗I,P W → TP → W is exact, and we get
BP = B⊗I,P W = Ker(λP ). Since T is Λ-free of finite rank, TI is I-free of finite rank. Thus B is
I-projective and hence I-free; so, S ∼= B∗ is I-free. Tensoring W over I via P , we get

0→ A⊗I,P W → TP → S ⊗I,P W → 0.

Thus if P is admissible, SP := S ⊗I,λP
W gives rise to the decomposition: TP ⊗W Frac(W ) =

Frac(W ) ⊕ (SP ⊗W Frac(W )). By BP = BP ⊗I,P W = Ker(λP ), we get C0(λP ) = SP /BP =

(S/B) ⊗I,P W = C0(λ̃)⊗I,P W , as desired. �

Tensoring I with the exact sequence of T-modules:

(S1, . . . , Sr)/(S1 , . . . , Sr)
2 f 7→df−−−→ ΩΛ[[X1,...,Xr ]]/Λ ⊗Λ[[X1,...,Xr]] T � ΩT/Λ

over T, we get an exact sequence
⊕

j IdSj
d⊗1=λ(d)−−−−−−→ ⊕

j IdXj → ΩT/Λ ⊗T,λ I → 0. Since TI =

I[[X1, . . . , Xr]]/(S1, . . . , Sr)I, we have

ΩTI/I ⊗TI,eλ
I =

⊕

j

IdXj/
⊕

j

IdSj = ΩT/Λ ⊗T,λ I.

They have the same characteristic ideals (and Fitting ideals) by Tate’s theorem [H16, Theorem 6.8].
Thus in general, we get

(λ(LT)) = (λ(det(d))) = (det(d⊗ 1)) = char(ΩTI/I ⊗TI,eλ
I)

Tate
= char(C0(λ̃)) = (LI).

Thus we obtain

Corollary B.2. Let the notation and assumption be as in Theorem B.1. Then λ(LT) = LI up to

units in I, and if P ∈ Spec(T)(Qp) satisfies P ◦ λ ◦ ρT
∼= ρf for a modular form f of weight ≥ 2,

we have |Sel(Ad(ρP )| = |C0(λP )| = |W/LT(P )| = |L(1,Ad(ρf))
Ωf,+Ωf,−

|−1
p < ∞ (so, LT(P ) 6= 0), where

LT(P ) := P (λ(LT)).

The corollary tells us that Lmod ∈ I glues (up to units) well to LT so that the image λ(LT) of LT

in I is equal to LI of I up to units, and in particular, LT(P ) 6= 0 if P is an arithmetic point.

Appendix C. Action of σ on Selmer groups

In this last section, we assume that ρ = IndQ
F ϕ for a real quadratic field F . We identify the “+”-

eigenspace Sel+(Ad(ρT))∨ under the action of σ with ΩT+/Λ. We need a general facts on relative
dualizing modules. Let B be a commutative p-profinite local ring for a prime p > 2. Consider a
local B-algebra A finite over B with B ↪→ A. Write ωA/B for the dualizing module for the finite

(hence proper) morphism X := Spec(A)
f−→ Spec(B) =: Y if it exists (in the sense of [Kl80, (6)]).

For the dualizing functor f ! from quasi coherent Y -sheaves into quasi coherent X-sheaves defined
in [Kl80, (2)], we have HomA(F, f !N) = HomB(f∗F,N) for any quasi-coherent sheaves F over X
and N over Y ; so, if ωA/B exists (i.e., f !(N) = N ⊗B ωA/B), taking F = A and N = B, we have

ωA/B = f !(OY ) = HomB(A,B) as A-modules. As shown in [Kl80, (21)], Spec(A)
f−→ Spec(B) has

dualizing module if and only if f is Cohen Macaulay (e.g., if B is regular and A is free of finite
rank over B). Even if we do not have dualizing module ωA/B, we just define ωA/B := HomB(A,B)
generally.

Suppose that we have an involution σ ∈ Aut(A/B). Let A+ = AG for the order 2 subgroup G of
Aut(A/B) generated by σ. Under the following four conditions:
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(1) B is a regular local ring,
(2) A is free of finite rank over B,
(3) A and A+ are Gorenstein ring,
(4) A/B is generically étale (i.e., Frac(A) is reduced separable over Frac(B)),

in [RDF, §3.5.a], the module of regular differentials ω�/4 for (�,4) = (A,B), (A,A+), (A+, B) is
defined as fractional ideals in Frac(�). By (1) and (2), A/B and A+/B are Cohen Macaulay; so,
ωA/B and ωA+/B as above are the dualizing modules.

We now identify the dualizing module with classical “inverse different”. Let C ⊃ B be reduced al-
gebras. By abusing notation, write ωC/B := HomB(C,B) in general. Suppose that Frac(C)/Frac(B)
is étale to have a trace map Tr : Frac(C)→ Frac(B), and ωFrac(C)/Frac(B) = Frac(C)Tr by the trace
pairing (x, y) 7→ Tr(xy). We define a C-fractional ideal (called the inverse different for C/B) by

d−1
C/B

:= {x ∈ C|Tr(xC) ⊂ B}.

In other words, ωC/B = HomB(C,B) ↪→ HomFrac(B)(Frac(C),Frac(B)) = Frac(C)Tr has image

d−1
C/BTr. Thus we have d−1

C/B
∼= ωC/B . If C = B[δ] is free of rank 2 over B with an B-basis 1, δ

with δ2 ∈ B, we have d−1
C/B = δ−1C for δ−1 ∈ Frac(C). Here is a version of Dedekind’s formula of

transitivity of inverse differents proven in [KDF, Proposition G.13] (see also [Kl80, (26) (vii)]):

Proposition C.1. Let B be a regular p-profinite local ring. Suppose that D/C/B is generically
étale finite extensions of reduced algebras such that D and C are B-flat, ωC/B ∼= C as C-modules

(i.e., C is Gorenstein) and that Frac(D) is Frac(C)-free. Then we have d−1
D/Cd−1

C/B = d−1
D/B and

ωD/C ⊗C ωC/B ∼= ωD/B .

We now prove

Theorem C.2. Let Sel+(Ad(ρT)) := {x ∈ Sel(Ad(ρT))|σ(x) = x}, and suppose (H0–2). Then we
have a canonical isomorphism ΩT+/Λ

∼= Sel+(Ad(ρT))∨.

Proof. By Corollary 3.7 (1), we can apply Proposition C.1 to B = Λ, D = T and C = T+. We have
the first fundamental exact sequence [CRT, Theorem 25.1]:

(C.1) ΩT+/Λ ⊗T+ T
i−→ ΩT/Λ → ΩT/T+

→ 0.

We can choose Θ ∈ T which is the image in T of X in Theorem 2.2 so that σ(Θ) = −Θ as
T/I is a surjective image of Λ and I is generated by T−. Then T+ = Λ[Θ2], which is a local
complete intersection (so, Gorenstein). Thus we get from Proposition C.1, dT/T+

dT+/Λ = dT/Λ.
By Tate’s theorem [MR70, Appendix, (A.3)] or [H16, §6.3.3], dX/Y = FittX(ΩX/Y ) for any subset
{X, Y } ⊂ {T,T+,Λ} with X ⊃ Y and dT+/ΛT = FittT(ΩT+/Λ ⊗T+ T), writing Fitt(M) for the
Fitting ideal of a T-module M of finite type (see [MW84, Appendix] for a concise description of the
theory of Fitting ideal). Since X/Y is a relative local complete intersection, dX/Y is a principal ideal
generated by a non-zero divisor again by Tate’s theorem.

Suppose relative complete intersection property: X = Y [[(T )]]/(S) for a set of variable (T ) :=
(T1, . . . , Tr) and a regular sequence (S) := (S1 , . . . , Sr) ⊂ mY [[(T )]] with X free of finite rank over Y .
Then we have the following commutative diagram with exact rows:

(S)/(S)2 −−−−→ ΩY [[(T )]]/Y ⊗Y [[(T )]] X
�−−−−→ ΩX/Y

o
ySj 7→dSj o

y ‖
y

XdS1 ⊕ · · · ⊕XdSr `−−−−→ XdT1 ⊕ · · · ⊕XdTr −−−−→
�

ΩX/Y .

Thus Fitt(ΩX/Y ) = (det(`)) and hence Fitt(ΩX/Y ) kills ΩX/Y . If M ↪→ L � N is an exact sequence
of T-modules, we have Fitt(M) Fitt(N) ⊂ Fitt(L) and Fitt(N) ⊃ Fitt(L) [MW84, Appendix, 1, 9].
By (C.1), Fitt(Im(i)) Fitt(ΩT/T+

) ⊂ Fitt(ΩT/Λ) and Fitt(Ker(i)) Fitt(Im(i)) ⊂ Fitt(ΩT+/Λ ⊗T+ T).
Since dX/Y is a principal ideal generated by a non-zero divisor (as already remarked), the identity
dT/T+

dT+/Λ = dT/Λ then implies Fitt(Im(i)) = Fitt(ΩT+/Λ ⊗T+ T). Therefore Fitt(Ker(i)) = T; so,
Ker(i) is killed by 1 ∈ T, and i is an injection, and (C.1) is a short exact sequence.

For a moduleM with σ-action, we writeM+ := {x ∈M |σ(x) = x}. Since T ∼= T+[X]/(X2−θ) for
θ := Θ2 by Corollary 3.7 (1), σ acts on ΩT/T+

∼= (T/(Θ))dθ by −1. Thus by taking “+”-eigenspace of
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the exact sequence ΩT+/Λ⊗T+ T ↪→ ΩT/Λ � ΩT/T+
, we get an isomorphism: ΩT+/Λ

∼= Ω+
T/Λ, because

ΩT+/Λ ⊗T+ T = ΩT+/Λ ⊗T+ T+ ⊕ ΩT+/Λ ⊗T+ T− with ΩT+/Λ ⊗T+ T+ = ΩT+/Λ = (ΩT+/Λ ⊗T+ T)+.
Since Sel(Ad(ρT))∨ ∼= ΩT/Λ by R ∼= T (see Theorem A.1), we get the desired identity by taking “+”
eigenspace of σ. �
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