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Abstract: The universal modular ordinary representation pr deforming a p-
distinguished modulo p representation p : Gal(Q/Q) — GL2(IF) for a finite field
[F of characteristic p > 3 has values in the Hecke algebra T which is an algebra
free of finite rank over A = W{[T]] for W = W(F) (the ring of Witt vectors
with coefficients in F). We want to compute pT|Ga|(@p/@p) very explicitly.



§0. Set-up, assumptions and notations. Let T be a local
ring free of finite rank over the Iwasawa algebra A := Z,[[T]] and
let p = pr be an ordinary Galois representation Gal(@p/Qp) —
GLo(T). Ordinarity means that for the decomposition group
D = Gal(Q,/Qp) prlp = (§ ) with unramified 4. Let I<D be
the wild inertia subgroup. By local class field theory pr|; factors

through Gal(Qplup=]/Qp), we assume that e([1 + p,Qp]) =t =
1+ T € Zp[[T]] which determines the p-profinite part of €|;.

Consider the composite Koo Of the unramified Zy-extension koo /k
and the cyclotomic Zp-extension K, over a p-adic field k. Let
= Gal(Kx/k) and T = Gal(kx/k). Taking k to be splitting
field of p := pr mod mT restricted to D, then for the stabilizer
D, of k, we find that pg|D; factors through Gal(M/k) for the
maximal p-abelian p-ramified extension M/Ks. Thus we study
the maximal quotient Y of Gal(M/Ks) on which I and T com-
mute. Our goal is to show Y = W[[lr x T]]0 for a finite extension
Wz, Write d = [k Qpl.



§1. A theorem of Iwasawa. Let [ = ~% and put K, ;= K|
with integer ring O,. Let L (resp. Lyp) be the maximal abelian
p-extension of K« (resp. Kp); SO, Ly D Keo.

Theorem 1 (Iwasawa). Let A := Zp[[l']] and X = Gal(L/Kx).
As N-modules, we have

[

~ N4 i |ppe (Koo)| = 1,
N @ Z,(1)  otherwise.

We split Gal(L/k) =T x X. Then the commutator subgroup of
Gal(L/Ky) is given by (47" —1)X. Thus
Xn = Gal(Ln/Kso) = X/(#7 —1)X and X = lim Xu.

—

n
For a multiplicative module M, let M :=lim M/MP".

—



2. Proof. We only prove the case when ppoo = {1}. By local
class field theory, noting dp" = [Ky, : Qp],

Gal(Ln/Kn) = K} = ppoo(Kp) x 23"+ = 7007 +1
which implies, from Gal(Lyn/Kp) — Tn = Zp,

X/(WP" - 1)X = X 272", (1)
and by Nakayama’'s lemma applied to n = 0, we have a A-linear
surjection A9 — X.

Take n > 0. Then
Zp[T /TP % = A/ (7" — 1N 2 X, 2 7P
comparing the Zy,-rank of the two sides, we have Zp[l‘/rpn]]d =

X, and passing to the limit, we get A% & X. []

For a general Zp-extension Koo/k With |ppo(Kso)| < oo, we have
an exact sequence X — A% — ppoo(Koo) Of A-modules.



63. A Corollary. We now assume that k£/Qp is a finite abelian
extension with G = Gal(k/Qp) and pt [k : Qp]. Then L/Qp is a
Galois extension and Gal(L/Qp) = (I' x Gal(k/Qp)) x X. Thus X
is naturally a Zy[[Gal(K«/Q)]]-module. Note

Zpl[Gal(Ko/Q)]] = A[Gal(k/Q)].
Corollary 1. Suppose p1{ [k : Qp]. Then

(Z,[[Gal (Koo /Q)]] if p(k) = 1,
| Zpl[Gal(Koo/Q)]] & Zp(1)  if pp(k) # 1
as \[Gal(k/Qp)]-modules. Thus for each charactern of Gal(k/Qp)

with values in he ring Zy[n] =: W generated by the values of n,
we have

X =9

W] ifn#w,
ZplM @ Zy(1)  ifn=w

as Gal(Kw/Qp)-modules. Here w is the Teichmuliller character
and o € Gal(F/Qp) acts on W via n.

Xn] =X®z 1c1n= {



§4. A version for a Zs-extension. Recall K = Kookn and
T = Gal(kso/k) = Gal(Kx/Kx). Let £ be the maximal abelian
p-extension of K. Set Y := Gal(L/K). Pick a lift ¢ € Gal(L/k)
(a Frobenius) of a generator of T with ¢|c_ generating T and
a lift v € Gal(L£/k) of the generator v of Gal(Kw/k) = T'. The
commutator 7 := [¢,~] acts on Y by conjugation, and (r—1)x :=
[r,2] = 7er— 121 for x € Y is determined independent of the
choice of v and ¢. Define M C £ and M,, C L, by the fixed field
of (r — 1)Y (i.e., the fixed field of 7), which is independent of
the choice of ¥ and ¢. Let Y = Gal(M/Kx) =Y/(r—1)).
Theorem 2. (1) The restriction map Y — X induces an isomor-
phism of Y/(¢ — 1)Y = a for the augmentation ideal a of the
factor Zy[[Gal(Kx/Q)]] C X.

(2) For the character n : Gal(k/Qp) — W in Corollary 1, the
factor Y[n] = W[l x T]]6, for 6, € Y|[n].

What is the exact structure of W[l x T]]-module Y [n]?



66. Proof. (1): For simplicity, we suppose up(k) = 1. We have

an exact sequence: Yoo/(¢p — 1)Yoo — Y] R—ets> Gal(Koo/k) = Zyp.
onto

Since Yy = Zp[[Gal(Koo/Qp)]], the image of Yoo /(¢ —1)Y is a.

Proof of (2). Note that Zp[[Gal(Kx/Qp)ll = @, Zplx]I]]
for x running over all characters of Gal(k/Q) (up to Galois
conjugation). Every factor has one generator over the Iwas-
dawa algebra. Then a = (v — 1)Zp[[[']] © D1 Zp[X][[T']]. Thus
Ynl/(¢—=1)Y[n] = WI[I]] or (v=1)Zp[[I']] = Zp[[l']] as Zp[n][[T"]]-
modules by the assertion (1). [ ]

For the splitting field £ of a representation p of Dp, writing

pr(lp, Qp]) = <a61 8) we have an exact sequence

I — Gal(F(pr)/k) — Gal(kso/k).

By Theorem 2, for § € T, Ala?]0 — pr(I) — Gal(Ks/k) is exact.
What is this 67 Any arithmetic meaning of 07



