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*Assume that Q@ = A~ with Q split over F. We describe the set Z = {x €
Hom(I™, pe~) with fcr xtdes = 0} and relate it to the point set = C Sh©.
Recall [ xdpse = 37q ser, W (Q)X(A) F([AQ]a[Q]r). The action of [Q]r
is transcendental and is incorporated into the embedding C «— Sh2. So we
write down ff as a value of a single modular form f, := 3" o A1 (Q) f[(Q)

for fI(Q)(z(A)) = f(z(AQ™1)).



§0. The idea when O = Zy. Descend Q € Q to g =Q9nO.
Then Cq := (wq Owy 4+ Owy)/TX C X is a O-cyclic subgroup.
Define for () by the action of dlag[wcl 1]:

FUQN(X A w,w) = F(X/Cy, N, (Q)w, wa) (FUQ)([A]) = f(LAQ]),
where Ay and wgy are the push-down of A and w to the quo-
tient X/Cq. Define f, =>aq M 1(Q)f[(Q). Recall v = v(x)

such that x([Ay]) = Cj_-rr(w) identifying M,[V] 2 O/U by z(Ay) =

a(u/w[)(a:(Rn)) We regard (f|(Q))q a modular form on Sh€
and evaluate it at = = =n,j defined by the following sequence n.

n = {n| /C’l_ x¥dp s = 0 for n > j with cond(x) = I'"" and v(x) = v}.
Modifying further f;, = > q Ay~ 1(Q) f,|(Q) with

fo= 3 " fla(u/=),
ueO/l
we show fy([A]) = 0 for all s([A]) € =; so, f, = 0 if = is ZarisKki
dense in V<. Note N(I)Ja(¢, f) = a(¢, fo) as long as € = —v
mod FPO;. We suppose j > r > 0 for r with £7|||Fplf, A, ¢, we] *|.



1. Geometric modular forms.

Geometric modular forms classify quadruples (X,A,w,w) with
(X,K,w)/A € Sh(A), where w is a generator over O ®; A of
HO(X,QX/A). A geometric modular form f,;5 (B = W,F) is a
functorial rule of assigning a value to triples (X, A\, w,w) to sat-
isfy the following three axioms:

(G1) For a B—algebra homomorphism ¢ : A — A’, we have

FUX A w,w) X 4.4 A) = o(F(X, A, w,w)).
(G2) f is finite at all cusps, that is, the g—expansion of f at every
Tate test object does not have a pole at ¢ = 0.
(G3) f(X, A, w,éw) = £ F(X, N\, w,w) for € € T(A) for T =
Resg /7(Gm).
Note kX € Homyg ¢p(T,Gm) sending & to &8 = [[,cx(€9)F.
Only important point about polarization is its ideal ¢ such that
A X®c=Pic%(X), and [ € Cl} parameterizes geometrically
irreducible components of Shx if det(K) = O®):X_ The differ-
ential operator d* changes k to k3> + (1 —¢). For simplicity, we
assume x = 0.



§2. Choice of \. For simplicity, assume that f has trivial

Neben types. Choose X so that A((¢)) = ¢%> and Alpx is the
A(0)
central character of f. Fix w on X(R). Then by the isogeny

. X(R) — X(A) induced by A = aR, for a € Mgp[oo, we have

wp = wsw for all A. Since & : X(A) = X(¢A) for € € M*NR",
induces w — &xw = &w, we find

f(@(6A)) = F(X(EA), Ew, Ewy) = €7 F(x(A)),
and by \((£))¢F% is the Neben character of f, we find

F(LAD = A(A) ™ f(x(A))
only depends on the class Cl, = Mg/f%f,f (FA&OO))XMXMOQ.

The action (Q) = diag[wq_l, 1] is at the place ¢ = QN O and the
action a(u/w() is at [ % q; so, they commute. Thus

FH{Q)([A]) and fy([.A]) are well defined for [A] € C1,, .



§3. Shimura’s reciprocity law.

Let (M',X") be the reflex of (M,>). We suppose that fr is
the reduction modulo p of f,, and write & over M’ be the
field of rationality of v, f/W and . Let Ef be the field of

rationality over E[uy] of z(A) € Sh for all [A] € CI1%9. Then Ey
IS an abelian extension over E. Then for an idele b of M’X, we
have b~ = [Iores bo’ e MY, and hence we have an Artin symbol

[N(b)Z/,E] acting on Ey for the norm map N := Ng/,p, whose
ideal version, we write as o = o, = [N(b)Z, E].

Here is a reciprocity law of Shimura:

FLADT = FIN ()= A)]), (R)

which implies

(/nxdwﬁ)a = X7 (N(b)*) /rn x"d%%-



84. Trace relation. Let Fp = ]Fp[f/F,w,A/F,w] (the field of
rationality of f/p,%, A/ and ). Define r >0 by £ [Fp].

Lemma. For a generator (n € uym, if Fp[x] = Fp[¢n] with n >
j = r, we have

sy _ JIEplCn] 1 FplGlIG, 1 ¢ €y,
TrFP[X]/FP[”W'](C”) N {O ! o othervvisgé.

Note [Fp[¢a] : Fpl¢]] =¢*7 #0 in F.
Proof. By our assumption, 5 > 0. Then the minimal equation of
Fplx] of ¢ over Fplu,] is, if { & py;, for m =n —j

XM= ox =2 44 q
. mie—1 S Mmi—1)—1
= XD = T g pl ) GO X T DT

So, we get the above formula. [ ]



85. fy to fu. Recall

(frn[B] x([A])dsowa([A] [B])> = x(INO)ZD Jr, x([A])dsowa([A] [B])
by Shimura’s reciprocity law (R), and

frnx([A])dsoff([A] B]) =0 & frna(x([A]))dsoff([A] [B]) = 0.

Thus for n € n and any [B] € ', we find for Tr .= TrFP[X]/FP[Mw’]’

0= 3 S A Q)X (A F1(Q) (LABIIQ]F)

ceGal(Fp[x]/Fplu,;]) AETn Q€Q
=53 A H(Q) Tr(x(A) F{Q) ([AB][Q] )
A Q

TR i S @G Y ) /) (1B
Qe u  mod (7
= "7 3 M HQ) F Q) ([BIQ]).
Qe



§6. Conclusion.

N 9
Let f 1= Ynecol® @ M Q) fA(Q) ®---®1 as a function
on V€. Then for the embedding s : CNVE — V< given by

s(z(A)) = s(A) = (@(AlQr]))aco;
> AT HQ) Hl(Q)UBIQIF) = AB) f(s(B)).
e

Thus if = is Zariski-dense in VQ, we conclude f, = 0. By com-
putation, a(&, f) %= O for £ € —v is equivalent to a(§, fv) #= 0, a
contradiction.

The sequence

n := {nlcond(x) = 1" and y € Z}

defines = = {s(A)|[A] € Upen Ker(I'n — )} as we took the trace
to Fpluy]. Therefore if n contains an arithmetic progression,
then f, = 0 by the density theorem.



7. Rigidity of torus. On the contrary to the assertion of the
non-vanishing theorem, we assume that

X = {x € Hom(I", pyo0)| - X¥dep 70, v(x) = v}
has Zariski closure X with dimX < d. Since X is stable by p-
Frobenius t — tf for a p-power P, X is stable under ¢t — +tP™ for
all m. Let W, be a discrete valuation ring finite flat over W (F,).
We apply to the formal completion X of X the following

Rigidity Theorem. [et X = Spf(7) be a closed formal sub-

scheme of G = @%/Wg flat geometrically irreducible over W, (i.e.,

T NQy, = W,). Suppose there exists an open subgroup U of Zz
such that X is stable under the action G >t — t%“ € G forallu € U.
If X contains a Zariski dense subset 2 C X(Cy) N uj(Cy), then
there exist w € 2 and a formal subtorus T’ such that X = Tw.



8. The strategy.

A Key point is the use of a rigidity theorem asserting a formal
subscheme of @m/We stable under t — t¥ for a p-power P is a
union of formal subtorus up to making finite quotient. Define
X ={x € Hom(l‘,woo)”mgO x¥dpy 7 0}, and regard Z and X as

a subset of @m/We for a sufficiently large W,. Stability of X C @;‘%

under a suitable power of p-Frobenius implies stability of X under
an open subgroup U C Z; generated by P. Assume dimX < d
for d = [F : Q]. By the rigidity theorem applied to X, we find
an arithmetic progression n such that x with conductor ["* for all
n €n is in G;‘,ln — X to conclude fv = 0, a contradiction against
a(é, fo) = N(DJa(g, f) # 0 for € € —v. Thus the non-vanishing
theorem follows. The details will be discussed in the last lecture.



