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Abstract: For a quaternion algebra D,p and a quadratic field £ = Q[\/Z]/@,
we compute as L(1,Ad(pr) ® (£)) times the mass of Siegel-Shimura the
period of Doi-Naganuma lift of an elliptic Hecke eigen new form F to the
quaternionic Shimura variety associated to D ®q EZ over Shimura subvarieties

associated to D. Here pr is the compatible system of Galois representations
associated to F.



0. An idea of Waldspurger. For an elliptic cusp form F of
level M, an idea of Waldspurger of computing the period of a
theta lift of F for a quadratic space V = W & WL over an or-
thogonal Shimura subvariety S x S+ c Sy is two-folds:

(S) Split 6(¢) (7, hg, h™) = 0(¢p) (1, hg) - 0(7, p1-) (k1) for a decom-
position ¢ = ¢g ® qﬁl (¢ and qﬁl Schwartz—Bruhat functions on
Wy and Wi);

(R) For the theta lift 6*(F)(h) = [x F(7)0(¢)(7,h)dp with X =
Xo(M), the period P over the Shimura subvariety S x St is:

oo | F@O@) (i) dudh (dp = n~2dedn)

= [ F() ([, 0@ h)dht ) - ([ 6(¢0)(ri ho)dh ) du.
X S S

Then invoke the Siegel—Weil formula to convert inner integrals
into the Siegel-Weil Eisenstein series E(¢) and E(¢+), reaching
Rankin-Selberg integral

pP= /X F(r)E(¢)E(dg)du = L-value.

Interesting to explore what L-value shows up?



1. Choice of V: For a QQ-vector space V and a QQ-algebra A,
write V4 1=V ®g A. Let E:=Q[VA] or Q x Q with square-free
A € Z. Pick a quaternion algebra D/@ and put D := D ®Q E.
Let 1 % 0 € Gal(F/Q) act on D through the factor E. Then

V = Ds:={x € Dglz? = '} for z* = Tr(z) — x.

We have Q(x) = zax® = N(x) = s(x,x)/2 € Q for s(x,y) = Tr(z'y).
We have four Cases RM, RH, CM, CH of (Eg,Dgr). Here the
symbol “M" (resp. “C”, “R” "“H") indicates Dp = H (resp.
Epr =C, Er =R xR, Dp = M>(R)). The splitting in (S) is

V =72® Dy, Z = Q with quadratic form Qz(z) = 22 and

Do := {v € VAD|Tr(v) = 0} with Qgp(v) = vv? = N(v)

Signhature of Z is positive and that of Dg depends on the cases,
write SOqg := SOp, = D* /center and SOqs := SOp_.



§2. Schwartz—Bruhat functions of weight k. On Z = Q,
for a Dirichlet character 3 as a function supported on 7 C
Z (). FoOr e(r) =exp(2my/—17), this ¢ produces theta series

Shez(n)nie(n?r). On Dq, take an Eichler order Ry and take
(O): | po(v) = (¢7(v) — p7(c 1)) /(1 — )| (1 < ¢ € Z fixed) for
the characteristic function ¢- of L := Dg 5 NV ARg.

At 0o, ¢(re0) = H(xxo)e(P(xe0)v/—1) for a harmonic polynomial
H, a positive majorant P = QQz & Py of the reduced norm and
H(z®v) = (z + Hy(w))k = Z?:o <§)szo(v)k_j for linear Hg(v).

k
k . :
¢» = 'Zo <j)</5jZ X c;ﬁg_j on Dg p with qbg_j(O) = 0 unless 3 = k.
]:

with ¢7 (z00) = zee(22,v/~1), ¢9(voc) = Ho(voo) e(Po(vc)v/~1).



3. Theta kernel. We have

SOs(Q) = {h € Dg|N(h) € Q*}/Q* C Dg/E”

and h € D acts on Dy by z +— h™1zh. Thus Sp = SO,(Q)\SOs(A)
is @ Shimura surface in Case RM, Sg has dimension O in Case

RH and Sg is real 3-dimensional in Case C.

Let Mp(A) - SL>(A) be the metaplectic cover, and r(g) be the

Weil representation. The theta series for gr = n—1/2 <8 %) is

O(r;h) =1 > (r(gr)¢)(h tah?) : Mp(A) x SO (A) — C,

a€Dgs

which is left SL>(Q) x SO4s(Q)-invariant. Assume

0% (F) # O

for

0*(F) := [y F(=7)0(¢)(r; h)n*~2dédn. The theta lift 8*(F) is a

weight (k, k) automorphic form on Dy,.



4. Theta differential form. To compute the period on
S =S0Op(Q)\SOp(A) C Sg, we convert 8*(F) into a sheaf valued
differential d—form ©*(F') over Sg for d = dimp S in a canonical
way of Eichler—Shimura and Hida. Similarly 6(¢)(7; h) is con-
verted to a differential d—form ©(¢).

The sheaf L3;(n; A) (n = k—2) comes from the Dj-representation
g — gSYMON @ 5(g)sYME" and L%.(n; A) has a canonical Clebsch-
Gordan projection V : L3.(n; A)|s — A. Any other component has
vanishing period. The period is

Py (F) = /Sv@*(F).



§5. Siegel—Weil Eisenstein series. By Weil, g — (r(g)¢)(0)
factors through B(Q)\Mp(A) for the Borel subgroup B = {(§ i)} C
SLo. Siegel—-Weil Eisenstein series is

E(¢)(9) = ) (r(79)$) (0)] IM (Yoo goo (V=1))I*
7€B(Q)\SL2(Q)

s=0"

Note E(¢2_j)|B(A) — 0| unless k = j.

The Siegel-Weil formula by Kudla-Rallis/Sweet is
2FE(¢)(g) = /Se(qb)(g; h)dw(h) for the Tamagawa measure dw.

Our measure dh has volume 1 on }A%g; SO, dh # dw. The ratio
m1(¢(2)/7¢) = m(Rg) = 2dh/dw| is the mass of Siegel-Shimura,
which is an explicit rational number m; (computed by Shimura
in 1999) times ((2)/n¢ for e =1 in Case M and e = 2 in Case H.




§6. Conclusion in Case RM. Note SL»(Q) = B(Q)uB(Q)JB(Q)
for J = (9 §) and SLp(A) = SLo(Q)B(A)o(M)SO2(R) by
strong approximation. Then B(Q)\SL>(A) = B U T(Q)\JB(A)
for B := B(Q)\B(A)/B(Z)SO2(R) £ [0,1) x R} and the diago-
nal torus T. Thus for X = SL>(Q)\SLo(A)/Io(M)SO5(R)

PL(F) = m(Ro) [ F(=7) Y (D)oo Bty 2dean
J
2 m(Ro) [P0 (x(9)93) 0 g
oo rl
= m(Rp) Y(n)nFe(n?r)F(—7)dén® 1d
0 /O /O %:Z e n" " tdn

= cpmy (27) PR L(L, Ad(F) @ (é>)

for a simple constant 0 %= cg € Q depending on F.

In the other cases, the '-factor changes slightly.



7. Case RH has interesting feature. In this case, we have

PL(F) = epma2(4m) () (1, Ad(F) @ ()

Suppose kK = 2 now for simplicity. Writing S = {z} r

er = |a:f%6<a:_1 N D>,

+€Clp(Ro) T©

m1(§(2)/7r2) — > egl (Mass formula of Siegel—-Shimura)
2€Clp(Rp)
and
k41 ANy, 1%
mi(ep2(@m) ML AdP e (S = X ¢l @
x€Clp(Rp)

(an adjoint mass formula).

The period formula is an adjoint analogue of the mass formula.



8. Periods over Shimura curves other than S.

For each a € Dy N D%, consider an involution o, of Dpg given by
r — ax®a~ L. Then a— Dy = H9((0n), D) is a parameterization
of all quaternion subalgebras of Dg. If a € Z, then Dy, = D. Let
Sa = SODQ’O(Q)\SODQ’O(A) — Sp be the Shimura subvariety
associated to Dy.

Pick a Hecke eigen harmonic differential 2-form f with values in
L%(n, E) on Sg. Then the Sp-period of f is defined by

Po(f) := /Savf.

So P1(©*(F)) = P1(F).



9. Expansion of theta descent. For the invariant pair-
ing (-,-) : Ly(n;C) x L(n; C) — C, (f(h) AN O(9)(7))|s, Is 2
harmonic differential 2-form on S,. Define the theta descent
by 0x(f)(7) = Js, (f AN ©O(¢)(7)). Let I' be the level group of
(f AS(7)) in Dy. Then

0:(f) = ¢ 3 ¢ (@) Po(f)e(|N () |7),

a€Dgs /T Dy g=M>(R)

where = 7 in Case RH and —7 otherwise, c; = 0 is a simple
constant depending on the cases.

Write Q(f) for the Hecke field of f, and assume that 04 is Hecke
equivariant. Consequences:

P,(f) =0 if f is not a theta lift; transcendence of P,(©*(F")) is
independent of D and q;

Py(©*(F)) is P1(F) replacing my by a constant my € Q(F).

We call m, an adjoint mass, which is not yet fully computed.



