L-INVARIANTS OF ADJOINT SQUARE GALOIS
REPRESENTATIONS

HARUZO HIDA

1. ADJOINT SQUARE SELMER GROUP

Let p be an odd prime. We start with a totally real field F inside a fixed algebraic
closure @ and a Galois representation p = pp : &r = Gal(F®)/F) — GLy(A),
where A is a local p-profinite Noetherian normal integral domain flat over Z, with
maximal ideal m4 (A could be regular rings Z, and Z[[21, . .., z,]]) and F®)/F is
the maximal extension unramified outside p and co. We write W for the coefficient
ring of A; so, W is the integral closure of Z, in A and is a discrete valuation ring.
We indicate by p also the representation space p = A% with the action given by p.
We assume

(unr) F' is unramified at p;
(det) det(pr) = tx for the p-adic cyclotomic character x and a totally even
character ¢ : &p — W*;
(ord) For each prime p|p of F', the representation space pp has an exact sequence
0 —¢ep — p— d — 0 with 6, = A stable under the decomposition group
D, C Gal(Q/F) of p (Near ordinarity). Assume &, # £, mod my;
(lcy) The restriction of §, and ¢, to the inertia subgroup I, factors through the
cyclotomic Galois group Gal(Fy[pp=]/F}p);
(air) pr mod my is absolutely irreducible on Gal(Q/F).
By (Icy), we have a Galois character 6, : Gal(Fy[pp]/Fp) — A*; so, for the Galois
group I'y of the cyclotomic Z,-extension of Fy, d, induces an algebra structure of
A over W[[I'y]]. Fix a generator v of I'y, we identify W[[I',]] with a power series
ring W{[z,]] via v — 1+ z,.

The character 0, : D, — A* is called the nearly ordinary character of p at p.

We define the adjoint square Ad(pr) by the action Ad(pr)(o)(T) = p(o)Tp(c)*
on {T € Enda(p)|Tr(T) = 0}. Then Ad(p) has a three step filtration

Ad(p) D Zy(p) O Adf(p) = £p6; "
n I |
My(4) 5 {(§ %) fac A} > {(§5)]ac A}
stable under D,. The decomposition group D, acts trivially on Z,(p)/Ad; (p).

Writing A* for the Pontryagin dual of A and taking an extension L/F inside Q, we
define the Galois cohomologic Selmer group

Ad(p) ®a A*

%\ Res
SelL(Ad(p)) = Ker H1(®L,Ad(p) XA A ) e I I Hl(Igp, W
p

Blp

)
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Here &1 is the Galois group over L of the maximal extension unramified out-
side p and oo, P runs over prime factors of p in L, and Iy C Dg is the iner-
tia group at . We equip with Sely,(Ad(p)) the discrete topology; so, its Pon-
tryagin dual Selj (Ad(p)) is a compact A-module. In particular, for the cyclo-
tomic Zy-extension Fi/F, Sel, (Ad(p)) is a A[[T']]-module of finite type, where
I' = Gal(F/F). Then Sel_(Ad(p)) has the characteristic power series F,(x) =
char afp) (Selx_ (Ad(p)). Here we fix a generator v € T', and identify A[[I']] with a
power series ring A[[z]] by v +— 1+ x.

Since D, acts trivially on Z,(p)/Ady (p), Fp(z) has trivial zero: z|F,(z) <
F,(0) = 0. Here is a conjecture (basically due to R. Greenberg) in which all the
identities are up to units in A:

Conjecture-Definition Let g be the number of prime factors of p in F. Sup-
pose that for a prime P € Spec(A) (W), pp = pr mod P is associated to a
pure critical rank two motive with coefficients in T defined over F (so, W is
a local factor of the integer ring of T ®q Qp). Then F,(x) = x9®,(x) with

®,0) = 'fo(é(ﬁf;)g)charA(Selp(Ad(p)) # 0 for an element L(Ad(p)) € A (in par-

ticular, F,(x) # 0).

2. CYCLOTOMIC DERIVATIVES

In order to attack this conjecture, we relate the L-invariant £(Ad(p)) to a local
derivative of an element in the Galois deformation ring of p. We consider all nearly
ordinary deformations 5 : & — GLy(A) (for a local profinite W-algebra A with
W/my = A/m 1) of pp = pr mod mu satisfying (Icy) (such deformations are
called locally cyclotomic). Thus the deformation functor is given by

A {p: &p — GLy(A) with (Iey), (ord) and (det)|p mod m; =5}/ .

We insist here that the reduction modulo myy of the nearly ordinary character of p
is given by &, = §, mod my, for all p|p. Among them, we have a universal couple
(RF, pp); thus, we have a unique W-algebra homomorphism ¢5 : Rp — A for each
p so that 50 pr = p. Again Rp is canonically an algebra over W{[x,]]y,. Then

da(p)

we have the derivative or, © Rp for a(p) = d,([p, Fp]) and the nearly ordinary

character d, : 'y — Rj.

If L/F is an extension in Q, then we have a base-change map vr/r: Ry — Rp
given by ¢r,r o pp = pple,. For each o € Aut(L/F), pf(g9) = pr(6gs?) is a
locally cyclotomic nearly ordinary deformation; so, we have a unique automorphism
[0] : R, — Ry with [o]op; = p7; so, Aut(L/F) acts on Ry, where ¢ is an extension
of o to Q/F. Define J;r C Ry be the ideal generated by [o](r) — 7 (r € Ryp).
Then, under (air), if L/F is a Galois extension of p-power degree,

(BC) Rp/Jr/r = Rr via @ /p.
By a standard argument due to Mazur, writing I'y, = H‘BI » L'y, we have a canonical
isomorphism

Sely,(Ad(p)) = Qr, /wir,1®Re,e,, A

of A[Gal(L/F)]-modules. Here for a closed subring B of R, Qg, /p is the module of
continuous (under the profinite topology) differentials over B. Note that W[[I'L]] =
Wlzpl]lp|p if L/F is finite and W[[['g_]] = W.
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3. RESULTS

Here are some results due to myself and the work by Taylor-Wiles for F' = Q
and Fujiwara for general F':

Theorem 3.1. Let the assumption be as in the conjecture. Suppose (air(,,)) and
that pp is associated to a Hilbert modular form of level p. Let L/F be a totally real
finite p-extension.

(1) Every nearly p-ordinary deformation of pp is p-adically modular with re-
spect to GL(2) 1, and Ry, is a local complete intersection free of finite rank
over W ([zg]]p|p-

(2) We have chara(Selz(Ad(p))) # 0 and char z(,) (Selr,, (Ad(p))) # 0.

(3) We have
LAdE) L (a)
1ng(p)/)g B (p) det ( 8$p/ >p7p/|p,

da
where a(p) = 5,([p. F3]), a(p) = [Ty, alp) and 22 = g, (
A is regular and det (aa—(m) | # 0, the conjecture holds.
p.p’lp

e

8{;(5/))' If further
Bmp/

(4) If pp is associated to an abelian variety (with real multiplication) having

multiplicative reduction at m prime factors p|p withm > g—1 and Spec(A)

is an irreducible component of Spec(Rr), we have det (aa—(m) | #0; so,
‘I

0wy
for almost all specializations pg (Q € Spec(A)(W)) of p, L(Ad(pq)) # 0.
(5) If A=W and p is associated to an elliptic curve E over F with split mul-

tiplicative reduction at all p|p, we have L(Ad(p)) = [],, %,
P p/{p

where gy is the Tate period of E at p (E(F,) = pr/qg). In particular, if p
splits completely in F/Q, L(Ad(p)) # 0.

(6) Let u(L) be the p-invariant of charo(Qg, jw ®r, A). Then L(Ad(p)) # 0
if the invariant p(L) is bounded for any finite intermediate extension inside

F./F.

Let us describe briefly why L£(Ad(p)) is related to the derivative determinant

det (%(;(p/)). For simplicity, we assume that Ry = W{[zp]lp,. Then Qg w =
P
@D,|, Rodz, = Rj. Let F,/F be the fixed field of P". Write (R,,p,) for
(RF,, pr,). By aslightly nontrivial argument, we have (Roo, po) = lim (Rn, py,).
Write J,, = Jp, /r for the kernel of the projection R,, — Rp. We have a standard
exact sequence of A[[T']]-modules (with a splitting section of A-modules)

JIn T
0— 72 Or, A — QRn/W ®Rr, A — QRO/W R, A= A9) — 0.

To make notation simple, we write S,, for Qg ,w ®r, A and T;, for Jn/J2 @R, A.
By the above A-split exact sequence, we have

S, = A9 DT, as A-modules.
By (BC), we have J, = R,([y]—1)R, and the following formula of the coinvariants:
Hyo(T, S,,) = So = AY.
Thus if S, = A9 & T,, up to A-torsion as A[[I']]-modules, we get ®,(0) # 0.
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We try to construct an A[[[']]-linear section of T,, — S,. Since % is an Rg-

module and Ry is fixed by the I'-action, % is an A[[I']]-module. Define 5 R, — %

by §(a) = [7](a) — a, which is an RL-derivation, because

d(ab) = [7](ab) — [Y)(@)b + [1](a)b — ab = [7](a)d(b) — 6(a)b

with [7](a)d(b) = ad(b) mod J2. This induces a surjective map ¢n : Qp, /w — %

with § = ¢, o d, because % is generated by [y](y) —y for y € R,. We put
o = ¢, ®id : S, = Qp, ;w ®r, A — T,. Put X,, = Ker(¢2), and we have an
exact sequence of A[[T']]-modules:

0—-X,—S,—1T,—0.

The natural map @p Ada(p) = Qwiap)), /w @wiap) A4 — Xoo composed with

da(p)

Teo has matrix ( T ) » and if the determinant does not vanish, the sequence
PLpip!lp

Too — Soo — A9 splits up to A-torsion; so, we get basically (3).

As for (6), the extension T;, — S, — A9 in Extk[[F]](Ag, T,) = H'(T/T?" | T,)?
is killed by p™, and the obstruction of splitting the sequence is in the p-torsion of
Sp, which is bounded by the assumption; so, after tensoring Qp, Too — Soc — AY
splits as A[[I']]-modules, and hence the result.

The identity (5) then follows from (3) and a result of Greenberg. It is known by
an analytic argument, log,(gy) # 0 (the so-called theorem of St. Etienne).

There are still many open questions to ask; for example,

e Is Ry, Noetherian? Or equivalently, u(Qr_ /w ®r., W) = 07 Therefore,
this is just asking when g (char(Selr_(Ad(pp))) = 0.

e By the assertion (2), the P-adic localization-completion Rp is Noetherian.
What is the structure of Rp? For example, what is dim Rp? Actually we
know that R, under the assumption of the theorem is a local complete
intersection for all finite n.

e The module X, contains Qu(jap))/w @wiap)) 4. Are they equal?



