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Under the assumptions and notation Tilouine mentioned, we first
prove, for a prime p > 5 unramified in M,

h(M/E)L, O)|H @) |h(M/F)F(x) (R(M/F) = h(M)/h(F))

in A = W|[[Ij,]] fora CM field M with maximal real subfield F' and
the congruence power serie H(vy) of 1, built on the lectures by
Tilouine proving this over A[1/p]. In the second lecture, we give a
sketch of the proof of the reverse divisibility: H(vy)|h(M/F)L; (x)
resulting the main conjecture, as H(v) = h(M/F)F(x) for the
anticyclotomic Iwasawa power series F(x) by the R = T-theorem.
We fix an anti-cyclotomic character y and a Hecke character
v (both of order prime to p) such that y = ¢~ = ¥ 1 for
W¢ = 1 (coc). For simplicity, we actually assume that

(S) v has prime-to-p conductor € made of split primes over F.



1. The factorization of the p-adic Rankin product. We
write (M, 3,3 ,) for a fixed ordinary CM-type and O (resp. Oyy)
for the integer ring of F (resp. M), and put I = Isomysigq(F, Q).
Up to finitely many Euler factors in W[l y; x /)], we have

R Ly o) Lp(p ee)

H(%) h(M/F)Lp (x)
Here R € W[l p/]] is the p-adic Rankin product of the p-adic
nearly ordinary families of the automorphic inductions w(¢) and
w(p) for a chosen Hecke character ¢ of M of order prime to p with
split conductor, L, (x) € W[l ,l] € WI[I p]] interpolating the
algebraic part of L(1,v) for members p of the family of 9 (so,
P ¢ Spec(W[[I,11)), and Lp(7) is the Katz p-adic L of branch
character ?. We prove that the numerator Ly(vv ") Lp(vLpe) €
WIITap x Tayl] is prime to p; i.e., it has vanishing u-invariant.
The removed Euler factors have vanishing p-invariant as Froby
has infinite order in ['j;. We ignore such Euler factors.

: (RKO)



§2. pu = 0 Theorem. The vanishing of the u-invariant of the
Katz p-adic L requires (S). In my Annals paper of 2010, under
split conductor assumption for ?, it is proven that for £, = L,(7)
the restriction £, = £p||_54 of Ly to ', according to the splitting

[y = I‘]’\'} x ", has vanishing p-invariant if M/F ramifies. In my
2011 Compositio paper, for each point P € Spec(W[[I‘]’\'}]])(W),
restricting L, to WI[P x ';,]] = W|[[l;,]], I found that

Ian :u(ﬁ’p|P>< r&) = 0.

So, u(Lp) = 0 in W[[ ] always, and hence L,(v1¢) and
Lp(1p~Lpc) both have vanishing p-invariant.

These results requires hard modulo p arithmetic geometry of
Hilbert modular variety, we admit it.



§3. The assumption (S). Though we can always find ¢ with
v~ = x, we do not know if 9 satisfy (S). To cover the case
without (S), we need a generalization of (RKO) to a quadratic
totally real extension F;F We choose F'/ such that all non-split
factors of ¢ ;== €N F to split in K pr for K = MF’'. The CM field
K contains two CM fields M’ and M over F. Choose a Hecke
character o of M’ with split conductor. Writing ¢ = 1 o NK/M

and ¢ = po Ng/pp. Then by the same argument proving (RKO),

R Lp(P19)
H(y)  h(M/F)Ly(x)
where R is the Rankin product of the p-adic 6 families for QZ
and ¢ of the Hilbert modular forms over F’. Then applying the

vanishing of p for Katz p-adic L with respect to K/F’, we get
the divisibility h(M/F)L, (x)|H(y).* We are going to show

(RK1)

R(M/F)L, (x) = H(p) "= h(M/F)F(x). 1)

*86 of my preprint [ICTS]: “Non-vanishing of integrals of a mod p modular
form” (on my web) gives a detailed account of this divisibility.



4. Hecke algebra T is universal. To avoid complications,
we assume that (S). Consider pg := Ind{,; v : G — GL2(W) with
its reduction p = Indﬂ@ modulo my,, whose Artin conductor is
N = Dy pNyyr(€). Write F(p) for the splitting field of a Galois
representation p and let G := GaI(F(p)(p)/F(ﬁ)), where F(p)(ﬁ)
is the maximal p-profinite extension of F(p) unramified outside
p. We have a local ring T of an appropriate Hecke algebra and a
Galois representation pp : G — GLo(T) such that (T, pr) is univer-
sal among nearly ordinary Galois deformations by the "R = T" -
theorem as described in Tilouine's lecture. For the decomposi-
tion group Dgq C G at each prime gq|Np, by (S), ,OT|Dq = <€Oq ;q)
with &g = ve|p, mod my,. Regarding Og4 as the inertia group at g
and making the product of oq and ¢q over q|Np, we have two char-
acters ey, én 1 Oy X (O/N)* — T*. Since det(pr) = endy is 2
global character, as a character of the diagonal torus T(OpxO/N)
enoy factors through 7 :=T(0, x O/N)/Z(0O) for the central
torus Z (Z(0O) = O* — T(Op x O/N) diagonally embedded).



§5. T is an algebra over an Iwasawa algebra.

We have an exact sequence Z(0p)/Z(0O) — Clp(p>°) — Clp for
the ray class group Clr(?) modulo ?. Thus the maximal torsion-
free quotient I‘}‘ = I‘j\} of Clp(p*>°) contains the image under
ep5p|02>9< = det(py) of the maximal torsion-free quotient " of
Z(0p)/Z(0). Since Z(0yp)/Z(0O) is fixed by the main involution
¢ given by z 4+ 2t = Tr(x) for 2 x 2 matrices z, taking “-"-
eigenspace I of the maximal torsion-free quotient of T'(Op),
the character ep0p induces a character of I' := I X I‘}’ S (v,2) —
er 1(7)6p(v) det(pr)(2) € T*. Therefore T is an algebra over
WIIT']]. More precisely, for the level ideal N := DM/FNM/F(Q),

writing A"’ (resp. A7p) for the maximal torsion subgroup of
ClF(NpOO) (resp T), T is an algebra over W[[T]] = W[A #][[T]]
for T =T x Ap with Ap = AL x A7



§6. Control theorem. Regard k = (k1,k2) € Z[I]? (k; =
>.sKjo0) as a character of T by (F>X)2 35 (z,y) — zf1y2 € Q7
with 2™ =[], x%"3¢?. A character w : T' — W* has weight « if it
coincides with k over an open subgroup of T'(Op).

An algebra homomorphism P : W[[T]] — W is called arithmetic
if P|lp has weight x and k1, — ko, > 1 for all o € I. We put
k=K1 —Kko+ 1 for I = } ,o0; soO, the above condition means
k> 21 (i.e., the weight is bigger than or equal to 2 as in elliptic
modular case). Since q|N prime to p ramifies only in F(p)/F,

P|a, = det(pp) and det(pr)|a, = det(pg) with det(pr) having

values in W[[T']]*. Note det(pg) = | ;x (M—/F) as a Hecke char-
A

acter. Then Tp = T Q) p W is the universal ring among
nearly ordinary deformations p over G with det(p) = P odet(pr).
The ring Tp is W-free of finite rank and is a local factor of a
Hecke algebra of weight x with an appropriate Neben type.



37. Reduction steps of the proof of the main conjecture.
(0) As seen in 83, H(y) = h(M/F)L, (x)U for 0 7= U € W[l y/]].
(1) R = T-theorem implies H(y) = h(M/F)F(x). We need to
prove h(M/F)L, (x) = H(¢).

(2) For a weight 2-specialization Tp, in the second lecture, we
will prove

H () p|lh(M/F) L, (x)p- 1)

Combined with (0), Up = (U mod P) is a unit in W, and
Nakayama’'s lemma tells us U is a unit in W[l y/]]. So

R(M/F)L, (x) = H(p) "= h(M/F)F(x).

Since W[l ps]] is a unique factorization domain, we have

L, (x) = H() "= F(x)

as desired.



§8. A direct definition of H(¢y)p. The ring Tp is a local
ring of the Hecke algebra of S = S(I’O)(N,e; W) with Petersson
inner product (-,-). Write © € S for the theta series with Galois

representation Ind{,vp. For f € S, write f = c;© + f+ for
(©, 1) = 0 with ¢; = (g’:g))). Then (H(¢)p) = {€ € W|écy € W}
Vi € S (the maximal denominator of cf). We need to show
(g’ﬁ) C W, since (?2’2?) = h(M/F)Lp(vp) (up to a Gauss sum:
(3.5) 2009 [IMRNO9)).

For a product of two weight 1 (integral) theta series 616> of M,
we can write (©,6010>) as a special value at a CM abelian variety
with O,/-multiplication of a “Shimura series” on GL(2) x GL(2)
associated to (61,60>) whose g-expansion is integral as I com-
puted it in my 2006 Documenta paper [AMC, §3]. Thus the
g-expansion principle tells us the integrality. To write f as a lin-
ear combination of #160>, we use the integral Jacquet-Langlands
correspondence in my paper [IMRNOS5].



§9. Weight of automorphic forms. We sketch weight x =
(I,0) Jacquet Langlands correspondence. Take a definite quater-
nion algebra B over F' everywhere unramified at finite places,
whose existence forces us to assume [F : Q] is even. Fix a
maximal order Og of B and identify O = M»(O). Then we
have g-type level subgroup Mo(NN) and the Eichler order Og(N)
common for Bg and GLo(Fj). The holomorphic discrete se-
ries moo Of GLo(Fix) (Foo = F ®g R) is described by a weight
k = (K1, ko) € Z[I] of the diagonal torus T' = G, X Gy, C GL(2)/F
in the following way: We have k1 4+ ko = [g]I for [ = >, 70 with
an integer [k], since the central character w has the following
form weo(z) = z(1-1EDT =17 2171 for totally positive z € FX.
The weight of a holomorphic vector under SO»(Fx) = (SH)!
is given by (S1)! 3 exp(8) := (exp(v/—=105))s — expp(k) =

exp(—v/—1>,ksbs) fOor Kk = k1 — ko + I. The automorphic fac-

=(I.0
tor is Ju(g,2) = det(g)"21j(g,2)F "2 det(g)Li(g,2)2 for

j(g,z) = cz + d. The corresponding representation of weight
(I,0) of BZ is the trivial representation.



§10. Spaces of automorphic forms. Note p|N by the non-
triviality of g for P € . Write Sg(A) = Sp(N,e; A) (resp.
S(A) = S(N,e; A)) for the space of cusp forms of weight (7,0)
on fO(N) with Neben-type character . To avoid complicity of
e, we assume that the conductor of v is concentrated to > ,C
for € outside p with €+ &¢ = Oy. Then N = Dy;/pNy p(€)

and < (a}) = (M/F) b(d) and e(diagz. 2]) = w(z). For X —

B, M>(F), let Shy = XX\XA/I‘O(N)ZX(FA)CX for the center Zy
of X* and the maximal compact subgroup Cx of X2 with totally
positive determinant. Shp is a finite set, and ShMQ(F) is a Hilbert
modular Shimura variety. Take a complete representative set A
so that BY = |lyeq B*al o(N)F{Cp with asc = 1. Then Sg(A) is
made of functions f : Bf — A satisfying f(yzzu) = e(u)w(z) f(x)
for v € B*, u € FO(N)CB and z € Zp(Fy) = FA Similarly
f € S(C) is made of cusp forms f : GLy(Fy) — C such that
flGL,(F.) 1S @ holomorphic vector in the discrete series of weight
(1,0) satisfying f(yzzuexp(f)) = c(uw)w(z) f(x) expp(210). See
my Oxford book (2006) §2.3.2-5.



§11. Jacques-Langlands correspondence. Let
__ N On O
A = {a € My(O)|ay € (NgN O;’i) det() € F} =T

with T(n) made of z whose determinant span the ideal nO.
The character ¢ extends naturally to A. Decomposing T'(n) =
Uaal o(N), define fIT(n)(z) = Y ,e(a) 1 f(za), the Hecke oper-
ator acts on S(C) and Sg(A) for A inside W, C linearly. Often we

write T'(n) for T'(n) with an idele generator n of nO.

Theorem 1 (Jacquet—Langlands). We have a non-canonical iso-
morphism JL : Sp(C) = S(C) such that JLoT(n) =T(n)o JL for
all integral ideals n. (See Oxford book Corollary 2.33).

Put S(A) C S(C) made of f with A-integral g-expansion. Define
the Hecke algebra hp = W[T'(n)]n C Endy (Sp(W)). Fixing the
embedding W — C, hp ®y C acts on S(C) also. By Control
theorem, the local ring Tp is a factor of hp, while T is a factor of
h = W[[T(n)]]n C [Iphp for P running over all arithmetic points.



