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∗Let M/F be CM quadratic extension with integer ring extension R/O.

Choose a CM type Σ with Isomfield(M,Q) = Σ t Σc for complex conju-
gation c on M, and the p-adic places also split into Σp tΣpc. Choose
a prime 2 < p ∈ Z and a O-prime ideal l - (p). Let Rn = O+ lnR and
Cln := Pic(Rn), Cl−n := Coker(Pic(O)→ Pic(Rn)) and Cl?∞ := lim←−nCl

?
n. The

image of the fractional R-ideal group prime to pl in Cl−∞ is denoted by Clalg,

namely, for a fractional R-ideal A, defining Rn-ideal An so that Ân = Rn,l×Â(l)

and [A] = lim←−n[An] ∈ Cl−∞. Decompose Cl−∞ = ∆− × Γ : [Q] 7→ ([Q]∆, [Q]Γ) for

a finite group ∆− and Z`-free Γ with Γn = Im(Γ→ Cl−n ). Let Q ⊂ Clalg such
that [Q]Γ/[Q

′]Γ 6∈ Clalg as long as Q 6= Q′ in Q. For [A] ∈ Pic(Rn), we define a
point x(A) = x([A]) in the Hilbert modular prime-to-p Shimura variety Sh of
carrying the CM abelian variety X(A) of CM-type Σ with H1(X(A), Z) ∼= A.



§0. Fundamental questions. We embed Pic(Rn) into ShQ :=∏
Q Sh by [A] 7→ s(A) := (x([A][Q]Γ]))Q∈Q. If a set Ξ of CM

points is dense in ShQ, a Q-tuple of mod p modular forms rarely

vanish on Ξ. We ask for a level K quotient ShK = Sh/K

When a thin set Ξ of CM points is Zariski dense in mod p Hilbert

modular Shimura varieties ShK and its products?

Assume that p > 2 is unramified in F/Q. Fix an algebraic closure

F (resp. Q`) of Fp (resp. Q`). The variety ShQ has an action of

GL2(F
(p∞)
A ) and the stabilizer of x(R) is a torus M× ↪→ GL(2)/F .

Black Box Theorem. Let V be an irreducible component of

Sh/F. If an irreducible component X of the Zariski closure of a

CM point set Ξ in V Q stable under a p-adically open subgroup

of M× has dimension > 0 and Ξ ∩X 6= ∅, XK = V QK for any K.

My talk is based on this theorem (Theorem 3.20 in my Annals
vol.172 paper). However we do not touch the proof of this

theorem in this lecture. Note Sh/ShK is an étale pro-variety.



§1. Density Theorem.

Let n = {n0, n1, n2, . . . } be an infinite sequence of integers, and

put Ξ = Ξn,j =
⊔
i{s(A) ∈ V Q|[A] ∈ Kni

j := Ker(Clni → Clj)} for

a fixed 0 < j ∈ Z.

Density Theorem. If n contains an arithmetic progression,

then Ξ is Zariski dense in V Q.

For natural numbers N, {n ∈ N|[A] ∈ Kn
0 , x([A]n) ∈ V } is an

arithmetic progression (or empty), as irreducible components of

Sh containing CM-points of type Σ is indexed by NM/F(Cl0). We

actually prove if n contains an arithmetic progression, Ξ has a

positive dimensional irreducible component containing a point of

Ξ and deduce the density theorem from the black box theorem.

Let C` be the `-adic completion of Q`, and fix a discrete valuation

ring W with residue field F and completion W .



§2. A pathologic example. Here is an example of an affine

pro-variety V = V∞/C étale over the line V0 = Spec(C[X]) such

that the Zariski closure of an infinite set Ξ ⊂ V (C) does not have

positive dimensional irreducible component containing a point of

Ξ (due to Akshay Venkatesh).

Let Vn := V0 × Z/2nZ and the projection Z/2mZ � Z/2nZ for

m > n induces étale morphism Vm � Vn. Regard (X − j) ⊂ C[X]

for j ∈ C as a closed point j ∈ V0(C). We define V := lim←−n Vn
∼=

V0 × Z2 and Ξ = {(j,2j) ∈ V |j = 1,2, . . . }. Write

Ξn := {(j,2j mod (2n)) ∈ Vn|j = 1,2, . . . }.

Then the Zariski closure in Vn of Ξn

Ξn = V0 t {(j,2
j) ∈ Vn|j = 1,2, . . . , n− 1}.

The Zariski closure

Ξ = lim←−
n

Ξn = V0 tΞ.

One 1-dimensional component (V0×0) and infinite 0-dimensional

components Ξ.



§3. Shimura variety. The Shimura variety Sh/W classifies triples

(X,Λ, w) of abelian varieties X with O ↪→ End(X) and dimX =

rankO, level structure w = t(w1, w2) which is a basis of the Tate

module V (X) := TX ⊗
Ẑ

A(p∞) over FA(p∞), and a polarization

class Λ : Xt ∼= X ⊗O c for a strict ideal class [c] ∈ Cl+F . For an

open subgroup K with det(K) = Ô×, geometrically irreducible

components VK of ShK is indexed by [c] ∈ Cl+F . Put V = lim←−K VK
which is a geometrically irreducible component of Sh.

Fix a choice of Ô-basis wR = t(1, w2) of R̂ and resulting regular

representation ρ : MA→M2(FA). Choose W-model X(A) of the

abelian variety X(A)(C) = C/AΣ of CM type Σ; so, TX(A) =

Â(p). Here is the level structure wA on TX(A):

Outside l: w
(l)
A = ρ(a)w

(l)
R for a ∈M(l),×

A with A(l) = aR̂(l),

At l, wA,l =
t(1, $n

l
w2,l) = αn

l
wR,l for αl = diag[1,$l].

A polarization Λ(A) is given by a Riemann form (x, y) 7→ TrM/Q(δxyc)

for a fixed δ ∈M prime to p with δc = −δ, which we forget about.



§4. GL(2)-action.

The triple (X(A),Λ(A), wA) gives a point x(A) ∈ Sh. Each g ∈

GL2(FA) acts on Sh by (X,w) 7→ (X, gw) (left action). We have

ρ(a)(x(A)) = x(aA)) for a ∈ M×
A(lp∞); so, α ∈ M× with α ≡ 1

mod lnRl fixes x(A) ∈ Sh if A is a proper Rn-ideal prime to l, and

a ∈M×
A(lp∞) acts on C :=

⊔
n{s(A)|A ∈ Cln} ⊂ ShQ.

Prepare the product V QK of Q copies of an irreducible compo-

nent VK of the Shimura variety ShK/F, embed C into ShQK by

x(A) 7→ s(A) = (x(A[Q]Γ))Q∈Q ∈ Sh
Q. Since [Q]Γ ∈ Q is given by

lim←−n[δn]n for a proper Rn-ideal δn, we have [A[Q]Γ]n = [Aδn]n.

Question: When ΞK in V QK is Zariski dense for an infinite set

Ξ ⊂ C ∩ V Q.

If [Q]Γ = [Q′]ΓA with A ∈ Clalg, x(A[Q′]Γ) = 〈A〉(x(A[Q]Γ)) for a

morphism 〈A〉 : Sh→ Sh; so, the answer is negative.



§5. Goal. Identify µ`∞ = µ`∞(F) = µ`∞(Q`). We regard the set

of continuous characters Γ̂ := Hom(Γ, µ`∞) as a subset of Gd
m(Q`)

by sending a character χ to (χ(γ1), . . . , χ(γd)) ∈ µ
d
`∞(Q`) ⊂ Gd

m(Q`)

for a basis γ1, . . . , γd of Γ over Z`. A subset Z of Γ̂ is said to be

Zariski dense if Z is Zariski dense in Gd
m over Q`.

Fix a U(l)-eigenform g/W of weight k and put f/W = dκg for

dκ :
∑
ξ aξq

ξ 7→
∑
ξ aξξ

κqξ with κσ ≥ 0 and ξκ :=
∏
σ ξ

κσσ. Let

f/F := f mod mW . Put f([A]) := λ−1(A)f(x(A)) choosing (once

and for all) a Hecke character λ of M such that f([A]) only

depends on the class [A] ∈ Cl−n for all n. Define a measure

dϕf = dϕf,n on Cl−n for each n so that it has volume f([A]) at

[A] ∈ Cl−n . Fix a character ψ : ∆− → F×.

Non-vanishing theorem: Suppose that there exists ξ ∈ F ∩ Ol

in each class v ∈ (O/lj)× for a sufficiently large j � 0 such that

the q-expansion coefficient a(ξ, f) 6= 0 in F. Then the set of

characters χ ∈ Γ̂ such that
∫
Cl−n

χψdϕf 6= 0 in F for some n is

Zariski dense. If Ol
∼= Z`, j can be taken to be r such that

`r ‖|Fp[f, λ, ψ, µ`]| − 1.



§6. Transcendence of Cl−∞ = Γ×∆−.

Let fQψ ([A]) =
∑

Q∈Q λψ
−1(Q)f([AQ−1][Q]Γ) : C → F. Then

∫

Cln
χψdϕf =

∫

Γn
χdϕfψ =

∑

A∈Γn

χ(A)fQψ ([A]).

The function fQψ ([A]) =
∑

Q∈Q λψ
−1(Q)f([AQ−1][Q]Γ) cannot be

a modular form, as the decomposition Cl−∞ = Γ ×∆− is tran-

scendental (Clalg ∩∆− is 2-torsion). For simplicity, we assume

ClF covers Cl+0 := H0(Gal(M/F ), Cl0) (no 2-torsion) and κ = 0.

Application:

If g is an Eisenstein series, non-vanishing modulo p of the canon-

ical algebraic part of L(0, ψ−1χ−1λ) for densely populated anti-

cyclotomic χ except for the case where the value vanishes by

mod p root number = −1. A similar result holds for cusp forms

(see Hsieh’s paper in Documenta 19, 2014).



§7. Basic properties.

1. For a proper Rn-ideal An prime to pl, define a proper Rn′-ideal

by Ân′ := Â
(l)
n ×Rn′,l. Put Γn[lj] := {γ ∈ Γn|$

j
l
γ = [Rn]} on n > j.

We have three identities for α(u) =
(

1 u
0 1

)
:

αl(x(An)) = x(An+1) for αl = diag[1, $l],

Ol/l
i ∼= Γn[lj] by u 7→ α(u/$j

l
)x(Rn) =: x(Au,n) if n > j,(

1 u
0 $i

l

)
(x(Rn)) = α(u/$i

l
)αi

l
(x(Rn)) = x(Au,n+i).

So choosing a generator ζj of µ`j, we have v = v(χ) ∈ O/lj such

that χ(Au) = ζ
Tr(vu)
j . Fix v ∈ O/lj.

2. Put n := {n|
∫
Γn χdϕfψ = 0 with v(χ) = v and cond(χ) = ln},

and Ξ = Ξn,j := {s(A)|A ∈ Kn
j , n ∈ n}, where ln is the conduc-

tor of χ. If X = {n|
∫
Γn χdϕfψ 6= 0 with v(χ) = v} is not

Zariski dense, we show n contains a arithmetic progression. Then

fQψ ([A]) = 0 for all x(A) ∈ Ξ implies f = 0 on Sh, contradictory

to a(ξ, f) 6= 0 for ξ ∈ −v. We prove this point in the third lecture.



§8. What is the topic in the next lecture?

In the next lecture, we give a description of a proof of the density

theorem, and at the end, we come back to the proof of the non-

vanishing theorem.

One might optimistically hope that the condition X ∩ Ξ 6= ∅

might not be essential. However, as already discussed, we have

a counter example of a pro-curve V with infinite set Ξ such that

X ∩Ξ = ∅.


