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1. INTRODUCTION

The purpose of this paper is three folds:

(1) To give a concise proof of rationality and integrality result (due to Shimura
[S] and Katz [K]) of the special values of (archimedean and p-adic) arithmetic
modular forms at CM points (Sections 3 and 4);

(2) To construct a two variable p-adic measure interpolating critical Hecke L-
values of imaginary quadratic fields (Section 5);

(3) To give a brief sketch of a proof of the anticyclotomic main conjecture in the
Iwasawa theory of CM fields (Section 7).

We follow [S] to prove the rationality of the special values of classical arithmetic
modular forms and their derivatives (Theorem 3.2). The new proof of p-integrality
statements due to Katz (Theorem 4.4) is a modification of the argument of Shimura
and can be easily generalized to Hilbert modular forms and beyond. Out of this
p-integrality theorems, we can easily construct the measure. The Hilbert modular
version of the measure (Theorem 6.1) is used to formulate the main conjecture and
the anti-cyclotomic version (Conjecture 6.2). We admit a proposition reducing the
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proof of Conjecture 6.2 to a p-integrality statement of Petersson inner products of
weight 2 p-integral Hilbert modular forms and a cetain well-specified CM form (Propo-
sition 6.3), and we give a very brief sketch of how to prove the p-integrality of the
Petersson inner product. There are two keys to the proof. One is the expression of
the inner product of the CM form and a product of two weight 1 forms as a special
values at a CM point of the residue of a series (called Shimura series generalizing
Eisenstein series), and another is to write down integrally a given p-integral form as
a sum of the products of two weight 1 forms (cf. [HO5a]). Verifying the p-integrality
of the g-expansion of the residue, we conclude the p-integrality of the special value
(and hence the inner products) by the g-expansion principle. All the details of the
proof of the conjecture are in [HO5b|, [HO5c|] and [HMI| Chapter 5.

2. ELLIPTIC MODULAR FORMS

What are modular forms? In the easiest cases of elliptic modular forms, if we write
w = (w1, ws) linearly independent complex numbers (with Im(z) > 0 (z = wy/wy)), a
weight k& modular form is a holomorphic function f of w satisfying f ((¢4) w) = f(w)
and f(aw) = a * f(w) for a € C* as everybody knows. We want to prove algebraicity
and integrality of the value f(w) when w is a basis of an imaginary quadratic field
(up to a canonical period), and further generalize this to Hilbert modular case. This
is due to Damerell, Weil, Shimura and Katz.

To do this, we need to give algebraic interpretation of modular form (see [AME],
[GME] and [PAF] Chapter 2). Pick two linearly independent numbers w = (wy, ws) €
C2. Writing u for the variable on C, the quotient C/L,, for L,, = Zw; + Zw, gives rise
to a pair (F,w) of elliptic curves and the differential w = du of first kind (nowhere
vanishing differential). Indeed, F(C) =& C/L,, and we can embed E into P? via
u— (z(u),y(u),1) € P*(C) by Weierstrass P-functions

) 1 1 1 92 o 93
ZL’(U)—P(U,Lw)—@‘l‘ Z {m—g—z} —;—l—%u +%u + -

and y = 2 where go(w) = 60 > oseer, Ut and g3(w) = 14037, £7° Then the

du’
relation is % = 423 — gox — g3 and w = du = d?m. The pair w can be recovered by w
so that w; = [ w for a basis (v1,72) of Hi(E(C),Z).

Conversely, start with a pair (F,w),a defined over a ring A made of an elliptic
curve (a smooth curve of genus 1 with a specific point 0 = 0 € E(A)) and a nowhere
vanishing differential w. Then take a parameter u around 0 so that w = du. Write
[0] for the relative Cartier divisor given by 0. Since the line bundle £(m[0]) (made
of meromorphic function having pole at 0 of order at most m) is free of rank m
if m > 0 (by the existence of w), we can find z € HY(FE, £(2[0])) having a pole
of order 2 whose Laurent expansion has its leading term u=2. If 671 € A, there
is a unique way of normalizing z so that y?> = 4a® — gux — g3 for a unique pair
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(92 = 2(E,w), g3 = g3(E,w)) € A% Since E;4 is smooth, this pair (g2, g3) has to
satisfy A = g5 — 27¢g2 € A*. This shows

{(B,w)a}/ =2 218N (g, g5) € A2|A € A¥}
1 1 1 1

- Homalg(Z[6> 92, 93, ZL A) = SpeC(Z[6> g2, g3, Z])(A)

Since all these functions gz, g3 and A has Fourier expansions in Z[¢][[¢]] for ¢ =
exp(2miz), we can think of the Tate curve

Tate(q) = Proj(Z[é]Hq]][:v, y, 2]/ (y*z — (42° — ga(q)z2” — g3(q)2?)).

As shown by Tate, Tate(q)(Q,[q]]) D (Q,[[g]])*/¢”, we have a natural inclusion
Gcan : N — Tate(q)[N] and ¢ean : Z/NZ = qulZ/qZ — Tate(q)[/V]. The Tate
curve also has a canonical differential weq, = df. The Tate curve is an elliptic curve
over Z[#][[q]][¢™"] because q|A. Let B be a Z[¢]-algebra. This motivate the following
algebraic definition (cf. [GME] 2.6.5) of B-integral elliptic modular forms of level
[’y (N) as functions of (F,w) satisfying

(GO) f assigns a value f((E,i,w)/a) € A for any triple (E,i : uy — E[N]|,w)/a

defined over an B-algebra A. Here A is also a variable.

(G1) f((£,i,w)/a) € A depends only on the isomorphism class of (E,i,w)/a.

(G2) If p : A — A’ is an B-algebra homomorphism, we have f((E,i,w)a ® A') =

o F (B, 0) ).

(G3) f((E,i,a-w)/a) =a " f(E,i,w) for a € A*.

(G4) f(q) = f((Tate(q), tcan, Wean)Biig-11) € Bllal]-

The space of modular forms will be written as G (V; B). By definition, Gi(1; B) =
@4a+6b:k ngg& and Gk(N> Z[%]) ®C= Gk(N> C) AISO> if f € Gk(N> C), .f(q) with
q = exp(2mz) gives the Fourier expansion of f at the cusp oo.

Fix a prime p > 5. We call a Z,-algebra A a p-adic algebra if A = linn A/p"A.
Thus Z, is a p-adic algebra but Q, is not. Take a p-adic algebra B. The space
of B-integral p-adic modular form V' (B) is a collection of rules f assigning a value
J((E,i: ppe)/a) € A for p-adic B-algebras A satisfying the following condition:

(VO) f assigns a value f((E,i)/4) € A for any couple (E,i : piyee — E[p™])/a

defined over a p-adic B-algebra A. Here A is also a variable.

(V1) f((E,i);4) € A depends only on the isomorphism class of (£, 1) 4.

(V2) If ¢ : A — A’ is an B-algebra homomorphism continuous under the p-adic

topology, we have f((E,i)a® A’) = o(f((E,1)/4)-

(V3) f(q) = f((Tate(q), tcan)/Blq)1-1) € Bllal]-

By definition, V' (B) is a p-adic B-algebra.
Since the knowledge of i)z, = lm fipn/z, is equivalent to the knowledge of

~

Gz, = Spf(lim Zylt, t71/(t" — 1)), i : ppe — E induces an identification i :



INTEGRALITY OF MODULAR FORMS AT CM POINTS 4

GnxE = lim E[p"]°. Since G, has a canonical differential 4 i induces a nowhere
vanishing differential w, = z'*%. Thus f € Gi(p"; B) can be regarded as a p-adic
modular form by f((E,i : pyee — E[p™])ja) = f(E,i|pn,ix%) € A. Thus we have
a canonical B-linear map Gy(N;B) — V(B). The following fact is called the g-
expansion principle (following from the two facts that the irreducibility of the Igusa
curve over F,, and the existence of the Tate curve; see [PAF] 3.2.8 and [GME] 2.5):
(Q0) f(q) =0 <= f =0 for any f in V(B) or in Gi(N;B). In particular,
Gr(p™; B) — V(B) is an injection, and functions in the image satisfies f(F, a-
i) =a " f(E,i) for a € ZY.
(Q1) Let f, € V(B) be a sequence. Then f, converges p-adically in V(B) <=
fn(q) converges p-adically in B[[q]] <= f.((E,i))/A) converges p-adically
for all (F,17))/A and all p-adic B-algebra A.
(Q2) If By is a Z[3]-algebra p-adically dense in B, Gx(p™; Bo) = U, Gr(p"; Bo) is
dense in V(B) for any k > 2.
(Q3) If f € V(B) ®zQ and f(q) € B|[[q]], then f € V(B), assuming B is flat over
Z,.
An elliptic curve E4 is said to have complex multiplication if End(E/,4) contains the
integer ring R of an imaginary quadratic field M C C. If F(C) = C/L,, has complex
multiplication, R - L,, C L, thus we have a representation p : M* — GLy(Q) such
that aw = p(a)w for a € M*. Since p(a)(z) = gjis (p(a) = (28)) and z = wy /w,
corresponds to the same elliptic curve, we have p(«)(z) = z. Suppose that E has
complex multiplication by R. Then by the Shimura—Taniyama theory, E is defined
over a number field M’, and by a result of Serre-Tate F is defined over a valuation
ring R’ of M’ the residual characteristic p. Suppose further p splits into a product of
two primes pp in R. Then we may assume that E[p>] /g is isomorphic to pi,e after
extending scalar to the strict henselization W C Q of R'. Pick w € H(E, Q) so
that H°(E, Qg/w) = Ww. We fix two isomorphisms i : fiyeyy = E[p™®] C E[p™]/w
and E(C) = C/a for a fractional ideal a O R with a, = R,. Thus we may assume
that a = Z + Zz (z € M*). Let W = lim W/p"W. Then we have two numbers

2o € C* and Q, € W such that

dt
w = Qsdu = sz'*T.

We have

Theorem 2.1. Let f € Gi(p™;W). Write f, € V(W) (resp. fo € Gr(p";C)) the
corresponding p-adic modular form (resp. the corresponding holomorphic modular
form). If (E,w),w has complex multiplication by R in which p splits, we have

QL Qk B

f(Ei,w) €W.
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Remark 2.2. Replacing W by its quotient field, the assertion of the theorem is valid
if f= 5 finite at (F,7,du) for h € Ggip (p™; W) and g € G (p™; W) for an obvious
reason.

3. INVARIANT DIFFERENTIAL OPERATORS

Shimura studied the effect on modular forms of the following differential operators
on the upper half complex plane $ indexed by k € Z:

1 0 k
1 _ v r_ o O,
(3-1) O 2myv/ —1 (82’ + 2y\/—_1> and 0} = Orszr—2 F

where r € Z with r > 0. For more details of these operators, see [LFE] 10.1. Here
are easy identities:

Exercise 3.1. Show the following formulas:

(1) Ok+e(fg) = 9Ok f + foeg.
(2) 0n(flr) = (01.f)|k+orc for a holomorphic function f : $ — C, where

flra(z) = det(a)*? f(a(z))(cz +d)~*
for a = (%) with positive determinant.

Therefore if f € Gi(N;C), 0;.(f) satisfies 6,(f)|k+2ry = 0.(f) for all v € T'1(N).
Although 6;(f) is not a holomorphic function, defining

0R(f)(w) = wy " a3 (f)(2),
we have a well-defined homogeneous modular form. In this sense, ;. (f) is a real-
analytic modular form on I'1 (V) of weight k + 2r.
An important point Shimura found is that the differential operator preserves ra-
tionality property at CM points of (arithmetic) modular forms, although it does not

preserve holomorphy. We shall describe the rationality. Here is the rationality result
of Shimura [S]:

Theorem 3.2 (G. Shimura). Let the notation and the assumption be as in Theo-
rem 2.1. For f € Gi(N;Q), we have
(01f)(z) _ ()B4 du)

(S) Qlég—%" - Qlég-zr @

Proof. We follow the argument of Shimura in [S]. Since

OLf)(E, du) = wi* 2" (03 f)(2) = (61.)(2)
for z = wy /we € H (and wy = 1), we need to show CiN)(=) Q. When r = 0, the result

k+2
Qkt2r

follows from Theorem 2.1. We have p : M* — GLy(Q) given by (%) = p(a) (1) for
a € M. Then p(a)(z) = z. Writing p(a) = (¢ 4), we have cz + d = a. Apply &y to




INTEGRALITY OF MODULAR FORMS AT CM POINTS 6

flep(a) = fh, by Exercise 3.1, we have (0 f)|xr2p(a) = (dxf)h+ f(doh). Specializing
this equality at z, we have
a2 (01f)(2) = (Okf)lks2p(a)(2) = (6f)(2)(2) + f(2)(6oh) ()
= (Okf)(2)a™" + f(2)(doh)(2),
because h(z) = (flrp(a))(2)/f(2) = a*. Then we have

(06f)(2) = a(a™ = 1) f(2)(d0h) (2).

Note that dph is a meromorphic modular form of weight 2 defined over Q by the
g-expansion principle. Thus 5‘;?2(2 € Q (Remark 2.2), and this proves the result
when r = 1. We repeating this process r times. By the Leibnitz formula, §;(fh) =

> o<s<r (1)6; f04°h. Form this we get

Siheste) = G0+ Y (7) @m0

0<s<r

Evaluating this at z, we finally get

32) B0 =t -7 3 (D) e e,

0<s<r

Note that ogh = 657 10h, and as we have already observed, doh is a meromorphic
Q-rational modular form finite at z. Then by the induction hypothesis, we get the
desired rationality. O

Remark 3.3. Choosing g € Ggyo(N; W) with g(z
o

) # 0 under the notation of the
above proof, Shimura actually proved in [S] that AL

k
g(z)

€ Q, which is equivalent to
the above theorem by Theorem 2.1.

Remark 3.4. For a given f € G(N;Q) as above, defining the transformation equa-
tion

U

P = I =) =3 a)x,

Y1 (N)\SL2(Z) j=0

we have a; € Gra—ja(1;). Thus a; = Q;(g2,93) for a isobaric polynomial Q)
with coefficients in 0Q. If (E,w) is defined by y? = 423 — go(F,w)xr — g3(FE,w),
f(E,i,w) satisfies Z;l:o Q;(92(E,w), g3(E,w))X? = 0. Thus this gives an algorithm

f(E.i,du)

to compute the value f(FE,i,w). Once we know the value f(E,i,w) = oF

then compute 0k (k]ff; following the above proof (in particular, the induction process).

, We caIn
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4. p—ADIC DIFFERENTIAL OPERATORS

On V (W), we have a more standard differential operator d = §, whose effect on ¢-
expansion is d(>, an,q") =) na,q". An elementary construction of d can be given
as follows. Pick f € Gi(N;W) C Gi(N;C). Then for any function ¢ : Z/p"Z — W,
we define its Fourier transform ¢* : Z/p"Z — W by ¢*(x) = 3 cp/rz P(w)e(zu/p"),

where e(z) = exp(2miz).

Exercise 4.1. Prove (¢*)*(z) = p"¢(—x).
We define

(4.0 flo) =p" Y. S+ ).

u mod Z/p"Z p
Then we have (3 a,q")|¢) = >, d(n)a,qg" € G,(Np*"; W).

Exercise 4.2. Define ¢|x(u) = ¢(zu) for x € (Z/p"Z)*. For f € Gx(N;C), prove

that (f19)[ky = (flen)(@lad™) if v = (¢5) € T1(N) NTo(p*). In particular flé €
Gr(N;C). (Hint: Use the strong approximation theorem of SL(2) and the formula:

(657" (Sury(ah) = (2 (afld)“lpr—aflb); see also [IAT] Proposition 3.64.)

Then choosing ¢, : Z/p"Z — W so that ¢,(u) = u mod p"W, the g-expansion
lim,, o (f|¢pn) converges p-adically to the g-expansion of df. By the g-expansion
principle, Gr(p>;W) is dense in V(W), we have a unique df € V(W). Thus
df (E,z'*%) € W is well defined. The effect of d" on the g—expansion of a modu-
lar form is given by

(4.2) d’ Z a(n)q" = Z a(n)n"q".

We can let a € ZX acts on f € V(R) by fla(E,i) = f] (8 ,%) (E,i) = f(E,a-1).
Lemma 4.3. If f € G (N; W), then we have

(@O (§a2) =a"(df)
foraeZ;.

Proof. We can approximate p-adically (g agl) by an element ~y, € I't(N)NTo(p**) so
that 7, = ¢ mod p"Ms(Z,). By Exercise 4.2, we have

fla =l flonlirn = a~* lim [Pyl (6ula®) = a™2f
because ¢,(u) = u mod p"W. Then iterating this formula r times, we get the
formula in the lemma. O

Katz interpreted the differential operator d in terms of the Gauss-Manin connection
of the universal elliptic curve over the modular curve X; (V) and gave a purely algebro-
geometric definition of the operator d” acting on V(R) for any p-adic W-algebra R
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(see Katz’s paper [K]). Since his definition of d" is purely algebro-geometric, it is
valid for classical modular forms and p-adic modular forms at the same time. An
important formula given in [K] (2.6.7) is as follows.

Theorem 4.4 (N. M. Katz). Let the notation and the assumption be as in Theo-
rem 2.1 For f € Gg(p™; W), we have

(" )(E, D) _ Opf)(E, i, du)

k+2r - k+2r
Q QF

(K) eEW.

We give here a proof similar to the argument which proves Theorem 3.2.

Proof. We use the notation introduced in the proof of Theorem 3.2. In particular,
take +1 # o € M*) with aa = 1.

After identifying algebro-geometric forms and analytic ones by g-expansions via the
fixed two embeddings @p DO W C C, we see that d = ﬁ%. We write A = A(N;Q) =
Uk{§|f, g € GL(N;Q)}. Thus for meromorphic functions h(x) € A, we have,

1 Oh(p(@)(z) _ 1 o o

d(ho pla)) = 5PN 2 LI (0 (2)) = a2 (ah) o pla).

Since dh = g1 /g2 for g1 € Gri2(N; W) and go € Gi(N; W) for sufficiently large k, we
have (Remark 2.2)

(dh)(E,i.F)

(4.3) o

= (dh)(E,w) € Q.

) f(Bidy
Since = f(F,w) € W, we first show

(@NED) _ (GHE,idu)

k+2r k+2r
Qh Or

by induction on r. When r = 0, this follows from Theorem 2.1. To treat » > 0, take
f € GL(N;W), and define h € A by f|gp(a) = fh as in the proof of Theorem 3.2.
Apply d to flrp(a) = fh, we have (df)|krep(a) = (df )h + f(dh). Specializing this
equality at (F,w), we get from Lemma 4.3
o™ 2 (df (B,1) = ((df)[kr2p())(E,7) = (df)(E,i)h(E) + f(E,i)(dh)(E, 7).
Since h(E) = (flxp())(E,4)/f(E,i) = a~*, we have
(df)(E,i) = of(a™ = 1) f(2)(dh)(E, ).

dh(E,i.4))
a3
r = 1. We repeat this process r times. By the Leibnitz formula, we have d"(fh) =

Thus we have again proved € Q, and also this proves the result when
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> o<s<y (0)d* fd"h. Form this we get

I (lenote) = @+ 5 (1)@ pin.

0<s<r

Evaluating this at (E,1), we get

@AE) =t =) Y ()@ R E D)

0<s<r
Dividing by Q5+2", we finally get
IIED _ o1y 3 () EDEDENED

k+2r k+2r—2s 2s
QP QP QP

0<s<r
By the induction hypothesis, we have, for s > 0,
(@ f)(E 1) (6 f)(E, i, du)

k+2r—2s - k+2r—2s
Q Qx

" (@R)(EL0) _ (@) (E,i) _ (65 dh) (B, du)

Q2 Q2 B 02
Replacing each term as above by the corresponding archimedean term, we recover the
right-hand-side of (3.2) divided by Q*¥*2". Then by the induction hypothesis, we get

the desired identity:
(@ f)(E,1) _ (0pf)(E, i, du)
QI;+27“ - ngzr

inside Q. Since the left-hand-side of the above identity is in W, we conclude the
identity in W =W NQ. O

We note that all this process of proving algebraicity and integrality applies to
Hilbert modular forms after an appropriate adjustment.

5. KATZ MEASURE

We consider the binomial polynomial (:;) We consider the differential operator
(i) Then we have

d n n n

(m) (; anq") = ; (m) ang"
In particular, (")a, € R if a, € R for a p-adic algebra R. This shows (i) :V(R) —
V(R). In particular, (d)f(E,w) e Wif f € Gg(p™; W). By Mahler’s theorem, a given

m

continuous function ¢ : Z, — W can be expanded uniquely as ¢(x) = >, - cm () (m)

m

for ¢, (¢) € W tending to 0 as m — oo. Thus defining pr (:;)df(:c) = (i)f(E,z’),
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we have a unique p-adic measure df : C(Z,; W) — W, where C(Z,; W) is the p-adic
Banach space of continuous functions on Z, with values in W. Thus, we have

Theorem 5.1. Let the notation be as in Theorem 2.1, and suppose f € Gr(p™; W).
If o(x) = 3,50 cm(9) (2) € C(Zy; W), we have

¢( )df = cmlo ( ) (E,i).
m2>0
In particular, we have

Jo, ¥ @) dr f(B,i) _ 0pf (B, du)

k+2r - k+2r - k+2r
Q Q QF

eWw.

Recall the Eisenstein series
IR
0ALE Ly

After a division by a simple nonzero constant, writing the new series as Gy, this series
G has the following g-expansion :

Gelg) =27"C(L—k)+ > _q" Y &
n>0 0<d|n

Thus defining Ej = Gg|1 for the characteristic function 1 of (Z/pZ)* on (Z/pZ) in
order to remove coefficients of ¢"” for m = 0,1, ..., we get

Z qn Z 6k_1.
n>0,ptn 0<d|n
Then writing (?) = >y e, we find
& o
(m) = ZCjEj+1 = Z q" Z (m) €Z
i n>0,ptn 0<d|n

which has integral g-expansion. Thus we can create two variable measure dE :
C(22;W) — W as follows.

Theorem 5.2 (N. Katz). Let the notation be as in Theorem 2.1. There exists a
measure dE : C(Z2; W) — W such that

L) ()= () E)waew

for all integers n > 0 and m > 0.
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If E is given by Gauss’ lemniscate: y? = 1 — z? 2 y? = 423 — 4z, we have R = Z][i]
for i = v/—1, Qu = fol du = [;* %dz, and

gk(E>w) = Q;ok Z a_k = Q;okL(Q )‘k)>
0#acZi]

where \¢((a)) = a™*. More generally, the differential operator &7 brings \; into N
L(O)\k+r,77‘)
over Zf,. For a general imaginary quadratic field M, one needs to make a combination
of the above type of measures to get this type of p-adic interpolation of Hecke L-
values. Indeed, writing Cl(p™) for the ray class group of M modulo p™, the limit
C =lim Cl(p") = || la]R; /{£1}. Each a gives rise to an elliptic curve with
complex multiplication by R with F,(C) = C/a. Since we assumed that p splits in R,
R, = Zf, as algebras. By the above construction, we have a measure dF, associated
to E, on the coset [a|RY/{+1}. In this way, Katz proved

with Agrr (@) = a7 (a@/a)", and we get a p-adic measure interpolating

Theorem 5.3 (N. Katz). Let M be an imaginary quadratic field in which the prime
p splits. Then there exists a measure dyy on C' such that for a Hecke character A with
M(a)) = a*a? fora =1 mod p* for some n > 0, writing its p-adic avatar as \,

Joxdu VRO (DY)
?2,;+j = (N1 = AP = Ap)~'p )7(%)_&@

where 0 < j < k and WI[A] is the ring generated over W by A(a) for a running over
all fractional ideals of M prime to p. For the simple constant c()\), see [K] (5.3.0).

WIA,

6. ANTICYCLOTOMIC MAIN CONJECTURES

Now we need to work over a totally real field. Fix a totally real field F' with
integer ring O and a totally imaginary quadratic extension M/F with integer ring
R. We suppose that p is unramified in F'/Q. Such an M is called a CM field from
the time of Shimura-Taniyama. Fix two embeddings i, : Q — @p and i : Q — C.
Then each embedding 0 € I = Homgeq(M, @) gives rise to a p-adic absolute value
|z|po = |ip(o(x))]p. Let ¥ C I such that I = X U Xe for the generator ¢ € Gal(M/F)
and any p-adic absolute value associated to ¢ € ¥ is not induced by elements in Yc.
Such a subset exists only if

(ord) every prime factor p of p in O splits in R.

In place of CM elliptic curves (E,w), now we have a CM abelian variety (X,w)
such that X(C) = C¥/R*, where R* = {(in(0(2)))sex} C C¥lz € R}. Here
H(X,Qxw) = (W ®z R)w. At oo, we have variables u = (u,) of C*. Then
Woo = du =Y _du, satisfies H*(X,Qy/c) = (C ®z R)du. At p, note that ¥ gives
p-adic places which in turn gives rise to a set of prime ideals ‘. Let P be the product
of P, for o € ¥. Then we can identify X[P*>] with gy~ ®z O over W. This induces
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an isomorphism of formal groups 7 : G 7,0 )A(; so, we have w, = z*(% ®1), which
satisfies H(X, Qx/w) = (W®zR)w,. Thus we can define Q, = (Q7),ex € (W*)” and
Qoo = (%) oex € (C)* by w = Qoo and w = Quw,. For k = Y ves koo € Z[X],
we write Q5 = [, (Q9)" for 7 = co, p. We also write ¥ for > _y 0.

Let Cl(p™) be the ray class group of M modulo p™ and put C' = lim Cl(p™). Then
in exactly the same manner as in the proof of Theorem 5.3, Katz proved in [K] the
following result.

Theorem 6.1 (N. Katz). Let the notation and the assumption be as above. Then
there exists a measure dp on C such that for a Hecke character N with A((«)) =
aFEq=r=) with either 0 < k € Z and 0 < k € Z[X] ork <1 and k > (1 — k)X for
a =1 mod p" for somen >0,

f Xd,u o~y — — L(0> )‘)

Q?;2+2” = C()\) H [(1 - )\(ipcr))(l - )\(ipU) IN(;’BCT) 1):| (27_(_2-)_,{{2](%;_1_2,{ € WP‘L

o

where WIA| is the ring generated over W by A(a) for a running over all fractional
ideals of M prime to p. For the simple constant c(X), see [K] (5.3.0).

We split C' = A x T for a finite group A and a torsion-free subgroup I'. The
group T has a natural action of Gal(M/F). We define T't = H°(Gal(M/F),T') and
. =T/T". Write 7_ : C — I'_ and 7a : C — A for the two projections. Take
a character ¢ : A — W, and regard it as a character of C' through the projection:
C — A. The Katz measure du on C associated to the CM type X as in Theorem 6.1
induces the anticyclotomic ¢-branch du, by

(6.1) / by = / o (2))p(ma())du(2).

We write L () for this measure du;; regarding it as an element of the algebra A~ =
WI[T'-]] made up of measures with values in .

We look into arithmetic of the unique ZLF:QLextension M2 of M on which we
have coc™ = 07! for all 0 € Gal(M /M) for complex conjugation c¢. The extension
MZ_ /M is called the anticyclotomic tower over M. Writing M (p*) for the ray class
field over M modulo p*, we identify C' with Gal(M (p°)/M) via the Artin reciprocity
law. Then Gal(M(p>)/M_) =T" x A and Gal(M_/M) =T_. We then define Ma
by the fixed field of T in M (p™); so, Gal(Ma/M) = A. Since ¢ is a character of
A, ¢ factors through Gal(M_ _Ma/M). Let Lo/M_Ma be the maximal p-abelian
extension unramified outside ¥,. Each v € Gal(Lo /M) acts on the normal subgroup
X = Gal(Le/M_Mp) continuously by conjugation, and by the commutativity of
X, this action factors through Gal(MaM_/M). Then we look into the I' _—module:
X[l =X ®@a, W.

A character ¢ of A is called anticyclotomic if p(coc™) . If ¢ is anti-

-1
= ¥
cyclotomic, then we can find a finite order Hecke character ¢ of M such that p(o) =
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P1=¢(0) = Y(o)(coc ™)™t As is well known, X[p] is a A~—module of finite type,
and in many cases, it is known to be a torsion module by the work of Taylor—Wiles
and K. Fujiwara under the following conditions:

(HO) ¢ is anticyclotomic.

We choose 1) as above with 17¢ = ¢.

(H1) The character ¢ regarded as a Galois character is nontrivial on Gal(Q/F[/p*])
(p* = (—1)®=1/2p). This implies that the representation Ind},(v¥» mod myy)
for the maximal ideal my of W is absolutely irreducible over Gal(Q/F[/p7]).

(H2) The character ¢ regarded as a Galois character is nontrivial on the decompo-
sition group of P for all prime factors PB|p in R.

If one assumes the Y—Leopoldt conjecture for abelian extensions of M, we know that
X[¢] is a torsion module over A~ always. If X[p] is a torsion A~-module, we can
think of the characteristic element F~ () € A~ of the module X[p]. If X[y] is not
of torsion over A~, we simply put F~(¢) = 0. Here is a conjecture made in [HT].

Conjecture 6.2. The A~ -module X|[p] is a torsion module, and F~(p) = L, (¢) up
to units i A~ .

A Hilbert modular Hecke eigenform 6 is called of CM-type by R if its p-adic Galois
representation is isomorphic to Ind%, \ for a Hecke character A of M. For the character
X, we define its Teichmiiller projection by ¢, = lim,,_ Xpnf, where f is the residual
degree of the maximal ideal of Z,[\].

The proof of this conjecture under (HO-2) boils down to the following statement:

Proposition 6.3. Let 0 be a CM Hecke eigenform whose Galois representation is
isomorphic to Indﬂx for k =0 and k = 1. Define p(c) = r(o)a(coc™)L. Under
(HO-2), if for any W-integral Hilbert modular form of p-power level with the same
weight 2, the same level and the same Neben character as 0, the Petersson inner
product %&(gé) is p-integral, then Conjecture 6.2 follows for ¢, where W (\'7¢) is

the Gauss sum of \=¢.

This follows from a detailed analysis of the congruence number of 6 and the size of
the Selmer group of A'7¢. We admit this fact. See [H05b] and [HO5c].

7. PETERSSON INNER PRODUCT
For each fractional ideal ¢, we need to consider
Co(p",¢c) = {(CC”Z) € GLQ(O)‘C cp"(c)a,dcObec c*} ,

where ¢* = {x € F|Trp/g(zc) C Z}. We write Iy(p") for I'g(p”, O). Then Hilbert
modular Hecke operators T'(n) acts on the product @ G2(Io(p”, ¢),€; R) (for a Neben
character € modulo p™) taken over ¢ running in a complete representative set for the
strict ideal classes of F'. To make things simple, we just assume that the strict class
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number of F' is trivial so that we have Gy(p",e; R) = Ga(I'o(p"),e; R). A modular
form f € Gy(p™,¢e;C)) has g-expansion of the following form:

flg) =a(0, )+ > al& f)d,
0ALER
where ¢¢ = exp(2miTr(£2)). Here a(&, f) = 0if 0 # £ is not in F N O. Also
feGy(p",e;R) < a(&, f) € R for all £&. The inner product is given by

on=[ Gy

To study the p-integrality of (6, f), we consider the Shimura series defined in the
following way: Let (z,w) € ! x H! and v € My(F). Put

[v:2,w] = ((wo, Do (v) (75 (7))o

as a tuple of numbers indexed by o € I. Then define [v; z, w|* = []_[0(v); 2o, w,]".

Take a locally constant compactly supported function ¢ : My(F éoo)) — W with
o(ex) = ¢(x) for e € OF. Then the Shimura series for GL(2) x GL(2) is defined for
0<keZin [S1]II (4.11) by

(7.1) H(z,w; S) = Hk(Z,’w; s; ¢, g)
- Z d(a)a(— det(a), g)[a; z, w] 7| [os 2, w]| 7>

07éa€M2(F)/OjE

for (z,w) € H! x H!. Here g is a Hilbert modular in G¢(Iy(p"), ). The following
facts are known (see [S1], [HO5b] and [HO5¢]):

(SO) This series is a generalization of Eisenstein series, because if we take g = 1
(so £ = 0), the series gives an Eisenstein series for GL(2) x GL(2) over F.

(S1) The series (7.1) converges absolutely and locally uniformly with respect to all
variables s, z, w if Re(s) > 0 and can be continued meromorphically to the
whole s € C.

(S2) Choose zy € Hf N M* on which (X,i,w) sits. Define p : M — My(F) by
pla) () = (%*). We can find b € My(F') such that M & M = M @p M =
M5(F) by a ® [ +— p(a)vp(5°). Take ¢r,¢r : M — W (locally constant
compactly supported functions), and define ¢ = ¢ ® ¢r : My(F) — W.
Then if ¢ = k, Hiy(z,w;s;¢,g) has a pole of order < 1 at s = 1. Define
¢r,r(a) = ¥ ¢(a). Then Ress—i Hx(20, 20; 5; ¢, g) ~ (0(¢x.1), 90(¢r))-

(S3) Define Vy(z,w) = ¢ - Ress=1 Hy (2, w; s; ¢, g) for a suitable normalization con-
stant (which is a p-adic unit). Then this modular form has the following
g-expansion for ¢ = exp(27z)

Wy(z,w) = > ¢* (€)™ g|ro(w),

a€lo(p™)\M2(F),det(a)>0
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where ¢* is the partial Fourier transform with respect to (a,b) for (¢%) €
Mg(Flim)). Thus “basically” W, is integral if ¢* is integral and if the p-
component of ¢* has support in the Eichler order of conductor p".
Choosing ¢, well, we may assume that 6(¢1,) = 0 (the CM Hecke eigenform associ-
ated to \). Thus if all W-integral form f of weight 2 with character € is an integral
linear combination of #(¢r)g moving around g and ¢g, we get the integrality as in
the proposition.

If [F: Q] is even, we have a definite quaternion algebra everywhere unramified
at finite place. Thus we can embed M — B and split B = M & M as above.
Every modular form is a “rational” linear combination of theta series of B (the
Jacquet-Langlands correspondence). Thus every weight 2 modular forms is a linear
combination of 6(¢1)0(¢2) for ¢; : M — W, and we may take ¢pp = ¢; and g =
0(¢2). Thus we need to prove W-integrality of the Jacquet-Langlands correspondence.
This can be done under (H0-2). So we get the p-integrality of (6, f) under suitable
assumptions if [F' : Q] is even. In fact, by a base-change argument, the anticyclotomic
conjecture can be proven for any F' unramified at p under (HO-2) as long as p > 5.
All the details of the above argument can be found in [HO05¢].
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