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1 Introduction

Let F' be a totally real field and M /F be a totally imaginary quadratic exten-
sion (a CM field). We fix a prime p > 2 unramified in M /Q and suppose that
all prime factors of p in F' split in M (M is p—ordinary). Fixing two embed-
dings ioo : Q — Cand i, : Q — Q,, we take a p-ordinary CM type %
of M. Thus ¥, = {i, o o} is exactly a half of the p-adic places of M. Fix
a Hecke character A of infinity type k¥ + k(1 — ¢) with 0 < k € Z and
K =) e Koo With K, > 0. If the conductor € of A is a product of primes
splitin M/ F, we call X has split conductor. Throughout this paper, we assume
that A has split conductor. We fix a prime [ t €p of F. As is well known
([K] and [Sh1]), for a finite order Hecke character y and for a power {2 of the
Néron period of an abelian scheme (over a p—adic valuation ring) of CM type
>, the L—value w is (p—adically) integral (where the superscript: “(p)”
indicates removal of Euler factors at p). The purpose of this paper is three fold:

(1) To prove non-vanishing modulo p of Hecke L—values W for
“almost all” anticyclotomic characters x of finite order with [-power
conductor (under some mild assumptions; Theorem 4.3);

(2) To prove the divisibility: L, (¢)|F ~ (¢) in the anticyclotomic Iwasawa
algebra A~ of M for an anticyclotomic character ¢ of split conduc-
tor, where L, (¢) is the anticyclotomic Katz p—adic L—function of the
branch character ¢ and F~ (1) is the corresponding Iwasawa power
series (see Theorem 5.1).

(3) To prove the equality L, (1) = F (1) up to units under some assump-
tions if F'/Q is an abelian extension (Theorem 5.8) and M = F[v/D]
for0 > D € Z.

Roughly speaking, F~(v) is the characteristic power series of the i-branch
of the Galois group of the only X,-ramified p—abelian extension of the
anticyclotomic tower over the class field of .

The first topic is a generalization of the result of Washington [Wa] (see also
[Si]) to Hecke L—values, and the case where \ has conductor 1 has been dealt
with in [HO4c] basically by the same technique. The phrase “almost all” is in
the sense of [HO4c] and means “Zariski densely populated characters”. If [ has
degree 1 over Q, we can prove a stronger non-vanishing modulo p outside a
(non-specified) finite set. In [HT1] and [HT2], we have shown the divisibility
initem (2) in A~ ®z Q and indicated that the full divisibility holds except for
p outside an explicit finite set .S of primes if one obtains the result claimed in
(1). We will show that S is limited to ramified primes and even primes.
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Though the result in (2) is a direct consequence of the vanishing of the
p—invariant of L, (¢) proven in [HO4c] by the divisibility in A~ ®7Q, we shall
give another proof of this fact using the non-vanishing (1). We will actually
show a stronger result (Corollary 5.6) asserting that the relative class number
h(M/F) times L, (1) divides the congruence power series of the CM com-
ponent of the nearly ordinary Hecke algebra (which does not directly follow
from the vanishing of 1). Our method to achieve (2) is a refinement of the work
[HT1] and [HT2], and this subtle process explains the length of the paper.

Once the divisibility (2) is established, under the assumption of (3), if ¥
descends to a character of Gal(Q/Q[v/D]), we can restrict L, (¢) and F~(3)
to a Z,-extension of an abelian extension of (@[\/5] and applying Rubin’s
identity of the restricted power series ([R] and [R1]), we conclude the identity
L, (4) = F~(1).

We should mention that the stronger divisibility of the congruence power
series by h(M/F)L, () in this paper will be used to prove the equality
of L= (¢) and F~(3)) under some mild conditions on ¢ for general base
fields F' in our forthcoming paper [H04d]. We shall keep the notation and the
assumptions introduced in this introduction throughout the paper.

2 Hilbert Modular Forms

We shall recall algebro-geometric theory of Hilbert modular forms limiting
ourselves to what we need later.

2.1 Abelian variety with real multiplication

Let O be the integer ring of F', and put O* = {z € F|Tr(xO) C Z} (which is
the inverse different 9~1). We fix an integral ideal 91 and a fractional ideal ¢ of
F prime to 91. We write A for a fixed base algebra, in which N (9t) and N(c)
is invertible. The Hilbert modular variety 9%(c; 91) of level N classifies triples
(X, A,i),s formed by

e An abelian scheme 7 : X — S for an A-scheme S with an embed-
ding: O — End(X,g) making 7. (€2x/s) a locally free O ® Og—module
of rank 1;

e An O-linear polarization A : X! = Picg(/s 2X®cg

e A closed O-linear immersion ¢ = ix; : (G,,, ® O*)[MN] — X.

By A, we identify the O-module of symmetric O-linear homomorphisms with
¢. Then we require that the (multiplicative) monoid of symmetric O-linear iso-
genies induced locally by ample invertible sheaves be identified with the set of
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totally positive elements ¢, C ¢. Thus 9(c; M), 4 is the coarse moduli scheme
of the following functor from the category of A—schemes into the category
SETS:

P(S) = [(X,A,d)s],

where | | = { }/ 2 is the set of isomorphism classes of the objects inside the
brackets, and we call (X, A,7) = (X', A’,4') if we have an O-linear isomor-
phism ¢ : X, g — X;S such that A’ = ¢ o A o ¢* and ¢ o ¢ = i’. The scheme
N is a fine moduli if N is sufficiently deep. In [K] and [HT1], the moduli 971
is described as an algebraic space, but it is actually a quasi-projective scheme
(e.g. [C], [HO4a] Lectures 5 and 6 and [PAF] Chapter 4).

2.2 Abelian varieties with complex multiplication

We write | - |, for the p-adic absolute value of @, and Q, for the p-adic
completion of Q,, under | - |,,. Recall the p—ordinary CM type (M, ), and let
R be the integer ring of M. Thus XLIY.c for the generator ¢ of Gal(M/F) gives
the set of all embeddings of M into Q. For each o € (X U Xc¢), i,0 induces a
p-adic place p,, giving rise to the p—adic absolute value |z|, = |ip(c(x))]p.
We write 3, = {p,|o € ¥} and ¥,c = {p,.|c € X}. By ordinarity, we have
YpNYye=da.

For each O-lattice a C M whose p—adic completion a,, is identical to R, =
R®z7Z,, we consider the complex torus X (a)(C) = C*/%(a), where ¥(a) =
{(iec(0(a)))sexla € a}. By a theorem in [ACM] 12.4, this complex torus is
algebraizable to an abelian variety X (a) of CM type (M, X) over a number
field.

Let I be an algebraic closure of the finite field I, of p-elements. We write
W for the p—adically closed discrete valuation ring inside @p unramified over
Z,, with residue field . Thus W is isomorphic to the ring of Witt vectors

o~

with coefficients in F. Let W = i, L(W), which is a strict henselization of

Z(p) = QNZ,. In general, we write WV for a finite extension of W in @p, which
is a complete discrete valuation ring. We suppose that p is unramified in M /Q.
Then the main theorem of complex multiplication ([ACM] 18.6) combined
with the criterion of good reduction over W [ST] tells us that X (a) is actually
defined over the field of fractions I of W and extends to an abelian scheme
over W (still written as X (a) /). All endomorphisms of X (a) /y are defined
over W. We write 6 : M — End(X (a)) ®z Q for the embedding of M taking
a € M to the complex multiplication by (a) on X (a)(C) = C*/%(a).

Let R(a) = {« € R|aa C a}. Then R(a) is an order of M over O. Recall
the prime [ 1 p of F in the introduction. The order R(a) is determined by its
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conductor ideal which we assume to be an [-power [°. In other words, R(a) =
R, := O + [°R. The following three conditions for a fractional R.—ideal a are
equivalent (cf. [IAT] Proposition 4.11 and (5.4.2) and [CRT] Theorem 11.3):

(I1) ais R.—projective;
(I2) ais locally principal;
(13) ais a proper R.—ideal (that is, R, = R(a)).

Thus Cl, := Pic(R,) is the group of R.—projective fractional ideals mod-
ulo principal ideals. The group CI. is finite and called the ring class group
modulo [°.

We choose and fix a differential w = w(R) on X (R) y so that

H°(X(R),Qx(ryw) = W ®z O)w.

If a, = Ry, X(R N a) is an étale covering of both X (a) and X (R); so, w(R)
induces a differential w(a) first by pull-back to X (RNa) and then by pull-back
inverse from X (R N a) to X (a). As long as the projection 7 : X(RNa) —»
X (a) is étale, the pull-back inverse (7*)~! : Qx(rna)w — Qx(a)yw is a
surjective isomorphism. We thus have

HO(X (@), Qx () = (W @z 0)o(a).

We choose a totally imaginary ¢ € M with Im(io(0(d))) > 0 for all
o € ¥ such that (a,b) — (c(a)b— ac(b))/20 gives the identification R A R =
971!, We assume that ¢ is prime to p¢ ((¢) = [N Z). This Riemann form:
RAR = ¢ =0 1! gives rise to a c—polarization A = A(R) : X(R)? =
X (R) ® ¢, which is again defined over V. Here 0 is the different of F'/Q, and
¢ = {z € F|Trg/g(xzc) C Z}. Since we have R. A R = I°(O A R) +
[%¢(R A R), the pairing induces R, A R, = (cI=¢)*, and this pairing induces a
[Ny r(a) "' —polarization A(a) on X (a) for a proper R.—ideal a.

We choose a local generator a of a;. Multiplication by a induces an isomor-
phism R | = a;. Since X (R.)y has a subgroup C(R.) = R/(O +1I°R) C
X (R.) isomorphic étale-locally to O/[°. This subgroup C(R.) is sent by mul-
tiplication by a to C(a) C X(a),yy, giving rise to a T'g(I°)—level structure
C(a) on X (a).

For our later use, we choose ideals § and §. of R prime to ¢ so that § C §¢
and § + §. = R. The product € = §F. shall be later the conductor of the
Hecke character we study. We put f = FNO and §f = F.NO; s0, f C §.
We shall define a level f2—structure on X (a): supposing that a is prime to f, we
have a; = R; = Ry x Rge, which induces a canonical identification

i(a): /0" =110 =2F Y /R=F tag/az C X(a)[f]. (2.1)

https://doi.org/10.1017/CBO9780511721267.007 Published online by Cambridge University Press


https://doi.org/10.1017/CBO9780511721267.007

212 Haruzo Hida

This level structure induces i’ (a) : X (a)[f] — f~!/O by the duality under A.
In this way, we get many sextuples:

(X (a), M), i(a), 7' (a), C(a)[],w(a)) € M(cl™*(aa®) ™", To (1) (W)
2.2)
as long as [° is prime to p, where C(a)[l] = {z € C(a)|lx = 0}. A pre-
cise definition of the moduli scheme of T'o—type: M (cI=¢(aa)~t; 2, To(I))
classifying such sextuples will be given in 2.7. The point z(a) =
(X (a),A(a),i(a),i(a)) of the moduli scheme M(c(aac)~?; §2) is called a CM
point associated to X (a).

2.3 Geometric Hilbert modular forms

We return to the functor P in 2.1. We could insist on freeness of the differen-
tials 7, (€2x/5), and for w with 7,(2x/5) = (Os ®z O)w, we consider the
functor classifying quadruples (X, A, %, w):

Q(S) = [(X,A,i,w)/s] .

Let T = Respz2Gp,. Welet a € T(S) = HO(S, (Os ®z 0)*) act on Q(S)
by (X, A,i,w) — (X, A, 4, aw). By this action, Q is a T—torsor over P; so, Q
is representable by an A-scheme M = M (c; N) affine over N = M(¢; M) /4.
For each character k € X*(T') = Homgp— s (T, G, ), if F # Q, the K~ 1~
eigenspace of H(M /4> Opq)4) is by definition the space of modular forms
of weight k integral over A. We write G (c, M; A) for this space of A-integral
modular forms, which is an A-module of finite type. When F' = Q, as is
well known, we need to take the subsheaf of sections with logarithmic growth
towards cusps (the condition (GO) below). Thus f € Gj(c,N; A) is a functo-
rial rule assigning a value in B to each isomorphism class of (X, A,i,w),p
(defined over an A-algebra B) satisfying the following three conditions:

(Gl) f(X,A,i,w) € Bif (X, A,i,w) is defined over B;

(G2) f((X,A,i,w) ®p B') = p(f(X,A,i,w)) for each morphism p :
B/A — B;A;

(G3) f(X,A,i,aw) = k(a) " f(X,A,i,w) fora € T(B).

By abusing the language, we pretend f to be a function of isomorphism
classes of test objects (X, A,i,w),p hereafter. The sheaf of k~l-eigenspace
Om[k~!] under the action of T is an invertible sheaf on 9t,4. We write this
sheaf as w* (imposing (GO) when F' = Q). Then we have

Gil(e, M A) = HO(D(e; M) 45w 4)
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as long as Mi(c; M) is a fine moduli space. Writing X = (X, X, i, w) for the
universal abelian scheme over M, s = f(X)w" gives rise to the section of w*.
Conversely, for any section s € H?(9M(c; N), w"), taking a unique morphism
¢ : Spec(B) — M such that ¢*X = X for X = (X, A,4,w),p, we can define
f € Gpby ¢*s = f(X)w".

We suppose that the fractional ideal ¢ is prime to 91p, and take two ideals a
and b prime to 9p such that ab~! = ¢. To this pair (a, b), we can attach the
Tate AVRM Tateq p(q) defined over the completed group ring Z((ab)) made
of formal series f(q) = > ¢y o a(€)q® (a(¢) € 7Z). Here € runs over all
elements in ab, and there exists a positive integer n (dependent on f) such
that a(§) = 0 if 0(§) < —n for some o € I. We write A[[(ab)>¢]] for
the subring of A[[ab]] made of formal series f with a(¢) = 0 for all £ with
o(§) < 0 for at least one embedding o : F — R. Actually, we skipped
a step of introducing the toroidal compactification of 99t whose (completed)
stalk at the cusp corresponding to (a, b) actually carries T'atey p(¢). However
to make exposition short, we ignore this technically important point, referring
the reader to the treatment in [K] Chapter I, [C], [DiT], [Di], [HT1] Section
1 and [PAF] 4.1.4. The scheme T'ate(q) can be extended to a semi-abelian
scheme over Z[[(ab)>o]] adding the fiber G,, ® a*. Since a is prime to p,
a, = Op. Thus if A is a Z,—algebra, we have a canonical isomorphism:

Lie(Tateqs(q) mod®) = Lie(G,, ®a") 2 A®z a" = ARz 0"

By Grothendieck-Serre duality, we have Qrate,  (q)/A[[(ab)>0)] = All(ab)>0]]-
Indeed we have a canonical generator wean Of Q7gze(q) induced by % ® 1 on
Gy, ® a*. We have a canonical inclusion (G, ® O*)[9] = (G,, ® a*)[N] into
G, ®a*, which induces a canonical closed immersion i.qy, : (G, ®0*)[N] —
Tate(q). As described in [K] (1.1.14) and [HT1] page 204, T'ateq (q) has
a canonical c—polarization A.,,. Thus we can evaluate f € G (c,91; A) at
(Tateq,6(q), Aeans tean, Wean)- The value f(q) = fa,6(q) actually falls in
Al[(ab)>o]] (if F # Q : Koecher principle) and is called the g—expansion
at the cusp (a,b). When F' = Q, we impose f to have values in the power
series ring A[[(ab)>o]] when we define modular forms:

(GO) fa,b(q) € A[[(ab)>0]] for all (a,b).

2.4 p-Adic Hilbert modular forms

Suppose that A = @n A/p™A and that 91 is prime to p. We can think of a
functor

73(14) = [(X7 A, ips im)/s}
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similar to P that is defined over the category of p—-adic A—algebras B =
@n B/p™B. An important point is that we consider an isomorphism of ind-
group schemes i, : fip @7z O* — X [p™] (in place of a differential w), which
induces @m ® O* = X for the formal completion V at the characteristic
p—fiber of a scheme V' over A.

It is a theorem (due to Deligne-Ribet and Katz) that this functor is repre-
sentable by the formal Igusa tower over the formal completion ﬁ(c; M) of
M(c; M) along the ordinary locus of the modulo p fiber (e.g., [PAF] 4.1.9).
A p-adic modular form f,4 for a p—adic ring A is a function (strictly speak-
ing, a functorial rule) of isomorphism classes of (X, A, 4y, is) /g satisfying the
following three conditions:

(P1) f(X,A,ip,im) € Bif (X, A,i,,in) is defined over B;

P2) f((X,Aip,in) @5 B') = p(f(X,A,ip,in)) for each continuous
A-algebra homomorphism p : B — B’;

(P3) fa,6(q) € A[[(ab)>0]] for all (a, b) prime to Np.

We write V (¢, M; A) for the space of p—adic modular forms satisfying (P1-3).
This V (¢, 91; A) is a p—adically complete A-algebra.

We have the g—expansion principle valid both for classical modular forms
and p—adic modular forms f,

(g-exp) [ is uniquely determined by the q-expansion: [ +— fqs(q) €
Al[(ab)>0]].

This follows from the irreducibility of (the Hilbert modular version of) the
Igusa tower proven in [DeR] (see also [PAF] 4.2.4).

Since @m ® O™* has a canonical invariant differentia , we have w,, =
ip7*(%) on X. This allows us to regard f € Gg(c,M; A) a p—adic modular
form by

dt
L4

f(X7A7ip7im) = f(X7Aa7;‘n7wp)'

By (g-exp), this gives an injection of Gi(c,9%; A) into the space of p-adic
modular forms V (¢, 91; A) (for a p—adic ring A) preserving g—expansions.

2.5 Complex analytic Hilbert modular forms

Over C, the category of test objects (X, A, 4, w) is equivalent to the category of
triples (£, A, 7) made of the following data (by the theory of theta functions):
L is an O-lattice in O ®z C = C/, an alternating pairing A : £LAo £ = ¢* and
i:9*/O* — FL/L. The alternating form A is supposed to be positive in the
sense that A(u,v)/Im(uv®) is totally positive definite. The differential w can
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be recovered by « : X (C) = C!/L so that w = t*du where u = (uy)ser is
the variable on C’. Conversely

Lx = {[ywéO@ZC'yEHl(X((C),Z)}

is a lattice in C’, and the polarization A : X* = X ® ¢ induces £ A £ = ¢*.

Using this equivalence, we can relate our geometric definition of Hilbert
modular forms with the classical analytic definition. Define 3 by the product
of I copies of the upper half complex plane §). We regard 3 C F ®g C = C!
made up of z = (2,),es With totally positive imaginary part. For each z € 3,
we define

L, =2mv/—-1(bz + a*),
A.(2mv—1(az + b),2nv —1(cz + d)) = —(ad — bc) € ¢*
with i, : 91*/O* — C!/L, given by i.(a mod O*) = (2my/~1a mod L.).
Consider the following congruence subgroup I'} (M; a, b) given by
{(Z 7) € SLa(F)

We let g = (g5) € SLa(F ®g R) = SLa(R)! act on 3 by linear fractional
transformation of g, on each component z,. It is easy to verify

a,d € 0, be (ab)*, ¢ € Nabd and d — 1 em}.

(L2 Azyiz) = (Lo Ay i) == w=1(z) fory e F%(m; a,b).

The set of pairs (a,b) with ab=? = c¢ is in bijection with the set of cusps
(unramified over co) of I'}(M; a, b). Two cusps are equivalent if they trans-
form each other by an element in I'} (0; a, b). The standard choice of the cusp
is (O, ¢~ 1), which we call the infinity cusp of 9 (¢; ). Write ' (¢;N) =
1910, ¢ 1). For each ideal t, (t,tc™!) gives another cusp. The two cusps
(t,tc™1) and (s,sc™!) are equivalent under I'} (c; M) if t = as for an element
a € F* with =1 mod Min Fj;. We have

IM(c; N)(C) 2= T'h(c; M)\ 3, canonically.

Let G = Resp/zGL(2). Take the following open compact subgroup of
G(A):

Ul(Mn) = {(23) 6G(Z)|C€‘ﬂ6 and a =d =1 mod mé},

and put K = K{(M) = (g?)f1 Ui (M) (¢9) for an idele d with dO = v and

(M)
J\o1
d® = 1. Then taking an idele ¢ with cO = ¢ and (9 =1, we see that

Mo ¢ (60K (597 NGQ@:) € O THeM)
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for G(Q)+ made up of all elements in G(Q) with totally positive determinant.
Choosing a complete representative set {c¢} C F* for the strict ray class group
CU1 () modulo N, we find by the approximation theorem that

Gy= [| G@GEHE-GRT
c€CLE(M)
for the identity connected component G(R)™ of the Lie group G(R). This
shows

GQ\G(A)/KC:i = G(Q)\G(A)/KCi= | | M(M)(C), 23)
ceCLL (M)

where G(A), = G(A®)G(R)* and C; is the stabilizer in G(R)* of i =
(vV=1...,v/=1) € 3. By (2.3), a Cl}:(M)-tuple (f.), with f. € Gi(c,N;C)
can be viewed as a single automorphic form defined on G(A).

Recall the identification of X*(7T') with Z[I] so that k(z) = [], o(z)*.
Regarding f € Gy (c,9;C) as a holomorphic function of z € 3 by f(z) =
f(L., A, i), it satisfies the following automorphic property:

F(2) = f) [[( 2 +d7)E forally = (24) € TH(;N).  (24)

The holomorphy of f is a consequence of the functoriality (G2). The function
f has the Fourier expansion

f2)= ) aléer(éz)
§€(ab)>o

at the cusp corresponding to (a, b). Here er(£2) = exp(2mv/ -1 £72,).
This Fourier expansion gives the g—expansion f,(q) substituting ¢* for

er(&2).

2.6 Differential operators

Shimura studied the effect on modular forms of the following differential
operators on 3 indexed by k € Z[I]:

1 0 ks
of = /1 <8z0 + W) and Jj = 1;[ (0%, +2r,—20F,) »
(2.5)
where r € Z[I] with 7, > 0. An important point is that the differential opera-
tor preserves rationality property at CM points of (arithmetic) modular forms,
although it does not preserve holomorphy (see [AAF] III and [Sh1]). We shall
describe the rationality. The complex uniformization ¢ : X (a)(C) = C*/%(a)
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induces a canonical base wo, = t*du of Qx(q)/c over R ®z R, where u =
(u)oex is the standard variable on C*. Define a period 2, € C¥ = O ®7C
by w(R) = w(a) = Qecweo. Here the first identity follows from the fact that
w(a) is induced by w(R) on X (R). We suppose that a is prime to p. Here is
the rationality result of Shimura for f € G(c, §%; W):

(0.f)(z(a), woo)

k+2
Q&=

= (0p.f)(x(a),w(a)) € Q. )

Katz interpreted the differential operator in terms of the Gauss-Manin con-
nection of the universal AVRM over 2 and gave a purely algebro-geometric
definition of the operator (see [K] Chapter II and [HT1] Section 1). Using
this algebraization of 4], he extended the operator to geometric modular forms
and p-adic modular forms. We write his operator corresponding to 6% as d* :
Ve, M A) — V(c, 9 A). The level p—structure iy(a) : (G, @ O*)[p>] =
Ms/ay — X(a)[p™] (ax = [[pes, ap = Rx) induces an isomorphism
p * Gn®O* =X (a) for the p-adic formal group X (a) yw at the origin.
Then w(R) = w(a) = Quuw, () € O @z W = WF) for w, = Lp7*%. An
important formula given in [K] (2.6.7) is: for f € Gy(c, f3; W),

(d"f)(x(a), wp)

o (d"f)(z(a), w(a)) = (0r.f)(z(a),w(a)) e W.  (K)
The effect of d” on g—expansion of a modular form is given by
A"y a(€)t = al§) e (2.6)
3 3

See [K] (2.6.27) for this formula.

2.7 T'g=level structure and Hecke operators

We now assume that the base algebra A is a W-algebra. Choose a prime ¢
of F. We are going to define Hecke operators U(q™) and T'(1,q"™) assuming
for simplicity that g 1 p1, though we may extend the definition for arbitrary
q (see [PAF] 4.1.10). Then X[q"] is an étale group over B if X is an abelian
scheme over an A-algebra B. We call a subgroup C' C X cyclic of order q" if
C = O/q" over an étale faithfully flat extension of B.

We can think of quintuples (X, A, i, C,w) /g adding an additional informa-
tion C of a cyclic subgroup scheme C' C X cyclic of order q". We define
the space of classical modular forms Gy (c,91,To(q"); A) (resp. the space
Ve, MTo(q"); A) of p—adic modular forms) of level (91, To(q")) by (GI1-
4) (resp. (P1-3)) replacing test objects (X, A, 4, w) (resp. (X, A, im,ip)) by
(X, A,i,C,w) (resp. (X, A,im, C,ip)).
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Our Hecke operators are defined on the space of level (91,I'y(q")). The
operator U(q™) is defined only when r > 0 and T'(1, q™) is defined only when
r = 0. For a cyclic subgroup C” of X, 5 of order q", we can define the quotient
abelian scheme X/C’ with projection m : X — X/C’. The polarization A
and the differential w induce a polarization 7, A and a differential (7*)~‘w
on X/C'. If C' N C = {0} (in this case, we say that C’ and C are disjoint),
7(C) gives rise to the level T'g(q")—structure on X/C’. Then we define for
f € Gr(eq™; M, To(q"); A),

fIU@")N(X, A, Cyi,w) = ﬁ Zf(X/C',W*A,WOi,W(C), (") tw),
Vol

2.7
where C’ runs over all étale cyclic subgroups of order g™ disjoint from C.
Since m,A = 7w o A o ! is a cq"—polarization, the modular form f has to be
defined for abelian varieties with cq™—polarization. Since q t N, forgetting the
o (q™)-structure, we define for f € G (cq™;N; A)

N(lqn) ; f(X/C w70, (7%) " w), (2.8)

where C’ runs over all étale cyclic subgroups of order q. We can check
that f|U(q™) and f|T(1,q™) belong to V (¢, M, T'y(q"); A) and also stay in
Gr(c, M To(q"); A) if f € Gr(cq, M, T(q"); A). We have

U(q")=U(q)".

f|T(17 qn)(XvAﬂ;vw) =

2.8 Hilbert modular Shimura varieties

We extend the level structure ¢ limited to i—torsion points to far bigger struc-
ture 7P including all prime-to—p torsion points. Since the prime-to—p torsion
on an abelian scheme X /S is unramified at p (see [ACM] 11.1 and [ST]), the
extended level structure 7(P) is still defined over S if S is a VW—scheme. Triples
(X,A,n®) /5 for W-schemes S are classified by an integral model S h(/f,)v
(cf. [Ko]) of the Shimura variety Sh,q associated to the algebraic Q—group
G = Resp;gGL(2) (in the sense of Deligne [De] 4.22 interpreting Shimura’s
original definition in [Sh] as a moduli of abelian schemes up to isogenies).
Here the classification is up to prime-to—p isogenies, and A is an equivalence
class of polarizations up to prime-to—p O-linear isogenies.

To give a description of the functor represented by Sh(P), we introduce some
more notations. We consider the fiber category Agf) over schemes defined by

(Object) abelian schemes X with real multiplication by O;

(Morphism) HomA;f) (X,Y) = Hom(X,Y) ®z Z),
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where Z ) is the localization of Z at the prime ideal (p), that is,
Zgy = {FWL+pL=Z, abeL}.

Isomorphisms in this category are isogenies with degree prime to p (called
“prime-to—p isogenies”), and hence the degree of polarization A is supposed
to be also prime to p. Two polarizations are equivalent if A = ¢cA’ = A’ o i(c)
for a totally positive ¢ prime to p. We fix an O-lattice L C V = F? with O-
hermitian alternating pairing (-, -) inducing a self duality on L, = L®zZ,. We
consider the following condition on an AVRM X ;g with  : O — End(X /g):

(det) the characteristic polynomial of 6(a) (a € O) on Lie(X) over Og
is given by [[,c;(T — o(a)), where I is the set of embeddings of F'
into Q.

This condition is equivalent to the local freeness of 7.{2 x5 over Og ®z O for
m: X —S.

For an open-compact subgroup K of G(A(®)) maximal at p (i.e. K
= GLy(0p) x K (1)), we consider the following functor from Z(py-schemes
into SETS:

PP(S) = [(X, X, 7)) 5 with (det)] . (2.9)

Here 7717 : L@, AP>) = V() (X) = T(X)®7,AP>) is an equivalence class
of ) modulo multiplication n?) — 1) o k by k € K®) for the Tate mod-
ule 7(X) = lim_ X[9 (in the sheafified sense that n® = (n)®) mod K
étale-locally), and a A € A induces the self-duality on L,. As long as K ®) js

sufficiently small (for K maximal at p), P}f) is representable over any Z,)—
algebra A (e.g. [HO4a], [HO4b] Section 3.1 and [PAF] 4.2.1) by a scheme
Shksa = Sh/K, which is smooth by the unramifiedness of p in F//Q. We

let g € G(A®P>)) act on Sh(/%) . by

z=(X,A,n) — g(x) = (X, Anog),
which gives a right action of G(A) on Sh(P) through the projection G(A) —»
G(AP>),
By the universality, we have a morphism M(c; M) — Sh® /T1(c;N) for

the open compact subgroup:

T ) = (§9) KL (§9) 7" = (e4 " ) UL () (4,7 9) "

maximal at p. The image of M(c; N) gives a geometrically irreducible com-
ponent of Sh(P)/T1(c;N). If N is sufficiently deep, by the universality of
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Mi(c; D), we can identify M (c; ) with its image in Sh(p)/f%(c; N). By the
action on the polarization A — «A for a suitable totally positive o € F, we
can bring M (c; MN) into M(ae; N); so, the image of lim M(c; N) in ShP)
only depends on the strict ideal class of «¢.

For each x = (X, A,i) € M(c;N)(S) for a W-scheme S, choosing n®)
so that n® mod T} (¢;MN) = 4, we get a point = = (X, A, n®)) € ShP)(S)
projecting down to z = (X, A, ). Each element ¢ € G(A) with totally pos-
itive determinant in % acts on z = (X, A,n®)) € ShP) by z + g(x) =
(X, det(g)A,n®) o g). This action is geometric preserving the base scheme
Spec(W) and is compatible with the action of G/(A(P>)) given as above (see
[PAF] 4.2.2), because A = det(g)A. Then we can think of the projection of
g(x) in M(c; MN). By abusing the notation slightly, if the lift nP) of 7 is clear
in the context, we write g(z) € 9(c;N) for the image of g(z) € ShP). If
the action of g is induced by a prime-to—p isogeny « : X — g(X), we write
g(z,w) = (9(z), auw) for (x,w) € M(c;N) if there is no ambiguity of a.
When det(g) is not rational, the action of g is often non-trivial on Spec(W);
see [Sh] II, [Sh1] and [PAF] 4.2.2.

2.9 Level structure with “Neben’ character
In order to make a good link between classical modular forms and adelic auto-
morphic forms (which we will describe in the following subsection), we would
like to introduce ‘“Neben” characters. We fix two integral ideals Yt C n C O.
We think of the following level structure on an AVRM X:

i1 (G @O0")MN — X[MN] and i’ : X[n] » O/n (2.10)

i

with Tm(i) x x (o) X[n] = Ker(i’), where the sequence (G, ® O*)[N] —
XM NG /n is required to induce an isomorphism

(Grr, ® 0" )N ®0 O/n = (G, ® OF)[n]
under the polarization A. When 9 = n, this is exactly a '] (91)-level structure.
We fix two characters €1 : (O/n)* — A* and €5 : (O/MN)* — A, and we

insist for f € Gy(c,91; A) on the version of (GO-3) for quintuples (X, A, -
d,a -, w) and the equivariancy:

X, Ai-dya-i'w) = e (a)ea(d) f(X, A, i, ,w) fora,de (O/MN)*.
(Neben)
Here A is the polarization class modulo multiple of totally positive numbers in
F prime to n. We write G, (c,T'o(91), €; A) (e = (€1, €2)) for the A-module of
geometric modular forms satisfying these conditions.
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2.10 Adelic Hilbert modular forms and Hecke algebras

Let us interpret what we have said so far in automorphic language and give a
definition of the adelic Hilbert modular forms and their Hecke algebra of level
N (cf. [H96] Sections 2.2-4 and [PAF] Sections 4.2.8-4.2.12). We first recall
formal Hecke rings of double cosets. For that, we fix a prime element @ of
Oy for every prime ideal q of O.

We consider the following open compact subgroup of G (A(OC)):

Uo(M) = {(¢}) € GLs(0)|c =0 mod MO},
R @2.11)
Ul () = {(‘;2) €Up(M)|a=d=1 mod ‘J‘(O}7

where O = O Rz Zand 7 = 11 ¢ Zy. Then we introduce the following semi-
group

Ao(N) = {(g b) € G(AC)) N My(O)|e = 0 mod NO, duy € ogt} :
(2.12)
where ds is the projection of d € O to qu Oy for prime ideals q. Writing
Tp for the maximal diagonal torus of GL(2),, and putting

Do = {diag[a,d] = (89) € Ty(Fym)) N My(0)|dog = 1} . (13)
we have (e.g. [MFG] 3.1.6 and [PAF] Section 5.1)
Ao(N) = Up(M)DoUo(N). (2.14)

In this section, writing p* = [],, p®) with o = (a(p)), the group U is
assumed to be a subgroup of Up(Mp®) with U D U} (9p*) for some multi-
exponent « (though we do not assume that 91 is prime to p). Formal finite
linear combinations ) _ 5 c;U6U of double cosets of U in Ay (9tp*) form aring
R(U, Ag(Mp®)) under convolution product (see [IAT] Chapter 3 or [MFG]
3.1.6). The algebra is commutative and is isomorphic to the polynomial ring
over the group algebra Z[Uy(Mp®)/U] with variables {T'(q),T'(q,q)}q for
primes ¢, T'(q) corresponding to the double coset U (WO“ (1)) U and T(q,q)
(for primes q { 9p®) corresponding to Uy, U. Here we have chosen a prime
element wy in O4. The group element v € Uy(Np®)/U in Z[Uy(Np®) /U]
corresponds to the double coset UuU (cf. [H95] Section 2).

The double coset ring R(U, Ao (9p*)) naturally acts on the space of mod-
ular forms on U whose definition we now recall. Recall that 7 is the diagonal
torus of GL(2) ,0: s0, Ty = an/o' Since Ty (O/97) is canonically a quotient
of Up(') for an ideal N, a character € : TH(O/M') — C* can be consid-
ered as a character of Uy (). Writing € ((¢9)) = e1(a)ea(d), if e~ = € ez
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factors through O/ for 9, then we can extend the character e of Uy(N)
to Up(MN) by putting e(u) = e1(det(u))e(d) foru = (2Y) € Up(N). In
this sense, we hereafter assume that € is defined modulo 91 and regard € as a
character of Up(91). We choose a Hecke character e : F/F* — C* with
infinity type (1 — [«])I (for an integer []) such that e, (z) = €;1(2)ea(2) for
z € O%. We also write ¢!, for the restriction of ¢, to the maximal torsion
subgroup A (M) of CIL(Np™) (the strict ray class group modulo Np™ :
lim_CIf(9"™).

Writing I for the set of all embeddings of F into Q and 72 for Resp AR
(the diagonal torus of (), the group of geometric characters X*(7?) is iso-
morphic to Z[I]? so that (m,n) € Z[I]? send diag[z,y] € T? to 2™y" =
[Iye;(o(@)™ o (y)"). Taking £ = (k1,k2) € Z[I]?, we assume [k]] =
K1 + K2, and we associate with x a factor of automorphy:

Je(g,7) = det(go0) 1 §(goo, 7)" "2 for g € G(A) and 7 € 3. (2.15)

We define S, (U, €; C) by the space of functions f : G(A) — C satisfying the
following three conditions (e.g. [H96] Section 2.2 and [PAF] Section 4.3.1):

(SD) f(azud) = e(u)e', (2)f(x)Ju(u,i)~! forall @ € G(Q) and all u €
U-Cjand z € Ap(NM) (Ap(M) is the maximal torsion subgroup of
CUL (™))

(S2) Choose u € G(R) with u(i) = 7 for 7 € 3, and put f,(7) =
f(zu)J,(u, i) foreach z € G(A(>)) (which only depends on 7). Then
fx is a holomorphic function on 3 for all x;

(S3) f.(7) for each z is rapidly decreasing as 7, — oo (7 = £ + in) for all
o € I uniformly.

If we replace the word “rapidly decreasing” in (S3) by “slowly increasing”,
we get the definition of the space G (U, ¢; C). It is easy to check (e.g. [MFG]
3.1.5) that the function f in (S2) satisfies the classical automorphy condition:

f(v() = e ya) f (1) (7, 7) forall y € T, (U), (2.16)

where ', (U) = 2Ux~1G(R)T NG(Q). Also by (S3), f is rapidly decreasing
towards all cusps of I'; (e.g. [MFG] (3.22)); so, it is a cusp form. Impos-
ing that f have the central character e, in place of the action of Ar(M) in
(S1), we define the subspace S,; (91, e; C) of S, (Up(M), €; C). The symbols
k = (K1, k2) and (g1,&2) here correspond to (K2, k1) and (¢2,e1) in [PAF]
Section 4.2.6 (page 171) because of a different notational convention in [PAF].

If we restrict f as above to SLs(Fy), the determinant factor det(g)** in
the factor of automorphy disappears, and the automorphy factor becomes only
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dependent on k = k1 — ke + I € Z[I]; so, the classical modular form in
Gy, has single digit weight k£ € Z[I]. Via (2.3), we have an embedding of
Sk(Ug(M), & C) into Gi(To(N),¢;C) = Ga[c]eCl;C Gr(c,To(N),C) (c
running over a complete representative set for the strict ideal class group Cl;)
bringing f into (fc);q for fo = f. (as in (S3)) with z = (Cdo_l (1)) (for
d € F with dO = ). The cusp form f, is determined by the restriction
of ftox - SLy(Fy). If we vary the weight k keeping k = k1 — ko + I, the
image of S, in G (To(N'), ¢; C) transforms accordingly. By this identifica-
tion, the Hecke operator 7'(q) for non-principal q makes sense as an operator
acting on a single space G (U, ¢; C), and its action depends on the choice of
k. In other words, we have the double digit weight xk = (k1, ko) for adelic
modular forms in order to specify the central action of G(A). For a given
f € S.(U,€C) and a Hecke character \ : F/F* — C*, the tensor prod-
uct (f @ N)(z) = f(x)A(det(z)) gives rise to a different modular form in
Sy (U, €x; C) for weight k) and character €5 dependent on ), although the
two modular forms have the same restriction to S Ly (Fy ).

We identify I with ) _ o in Z[I]. It is known that G, = O unless r1 + ko =
[k1 + k2] for [k1 + ko] € Z, because I — (k1 + K2) is the infinity type of the
central character of automorphic representations generated by G,.. We write
simply [k] for [k1 + k2] € Z assuming G,, # 0. The SL(2)-weight of the
central character of an irreducible automorphic representation 7 generated by
f € Gx(U, ¢ C) is given by k (which specifies the infinity type of 7w, as a
discrete series representation of SLo(FRg)). There is a geometric meaning of
the weight «: the Hodge weight of the motive attached to 7 (cf. [BR]) is given
by {(K1,05k2,0), (K2,0,K1,0) }o, and thus, the requirement 1 — K2 > I is the
regularity assumption for the motive (and is equivalent to the classical weight
k > 21 condition).

Choose a prime element @, of O, for each prime q of F'. We extend
e 0% = C*to FJ., — C* just by putting ¢~ (cwy’) = 1 form € Z.
This is possible because F* = Oy x wf for wl = {w]'|m € Z}. Simi-
larly, we extend €; to F,. Then we define ¢(u) = €;(det(u))e™ (am) for
u=(2%) € Ag(M). Let U be the unipotent algebraic subgroup of GL(2) 0
defined by U(A) = {({ ¢)|a € A} . For each UyU € R(U,Ao(Mp*)), we
decompose UyU = | | te Do, uctd(0) utU for finitely many u and ¢ (see [IAT]
Chapter 3 or [MFG] 3.1.6) and define

FllUyUY () = e(t) ™" flaut). (2.17)

tau

We check that this operator preserves the spaces of automorphic forms:
G.(M, & C) and S, (N, ¢; C). This action for y with y; = 1 is independent
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of the choice of the extension of e to T(F,). When ys # 1, we may assume
that y;w € Doy C To(Fa), and in this case, ¢ can be chosen so that tqy = ym
(so ty is independent of single right cosets in the double coset). If we extend
eto Ty (Féoo)) by choosing another prime element wél and write the extension
as €, then we have

e(to)[UyU] = € (tm) [UyUY',

where the operator on the right-hand-side is defined with respect to €. Thus
the sole difference is the root of unity e(tor)/€'(tr) € Im(e|p, (0 o))- Since it
depends on the choice of w,, we make the choice once and for all, and write
T(q) for [U ( o (1)) U] (@f q|7). By linearity, these action of double cosets
extends to the ring action of the double coset ring R(U, Ao (Np*)).

To introduce rationality of modular forms, we recall Fourier expansion of
adelic modular forms (cf. [H96] Sections 2.3-4). Recall the embedding i :
Q < C, and identify Q with the image of i... Recall also the differental idele
d € FY with d® = 1and dO = 00. Each member f of S, (U, €; C) has its
Fourier expansion:

FED=lla Y. alCyd, £)(Eys) er(ilys)er (),  (2.18)

0KEer

where e : Fp/F — C* is the additive character which has ep(z) =
exp(2mi Y., o) for Tos = (z5)o € RI = F ®@g R. Here y — a(y, f)
is a function defined on y € F,* only depending on its finite part (). The
function a(y, f) is supported by the set (O x Fso) N F . of integral ideles.

Let F[x] be the field fixed by {0 € Gal(Q/F)|ko = k}, over which the
character k € X*(T?) is rational. Write O[] for the integer ring of F/[k].
We also define Ok, €] for the integer ring of the field F'[x, €] generated by the
values of € over F'[«]. For any F'[x, €]-algebra A inside C, we define

Se(U,e;A) = {f € Su(U,&C)la(y, f) € A aslongas y is integral } .
(2.19)
As we have seen, we can interpret S, (U, €; A) as the space of A-rational global
sections of a line bundle of a variety defined over A; so, we have, by the flat
base-change theorem (e.g. [GME] Lemma 1.10.2),

Se(M,e; A) @4 C = S (M, e;C). (2.20)

The Hecke operators preserve A-rational modular forms (e.g., [PAF] 4.2.9).
We define the Hecke algebra h,(U,e; A) C Enda(S.(U,e; A)) by the
A-subalgebra generated by the Hecke operators of R(U, Ag(9p®)).
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For any @p—algebras A, we define
S.(U,e;A) = S,.(U,e;Q) ®g,, A (2.21)

By linearity, y — a(y, f) extends to a function on F* x S, (U, ¢; A) with
values in A. We define the g—expansion coefficients (at p) of f € S, (U, €; A)
by

ay(y, f) =y, "a(y, f) and ag,(y, f) = N(yd H)"lag(y, f), (2.22)

where N : F/F* — @; is the character given by NV (y) = y, [y |, .
Here we note that ag(y, f) = 0 if ka & ZI. Thus, if ao(y, f) # 0, [ke] €
Z is well defined. The formal g—expansion of an A-rational f has values in
the space of functions on Fg(x) with values in the formal monoid algebra
Al[¢%))¢er, of the multiplicative semi-group F'; made up of totally positive
elements, which is given by

F) =N S ao,(yd, £) + > ay(Eyd, gt ¢ - (2.23)

£>0

We now define for any p—adically complete O|x, ¢]-algebra A in (@p
Sk(U,e; A) = {f € SK(U,e;@p)’ap(y, f) € A for integral y} .29

As we have already seen, these spaces have geometric meaning as the space
of A-integral global sections of a line bundle defined over A of the Hilbert
modular variety of level U (see [PAF] Section 4.2.6), and the g—expansion
above for a fixed y = y(°°) gives rise to the geometric g—expansion at the
infinity cusp of the classical modular form f, for x = (g (1)) (see [HI1] (1.5)
and [PAF] (4.63)).

We have chosen a complete representative set {c;};=1,...p in finite ideles
for the strict idele class group F'*\F,/ O*FX +» Where h is the strict class

number of F. Let ¢; = ¢;0. Write ¢; = (C“(l;l (1)) and consider f; = fi,
as defined in (S2). The collection (f;);=1, .. » determines f, because of the
approximation theorem. Then f(c;d~!) gives the g—expansion of f; at the Tate
abelian variety with ¢;—polarization Tate -1 (q) (¢; = ¢;0). By (g—exp), the
g—expansion f(y) determines f uniquely. '

We write T'(y) for the Hecke operator acting on Sy (U, €; A) corresponding
to the double coset U (¥ 9) U for an integral idele y. We renormalize T'(y)
to have a p-integral operator T(y): T(y) = y, “*T'(y). Since this only affects

T(y) with y, # 1. T(a) = T(wq) = T(a) if q { p. However T(p) # T(p)
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for primes p|p. The renormalization is optimal to have the stability of the A—
integral spaces under Hecke operators. We define (q) = N(q)7'(q,q) for q 1
MNp®, which is equal to the central action of a prime element w, of O, times
N(q) = |wql,". We have the following formula of the action of 7'(q) and
T(q,q) (e.g., [PAF] Section 4.2.10):

ap(y7 f|T(CI)) — {ap(ywch f) + ap(y’w;l, f|<q>) if q is (?utSide n
a,(ywy, f) otherwise,
(2.25)
where the level n of U is the ideal maximal under the condition: Uf (n) C U C
Uop(N). Thus T(wwq) = U(q) (up to p—adic units) when q is a factor of the level
of U (even when q|p; see [PAF] (4.65-66)). Writing the level of U as 9p®, we

assume

either p|9Mp® or [k] > 0, (2.26)

since T(q) and (q) preserve the space Sy (U, ¢; A) under this condition (see

[PAF] Theorem 4.28). We then define the Hecke algebra h, (U, €; A) (resp.

hi (M, e4; A)) with coefficients in A by the A-subalgebra of the A-linear

endomorphism algebra End 4 (S, (U, €; A)) (resp. End (S, (M, e1; A))) gen-

erated by the action of the finite group Uy (9tp®)/U, T(q) and (q) for all g.
‘We have canonical projections:

R(UT (Mp®), Ao (MNp®)) — R(U, Ag(MNp®)) — R(Us(Mp”), Ao (Mp?))

forall @ > 3 (& a(p) > B(p) for all p|p) taking canonical generators to the
corresponding ones, which are compatible with inclusions

SH(Uo(mpﬁ),e;A) — 5. (U, A) — Sﬁ(Ull(‘ﬁp“),e;A).

We get a projective system of Hecke algebras {h,(U,¢; A)}y (U running
through open subgroups of Uy(91p) containing U} (Mp>)), whose projective
limit (when k1 — ko > I) gives rise to the universal Hecke algebra h(, €; A)
for a complete p—adic algebra A. This algebra is known to be independent of
k (as long as k1 — ko > I) and has canonical generators T(y) over A[[G]]
(for G = (0, x (O/MP)))* x CUL(Mp™)), where NP) is the prime-to—p
part of 91. Here note that the operator (q) is included in the action of G,
because q € CIf(Mp™). We write h-"4(U, €; A), h°"4(Np®, e4; A) and
hmord = hmord(9 ¢; A) for the image of the (nearly) ordinary projector
e = lim, T(p)™. The algebra h™°"¢ is by definition the universal nearly
ordinary Hecke algebra over A[[G]] of level 9t with “Neben character” e. We
also note here that this algebra h™°"¢(N, ¢; A) is exactly the one h(y)*, ")
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employed in [HT1] page 240 (when specialized to the CM component there)
if A is a complete p—adic valuation ring.

Let A4 = A[[T] for the maximal torsion-free quotient ' of G. We fix a
splitting G = T' X Gy,, for a finite group Gy,,. If A is a complete p—adic
valuation ring, then h™°"4(N, ¢; A) is a torsion-free A 4—algebra of finite rank
and is A g—free under some mild conditions on 91 and e ([PAF] 4.2.12). Take
a point P € Spf(A)(A) = Homeent (T, A*). Regarding P as a character of
G, we call P arithmeric if it is given locally by an algebraic character x(P) €
X*(T?) with k1(P) — ko(P) > I. Thus if P is arithmetic, ep = Pr(P)~?
is a character of T%(O/p*MN) for some multi-exponent o > 0. Similarly, the
restriction of P to Cl;?(‘ﬁp‘x’) is a p—adic Hecke character ep induced by
an arithmetic Hecke character of infinity type (1 — [(P)])I. As long as P is
arithmetic, we have a canonical specialization morphism:

"N, € A) @, A = BEH M, ey A),

which is an isogeny (surjective and of finite kernel) and is an isomorphism if
h™ord is A 4—free. The specialization morphism takes the generators T(y) to

T(y).

3 Eisenstein series

We shall study the g—expansion, Hecke eigenvalues and special values at CM
points of an Eisenstein series defined on 2%(c; N).

3.1 Arithmetic Hecke characters

Recall the CM type X ordinary at p and the prime ideal [ of O introduced in
the introduction. We sometimes regard 3 as a character of Ty = Res;, /Q(Gm
sending v € M* to 2> = [1,cs o(x). More generally, each integral linear
combination £ = ) s 5. ko0 is regarded as a character of T by x
[1, o(x)" . We fix an arithmetic Hecke character A of infinity type kX +
k(1 —c)fork =3 s koo € Z[X] and an integer k. This implies, regarding
X as an idele character of Ty (A), M(2oo) = 250 707 for 2,y € Tar(R).
We assume the following three conditions:

(crt) k > 0 and k > 0, where we write k > 0 if K, > 0 for all o.
(opl) The conductor € of X is prime to p and (£) = [N Z.
(spt) The ideal € is a product of primes split over F'.
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3.2 Hilbert modular Eisenstein series

We shall define an Eisenstein series whose special values at CM points
interpolate the values L(0, Ax) for anticyclotomic characters  of finite order.

We split the conductor € in the following way: € = §F, with § + §. = R
and § C F¢. This is possible by (spt). We then define f = FN O and f =
FeNO.Thenf C f. Here X = O/f % R/FandY = O/f = R/F.. Let
¢ : X x Y — C be a function such that ¢(¢ 'z, ey) = N(e)*¢(x,y) for all
e € O* with the integer k as above. We put X* = f*/O*; so, X* is naturally
the Pontryagin dual module of X under the pairing (z*,2) = ep(z*z) =
e(Tr(z*z)), where e(x) = exp(2wiz) for x € C. We define the partial Fourier
transform P¢ : X* x Y — C of ¢ by

Pé(z,y) = N()™' Y d(a,y)er(az), 3.1)
acX

where er is the restriction of the standard additive character of the adele ring
Fy to the local component F5 at f.

A function ¢ as above can be interpreted as a function of (£, A, 4,4’) in 2.5.
Here i : X* < §71L£/L is the level f-structure. We define an Oj—submodule
PV (L) C L ®o Fj specified by the following conditions:

PV(E) D L®o Of, PV(E)/,Cf = Im(z) (ﬁf =L ®o Of). PV)
By definition, we may regard
i~ PV(L) - PV(L)/ (L ®o Of) = §*/O*.
By Pontryagin duality under Tr o A, the dual map of 7 gives rise to ¢’ :
PV (L) - O/f. Taking alift: : (2)*/O* — PV (L)/§L; withi mod L; = i,
we have an exact sequence:

0= (1) /0" - PV(L)/iLs L5 0/f — 0.

This sequence is kept under v € Aut(£) with unipotent reduction modulo §2,
and hence, the pair (4, i’) gives a level I'} (f2)-structure: Once we have chosen
a generator f of f in Oy, by the commutativity of the following diagram:

(R)*/0" —— PV(L)/§L; —— Off

lz flm flm (3.2)
() /0* ——  X[P] —— O/,

giving (4, 4') is equivalent to having the bottom sequence of maps in the above
diagram. This explains why the pair (i, i’) gives rise to a level I'] (?)—structure;
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strictly speaking, the exact level group is given by:
Tl () = {(g b) € SLQ(OT)‘Q =d=1 mod f, c=0 mod f2}. (3.3)
We regard P¢ as a function of £ ®o F supported on (§72£) N PV (L) by

Po(i~Y(w),i'(w)) if (w mod L) € Im(4),

) (3.4)
0 otherwise.

Po(w) = {

For each w = (w,) € F ®g C = C’, the norm map N (w) = [, o; we is
well defined.

For any positive integer £ > 0, we can now define the Eisenstein series Ej,.
Writing £ = (£, A, ) for simplicity, we define the value Ey(L; ¢, ¢) by

oo o AED TR+ )} o Polw)
Ep(L;¢,¢) = \/m wef—lzﬁ/Ox N(w)¥|N(w)|?s ls=0"

(3.5)
Here “>_"” indicates that we are excluding w = 0 from the summation. As
shown by Hecke, this type of series is convergent when the real part of s is
sufficiently large and can be continued to a meromorphic function well defined
at s = 0 (as long as either & > 2 or ¢(a,0) = 0 for all a). The weight of
the Eisenstein series is the parallel weight kI = )" _ko. If either £ > 2 or
#(a,0) = 0 for all a, the function Ej(c, ) gives an element in Gy (c, f2; C),
whose g—expansion at the cusp (a, b) computed in [HT1] Section 2 is given by

N(a) ' Ep(¢, )ap(q) = 27 UL(1 — k; ¢, 0)
P eaby e V@ 6o

0KE€ab (a,b)e(axb)/O*

ab=¢

~—

where L(s; ¢, a) is the partial L—function given by the Dirichlet series:
N\ v
Y. &0 (ar) V@I

£e(a—{0})/0x N

If p(z,y) = ¢px(x)¢py (y) for two functions ¢x : X — Cand ¢y : ¥V —
C with ¢y factoring through O/f', then we can check easily that Ej(¢) €
Gri(c, ff'; C).
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3.3 Hecke eigenvalues

We take a Hecke character A as in 3.1. Then the restriction /\g1 : R§ X R§C —
W* induces a locally constant function ¢ : (O/f) x (O/f') — W supported
on (O/f)* x (O/f")*, because A¢ factor through (R/€)* which is canonically
isomorphic to (O/f)* x (O/f")*. Since A is trivial on M *, v satisfies

Y(ex, ey) = MUY (2, y) = N(e) (2, y)

for any unite € O*.

We regard the local uniformizer wg € Oy as an idele. For each ideal 2l of F,
decomposing 2 = [, q¢(® for primes g, we define %) = I1, ws(q) € F).
We then define a partial Fourier transform ¢° : X x Y — W by

¥o(a,b) = Y b(u,b)ep(—uam D). (3.7)

ueO/f

By the Fourier inversion formula, we have
Py°(x,y) = (@D, y). (3.8)
From this and the definition of Ej(£) = Ej(L;¢°, ¢), we find
Ep(X,Njiox,i oy,aw) = N(a)_k)\g(l‘>)\§j (y)Ep(X, A 4,7, w) (3.9)

forx € (O/f)* = (R/F)* and y € (O/f)* = (R/F.)*. Because
of this, Ex(¢°,¢) actually belongs to Grr(c,I'o(ff'),ex;C) for ex1 =
Az, and €y = Az identifying Oy = Rz and Oz, = Rg, . Recall
Grr(To(M),C) = @cem; Gr1(c,To(M), €; C). Via this decomposition we
extend each Cl;—tuple (fo)e in Gr(To(ff'), €x; C) to an automorphic form
f € Grr(§f', exs; C) as follows:

() f(zx) = A(2)|z|af(z) for z in the center F' C G(A) (s0 ex1(2) =
A(z)lz]a);

(i) f(zu) = ex(u)f(z) for u € Uo(ff');

(iii) fo = fcifz = (§9) for an idele ¢ with cO = cand ¢(*) = 1.

We now compute the effect of the operator (q) (defined above (2.25)) on Ej,
for a fractional ideal q prime to the level f. A geometric interpretation of the
operator (q) is discussed, for example, in [H04b] (5.3) (or [PAF] 4.1.9), and
has the following effect on an AVRM X: X — X ®o g. The level structure ¢
is intact under this process. The c—polarization A induces a cq~2—polarization
on X ®o g. On the lattice side, (q) brings £ to q.L.
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To simplify our notation, we write
A5 @i (w) A5 (@ (w))

we(
1w 8) = = N (w)

for each term of the Eisenstein series and ¢(s) for the Gamma factor in front of
the summation, where D = N(0) is the discriminant of F'. First we compute
the effect of the operator (q) when q = (£) for £ € F naively as follows:

Bu(@L, Ayt ) =c(s) S t(wis)luso

wef~1qL/OX

Do) 3 Hews oo = A(©) T ATHON(©O) FEL(Li v, ).
weF~1L/O*
(3.10)

Here we agree to put )\§1($) = 0if xRz # Rz and )\gcl(y) =0ifyRz, #
Rg._.

The result of the above naive calculation of the eigenvalue of (q) shows
that our way of extending the Eisenstein series (Ejx(¢°;c)). to an adelic
automorphic form G(A) is correct (and canonical): This claim follows from

A3(E)TIAGHON©) ™" = Ma) = Mawg)|wqlaN (a),

because the operator (q) on Gy (U, €; C) is defined (above (2.25)) to be the
central action of wy € F,° (that is, multiplication by A(twq)|wg|a) times
N(q). We obtain

A5 () Ex (") (L5 00, ¢)
= Ep((a7 'L, A, 0);9°,¢q%) = A5(E) A5, (ON () E(L;v°,¢).  (3.11)

The factor Az, (£2) in the left-hand-side comes from the fact that i’ with respect
to the c—polarization £2A of q~'L£ is the multiple by &2 of i’ with respect to
cq?—polarization A of q~1L.

We now compute the effect of the Hecke operator T'(1,q) = T(q) for a
prime q { f. Here we write £’ for an O-lattice with £'/L£ = O/q. Then £’ A
L' = (qc)*; so, A induces a ge—polarization on £’, and similarly it induces
q2c—polarization on q~1L. By (2.8), Ex|T(q) is the sum of the terms #(¢; s)
with multiplicity extended over q~'f~!£. The multiplicity for each £ € §~1L
is N(q) + 1 and only once for £ € q~'f~1L£ — §71L (thus, N(q) times for
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¢ € 1L and once for £ € q~*§~1L). This shows

c(0) " N (q)Ex|T(q)(L; ¥°, qe)

/ !

= Z Z t(w;s) + Z t(w; s)

L wEf’IE’/OX wef—lq—1£//0><
= c(0) " {N(a) B (L v°, ©) + El(a) ' (L9, ca®) } .

s=0

In short, we have

Ep(¢°,q0)|T(q) = Ex(¢°,¢) + N(a) " Ee(v°,cq®) ()" (3.12)

Suppose that g is principal generated by a totally positive £ € F'. Substituting
€A for A, i’ will be transformed into £ ~1#’, and we have

A5 () ER(¥°, 0)[T(q) = Ex(¥°, q¢)[T(q)
We combine this with (3.11) assuming q = (§) with 0 < £ € F":

Ep(°,0)|T(a)(£) = (A5 (&) + As(ON ()" HE:(¥°, ), (3.13)

which also follows from (3.6) noting that ¢)°(a, b) = G(Agl))\g(a)/\gcl (b) for
the Gauss sum G(Agl).

We now look into the operator [q] for a prime q outside the level f. This oper-
ator brings a level I'y(q)—test object (X, C, i) with level § structure ¢ outside
q to (X/C, i), where the level f-structure 7 is intact under the quotient map:
X — X/C. On the lattice side, taking the lattice Lo with Lo/L = C, it is
defined as follows:

Fllal(£,C, A i) = N(a) ™' f (Lo, A, ). (3.14)
The above operator is useful to relate U(q) and T'(q). By definition,

f|U(q)(‘CvA7 C, Z) = N(q)_l Z f(‘cl7 A, 0177;)

L LI#Le
for C' = Lo+ L'/L' = q~1L/L". Thus we have
Ula) =T(q) - [a]- (3.15)
A similar computation yields:
[a] o U(a) = N(a)""(a) ™" (3.16)

Lemma 3.1 Let q be a prime outside §. Suppose that q" = (£) for a totally
positive § € F. Let B} (1,¢) = Ei(¢°,¢) — Ex(¢°, ¢q)|[q] and Ex(¢,¢) =
Ey(¢°,¢) = N(a)Ex(¢°, ca=")[{a)|[a] Then we have
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(1) Ej(¢,)|U(q) =Ek(w" “le) — Er(¢°, o)|[d),

(2) By (¢, )|U(a") = A5 (OEL (v, 0),

(3) Ek(MC)IU(q):(Ek(w",qC) N(@) By (¥°, o) () [aD (N (@)~ a) )
(4) Ex(¢, 9)|U(a") = Ag(&)N ()" FDEx (¢, ¢).

Proof We prove (1) and (3), because (2) and (4) follow by iteration of these
formulas combined with the fact: Az_(§) Ex(v°,¢) = Ex(¢°,&c) for a totally
positive £ € F'. Since (3) can be proven similarly, we describe computation to
get (1), writing E(c) = Ex(¢°, c):

B} (v ¢)|U(q) = Ex(c)|U(q) — i (ca)|[a)|U ()

P B (0)|U(a) — N(9) "  Br(eq)|(q) !

CL B (0)|T(a) — Ex(ea)|a] — N () Ex(cq)| q)

“LE(eq) + N(9)  Ex(ca){a) " — Ex(c)lq] — N (q) " Ex(cq)|q)
= Ei(cq™) — B, (0)|[al-

Remark 3.2 As follows from the formulas in [H96] 2.4 (T1) and [H91] Section
7.G, the Hecke operator T'(q) and U(q) commutes with the Katz differential
operator as long as q 1 p. Thus for E(\,¢) = d"E(¢,¢) and E'(\,¢) =
d"E}, (¢, ¢), we have under the notation of Lemma 3.1

E'(\ 0U(q") =23 (OE' (A, ),
E(\, 0)[U(a") =25 ()N (@)"*VE(\, o). 3.17)

3.4 Values at CM points

We take a proper R, —ideal a for n > 0, and regard it as a lattice in C* by
a +— (a)yex. Then A(a) induces a polarization of a C C*. We suppose that
a is prime to € (the conductor of \). For a p—adic modular form f of the form
d*g for classical g € Gyr(c,I'1,0(f?); W), we have by (K) in 2.6

L) = ftata) wto) = Hogia)

Here x(a) is the test object: x(a) = (X (a), A(a),i(a),'(a)) /.

We write ¢y = (—l)k[F‘Q]%- Here I's(s) = [[,ex'(s0),

Q5 =TI, Q. Im(6)* = [[, Im(6*)°~, and so on, for s = > _s,0. By
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definition (see [HO4c] 4.2), we find, for e = [R* : O*],

(coe) ™01 B (0)(a), (@)
FOAG @A)

_ 1 e(%)
Ao (=) Narjg(w)®

s=0
weF~la/R*

= )\El(we(g)))\(a)NM/Q(%.a,l)s Z/ )\('wga_l)

N —1)s |
wFa e R myo(wFat)s ls=o

= A (@ A (@) L (0, ),

(3.18)

where for an ideal class [2] € Cl,, 1 represented by a proper R,,;1—ideal 2,

Ligi'(s,A) = D A(0)Nagyg(b)
be[A]

is the partial L-function of the class [] for b running over all R,,—proper
integral ideals prime to € in the class [2]. In the second line of (3.18), we
regard )\ as an idele character and in the other lines as an ideal character. For
anidele a with aR = aR and ae = 1, we have A(a(®)) = A(a).

We put E(\, ¢) = d"Eg (¢, ¢) and E'(\, ¢) = d"E} (¢, ¢) as in Remark 3.2.
We want to evaluate E(), ¢) and E'(\,¢) at x = (x(a),w(a)). Here ¢ is the
polarization ideal of A(a); so, if confusion is unlikely, we often omit the ref-
erence to ¢ (which is determined by a). Thus we write, for example, E(\) and
E'(X) for E(A, ¢) and E’(\, ¢). Then by definition and (K) in 2.6, we have for
r = (¢(a),w(a))

E'(A)(x) = 61 Er(4°, ¢)(x) — N(a)” ' 05 Ex(¢°, cq)(z(aR,), w(aRy,))
E(\) () = 65 Bk (4°, ) (x) = 65 Br (¢°, cq™ 1) (z(qaRy ), w(aRy))
(3.19)

because C'(a) = aR, /a and hence [q](z(a)) = z(aR,).

To simplify notation, write ¢([a]) = A(a)"'¢(z(a),w(a)). By (3.9), for
¢ = E(\) and E’()), the value ¢([a]) only depends on the ideal class [a] but
not the individual a. The formula (3.19) combined with (3.18) shows, for a
proper R, ;—ideal a,

e~ Ae(@ B W)([a]) = co (L5t (0.0) = N(@) ™ Lisg-r,1(0. 1))

e Ae(@ @B ([a]) = co (L5514 0,0) = Ma)Lsg10-17,(0, 1))
(3.20)
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where e = [R* : O*]. Now we define

L™(s,A) = Y Ma)Nagyg(a) ™, (3.21)

where a runs over all proper ideals in R,, prime to € and Nj;/q(a) = [R,, : a].

For each primitive character x : Cly — @X, we pick n + 1 = mh so that
(m —1)h < f < n+ 1, where g = (€) for a totally positive ¢ € F. Then we
have

e Ae(@®) Y7 X(@E'(A)([a))
[a]€Cly 41
= COX(S) (Ln+1(0’ )‘Xil) - Ln(ov )‘Xil))
e Ae(@@®) Y7 X(@EN)([a))
[a]eCly41
= coX(F) (L0, ) = AT H@) N (@) L™ (0, 7)) -
(3.22)

As computed in [HO4c] 4.1 and [LAP] V.3.2, if k£ > f then the Euler g—factor
of L*(s,x 1)) is given by

o
|
~

(X M(@) N (q)? =7 if f > 0,

>~ .
- O

(A (@) N (a)? =2
0

+ (@ = (M) @y v e e i =
(3.23)

J

where (MT/F) is 1, —1 or 0 according as g splits, remains prime or ramifies

in M/F, and LY(s,x~ ") is the g—Euler factor of the primitive L—function
L(s,x ' \). We define a possibly imprimitive L—function

L(q)(s, X_l)\) = Lq(s, X_l)\)LO(s, X_l)\)

removing the g—Euler factor.
Combining all these formulas, we find

eI @ ®) YT x(@EMN([a]) = oL (0, x7'N),  (3.24)
[a]eCly 41
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eI H(w®)) Z X(@)E"(A)([a])

[u]ECln+1
oL (0,x N if f >0,
—cox TAMQ)Lq(L, " TA)L(0, x"TA)  ifq=92in Rand f = 0.
(3.25)

All these values are algebraic in Q and integral over V.

4 Non-vanishing modulo p of L—values

We construct an F-valued measure (F = [, as in 2.2) over the anti-cyclotomic
class group Cly, = @n Cl,, modulo [*° whose integral against a character y
is the Hecke L—value L(0, x~')) (up to a period). The idea is to translate the
Hecke relation of the Eisenstein series into a distribution relation on the profi-
nite group Cl.,. At the end, we relate the non-triviality of the measure to the
g—expansion of the Eisenstein series by the density of {z(a)}, (see [HO4c]).

4.1 Construction of a modular measure
We choose a complete representative set {c}[c] cc+ of the strict ideal class
F

group Cl; made up of ideals ¢ prime to pfl. For each proper R,—ideal a,
the polarization ideal c¢(a) of z(a) is equivalent to one of the representatives
¢ (so [¢] = [c(a)]). Writing ¢o for ¢(R), we have c(a) = col " (aa®)"L.
Take a modular form g in G (Lo(ff'1),ex; W). Thus g = (g;q) is an h—
tuple of modular forms for h = |CIL|. Put f = (fie)e for frg = d"gjq
for the differential operator d® = []_ d5- in 2.6. We write f(x(a)) for the
value of fic(q))(z(a)). Similarly, we write f(X, A, i,w) for fi(X, A, 4,w) for
the ideal class ¢ determined by A. The Hecke operator U ([) takes the space
V (e, To(§§'1), ex; W) into V (cI=1, To (1), ex; W). Choosing ¢ in the repre-
sentative set equivalent to the ideal c[~!, we have a canonical isomorphism
V(el, Do(Ff'1), ex; W) 2 V (¢, To(f§'1), €x; W) sending f to f’ given by
FIUX EA 7 w) = F(X A 6,1, w)

for totally positive & € F with £¢; = [~!c. This map is independent of the
choice of &. Since the image of 9t(c; M) in Sh(P) depends only on 9t and the
strict ideal class of ¢ as explained in 2.8, the Hecke operator U (1) is induced

from the algebraic correspondence on the Shimura variety associated to the
double coset U (5 9) U. So we regard U (l) as an operator acting on h—tuple
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of p—adic modular forms in V(T (ff'1),ex; W) = @,V (e, To(ff'1), ex; W)
inducing permutation ¢ — ¢ on the polarization ideals. Suppose that g|U () =
ag with a € W*; so, f[lU(I) = af (see Remark 3.2). The Eisenstein series
(E(),¢)). satisfies this condition by Lemma 3.1. The operator U(I") (h =
|CUE]) takes V (¢, To(f'1), ex; W) into itself. Thus f.|U(1") = a” f..

Choosing a base w = (wy, ws) of R = R ®y Z, identify T(X(R)5) = R
with O2 by O 3 (a,b) — aw; + bws € T(X (R)). This gives a level structure
7P (R) : F? ®g AP>®) = V(®)(X(R)) defined over W. Choose the base w
satisfying the following two conditions:

(B1) we =1and R = O[wy,J;
(B2) By using the splitting: Rs = Rz x Rge, w1§ = (1,0) and wo ; = (0, 1).

Let a be a proper R,,—ideal (for R,, = O+I["R) prime to {. Recall the generator

w = w; of [Oy. Regarding w € F\, w, = (@w"wi,ws) is a base of ﬁn
and gives a level structure 7P (R,,) : F? ®g AP>) = V(p)(X(Rn)). We
choose a complete representatlve set A = {al, co.,ag} C M sothat M =

|_|j 1 MXajRXMX Then aR,, = anR fora € M* for some index j. We
then define 1P (a) = aa;n?)(R,,). The small ambiguity of the choice of
does not cause any trouble.

Write zo(a) = (X (a),A(a),i(a),i (a),C(a),w(a)). This is a test object
of level I'{ o(f%) N To(I) (see (3.3) for T'} 4(§?)). We pick a subgroup C' C
X (Ry,) such that C' = O/I™ (m > 0) but C N C(R,,) = {0}. Then we define

X(Rn) . —1 ./ C+ C(Rn)[[] *)—1
( e T N(Ry,), m0i(Ry,),m " o1 (Rn),f,(w ) w(Rn)>

for the projection map 7 : X (R,,) = X (R,)/C. We can write
0(Rn)/C = wo(a) € M(cI™"™, 1, To (1)) (W)

for a proper R, ;,,~ideal a D R,, with (aa®) = [72™, and for u € O we
have

ro(@) = 20(R,)/C = ({77 ) (@0(Bunsn)). @)

1

See Section 2.8 in the text for the action of g = (; T) on the point

20(Rm+n), and see [HO4c] Section 3.1 for details of the computation leading
to (4.1).

Let Ty = Resps /@Gy . For each proper R,,—ideal a, we have an embedding

o @ Tar(AP®)) — G(AP>)) given by an® (a) = nP)(a) o pa(a). Since
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det(pa(a)) = aa® > 0, € T(Zy)) acts on ShP) through pa (@) € G(A).
We have

pa(@)(z(a)) = (X(a), (aa®)A(a),n?) (a)pa(a))
= (X (an), A(aa),n"” (aa))
for the prime-to—p isogeny o € Endo(X(a)) = Ry. Thus Tas(Z(y)) acts

on Sh(P) fixing the point z(a). We find p(a)*w(a) = aw(a), and by (B2), we
have

g(z(an), aw(a)) = g(p(a)(z(a),w(a)) = a " Az(a) A5, (a)g(z(a), w(a)).

From this, we conclude

f(z(aa), aw(a)) = f(p(a)(z(a), w(a)))
= a PN (@)Ag, (@) f (2(a), w(a)),

because the effect of the differential operator d is identical with that of § at the
CM point z(a) by (K). By our choice of the Hecke character A, we find

Maa) = a P09\ (@) Az, (a)\(a).

If a and « is prime to €p, then the value o *>*(1=9)\¢(a) is deter-
mined independently of the choice of « for a given ideal ca, and the value
(@)™ f(x(a),w(a)) is independent of the representative set A = {a;} for
Cl,,. Defining

f([a]) = Ma) "' f(x(a),w(a)) for a proper R,—ideal a prime to €p, (4.2)

we find that f([a]) only depends on the proper ideal class [a] € Cl,,.
We write z(a,) = ((1) %) (z(a)), where [" = () for an element @ € F.
Then a, depends only on umod [", and {a, },, mod » gives a complete repre-

sentative set for proper R,,;p—ideal classes which project down to the ideal
class [a] € Cl,,. Since a, R, = @ 'a, we find A(a,) = A\(I)""A(a). Then we
have

a" f([a]) = Ma) " FIU(1")(2(a)) = )\([)hlw > fllad),
and we may define a measure ¢ on Cl,, with values in IF by

gdog =b"" > d(a ) f([a]) (forb=a"AD"N([DM. #3)

Clos a€Clymn
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4.2 Non-triviality of the modular measure

The non-triviality of the measure ¢ ¢ can be proven in exactly the same manner
as in [HO4c] Theorems 3.2 and 3.3. To recall the result in [HO4c], we need to
describe some functorial action on p—adic modular forms, commuting with
U(I"). Let q be a prime ideal of F. For a test object (X, A, ) of level I'o(Nq),
7 induces a subgroup C' = O/q in X. Then we can construct canonically
[ql(X,A,n) = (X',A,n') with X’ = X/C (see [H04b] Subsection 5.3). If
q splits into Q8 in M/F, choosing 7, induced by X (a)[q>] & Mq/Rq X
Mg/Rg = F;/Oq x Fy/O,4, we always have a canonical level g-structure
on X (a) induced by the choice of the factor Q. Then [q](X (a)) = X (aQ;,;!)
for Q,, = QN R, for a proper R,—ideal a. When ¢ ramifies in M/F as
q = 92 X(a) has a subgroup C' = X (a)[Q,] isomorphic to O/q; so, we
can still define [q](X (a)) = X (afQ;;!). The effect of [q] on the g—expansion
at the infinity cusp (O, ¢ 1) is computed in [HO4b] (5.12) and is given by
the g—expansion of f at the cusp (g, ¢~!). The operator [q] corresponds to the
action of g = (é w(‘j—l ) € GLy(Fy). Although the action of [q] changes the
polarization ideal by ¢ — c¢q, as in the case of Hecke operator, we regard it
as a linear map well defined on V(T (§f'1), ex; W) into V(Lo (ff'lq), ex; W)
(inducing the permutation ¢ +— ¢;)

For ideals 2 in F', we can think of the association X — X ®o 2 for each
AVRM X. There are a natural polarization and a level structure on X ®
induced by those of X. Writing (X, A,n) ® 2 for the triple made out of
(X, A, n) after tensoring A, we define f|(20)(X,A,n) = f(X,A,n) @ A).
For X (a), we have (A)(X(a)) = X(Ua). The effect of the operator ()
on the Fourier expansion at (O,c!) is given by that at (71, 2c) (see
[HO4b] (5.11) or [PAF] (4.53)). The operator () induces an automorphism
of V(To(ff'1), ex; W). By g—expansion principle, f +— f|[q] and f — f[(2)
are injective on the space of (p—adic) modular forms, since the effect on the
g-expansion at one cusp of the operation is described by the g-expansion of the
same form at another cusp.

We fix a decomposition Clo, = I'y x A for a finite group A and a torsion-
free subgroup I'y. Since each fractional R—ideal 2 prime to [ defines a class [2]
in Cl,, we can embed the ideal group of fractional ideals prime to [ into C'l..
We write C1%9 for its image. Then A9 = A N C1%9 is represented by prime
ideals of M non-split over F'. We choose a complete representative set for A9
as {sR~!s € S, v € R}, where S contains O and ideals s of F outside p/€,
R is made of square-free product of primes in F ramifying in M/F, and R is
a unique ideal in M with 982 = v. The set S is a complete representative set for
the image C1%. of Clr in Cly and {R|r € R} is a complete representative set
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for 2-torsion elements in the quotient Cly/C1%. We fix a character v : A —
F*, and define

fo=Y Wi ®) <Z Z/>\_1(5)f|<5>> |[t]- 4.4)

teR s€S

Choose a complete representative set Q for Cly, /Ty A% made of primes
of M split over F' outside pl€. We choose n(p ) out of the base (w1, we)
of R, so that at g=9NF, w = (1,0) € Rq X Rqe = R, and
wy = (0,1) € Rq X Rqe = Ry. Since all operators (s), [q] and [¢] involved in
this definition commutes with U (1), f,,|[q] is still an eigenform of U (I) with the
same eigenvalue as f. Thus in particular, we have a measure ¢y, . We define
another measure ¢’z on I'y by

REEEDRGC / 8192y, (3]

e

where ¢|Q(y) = qﬁ(y[ﬂ]; ) for the projection [Q] in 'y of the class [Q] €
Cls.

Lemma 4.1 If x : Clo, — F* is a character inducing v on A, we have

/ xdp's = / xdepy.
Ty Cloo

Proof Write Iy ,, for the image of I'y in C'l,,. For a proper R,,—ideal a, by the
above definition of these operators,

Fis)[[elllal([a]) = M)~ f(2(Q 7R ), w(Q 'R a)).

For sufficiently large n, x factors through Cl,,. Since x = v on A, we have

/F gt = 33T S Ayt (@9 a) 1(6) el [a])

QeQseSteRacly ,
= 3 @ (R sl = [ oy,
a,9,s,t Cleo

because Clog = | | o x[Q "R 's|Ty. O

We identify Hom(I'y,F*) = Hom(I‘f,ugoo) with Hom(Ff,Gm/Z,z) &
(Gd for the formal multiplicative group G, over Zj. Choosing a basis § =
{7,...,7a} of T'y over Z; (so, 7P = Z Zrj C T'y)is to choose a multi-
plicative group G2, = Hom(Z?,G,,,) over Ze whose formal completion along
the identity of GZ (F,) giving rise to Hom(T', G, /z,)- Thus we may regard
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Hom(T'f, o= ) as a subset of Hom(Z”, G,,) = GZ,. We call a subset X of
characters of I'y Zariski-dense if it is Zariski-dense as a subset of the alge-
braic group (Gi 3 (for any choice of 3). Then we quote the following result
([HO4c] Theorems23.2 and 3.3):

Theorem 4.2 Suppose that p is unramified in M/Q and ¥ is ordinary for p.

Let f # 0 be an eigenform defined over F of U (\) of level (To(ff'1), €x) with
non-zero eigenvalue. Fix a character v : A — F*, and define f, as in (4.4). If
f satisfies the following two conditions:

(H1) There exists a strict ideal class ¢ € Clp with the following two
properties:
(a) the polarization ideal ¢(Q~'R™1s) is in ¢ for some (Q,R,s) €
OXSXR;
(b) for any given integer v > 0, the N (I)" modular forms fy | (§ )
foru € 17" /O are linearly independent over T,

(H2) X and f are rational over a finite field,

then the set of characters x : I'y — F* with non-vanishing fClm vxdey #0
is Zariski dense. If rankz,I'y = 1, under the same assumptions, the non-
vanishing holds except for finitely many characters of I'y. Here vx is the
character of Clos = Ty x A given by vx(v,0) = v(d)x(v) for v € T’y
and ) € A.

4.3 |-Adic Eisenstein measure modulo p

We apply Theorem 4.2 to the Eisenstein series E(A) in (3.17) for the
Hecke character A ﬁxed in 3. 1 Choosing a generator m of myy, the exact
sequence w" /W s Wk Wi, — wii induces a reduction map: H°(9M, wlif),) —
HO(m, g ). We write Ey(¢°, ¢) mod A-modmyy for the image of the Eisen-
stein series Ek(w", ¢). Then we put

f=(d"(Ex(4°, ¢)) modmyy ). € V(Lo(ff'l), ex; F).

By definition, the g—expansion of f[ is the reduction modulo my, of the
g—expansion of E(), ¢) of characteristic 0.

We fix a character v : A — [F* as in the previous section and write ¢ = ¢y
and ¢” = ¢%. By (3.24) combined with Lemma 4.1, we have, for a character
X : CLoo — F* with x|a = v,

. s (kX + k) LU0, x 1A
/ xdp” = /C xde = Cx(F) x( ka)_,’_% ( ) mod myy,
Ff o0

b (4.5)
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where C' is a non-zero constant given by the class modulo myy of
(71)k[F:Q} (R>< - OX% )Afl(we(s))
Im(8)*v/D '

The non-vanishing of C follows from the unramifiedness of p in M /Q and that
§ is prime to p.

Theorem 4.3 Let p be an odd prime unramified in M /Q. Let A be a Hecke
character of M of conductor € and of infinity type kX + k(1 — ¢) with
0<k€Zand0 < k € Z[X] for a CM type ¥ that is ordinary with respect
to p. Suppose (spt) and (opl) in 3.1. Fix a character v : A — @X. Then
WKFE(k2+g)kLg(+l)2(,?’V_lx_l)‘) € W for all characters x : Clo, — pig(Q) fac-
toring throtzogh I'y. Moreover, for Zariski densely populated character x in

Hom(T'f, pues ), we have

s (kX 4+ &)LV (0,71 1N)
QISOXH’?N

;7é OInOdI'l‘Ly\/7

unless the following three conditions are satisfied by v and )\ simultaneously:

(M1) M/F is unramified everywhere;
(M2) The strict ideal class (in F) of the polarization ideal ¢y of X (R) is not
a norm class of an ideal class of M (< (Mc{)F) =—1);

(M3) The ideal character a — (Av~*N(a) modmy,) € F* of F is equal to
the character (M—/F) of M/F.

If U is a split prime of degree 1 over Q, under the same assumptions, the
non-vanishing holds except for finitely many characters of I'y. If (M1-3) are
satisfied, the L—value as above vanishes modulo m for all anticyclotomic
characters x.

See [HO4b] 5.4 for an example of (M, ¢q, 2) satisfying (M1-3).

Proof By Theorem 4.2, we need to verify the condition (H1-2) for E(A). The
rationality (H2) follows from the rationality of F)(¢°, c) and the differential
operator d described in 2.6. For a given g—expansion h(q) = >_. a(¢, h)q* €
F[[¢=4]] at the infinity cusp (O, ¢~ 1), we know that, for u € Oy C Fi,

a(§, hlaw) = ep(uf)a(§, h) for o = (G 1)

The condition (H1) for h concerns the linear independence of h|w, for
u €770 /Oy. For any function ¢ : ¢ 1/I"c™! = O/I" — F, we write
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hl¢ =3 ¢ p(§)al§, h)q¢. By definition, we have
hRy= > o(u)hlon, = hl¢"
ue0 /1"

for the Fourier transform ¢*(v) = Y ¢(u)ep(uv). For the characteristic
function yx, of v € ¢! /I"¢, we compute its Fourier transform

i(w= Y er(au)xs(a) = er(vu).

acO/I"

Since the Fourier transform of the finite group O/[" is an automorphism (by the
inversion formula), the linear independence of {h|c., = h|x}. is equivalent
to the linear independence of {h|xy }u-

We recall that f,, is a tuple (f,,()c € V(Lo1(F*), To(1); W). Thus we need
to prove: there exists ¢ such that for a given congruence class v € ¢=*/["¢~!

a(, f,.1q) # Omodmy, for at least one & € u. (4.6)
Since a(¢, d"h) = a(€, h) ((2.6)), (4.6) is achieved if
a(€, f,,q) # 0modmy, for at least one £ € u prime to p 4.7
holds for
f1=(Bx(°,¢) = N(OER(v°, ™ H(D][])c,

because [ { p. Up to a non-zero constant, 1°(a, b) in (3.7) is equal to ¢(a, b) =
)xg(a)/\gcl (b) for (a,b) € (O/f)*. Thus we are going to prove, for a well
chosen c,

a(&, f, () # 0modmyy for at least one { € u prime top,  (4.8)
where fi; = Ey(¢,¢) — N(I) Ex (o, Y D[1]). Recall (4.4):

L= AT (Z vAl(s>f”|<s>> |[t]. 4.9)

t€ER seS

As computed in [HO4b] (5.11) and (5.12), we have
N(s~ ') Ex(6, )(8)|[tlo,e-1 (@) = 27 UL = ks 9,57 )
+ > ¢ > #(a,b) N(a) N(a)k=1. (4.10)

0KEec 1t -1 -1 x |N(a)|
(a,b)e(s ™ exc™'s)/O

ab=¢
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Thus we have, writing ¢(a, b) = ¢(a, b) % N . N(a)~ta(é, fil,) is given by

IN(a)]”
S tab- Y tab)
(a,b)€(axb)/O* (a,b)€(arxIb)/O*
ab=¢ ab=¢

= > t(a,b). (4.11)
(a,b)€(ax (b—1b))/O>
ab=¢

We have the freedom of moving around the polarization ideal class [¢] in the
coset Nys/r(Clar)[co] for the polarization ideal class [co] of x(R). We first
look into a single class [c]. We choose ¢~ to be a prime q prime to pfl (this is
possible by changing ¢! in its strict ideal class and choosing § € M suitably).
We take a class 0 < £ € u for u € O/I" so that (§) = qnl® for an integral
ideal n { pl€ prime to the relative discriminant D(M/F) and 0 < e < r. Since
we have a freedom of choosing £ modulo [, the ideal n moves around freely
in a given ray class modulo ["~¢.

We pick a pair (a,b) € F? with ab = £ witha € s~! and b € gs. Then
(a) = s~ 1% for an integral ideal ¢ prime to [ and (b) = sql¢~ ¢’ for an
integral ideal ¢’ prime to [. Since (ab) = qnl¢, we find that rp’ = n. By (4.11),
b has to be prime to [; so, we find @ = e. Since 1t = n and hence t = O
because n is prime to D(M/F'). Thus for each factor ¢ of n, we could have
two possible pairs (a;, b;) with a;b, = & such that

((ar) = sg 10, (bs) = (€ag ') = seque™)

for s, € S representing the ideal class of the ideal [°z. We put w v
We then write down the g—expansion coefficient of ¢¢ at the cusp (O, q) (see
[HO4c] (4.30)):

+1

—1a "y — =1 -1 1_ U)N U))e
Goy) ™ al&, f) = ¥5 (v’ 1,1 NG

4.12)

where n = Hnln 1°(") is the prime factorization of n.
We define, for the valuation v of W (normalized so that v(p) = 1)

— ((9) N (n))=+
L —4(n)N(n) ’

ne () = Infuo | T -

yln

4.13)

where n runs over a ray class C' modulo ["~¢ made of all integral ideals prime
to DI of the form q=1£17¢, 0 < £ € u. Thus if uc (1)) = 0, we get the desired
non-vanishing. Since pc(¢) only depends on the class C, we may assume
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(and will assume) that e = 0 without losing generality; thus £ is prime to [, and
C is the class of u[q~1].
Suppose that n is a prime 1. Then by (4.12), we have

G(y) a6, f)) = v5 ()1 + (W(n)N(n) ™).

If ¢»(y) N(y) = —1 mod myy for all prime ideals y in the ray class C' modulo
[", the character a +— (¢)(a) N (a) mod my) is of conductor [". We write ) for
the character: a — (1(a) N (a) mod my,) of the ideal group of F' with values
in F*. This character therefore has conductor E| [". Since v is anticyclotomic,
its restriction to F, has conductor 1. Since \ has conductor € prime to [, the
conductor of 1 is a factor of the conductor of A mod myy, which is a factor of
p€. Thus €|p€. Since [{ p€, we find that € = 1.

We are going to show that if uc (1) > 0, M/F is unramified and ¢ =

M) mod my,. We now choose two prime ideals y and v’ so that qyy’ =

(&) with £ € u. Then by (4.12), we have

—1 m o —1 # ;
Gl tate. 1) =5 1+ gy ) (1+ w<n'>N<of>>(4 N
Since P(yy’) = P(ulg~Y]) = P(C) = —1, we find that if a(¢, /) =
Omodmw,

—1=4(n/v") =017 P(v*) = =P (v?).

Since we can choose 1 arbitrary, we find that 1 is quadratic. Thus pc (1) > 0
if and only if ¥)(c) = —1, which is independent of the choice of u. Since we
only need to show the existence of ¢ with 1)(c) = 1, we can vary the strict
ideal class [c] in [co] Nar/#(Clas). By class field theory, assuming that ¢ has
conductor 1, we have

(c) = —1forall [] € [co]Nas/r(Clas)

if and only if 1(co) = —1 and ¢(a) = (]\4a/F

> foralla € Clgp. (4.15)
If M/F is unramified, by definition, 20¢* = 260~ '¢~! = R. Taking squares,
we find that (9¢)? = 462 < 0. Thus 1 = (0 2%c72) = (—1)IFQ
and this never happens when [F : Q] is odd. Thus (4.15) is equivalent
to the three conditions (M1-3). The conditions (M1) and (M3) combined is
equivalent to ¥* = 1 mod my, where the dual character ¢* is defined by
*(z) = ¥(2=¢)N(x) L. Then the vanishing of L(0,x~'v~1)\) = 0 for all
anti-cyclotomic xv follows from the functional equation of the p-adic Katz
measure interpolating the p—adic Hecke L—values. This finishes the proof. []
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5 Anticyclotomic Iwasawa series

We fix a conductor € satisfying (spt) and (opl) in 3.1. We consider Z =
Z(¢) = lim | Clp(€p™) for the ray class group Clps(x) of M modulo p.
We split Z(€) = Ag x I'¢ for a finite group A = A and a torsion-free
subgroup T'¢. Since the projection: Z(€) — Z(1) induces an isomorphism
Te = Z(€)/Ac =2 Z(1)/A; =T, we identify I'¢ with I'; and write it as T',
which has a natural action of Gal(M/F). We define 't = H°(Gal(M/F),T)
and'_ =T/I'". Writev_ : Z — I'_ and a : Z — A for the two projec-
tions. Take a character p : A — @X, and regard it as a character of Z through
the projection: Z — A. The Katz measure p¢ on Z(€) associated to the p—
adic CM type X, as in [HT1] Theorem II induces the anticyclotomic ¢—branch
Ky by

g = e d(m—(2))e(ma(2))dpe (2)-

We write L, (o) for this measure dpi, regarding it as an element of the algebra
A~ = W[T'-]] made up of measures with values in .

We look into the arithmetic of the unique Z][DF:Q}—extension M2 of M on
which we have coc™! = o7! for all 0 € Gal(M /M) for complex con-
jugation c. The extension M /M is called the anticyclotomic tower over
M. Writing M (€p>°) for the ray class field over M modulo €p>, we iden-
tify Z(€) with Gal(M (€p>)/M) via the Artin reciprocity law. Then one has
Gal(M(€p>)/Myg) = T'" x Ag¢ and Gal(M /M) = T'_. We then define
M by the fixed field of I'¢ in M (€p™); so, Gal(Ma /M) = A. Since p is a
character of A, ¢ factors through Gal(M _Ma /M). Let Loo /M5, Ma be the
maximal p-abelian extension unramified outside 3. Each v € Gal(Lo/M)
acts on the normal subgroup X = Gal(Loo/MMa) continuously by
conjugation, and by the commutativity of X, this action factors through
Gal(MaM_Z /M). Then we look into the I'_—module: X [p] = X @na,,, W.

As is well known, X [p] is a A~—module of finite type, and in many cases, it
is torsion by a result of Fujiwara (cf. [Fu], [HOO] Corollary 5.4 and [HMI] Sec-
tion 5.3) generalizing the fundamental work of Wiles [Wi] and Taylor-Wiles
[TW]. If one assumes the ¥—Leopoldt conjecture for abelian extensions of M,
we know that X [¢] is a torsion module over A~ unconditionally (see [HT2]
Theorem 1.2.2). If X [¢] is a torsion A~ —module, we can think of the character-
istic element F~ () € A~ of the module X |[¢]. If X[¢] is not of torsion over
A~ , we simply put F~ () = 0. A character o of A is called anticyclotomic if

pcoc™) ="
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We are going to prove in this section the following theorem:

Theorem 5.1 Let 1) be an anticyclotomic character of A. Suppose (spt) and
(opl) in 3.1 for the conductor €(0) of 1. If p is odd and unramified in F/Q,
then the anticyclotomic p-adic Hecke L—function L, (1) is a factor of F~ ()
inA-.

Regarding ¢ as a Galois character, we define ¢~ (o) = @(coc™to™1) for
o € Gal(M/M). Then o~ is anticyclotomic. By enlarging € if necessary, we
can find a character ¢ such that ¢ = ¢~ for any given anticyclotomic ¥ (e.g.
[GME] page 339 or [HMI] Lemma 5.31). Thus we may always assume that
Y=

It is proven in [HT1] and [HT2] that L,(¢ ™) is a factor of F~ (™) in
A~ ®z Q. Thus the improvement concerns the p—factor of L, (¢~ ), which
has been shown to be trivial in [H04b]. The main point of this paper is to give
another proof of this fact reducing it to Theorem 4.3. The new proof actually
gives a stronger result: Corollary 5.6, which is used in our paper [H04d] to
prove the identity L, (¢)) = F~(¢) under suitable assumptions on . The
proof is a refinement of the argument in [HT1] and [HT2]. We first deduce a
refinement of the result in [HT1] Section 7 using a unique Hecke eigenform
(in a given automorphic representation) of minimal level. The minimal level
is possibly a proper factor of the conductor of the automorphic representation.
Then we proceed in the same manner as in [HT1] and [HT2].

Here we describe how to reduce Theorem 5.1 to Corollary 5.6. Since the
result is known for F' = Q by the works of Rubin and Tilouine, we may
assume that F' # Q. Put A = W/[I']]. By definition, for the universal Galois
character ) : Gal(M (€p>)/M) — A* sending § € Ag to ¢p(§) andy € T
to the group element v € I' C A, the Pontryagin dual of the adjoint Selmer
group Sel(Ad(Ind}}4)) defined in [MFG] 5.2 is isomorphic to the direct sum
of X[¢]®,- A and %. Thus the characteristic power series of the Selmer
group is given by (h(M)/h(F))F~ (¢).

To relate this power series (h(M)/h(F'))F~ () to congruence among
automorphic forms, we identify Oy = Rz = Rg, . Recall the maximal
diagonal torus Ty C GL(2)/0. Thus ¢ restricted to (Rg x Rz, )* gives
rise to the character ¢ of T¢(Oj). We then extend ¢ to a character ¢ of

T5 (05 x Opaypy) by (s, ys, ', y') = (as, ys) (M/, ).Then we define

Yy

the level ideal 9t by (€(¢»~) N F)D(M/F') and consider the Hecke algebra
hm-ord = hrord(M 4hp; W). Tt is easy to see that there is a unique W [[T']]-
algebra homomorphism A : h™°"® — A such that the associated Galois
representation py ([H96] 2.8) is Indﬂqz. Here T is the maximal torsion-free
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quotient of G introduced in 2.10. Note that the restriction of p) to the decom-
Yr1 0
0 Ypa2

with values in GLy (W), which we write p,. We write H (1) for the congru-
ence power series H(\) of A (see [H96] Section 2.9, where H(\) is written
as n(\)). Writing T for the local ring of h™°"¢ through which A factors,
the divisibility: H (¢)|(h(M)/h(F))F~ (1) follows from the surjectivity onto
T of the natural morphism from the universal nearly ordinary deformation
ring R™°"? of Indyw mod myy (without deforming p, for each |9 and the
restriction of the determinant character to A(91)). See [HT2] Section 6.2 for
details of this implication. The surjectivity is obvious from our construction
of h™°rd(M, 1p; W) because it is generated by Tr(py(Froby)) for primes
q outside p2t and by the diagonal entries of py restricted to Dy for g|pM.
Thus we need to prove (h(M)/h(F))L, (v)|H (v), which is the statement
of Corollary 5.6. This corollary will be proven in the rest of this section.
As a final remark, if we write TX for the quotient of T which parametrizes
all p—adic modular Galois representations congruent to Indf/jw with a given
determinant character x, we have T = TX&y W[[TT]] = TX[[T'"]] for the
maximal torsion-free quotient I'" of CZ;(‘ﬁpoo) (cf. [MFG] Theorem 5.44).
This implies H(¢) € W[[T_]].

position group D, at a prime q|9 is the diagonal representation (

5.1 Adjoint square L—values as Petersson metric

We now set G := RespzGL(2). Let 7 be a cuspidal automorphic represen-
tation of G(A) which is everywhere principal at finite places and holomorphic
discrete series at all archimedean places. Since 7 is associated to holomorphic
automorphic forms on G(A), 7 is rational over the Hecke field generated by
eigenvalues of the primitive Hecke eigenform in 7. We have 7 = 7(>) @ 7
for representations 7(>) of G(A(>)) and 7, of G(R). We further decompose

7% = @q7(e1,q, €2,9)

for the principal series representation (€1 4, €2 4) of GL2(Fy) with two char-
acters €1,q,€2,q * Fy — Q. By the rationality of m, these characters have
values in Q. The central character of 7(°°) is given by €L = Hq(617q627q),
which is a Hecke character of F. However €; = [] q€1.a andes =[] €2,q are
just characters of Fg(oo) and may not be Hecke characters.

In the space of automorphic forms in 7, there is a unique normalized Hecke
eigenform f = f, of minimal level satisfying the following conditions (see

[H89] Corollary 2.2):

q

(L1) The level 91 is the conductor of e~ = egefl.
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(L2) Note that e : (¢4) — €;(ad — be)e™(d) is a character of Up(MN)
whose restriction to Uy (C'()) for the conductor C(7) of 7 induces the
“Neben” character (¢ 5) — e1(a)ez(d). Then f : G(Q)\G(A) — C
satisfies

flazu) = ex(u) f(2).

(L3) The cusp form f corresponds to holomorphic cusp forms of weight
k = (k1,K2) € Z[I)%

In short, f, is a cusp form in S, (M, e4; C). It is easy to see that [T = 7 @ €, !
has conductor 91 and that v ® €5 is a constant multiple of f for the new vector
v of II (note here that II may not be automorphic, but II is an admissible
irreducible representation of G(A); so, the theory of new vectors still applies).
Since the conductor C(7) of 7 is given by the product of the conductors of €;
and €9, the minimal level 91 is a factor of the conductor C() and is often a
proper divisor of C'(7).

By (L2), the Fourier coefficients a(y, f) satisfy a(uy, f) = e1(u)a(y, f) for
u e 0% (O 0 ®z Z) In particular, the function: y — a(y, f)a(y, f) only
depends on the fractional ideal yO. Thus writing a(a, f)a(a, f) for the ideal
a = yO, we defined in [H91] the self Rankin product by

D(s—[x] = 1,f.f) = Y a(a, f)a(a, f)N(a)~*

acCO

where N(a) = [O : a] = |O/a|. We have a shift: s — s — [k] — 1, because
in order to normalize the L—function, we used in [H91] (4.6) the unitarization
Tt=T®]|- |I&[K]_1)/ % in place of 7 to define the Rankin product. The weight
kY of the unitarization satisfies [x*] = 1 and k* = k mod QI. Note that (cf.
[HO1] (4.2b))

f(e) = fru () = D=L £ @) det(@) 7V )

We are going to define Petersson metric on the space of cusp forms
satisfying (L1-3). For that, we write

Xo = Xo(M) = G(Q)+\G(A)1/Uo (M) F SOz (Fr).

We define the inner product (f, g) by

(f,g)o = /X (m)m@)met(zm@—ldx (5.2)
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with respect to the invariant measure dx on X as in [H91] page 342. In exactly
the same manner as in [H91] (4.9), we obtain

D*(4m) TR (5 4+ 1) 4 (k1 — #2))Ce (25 + 2)D(s, f, f)
= N D W=2(f, fEoo(x,1,1;5 4+ 1))m

where D is the discriminant N (9) of F, C}m)(s) = (r(s) [gm(L = N(a)™*)
for the Dedekind zeta function (r(s) of F'and Ey, o, (2, 1,1;s) (k = k1 —ko+1
and w = I — ko) is the Eisenstein series of level 91 defined above (4.8¢) of
[H91] for the identity characters (1, 1) in place of (x 111, 0) there.

By the residue formula at s = 1 of Cgm (2s)Ego(z,1,1;s) (e.g. (RES2) in
[H99] page 173), we find

(4m) TR =R o (T 4 (s — “2))ReSe70C(m)(25 +2)D(s, f, f)

oFQ-17[FQR_h(F)
=D N [ - N@h ==(f, F)m
ql;[ D (:f)

(5.3)

where w = 2 is the number of roots of unity in F', h(F') is the class number of
F and R is the regulator of F'.

Since f corresponds to v®eo for the new vector v € II of the principal series
representation IT(>*) of minimal level in its twist class {II ® 1} (1 running
over all finite order characters of F' (m)) by making product f - f, the effect of
tensoring €5 disappears. Thus we may compute the Euler factor of D(s, f, f)
as if f were a new vector of the minimal level representation (which has the
“Neben” character with conductor exactly equal to that of II). Then for each
prime factor q|, the Euler g—factor of Cg‘m (2s 4+ 2)D(s, f, f) is given by

[e.°]

—1

> a(a”, fala HIN(@) ™ = (1= N@"=)

v=0
because a(q, f)a(q, f) = N(q)!*! by [H88] Lemma 12.2. Thus the zeta func-
tion ¢\7V(2s + 2)D(s, f, f) has the single Euler factor (1 — N(q)~*~1)~1
at q|91, and the zeta function (r(s + 1)L(s + 1, Ad(f)) has its square
(1 — N(q)~*71)=2 at q|M, because L(s + 1, Ad(f)) contributes one more
factor (1 — N(q)~*~1)~!. The Euler factors outside 1 are the same by the
standard computation. Therefore, the left-hand-side of (5.3) is given by

¢V (25 +2)D(s, f, f)

= [ TIO=N@ ") | Cels+ DL(s + 1, Ad(f)) (54)

q|N
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By comparing the residue at s = 0 of (5.4) with (5.3) (in view of (5.1)), we get

(£ £ = D™ (fe, fr)on =
DT p((k — k2) + I)N(‘J'Z)2_2(("1_"2)+1)+17r_((“1_”2)+2I)L(1,Ad(f))
(5.5)

for the primitive adjoint square L—function L(s, Ad(f)) (e.g. [H99] 2.3).
Here we have written 2° = [[ % for s = ) s,0 € C[I], and
I'p(s) = [, I'(ss) for the T~function I'(s) = [, e~*t*~'dt. This formula
is consistent with the one given in [HT1] Theorem 7.1 (but is much simpler).

5.2 Primitive p-Adic Rankin product

Let 91 and J be integral ideals of F' prime to p. We shall use the notation
introduced in 2.10. Thus, for a p-adically complete valuation ring W C
Q. h™°r4(N, ;W) and h™-°"4(J, x; W) are the universal nearly ordinary
Hecke algebra with level (91,4)) and (J, x) respectively. The character ¢ =
(¥1,v2,9" ) is made of the characters of 1; of Ty(O, x 0/ ™)) (for
an ideal 9" C IN) of finite order and for the restriction ¢, to Ap(MN) (the
torsion part of Cl5(9Vp>)) of a Hecke character 4 extending 1112 Sim-
ilarly we regard x as a character of G(J’) for an ideal J' C J); so, ¥~ =
(I Ly and x~ are well defined (finite order) character of To(0, x (O/M))
and Ty(O, x (O/3)) respectively. In particular we have €®)()=)|9 and
&) (x7)|3, where €P)(¢)7) is the prime-to—p part of the conductor €(1)~)
of 1~ . We assume that

¢P) (=) =N, and P (y7) = 3. (5.6)
For the moment, we also assume for simplicity that
Yy # X4 On qu for |3 and ¢y = x1 on O0%. (5.7)

Let A : h™"¢(M,¢;W) — A and ¢ : h™o4F ;W) — A’ be
A-algebra homomorphisms for integral domains A and A’ finite torsion-

free over A. For each arithmetic point P € Spf(A)(Q,), we let fp €
Sepy(Uo(Mp®), ¥ p; Q,) denote the normalized Hecke eigenform of minimal
level belonging to A. In other words, for A\p = P o A : h™°" — Q,, we have
a(y, fp) = Ap(T(y)) for all integral ideles y with ¢, = 1. In the automor-
phic representation generated by fp, we can find a unique automorphic form
ferd with a(y, f&r?) = A(T'(y)) for all y, which we call the (nearly) ordinary

projection of fp. Similarly, using ¢, we define gg € S.0)(Uo(3P7), x0: Q,)
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for each arithmetic point ) € Spf(A’)(Q,,). Recall that we have two charac-

-~

ters (Y p,1,¢p2) of To(O) associated to ¢ p. Recall p = (¢¥p1, ¥p2, Ypy)

To(0)? x (FY/F*) — C*. The central character ¢ p of fp coincides with
Yp19¥p2 on O* and has infinity type (1 — [x(P)])I. We suppose

The character 1) P71Xé’11 is induced by a global finite order character . (5.8)

This condition combined with (5.6) implies that 6 is unramified outside p. As
seen in [H91] 7.F, we can find an automorphic form gg|60~! on G(A) whose
Fourier coefficients are given by a(y, gol0™') = a(y,9g)0~*(yO), where
f(a) = 0if a is not prime to €(6). The above condition implies, as explained
in the previous subsection,

y— aly, fra(y, 90l0~1)0(y)

factors through the ideal group of F'. Note that

a(y, fr)aly, gql0=1)0(y) = a(y, fr)a(y, 9Q)

as long as y,, is a unit. We thus write a(a, fp)a(a, go|0—"')6(a) for the above
product when yO = a and define

[£(P)] + [(Q)]

D(s— )

- 1; vangailaail)

= a(a, fp)a(a, gol0=1)0(a)N(a)~*.

Hereafter we write x = x(P) and £’ = k(Q) if confusion is unlikely.
Note that for g;,(x) = go|6~" (z)0(det()),

D(Sny7gé2) = D(S7 fP,gb,]-) = D(SvaagQ‘e_lve_l)'

Though the introduction of the character 6 further complicates our notation,
we can do away with it just replacing gg by gb, since the local component
T(XQ,1,q> XQ,2,q) Of the automorphic representation generated by gy, satisfies
X/LQ = 11,p, and hence without losing much generality, we may assume a
slightly stronger condition:

Yp1 = XQ,1 on 0~ (5.9)

in our computation.

For each holomorphic Hecke eigenform f, we write M (f) for the rank
2 motive attached to f (see [BR]), M (f) for its dual, ps for the p—adic
Galois representation of M (f) and py for the contragredient of ps. Here p
is the p-adic place of the Hecke field of f induced by i), : Q < Q,,. Thus
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L(s,M(f)) coincides with the standard L—function of the automorphic rep-
resentation generated by f, and the Hodge weight of M (fp) is given by
{(K1,0yK2.6), (K1,0,K2,0)}o for each embedding o : F — C. We have
det(pyp (Frobe)) = ¥i(a)N(9)!" (p # g; see [MFG] 5.6.1).

Lemma 5.2 Suppose (5.6) and (5.8). For primes q 1 p, the Euler q—factor of

[x] + [+']

LOW)(25 — ] — ], Yihxg") Dls —

- ]-7fP7.géQ)
is equal to the Euler q—factor of Lq(s, M (fp) ® M(gQ)) given by

det (1= (ps ® ) (Frobg)| . N(@)) "

where V is the space of the p—adic Galois representation of the tensor product:
Pfp ® Doy and VI = HO(I,V) for the inertia group I C Gal(Q/F) at .

Proof As already explained, we may assume (5.9) instead of (5.8). By abus-
ing the notation, we write m(¢p,1,q,%pP2,q) (resp. T(XQ,1,q: XQ,2,q)) for the
g—factor of the representation generated by fp (resp. gg). By the work of
Carayol, R. Taylor and Blasius-Rogawski combined with a recent work of Bla-
sius [B], the restriction of p¢, to the Decomposition group at q is isomorphic
to diag[vp1,q, %P 2,q] (regarding 1; p 4 as Galois characters by local class
field theory). The same fact is true for gg. If q|JN, then V' is one dimen-
sional on which Frobg acts by 1p1,4(wq)X01,4(@q) = al(a, fr)a(q, 9¢)
because ¢; pqX; o q is ramified unless ¢ = j = 1 (< ¢1 = x1 on O* and
Vg # Vg)- I q 1 IN, both 7(Yp1q,¢Ypaq) @ Ypy, = m(1,¢p,) and
T(XQ1,q9) XQ,2,q) ® XC_Q,ll,q = W(l,xéﬂ) are unramified principal series. By
YP1,q = XQ,1,4:(5.8), we have an identity:

Pie @ pgg = (pe @ U1 4) @ (Pgg, © XQ,1,0)

on the inertia group, which is unramified. Therefore V' is unramified at q. At
the same time, the L—function has full Euler factor at g { J01. [

We would like to compute fp|7(z) := % (det(z)) "t fp(z7) for 7(N) =
(373" € G(A®) for an idele N = N(P) with N®? = 1 and NO =
¢(¢p) (whose prime-to—p factor is 9%). We continue to abuse notation and
write T(Vp1.q, ¥p2q) @ Up) 4 as (1,95 ) (thus ¢y is the character of
F¢ inducing the original vp , on Of). We write (Y5 )" = ¢p /[Vp,|
(which is a unitary character). In the Whittaker model V(1,9 ;) of m(1, 95 )
(realized in the space of functions on GLa(Fy)), we have a unique function
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¢q on GLo(F,) whose Mellin transform gives rise to the local L—function of
7(1,1y ). In particular, we have (cf. [H91] (4.10b))

alma(@) = (¥p)"(det(@)) ™ dg(7q) = W ()5 (No) V264 (),
where aq is the complex conjugate of ¢, belonging to the space repre-

sentation V(l,@;’q) and W (¢,) is the epsilon factor of the representation
m(1,9p ) as in [HI1] (4.10¢) (so, [W(¢q)| = 1). Then ¢q ® Yp1q(z) :=
¥p1,q(det(z))dq(z)isin V(¢p 1 q,¥p2,q) and gives rise to the g—component
of the global Whittaker model of the representation m generated by fp. The
above formula then implies

(¢q ® wal,q)|Tq = 7/’?)(det( ))_1(¢q ® q/’Pl q)(qu)
= 01 g (N ING IS 2 W (00) (B © Dy ) (@)

Define the root number Wy (fp) = W(¢q) and W(fp) = [[, Wq(fp).
Here note that W, (fp) = 1 if the prime q is outside €(¢p1)&(¢Yp2)D. We
conclude from the above computation the following formula:

frlr(x) == Pb(det(2)) " fp(wr) = W(fp)wis, (V)N D2 pe (),

(5.10)
where f§ is determined by a(y, f%) = a(y, fp) for all y € F*. This shows
W(fP)W(f5) = b oo(~1) = 5 o (=1). (5.11)

Using the formula (5.10) instead of [H91] (4.10b), we can prove in exactly
the same manner as in [H91] Theorem 5.2 the following result:

Theorem 5.3 Suppose (5.6) and (5.7). There exists a unique element D in the
field of fractions of A@w A’ satisfying the following interpolation property:
Let (P,Q) € Spf(A) x Spf(A’) be an arithmetic point such that

(W) k1(P) — £1(Q) > 0 > ko(P) — k2(Q) and Ppy = xg.1 on O*.
Then D is finite at (P, Q)) and we have

L®) (1, M(fp) ® M(gq))

D(P,Q) = W(P,Q)C(P,Q)S(P)"'E(P,Q)

(fP7 fP) ’
where, writing k(P) = k1(P) — k2(P) + 1,
W(P,Q) =
(D N(J)Ix@I+1)/2 X%(dp)G(Xé}l,pwPva)G(Xé}lpwp,lm)
1y Ny L VB (d)C(Wr ) )
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C(P,Q) = 9 ([K(P)] = [K(@)DI =2k (P) ;.22 (P) = ([w(@)]+1)]
x FF(K‘l(Q) - 52(P) + I)FF(HQ(Q) — KJQ(P) + I),

S(P) =
H W};(WP) - 1) (1 —p(@p |wp| H (Vp (@p)|@plp) 5),
1€y (vp) pI€p(¥5)
E(P,Q) =
I (1= x@1¥p1 (@p)(1 — XQ,29p1 (wy))
o1y (x3) (1- X§}1¢P,1(Wp)|wn‘p)(1 - Xé}2¢P,1(wn)|wp|p)
< [ 2eetrilE 0 - xeave) ()
PIE,(x5) (1- Xé,l1¢P,1(wp)|wp|p) .

Here €,(4p) = €(¥p) + (p) = [T, ) and €,(xp) = €(xg) + (p) =
Hp‘p pY(®). Moreover for the congruence power series H()\) of \, H(\)D €
ARw .

The expression of p—Euler factors and root numbers is simpler than the one
given in [H91] Theorem 5.1, because automorphic representations of fp and
gq are everywhere principal at finite places (by (5.6)). The shape of the
constant W (P, Q) appears to be slightly different from [H91] Theorem 5.2.
Firstly the present factor (—1)*(P)+k(Q) is written as (xg1¢p+)oo(—1) in
[H91]. Secondly, in [HI1], it is assumed that Xé,11 and w;}l are both induced
by a global character ¢}, and v unramified outside p. Thus the factor
(XQ.00¥P,00) (—1) appears there. This factor is equal to (x@,1,%p,1,p)(—1) =
6,(—1), which is trivial because of the condition (W). We do not need to
assume the individual extensibility of X1 and p;. This extensibility is
assumed in order to have a global Hecke eigenform fp = f§ ® 9. How-
ever this assumption is redundant, because all computation we have done in
[H91] can be done locally using the local Whittaker model. Also C'(P, Q@) in
the above theorem is slightly different from the one in [H91] Theorem 5.2,
because (fp, fp) = DIFIIFL(fe f2) for f2 appearing in the formula of
[H91] Theorem 5.2.

Proof We start with a slightly more general situation. We shall use the symbol

introduced in [H91]. Suppose €(¢~)|M and €(x)|J, and take normalized
Hecke eigenforms f € S.(M,¢4;C) and g € S,/ (T, x+;C). Suppose
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Y1 = x1. We define f¢ € S,(M,¢¥,;C) by a(y, f°) = a(y, f). Then
fé(w) = fletwe) fore = (9). We put @(w) = (f°g°)(w). Then
we see ®(wu) = P(u)x H(u)®(w) foru € U = UO(‘JI) Up(3'). Since

N

Y1 = xa, we find that ¥ (u)x(u) ™" = ¢~ (x7)7H(d) = ¥"(x")7(d) if
u = (C d) We write simply w for the central character of f g€, which is the
Hecke character ¢4 (x4%) ™| - |A *1=1*l Then we have D(zw) = w(z)®(w),
and ®(wus) = Ji (uoo, )_1J,{/(uoo7i)*1<l>(w). We then define w*(w) =

w(dyy ) forw = (24) € B(A)U- G( )T. Here B is the algebraic subgroup
of G made of matrices of the form (7). We extend w* : G(A) — C outside
B(A)U - G(R)™ just by 0. Similarly we define n : G(A) — C by

/\
Q

(w) {|y|A ifg=(37)zuwithz € F andu € U - SO2(Fk)
w) =

0 otherwise.

For each Q—subalgebra A C A, we write B(A) ; = B(A)NG(A>®)xG(R)*.
Note that ®(w)w* (w)n(w)*~! for s € C is left invariant under B(Q).. Then
we compute

Z(s, f,9) = @ (w)w” (w)n(w)* ™ dpp(w)

/B(Q)Jr\B(A)Jr

for the measure o (4 7) = |y|, 'dr ® d*y defined in [H91] page 340. We
have

/ / 1 d$|y‘s 1d><
Fy/F

=D /F a(dy, f)a(dy, g)er(2v~Tyso)ys > |yl3d*y

dy— s+ 1 N —(ko+k! s
u=v et} / aly, N)aly.g)er @V =Ty )y |yl y
FA><

R

Define Co C G(R)™ by the stabilizer in G(R)™ of i € 3. We now choose
an invariant measure oy on X (U) = G(Q)1\G(A)4/UCuy so that

/X o X st =

y€OXB(Q)+\G(Q)+

=D*F3 (4m) =T RED p(sT — Ky — k) D(s —

/ (b)dy (b)
B(Q)+\B(A)+

whenever ¢ is supported on B(A(>®))u - G(R)* and the two integrals are
absolutely convergent. There exists a unique invariant measure @y as seen
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in [H91] page 342 (where the measure is written as p7). On B(A) 4, ®(w) =
T 9°(w)J(w,1)Je (w,i) and the right-hand-side is left C invariant (cf.
(S2) in 2.10). Then by the definition of 7, we have

/ Sy o = / T (w)g*(w) E(w, s — 1)dipy (w),
B(Q)+\B(A) X(U)

(5.12)
where

E(w,s) = > @ (yw)n(yw)* T (yw, 1) Jor (yw, 1).
v€O0XB(Q)+\G(Q)+

Note that E(zw,s) = (Y4 “x%)(2)E(w,s) for z € O*. By definition,
E(ax) = E(z) for & € G(Q)4; in particular, it is invariant under o € F'*.
For z € FY, one has E(zw,s) = N(2)lFHF1=2E(w, s). Tt follows that
| det(w)| D2 B, 5) has eigenvalue Y7"X%(z) under the central
action of z € FXO* Fy'. The averaged Eisenstein series:

'l/) del aw ([K:] [K/])/ E aw75
a€Clp

= [ det(w)|~ D2 N g% (@) Blaw, s)

acClp

satisfies £(zw, s) = ¥ “x% (2)€(w, s), where a runs over complete repre-
sentative set for F,* /F* 0 F and v, is the central character of f and X
is the central character of g¢. Defining the PG Ly modular variety X (U) =
X (U)/F), by averaging (5.12), we find

!
Do+ (4m) =S TH2 KT (5T — 1y — ) D(s — L] +2 1 gy
- L T (w)g°(w)E (w, s — 1) det(w)| D272 g0, (),
X(U)
(5.13)

Writing U = Up(£) and writing r = k) — ko, we define an Eisenstein series
Eg—p »(@",1;5) by

N(€)~VD| det(w)]S T L) (25,0 (w, 5 + gy
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where k = k1 — ko and k' = k| — k). The ideal £ is given by 9 N J. Then,

[x]+[x"]
2

changing variable s — — 1 s, we can rewrite (5.13) as

DS+% (477)751

VL) (25 + 2,4"x ") D(s, £, 9)
_ N(ﬂ)_1D_(3+[H]+[V”/])/2(fc,chk,k')T(Eu, 1;s+1))e

[F»H—

= N(g)is D (B+inl+ [Nl])/z(]w',ra (gC|T)Gk—k/,T(wua 1; s+ 1))137
(5.14)

(sI +

k+ K
2

where Gy_p »(W*, 1;8) = N(£)5~ e w (@, 1;8)|7 for T of
level £, and

(6, 0)c = /Y o, Bwretwldetw)f g w)

is the normalized Petersson inner product on S, (U, ;C). This formula is
equivalent to the formula in [H91] (4.9) (although we have more general forms
f and g with character 1) and x not considered in [H91]). In [H91] (4.9), &’ is
written as « and r is written as w — w.

Let F be the Eisenstein measure of level £ = 91 N J defined in [HI91]
Section 8, where £ is written as L. We take an idele L with LO = £ and
L®) = 1. Similarly we take ideles J and N replacing in the above formula £
by J and 1, respective;y, and L by the corresponding J and N, respectively.

The algebra homomorphism ¢ : h™°"¢(J, x; W) — A’ induces, by the
W—duality, ©* : A" — S"'Ord(fj,x; W), where S”'OTd(fj,X;W) is a sub-
space of p—adic modular forms of level (J,x) (see [H96] 2.6). We then
consider the convolution as in [H91] Section 9 (page 382):

_ Ex([L/J]ov")
HMN®1

where [L/J] is the operator defined in [H91] Section 7.B and all the ingredient
of the above formula is as in [H91] page 383. An important point here is that
we use the congruence power series H(\) € A (so H(A\)®1 € A®A’) defined
with respect to h™°"4(MN, +); W) instead of h(yp*,1);) considered in [H91]
page 379 (so, H()) is actually a factor of H in [H91] page 379, which is an
improvement).

We write the minimal level of f"rd as Mp® for p* = Hp|p p®®)_ Then
o

D=Ax¢p

for E xy ([L/J] o ¢*) € ARN,

we define @ = J[,, @y ") The integer «(p) is given by the exponent
of p in €(¢y;;) or 1 whichever larger. We now compute D(P, Q). We shall
give the argument only when j = [k(P)] — [«(Q)] > 1, since the other

case can be treated in the same manner as in [H91] Case II (page 387).
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Put G = Gjrp <XQ PE, 11 — ) We write (-, -)oqpe = (-,-)o and put
m = Lp*. As before, m = Lw® satisfies mO = m and m™ = 1. Put
r(P,Q) = k2(Q) — kao(P), which is non-negative by the weight condition
(W) in the theorem. Then in exactly the same manner as in [H91] Section 10
(page 386), we find, for ¢ = (2,/—1)7[F:U7[FQ,

(DN (F/L) N (ep®) H@I=te((frdye|r (Nw®), [ aD(P, Q)
= ((f&H°|r(m), (98 U (Jw®)|r(m)) - (07D G))m.  (5.15)
By [H91] Corollary 6.3, we have, for r = r(P, Q),

r —r —u, U j
651G =Tr(r+I)(—4m)""Gjr2rr <XQ ¢P,1;12> .
Then by (5.14), we get

(=D INGP)TICP, Q)T F T (Nw®), f2)aD(P. Q)
= L™ (2~ [(P)] + [x(Q)],wr.Q)

< DN, g (gt ), s.16)

where wp g = Xéi¢P+ for the central characters x g+ of gg and ¥p of fp.
Now we compute the Petersson inner product (f&?|r(Nw®), f&'4), in
terms of (fp, fp). Note that for f, g € S, (Ug(N),¢;C)

()7 (N) = NIV (17 (N))* and (£, 9)m = DMFI(f, g").

(5.17)
The computation we have done in [H91] page 357 in the proof of Lemma 5.3
(vi) is valid without any change for each p|p, since at p-adic places, fp in
[H91] has the Neben type we introduced in this paper also for places outside p.
The difference is that we compute the inner product in terms of (fp, fp) not
(fp, fp)asin[H91] Lemma 5.3 (vi), where f is the primitive form associated
to fp ® v, assuming that ¢}, lifts to a global finite order character (the
character w;f{ is written as 1)’ in the proof of Lemma 5.3 (vi) of [H91]). Note
here fp = fp ® ¢E,11 by definition and hence (fp, f2) = (f§, f§), because
tensoring a unitary character to a function does not alter the hermitian inner
product. Thus we find

UE T NE), fF ) _ | e trtPi-2 (BT (N®), f77%)
(F22 f3) : (Fp. fr)

(5.18)
A key point of the proof of Lemma 5.3 (vi) is the formula writing down
fl‘;rd’“ ® v¥p] in terms of fp. Even without assuming the liftability of ¢
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to a global character, the same formula is valid for I%Td and fp before tensor-

ing 1/113’11 (by computation using local Whittaker model). We thus have fg'd =
fp|R for a product R = Hp Ip Ry, of local operators R, given as follows: If the
prime p is a factor of €(¢)), then R, is the identity operator. If p is prime to
€(¢p) (& m(1,9p,) is spherical), then f|R, = f — p2(w@y) f|[wp], where
Fllwp)(x) = |, flg with flg(z) = f(wg) forg = (woil g). Writing U for
the level group of fp and U’ = UNUy(p), we note f|T(p) = Try v (flg~?).
This shows

(fellws), fr)or = @l fe, folg™ o
— @ N fp, Ty o (frlg™))o = (a +b)(fp, fr)u,

where a = |, [ p (@), b = Jwply P pa(wy). and () is the
Petersson metric on X (U). Similarly we have,

(fp, frllwp))vr = (a+b)(fp, fP)U
and (fp[wsl, frllwal)or = |ly ™ (pls + D (fp. f2)0.
By (5.10) and by (5.18), we conclude from [H91] Lemma 5.3 (vi)
(g r(N), £ )
(fp, fp)
= [N D) Py (d,) W (f)S(P)

xppa(@®) [ GWrphpytris) (519
pl((P)+€(¥5))

for p running over the prime factors of p.

We now compute the extra Euler factors: E(P, Q) and W (P, ()). Again the
computation is the same as in [H91] Lemma 5.3 (iii)-(v), because the level
structure and the Neben character at p—adic places are the same as in [H91] for
fp and gg and these factors only depend on p—adic places. Then we get the
Euler p—factor E(P, Q) and W (P, Q) as in the theorem from [H91] lemma 5.3.

U

Remark 5.4 We assumed the condition (5.7) to make the proof of the theorem
simpler. We now remove this condition. Let £ be the set of all prime factors
q of N such that x; = g on Of. Thus we assume that & # <. Then
in the proof of Lemma 5.2, the inertia group at q € £ fixes a two-dimensional
subspace of py, ® Pgg,» One corresponding to ¢ ¢ ® Xfé? and the other coming
from 2 q @ X5 1@ The Euler factor corresponding to the latter does not appear
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in the Rankin product process; so, we get an imprimitive L—function, whose
missing Euler factors are

E'(P,Q)" = [[(1 = taaxzg(me)
qee€

Thus the final result is identical to Theorem 5.3 if we multiply E(P, Q) by
E’(P, Q) in the statement of the theorem. In our application, A and ¢ will be
(A-adic) automorphic inductions of A—adic characters X, ¢ : Gal(M/M) —
A* for an ordinary CM field M/ F. If the prime-to—p conductors of A~ and Q-
are made of primes split in M/F, £ is the set of primes ramifying in M/F.
Then E'(P, Q) is the specialization of £/ = [] (1 — A® @ (Froby))
at (P,Q), and E € A®A is not divisible by the prime element of W (that
is, the p—invariant of £’ vanishes). Actually, we can choose X and © so that
gt (Frobg) # 1 mod my, and under this choice, we may assume that E’ €
(ABA)*.

5.3 Comparison of p-adic [—functions

For each character 1 : A¢ — W*, we have the extension 1 : Gal(Q/M) —
A sending (v,d) € T x Ag to ¢(0)y for the group element v € I inside
the group algebra A. Regarding v as a character of Gal(Q/M), the induced
representation Indf\%/; is modular nearly ordinary at p, and hence, by the uni-
versality of the nearly p—ordinary Hecke algebra h7%°"¢(W) defined in [H96]
2.5, we have a unique algebra homomorphism A : A%°"¢ — A such that
Indﬂ{l; = ) o pffecke for the universal nearly ordinary modular Galois rep-
resentation p7°*¢ with coefficients in h, where U = U} (M) with N =
Dyyyre(1) for the relative discriminant Dy g of M/F and ¢ = €(¢) N F
for the conductor €(¢)) of 9. Thus for each arithmetic point P € Spf(A)(Q,)
(in the sense of [H96] 2.7), we have a classical Hecke eigenform G(Jp) of
weight k(P).

We suppose that the conductor €(1)~) of ¢~ consists of primes of M split
over F. Then the automorphic representation (1 p) of weight x(P) is every-
where principal at finite places. By [H96]7.1, the Hecke character Jp has
infinity type

o(thp) = = Y (K1(P)o|,0 + Ka(P)o|,00).

oEX

In the automorphic representation ﬂ(zzp) generated by right translation of
6(¢p), we have a unique normalized Hecke eigenform f(¢p) of minimal
level.
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The prime-to—p level of the cusp form f ({/; p) is equal to
N() = Naryp(€(Y™))Dasyrs
and it satisfies (L1-3) in 5.1 for € = ep given by

1= wP|Gal(Mg/MS)~ if g = £¢,
a an extension of ¥'p |37, /are) 10 Gal(Mg/Fy)  otherwise,

_ ,(/)P‘Gal(ME/ME) _ if 4= EE’
another extension of ¥p |77, /ar,) 1O Gal(Mg/F;) otherwise,
(5.20)

where £ and £ are distinct primes in M.

Write ¢, for the restriction of e, = €€ to Ap(9'), which is indepen-
dent of P (because it factors through the torsion part of CI}.(9'p>°)). Since
{f (7:[; p)}p is again a p-adic analytic family of cusp forms, they are induced
by a new algebra homomorphism A, : h = h™°"4(9, ¢; W) — A. Since Ay
is of minimal level, the congruence module Cy(Ay; A) is a well defined A—
module of the form A/H () A (see [H96] 2.9). Actually we can choose H (1))
in A~ = W[[T'—]] (see [GME] Theorem 5.44). The element H (1)) is called the
congruence power series of Ay (identifying A~ with a power series ring over
W of [F : Q] variables)

By Theorem 5.3 and Remark 5.4, we have the (imprimitive) p—adic Rankin
product D = A, * )\, with missing Euler factor E' € (A®A)* as in
Remark 5.4 for two characters ¢ : A¢ — W* and ¢ : Ag: — W*. Writing
R="D-H(i) € AQwA, we have D = L

We define two p-adic L-functions £, (1)~ ) and £, (1) "1.) by

L) (P,Q) = E'(P,Q)L, (V5 3q)
and
L, ) (P,Q) = L5 0.c)

for the Katz p—adic L—function L,, where x.(c) = x(coc™!).

We follow the argument in [H91], [HT1] and [H96] to show the follow-
ing identity of p—adic L—functions, which is a more precise version of [HT1]
Theorem 8.1 without the redundant factor written as A(M/F’; €) there:

Theorem 5.5 Let ¢ and ¢ be two characters of A¢ with values in W*.
Suppose the following three conditions:

(i) €()&(p ™) is prime to any inert or ramified prime of M ;
(i) At each inert or ramified prime factor q of €(1)&(), g = pq on R;
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(iii) For each split prime q|€(¥)€(p), we have a choice of one prime factor
Qlq so that q = pq on RY.

Then we have, for a power series L € ARA,
L LWTL0 e
H()  (M(M)/h(F))Ly (¥7)
The power series L is equal to (\y * \,) - H(¢) up to units in AGA.

The improvement over [HT1] Theorem 8.1 is that our identity is exact without
missing Euler factors, but we need to have the additional assumptions (i)—(iii)
to ensure the matching condition (5.6) for the automorphic induction of {E P
and ©¢.

The proof of the theorem is identical to the one given in [HT1] Section 10,
since the factors C(P, @), W(P,Q), S(P) and E(P, Q) appearing in The-
orem 5.3 are identical to those appearing in [H91] Theorem 5.2 except for
the power of the discriminant D, which is compensated by the difference of
(fp, fp) appearing in [H91] Theorem 5.2 from (fp, fp) in Theorem 5.3. Since
we do not lose any Euler factors in (5.5) (thanks to our minimal level struc-
ture and the assumption (5.6) assuring principality everywhere), we are able to
remove the missing Euler factor denoted A(1) in [HT1] (0.6b).

If M/ F is ramified at some finite place, by Theorem 4.3 and Remark 5.4, we
can always choose a pair (I, ¢) of a prime ideal [ and a character ¢ of [-power
conductor so that

(i) lis a split prime of F' of degree 1;
(i) L£,(v 1) Ly(v ) is a unit in A@A.

Even if M/F is unramified, we shall show that such choice is possible: Writ-
ing = for the set of primes g as specified in the condition (3) in the theorem.
Then we choose a prime £ split in M/ /Q so that ££ is outside =. We then take
a finite order character ¢’ : M. /M* — W™ of conductor £™ so that Y
is trivial but the reduction modulo my of 1~y N and 1=ty N is not

M/F

equal to ( ) . Then again by Theorem 4.3, we find (infinitely many) o’ with

unit power series £, o)L, (71 (p¢’).). This implies the following
corollary:

Corollary 5.6 Suppose that €(¢)™) is prlme to any merl or ramified prime of
M. Then in A=, we have (h(M)/h(F))L, (=) |H ()

As a byproduct of the proof of Theorem 5.5, we can express the p-adic
L-value Ly,(vp) (up to units in W and the period in C*) by the Petersson
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metric of the normalized Hecke eigenform fp = f (7;[; p) of minimal level (in
the automorphic induction 7p of 1Z p). We shall describe this fact.

We are going to express the value L(1, Ad(fp)) in terms of the L—values of
the Hecke character {J p. The representation 7 p is everywhere principal outside
archimedean places if and only if ¢~ has split conductor. Then

(s, Ad(f) = 101 (5 L0, (7)),

The infinity type of ¢5 is (1 (P) — ka(P)) + (k2(P) — k1 (P))e = (k(P) —
I)(1—c), where we identify Z[X] with Z[I] sending o to o| . Thus the infinity
type of (7:2;13)* is given by k(P) — k(P)c+ 23c =2X + (k(P) — 2I)(1 — ¢).
Thus we have
Ly((¥p)") = N(©)vp ()W (p) ' Ly (4p)
P) )= (k(P) — I)L(0,¢p)

W, (1p) E( Q2P T)
~ KP)=2IT (k(P))L(0, (1~ )%
= CWy (57 ) (P T S )

(5.21)

where C and C’ are constants in W > and
B(P) = T (1= 5P - (675)"($)).
Ppes,

Since we have, for the conductor ‘}36@) of 1/’13,&3’
Wp) (@g ™) = NB) P15 (wy™™),

by definition, W((i[}v;)*) is the product over P € X of G(20y,vp ), and
hence we have

Wo((p)") = N(BCHOW, (4p),
where P3¢(¥) is the Yp—part of the conductor of 1. Thus we have, for
WM/F) = h(M)/h(F),
~ ~ KP)=2IT g (k(P))L(0, (¢ )}
Ly((5)") = C'W, (05N () E(P) ™ ;ﬁwﬁp?)]f (4 Jb)

Q(KI(P)—HQ(P))(f(’(ZP),f(/lzp))
h(M/F)QggNl(P)i’W(P))

= C"W,(4p)E(P)

)

(5.22)

where C"” and C' are constants in W *.
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We suppose that the conductor €(¢p) is prime to p. Then Wp({/’v];) = 1if
p is unramified in F/Q (and even if p ramifies in F'/Q, it is a unit in ). Let
h = h(M), and choose a global generator w of f". Thus > = 0 mod my,
and w>° # 0 mod myy. By the arithmeticity of the point P, we have k =
k(P) > 2I. Then we have, up to p—adic unit,

1Z}; (%c)h = J;(W) = w(k_l)—(k—l)c
Wp)*(P)" = (¥p)*(w) = wh—2D ke,
Thus J;(‘BC) € my if k > 27 and (1;1;)*(‘330> € myy if k > 31. For each

o € X, we write B3, for the place in 3, induced by 7, o . Thus we obtain

Proposition 5.7 Suppose that either k(P), = k1(P)y — Kk2(P)s +1 > 3
or (Vp)*(PS) # 1 mod myy forall o € I and that 1p has split conductor.
Write h(M/F) for h(M)/h(F). Then up to units in W, we have

WM/F)Ly((¥p)*) = h(M/F)Ly($5)
w2 EPDW, (05)(f (9r), f(0r))n

Q2(P)=D)

where f (1; p) is the normalized Hecke eigenform of minimal level N (neces-
sarily prime to p) of the automorphic induction of V¥ p.

5.4 A case of the anticyclotomic main conjecture

Here we describe briefly an example of a case where the divisibility:
L, (¢)|F~ (¢) implies the equality L (v)) = F (1) (up to units), relying
on the proof by Rubin of the one variable main conjecture over an imaginary
quadratic field in [R] and [R1]. Thus we need to suppose

(ab) F/Qis abelian, p t [F : Q], and M = F[v/D] with 0 > D € Z,

in order to reduce our case to the imaginary quadratic case treated by Rubin.
Write E = Q[v/D] and suppose that D is the discriminant of F/Q. We have
p 1 D since p is supposed to be unramified in M /Q. We suppose also

(sp) The prime ideal (p) splits into pp in E/Q.

Then we take ¥ = {0 : M — Q|o(v/D) = vD}. By (sp), ¥ is an ordinary
CM type.

We fix a conductor ideal ¢ (prime to p) of E satisfying (opl) and (spt) for
E/Q (in place of M/F). We then put € = c¢R. We consider Zg = Zg(c) =
liinn Clg(cp™). We split Zg(c) = A, x T, for a finite group A = A, and

https://doi.org/10.1017/CBO9780511721267.007 Published online by Cambridge University Press


https://doi.org/10.1017/CBO9780511721267.007

266 Haruzo Hida

a torsion-free subgroup I'.. As before, we identify I'. and I'; for E and write
it as I'p. We then write '~ = I'p/T'}, for ', = H°(Gal(E/Q),T'g).
We consider the anticyclotomic Z,—extension E__ of £ on which we have
coc™l = 071 for all ¢ € Gal(EL/E) for complex conjugation c. Writ-
ing E(cp>) (inside M (€p>°)) for the ray class field over E modulo ¢p™
we identify Zg(c) with Gal(E(cp®>)/E) via the Artin reciprocity law. Then
Gal(E(ep>®)F/Ey) = I'f, x A and Gal(Ey, /E) = 'y, —. We then define
EA by the fixed field of T'; in the composite F' - E(cp>); so, Gal(Ea/E) =
A, and FA D F. We have Ma DO FEa. Thus we have the restriction
maps Resz : Z(¢€) = Gal(M(€p>)/M) — Gal(E(cp™)/M) = Zg(c),
Resp : T = Gal(M /M) — Gal(EL/E) = T'g,_ and Resa : A¢ =
Gal(Ma/M) — Gal(EA/E) = A.. We suppose

(res) There exists an anticyclotomic character ¢ of A, such that ) = ¢ o
Resa.

Let LY /EZ EA be the maximal p-abelian extension unramified outside p.
Each v € Gal(LZ /E) acts on the normal subgroup X = Gal(LZ /E_ Ex)
continuously by conjugation, and by the commutativity of Xg, this action
factors through Gal(EaE> /E). Then we look into the Apz-module:
Xeex] = Xg ®a, wy W for a character x of Gal(F/Q), where Ay, =
W[ g,—]]. The projection Resr induces a W -algebra homomorphism A~ —
A whose kernel we write as a.

Theorem 5.8 Let the notation be as above. Suppose that 1 has order prime to
p in addition to (ab), (sp) and (res). Then L, (¥) = F~ (1) up to units in A~

Proof We shall use functoriality of the Fitting ideal F4(H) of an A-module
H with finite presentation over a commutative ring A with identity (see [MW]
Appendix for the definition and the functoriality Fitting ideals listed below):
() If I C Aisanideal, we have Fy);(H/IH) = Fo(H) ®4 A/I,
(ii) If A is a noetherian normal integral domain and H is a torsion A-
module of finite type, the characteristic ideal char 4 (H) is the reflexive
closure of F4(H). In particular, we have char 4 (H) D Fa(H).

By definition, we have

Hy(Ker(Resr), X[y]) = X[¢]/aX [y EBXWEX

for x running all characters of Gal(F/Q). By (i) above, we have
HF (Xp[Yx]) = Fa- (X[¥]) @a- Ap.
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Since charp- (X[¢]) = F~(¢), by Theorem 5.1, chary- (X[¢]) C L, (¥).
Thus by (ii), we obtain

[T char, (Xelvnl) € Ly (¥)AL,

X
where L. (1))AF is the ideal of Aj, generated by the image of L, (¢) € A~
in Ay Write R for the integer ring of E, and let X (Rg) /)y be the elliptic
curve with complex multiplication whose complex points give the torus C/R.
Since X (R) = X(Rg) ®pr, R for our choice of CM type 3, the complex and
p-adic periods of X (R) and X (Rg) are identical. Thus by the factorization of
Hecke L-functions, we have

L, (¥)Ap = [[ Ly We)A%

Then by Rubin [R] Theorem 4.1 (i) applied to the Z,-extension E__/E, we

find that
char— (Xp[Ypx]) = L, (Yex)Ap-
Thus (F~(¢)/L, (¢))Ap = A, and hence 7~ ()A~ = L, (¥)A. O
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