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1. INTRODUCTION

Let M be a CM field inside a fixed algebraic closure Q of Q with maximal real
subfield F. The field F is totally real, and M is a totally imaginary quadratic
extension of F. We fix a prime p > 3 unramified in M/Q. We assume to have
a p-ordinary CM type ¥ = {0 : M — Q} of M. Namely, fixing embeddings
Ip Q— @p and iy : Q — C, the embeddings ip 0 0 for o € ¥ induce exactly a
half ¥, of the p-adic places of M. We identify ¥, with a subset of prime factors
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of pin M. Write ¢ for complex conjugation on C and also the automorphism of
M induced by c¢. Then c is the generator of Gal(M/F), and the disjoint union
Y, U Xy for X := {0 o clo € ¥} gives the total set of prime factors of p in M. For
a multi-index e = } g e(P)P € Z[E, U E]], we write B¢ for ]y, peCF),

A Hecke character ¢ : M*\M; — C* is called anticyclotomic if ¢(z¢) =
Y(z)~!. Regarding ¢ as a Galois character Gal(Q/F) — C* by class field the-
ory, this is equivalent to having ¢(coc) = 1(o)~" for all 0 € Gal(Q/F). We call ¢
has split conductor if the conductor of ¢ is divisible only by primes split in M/F.
We fix a continuous anticyclotomic character v : Gal(F /M) — W* of finite order,
where W is the completed p—adic integer ring of the maximal unramified extension
of Q inside @p. Note that W is the Witt vector ring with coefficients in a algebraic
closure F of F,, and hence is a discrete valuation ring. It is an easy consequence of
class field theory (see [HMI, Lemma 5.31]) that we can always find another Hecke
character ¢ : M /M*MX — C* such that ¢(z) = ¢~ (z) = ¢~ (2)¢(z¢). Regard-
ing ¢ and 1 as Galois characters, this is equivalent to ¥(o) = ¢~ (o)p(coc™t) for
any complex conjugation ¢ in Gal(F/F). We consider the following four conditions
for an anti-cyclotomic character ¥ of conductor ¢3¢ with ¢ prime to p:

) The character v has order prime to p with exact conductor ¢3¢.
2) The conductor ¢ is a product of primes split in M/F.
3) The local character s is non-trivial for all P € Xy,

) The restriction 1* of 1 to Gal(F/M[/p*]) for p* = (—=1)®=/2p is non-
trivial.

We study arithmetic of the unique Z][DF:Q] —extension M of M (unramified out-

side p and 0o) on which coc™ = ¢! forallo € 'y, = Gal(M g /M). The extension
ML /M is called the anticyclotomic tower over M. Let M (v)/M be the class field
with ¢ inducing the isomorphism Gal(M (v))/M) = Im(v). Let Loo/MM(3))
be the maximal p-abelian extension unramified outside X,. Each v € Gal(Lo /M)
acts on the normal subgroup X = Gal(Lso/M5 M (1)) continuously by conjugation,
and by the commutativity of X, this action factors through Gal(M (yv)M /M). We
have a canonical splitting Gal(M ()M /M) = I';; X Gior (1) for the maximal tor-
sion subgroup Gior(¢) = Im(%)). Since v is of order prime to p, the decomposition
is canonical. Then we look into the I'y,~module: X[¢)] = X ®z,(a,,, (), W-

As is well known, X[¢] is a W{[I'},]]-module of finite type, and it is a tor-
sion module by a result of Fujiwara (see [HMI, Theorem 5.33]) generalizing the
fundamental Wiles-Taylor’s R = T theorem. Thus we can think of the character-
istic element F~ (v) € W/[[[';,]] of the module X[¢]. As we have seen in [HT93,
Theorem II] and [HT94] (see also [H26, §6]), we have the anticyclotomic p—adic
Hecke L-function Ly, (¢) = L, (1) € W[[T'}/]] (constructed by Katz). Here we use
notation when relevance to the CM field M is important. Then we prove

Theorem I. Assume conditions (h1) and (h3-4). We have the identity: F~ () =
L, () up to a unit in W[[['},]].

This is proved in [HO6] under (h1-4). It is described in [H26, §6] how to reduce
the case without the assumption (h2) to the proof under (h1-4) by quadratic base-
change; so, we give an exposition of a proof under (h1-4). The current proof is
shorter than the original proof in [H06]. The simplification comes from the study
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of an optimal embedding of the integer ring R of M into Eichler orders of quaternion
algebras (see Remark 5.1).

The conditions p > 3 and (h4) are necessary because of technical restrictions of
the Taylor-Wiles method (see [HMI, §3.2-3]).

The assertion (in the theorem) is called the anticyclotomic main conjecture for
CM fields. The present idea of the proof is a refinement of those exploited in
[HT93], [HT94] and [H26, Corollary 1.43], where we have proven L, (1)|F~(¢) in
WI[L'3/)]- One of the main ingredients of the proof is the congruence power series
H(p) € W|[[I'm]] of the CM-component of the universal nearly ordinary Hecke
algebra h for GL(2)/p. In the joint works [HT93] and [HT94] with Tilouine and also
in this paper, we take the Hecke algebra of (outside p) level W := Ny p(€)d(M/F)
for the conductor € = €(p) of ¢ and the relative discriminant d(M/F) of M/F.
Write Mt = MN(p)|M for the minimal (outside p) level of the p-ordinary family
discussed in [H26, §6.1]. We take the nearly p-ordinary Hecke algebra h deforming
to Ind%; ¢ defined in [H26, Definition 1.35]) for the automorphic induction 7 () of .
We write R for the nearly ordinary universal deformation ring over W of Indf\} %)
under an appropriate ramification data outside p in [H26, §6.5] representing the
deformation functor D°"¢ in [H26, (6.15)]. The R = T theorem is formulated in
[HMI, §3.2] using such level groups following Fujiwara [F06].

The space Spf(T) = Spf(R) has a unique irreducible component canonically
isomorphic to Spf(W[[I"p]]) which carries the universal deformation of the form in-
duced from a character of Gal(Q/M) — W{[['as]]*. The projection T — W [T as]]
gives rise to a family of nearly ordinary Hecke eigenform { f(Ap)} p indexed by arith-
metic points P € Spf(W|[[['as]]) whose Galois representation is given by Ind%, Ap
for a Hecke character Ap deforming ¢. Writing Spf(T) = Spf(W|[T"p]]) U Spf(T+)
for the complementary reduced closed subscheme Spf(T+), H(y) is defined by the
identity W{[[as]] @1 T+ = W[[Tas]]/(H(¢)) [H26, Definition 1.31]. It is known that
H(p) € W[[I'}/]] [H26, Remark 1.36] up to units in W{[T'as]].

Another important ingredient is the divisibility proven in [H26, Corollary 1.43]:

(L) (R(M)/h(F)) Ly, ()| H () in W[[Ty]].

Here h(M) (resp. h(F)) is the class number of M (resp. F'). On the other hand,
the R = T-theorem implies

(F) H(p) = (h(M)/h(F))F~(¥~) up to units in W{[I';/]]
(see [HMI, §3.1-3, §5.3]). Thus we need to prove:
R) H(p) (k)| (h(M)/R(F))L, (7 )(k) in W

for a (single) weight  specialization, where ® (k) is the value of a power series ® €
W[yl at & € Spf(W[[T'y,]])(W). Each arithmetic point P € Spf(W[[T'y,]])(W)
has weight kK = k(P) = (k1 = K1(P), k2 = k2(P)) with k; € Z[I] and k1 — ke > I
in the sense of [PAF, §4.3.1] (and [HMI, (2.3.4)]) where the role of x; and ko are
reversed (i.e., k gives the Hodge weight of the attached motive). In other words,
we choose the Hodge type (p, ¢) with p > g out of {(p, q), (¢, p)}. Hereafter we take
k= (I,0) (the Hodge weight of abelian varieties). By (L) and Nakayama’s lemma,
the reverse divisibility (R) (specialized at k) implies the theorem.

In the (finite dimensional) space S™°"¢(Mp>, ex; W) of nearly p-ordinary cusp
forms of weight « with coeflicients in W and with a suitable Neben character ey
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[HMI, §4.3.9], we have a CM Hecke eigenform f(\) of a Hecke character A =
Ap of weight x (regarded as a Galois character) such that A\~ factors through
Gal(M ()M /M) with A\™|g,, . (p) = ¢ and A = ¢ mod my. We write 9(N)
(M(A)|9p>°) for the minimal level of f(A\). This form studied in [H26, §6] is of
minimal level (possibly of level smaller than that of the primitive form). Since
the CM local ring R of h is a Gorenstein ring [HMI, 1.52 and 3.28], the number

H(p)(k) is the maximal denominator of the reduced fractions % in W as

f running through all elements of S, (9M(A),ex; W) (see §4.1), where (-,-) is the
Petersson inner product of level 91(A) divided by a canonical period.

As seen in [HT93, Theorem 7.1] and [HO09, (3.5)] (see [HO7, Proposition 5.7]
for a p-adic version), we have 7 =22 (f(X), f(A)) = e1(h(M)/h(F))L(1, ™) for
an innocuous constant ¢; € W (for the constant ¢, see (5.14)). The quotient

w212 W, AT ()P (A)

(1 —r2) is then the value

(h(M)/H(F)) Ly (67 ) (k) € W.

Here W, (A7) is the local Gauss sum of A~ at p, {2 is the Néron period of the abelian
variety of CM type ¥ (defined over QNT), and the exponent s — ks is determined
by the weight .

Since H(y)(k) is the maximal denominator of reduced fractions % (see
Lemma 4.1), what we need to show (to prove (R)) is the W-integrality of the

numbers ﬂ%q%?;!(Zpl(j‘;z(f()‘)’f) for all f € S.(M(A),ex;W). This we will show
by a detailed analysis of the residue formulas of a Shimura series, defined on or-
thogonal groups of signature (n,2), introduced in [Sh80] and [Sh81], and we take
those associated with a theta series of M and the determinant (quadratic form) of
M5 (F). The validity of the g—expansion principle is very important to show the
W—integrality, because we write the Petersson inner product as a value of a mod-
ular form (with integral g—expansion) at a CM point of (the product of two copies
of) the Hilbert modular variety. This modular form is obtained as the residue of
a Shimura series. However in our fully isotropic case, the orthogonal similitude
group of signature (2,2) over F is isogenous to the product GL(2) x GL(2),r; so,
basically we are dealing with Hilbert modular forms, and the g—expansion principle
[PAF, Corollary 4.23] is known by a work of Ribet (see [PAF, Theorem 4.21]).

Another important point is to write down every W—integral Hilbert cusp form as
a W-integral linear combination of theta series of the definite quaternion algebra
unramified at every finite (henselian) place. Such a problem over Q was first studied
by Eichler (his basis problem; see [HMI, §2.6.2]) and then generalized to the Hilbert
modular case by Shimizu and Jacquet-Langlands in different manners. We scruti-
nize the integrality of the Jacquet-Langlands-Shimizu correspondence (mainly using
duality between Hecke algebras and their spaces of cusp forms; see [HMI, §2.3.4]).

At the last step of finalizing the W—integral correspondence, we again need a
result of Fujiwara: Freeness theorem in [F06, Theorem 0.4] of quaternionic co-
homology groups as Hecke modules, which is valid again under the assumptions
(h1-4) for cusp forms with complex multiplication. The everywhere unramified def-
inite quaternion algebra exists only when the degree [F' : Q] is even; so, we will at
the end reduce, by a base-change argument, the case of odd degree to the case of
even degree.
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In this paper, we write D (resp. d(M/F)) for the discriminant of F/q (resp.
M,r). We regard D € Z but d(M/F) is an ideal of F. We write R (resp. O)
for the integer ring of M (resp. M). For a number field X, we write Ix for the
set of complex embeddings of X and we put I = Ir. The module of formal linear
combination of Ix is denoted by Z[Ix], and A C Ix is identified ) ., o € Z[Ix].
This convention particularly applies to I and X.

2. DEFINITE QUATERNIONIC THETA SERIES SPAN INTEGRALLY MODULAR FORMS

We take a quaternion algebra B,r with a fixed isomorphism B () >~ My(F, Iéoo))
(so, B is unramified everywhere at finite places). We fix a maximal order Op of
B so that the above isomorphism identifies Op with M2(5) We regard B as a
quadratic space over F' with the quadratic form N : B — F given by the reduced
norm. Then the associated symmetric bilinear form is S(z,y) = N(z+y) — N(x) —
N(y) = Tr(zy") for the reduced trace Tr and the main involution ¢ of B given by
Tr(z) =z + x*.

We consider the following open compact subgroup of G La(Fy (s ) for a level ideal
N:

(1) U =UF) = {(2}) € GL(O)[c =0 mod MO} B,

where O = O ®z Z and Z = [I,Z;. Then we introduce the following semi-group
Ao(‘ﬁ) = AOB (‘ﬁ) inside BF(ao)
A

(2.2) Agf(m):{(gg)eGLQ(FA(m))mMQ(é)]czo mod‘ﬁ@,dm60§t},

where dg; is the projection of d € O to H”m O for prime ideals [.

Take a quadratic CM extension M/, and write R (resp. O) for the integer ring
of M (resp. F). Since B is unramified everywhere at finite place and M is totally
imaginary, the field M is embeddable into B. Write Gal(M/F) = (c¢). Suppose
that B, = B ®q Qp = My(F),) for F, = F ®g Q,, and

(unr) F)q is unramified at p;
(ord) all prime factors of (p) in F' splits in M, p.

Taking F-algebra embeddings [,r : M — B, identify B with M @ p M = M & M
(a® b (ab,ab)) by (a ® b)v = l(a)vr(b°).

2.1. The M ® M module B. When we regard B as an M—vector space, we agree
to use right multiplication by b € M given by bv = v - r(b¢). Therefore M @ M is
identified with M @ M by a ® b+ (ab, ab).

Take a basis M over F of the form 1,6 with A := 6% € F. Then M ®r M has
F-basis (1®1,6® 1,1 ®0,0 ® ). Under the identification as above of M ®@p M
with M @ M, for the idempotent e; = (1,0),e2 = (0,1) € M & M, we have

_1e1 5®5a des— 1®1_5®5
4T 2A 2T Ty 2A
First suppose that a prime q of F' splits in M. Taking
(2.3) l(a) = r(a) = diag[a®, a],

er (£4) =(2§) andex (23) = (§3)-
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Then, for the identity matrix 1o = diag[1,1], v1 = ({§) and vy = 12,
(a ®@b)vg = l(a)r(b®) = diag[a®b, ab®] = r(ab®) = a®bua,
(a ®@ b)vy = v1r((ab)®) = (ab)v;.
This confirms that vy (resp. v2) is the eigenvector of the left (resp. right) component
of M @ M. We record this choice as
(2.5) [(Mq)br(My) = Mg ® My forb=wv +v2=(11).

Now assume that q is a non-split prime in M/F. Then there exist eigenvectors
v; € By such that (a ® b)vs = (ab)v1 and (a ® b)vs = (ab®)ve as ab, ab® € M, and
B is an Mg-vector space. Write My = Fy[/dq]. If By = M>(F,), we may assume

(2.6) la+by/dg) = r(a+by/dg) = (44, o)

where d is either a g-adic unit or its g-adic valuation equal to 1. Then for v; =
diag[—1, 1] and vy = (doq (1)), we have

((a+b+/dq) @ L)v1 = vir(a — by\/dq) = (a +by/dq)v1,

((a+by/dq) @ L)vg = var(a + by/dq) = (a — by/dq)v2.
In any case, write B; := ¢; B = Mwv; (i = 1, 2) for the idempotents e; := (1,0), e :=
(0,1) € M & M, we have B = By @ By, and B, is an eigenspace under the left
action [ of M.

(2.4)

(2.7)

~

Recall that we have identified By with M5(O). For a prime [ of F', we define
the Eichler order of level ["™ by

(2.8) Oo(™) = {(28) € Ma(F)|c € Oy} .

Here 50([0)[ is the fixed maximal order Op of B;. We then put for an O-ideal
M #£ 0, Opg(M) = I Op (1), where M = [1, 1™ is the prime decomposition of
M (for [19M, we agree to put e(l) = 0).

Lemma 2.1. Let [ be a prime of F either split in M or ramified in M. Let
Ly = z00(1°) and z € F*, and assume that e < 1 if | is ramified in M. Then for
the idempotent e; of My ®p, My, Ly = e1 L @ ea L.

The assumption of the above lemma is actually a necessary and sufficient con-
dition for r = [ bringing Ry into Og(I°) [QAL, Lemma 30.6.16] which is a key to
prove the direct sum decomposition L; = e1 Ly ® eaLy.

Proof. By multiplication by a central element z, we can transfer splitting of L; to
zLy; so, we may assume that z = 1. If [ = (@) with @ € Oy splits into £& in
M, identifying M, = Fy @ F\ and noting diag[l, @’ = I(1,w®) = r(1,w®), we see
e1 Ly = O diag[l, @w®]v; = O diag[w*®, 1] and eo Ly = Ovs. If lis ramified in M, we
may assume that M = Fi[\/w] and r and [ are asin (2.6) with d; = w. Then plainly,
r(Ry) = I(R() C Og(I), and hence L; = [(R;)vy ® [(R)vy = v1r(R)) ® vor(R(). O
Even if an O-lattice L C B does not satisfies the assumption of Lemma 2.1, we
can estimate the difference of L and e; L@ esL. Set L, = LNB; and L* = ¢, L C B;.
Then L; C L* with [L?: L;] < oo. Set LM = L'®L? > L and Ly; := Ly © Ly C L.
Since e (B) is the eigenspace of M @ M killed by the right factor M, we have

(2.9) Ly ={z € L|S(B1,2) =0} and L = {z € L|S(By,z) =0},
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because multiplication by units in (M ®p M )* preserves the inner product S(z,y) =
Tr(zy") up to scalar similitude. Thus the multiplication by e; is the orthogonal
projection of B to B; under the inner product S. We consider the two O—orders:

(2.10) Ri={zxe M|l(zx)LC L}, and R, ={z € M|Lr(z) C L}.

We want to determine primes dividing the annihilator Anng (LM /Ly) of LM /Lyy.
Note that R®& R C M & M is the maximal order of M & M, and hence R; Qo R, C
R & R. Here is the result:

Lemma 2.2. Let d(R>/O) be the relative discriminant of R2/O for ? =1,r. Then
we have d(R;/O)d(R,/O)LM C Lyy;.

Proof. The process constructing L* and Ly, can be done at each localization By
for primes q of O. Then L; y = Lq N MyL; and e;(Ly) = e;(L)q. If a prime q of
O is unramified in R, and R, we have R q ®o, Rrq = Rq ® Ry inside My & My,
and hence Léw = Ls,q by definition. By the definition of the discriminant, taking a
basis w1, wa (resp. vi,v2) of Ry (resp. R7q) over Og, we have (w1, w2)d = (v1,v2)
for 6 € M>(O4) N GLa(Fy) (an explicit form of ¢ can be found in [H26, §5.3]).
Then d(R?/O)q = det(S(vi, 'Uj))i,j = det[(S(S(’LU“ ’LUj))iyjt(S] = det(52)d(R/O) Since
(det(d)) = Fitto, (Rq/ R q) for the Fitting ideal Fitto, (X) of a Og-module X [EMI,
§6.2.6], we have

d(Ri/O)d(R,/O)R®&R) C Ri& R, C R&RC M & M.

Thus d(R;/O)d(R,/O)L™ C (R, ® R,)L C Ly;. This shows the desired assertion.
]

2.2. Splitting B-theta series into a product of M-theta series. Pick a Hecke
character X : M /M>* — C* such that A(zo) = x> for a p-ordinary CM type
¥ of prime-to-p conductor €(A) = FA)FAN)TNR(N) with FN) + N = R
and §(A) C Fe(N)°. Here R(A) is made of ramified primes and J(A) is made of
unramified inert primes. Later in (5.6), we modify A to have conductor supported
by ¥, without losing generality; so, we impose unramifiedness of A at X7 here. Since
¥~ has split conductor (h2), we may also assume that Ay = Ap,q 0 Ny /@ at primes
glit for i =1i(A\) =TJ(A) N F and v = v(\) = R(A\) N F. Write f = f(A\) =F(\) N F.
We modify the identification of B, with M>(F},) so that r and ! both bring
(z,y) € M, = My, x Ms. onto (§?2) in My(F,). For l[f = F(A) N O, we
take the prime factor £][ so that £|F, and we identify By with M (F}) bringing
(z,y) € Mi = Mg x Mgz to (42) in Ma(F). For [|[d(M/F), we embed R; by
r = [ into the O;—order of My (Fy) generated by the scalar in O and AF (1) for the
exponent « of [ in d(M/F), that is the Eichler order Og(d(M/F)); of level d(M/F);.

We choose a Neben character set
(2.11) szsA:(sl,szzé\X—>WX,5+:FX\FAX(OO)—>WX)

as follows: Let f = f(A) := F(A\)NF. Taking the p-adic avatar X Gal(F /M) — WX,
consider py := Ind§; X. Then PAlGai(F, /Fy) = Aa @ Acyq for q|f with unramified Aq.
Regarding A\q and Acq as characters: Fj* — W™ by local class field theory, we
put €14 = )\C,q|qu =1 and g2 = )\q|OqX and e4 = det(px)/N for the p-adic

cyclotomic character N so, € is the p-adic avatar of the central character of the
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automorphic induction 7(A) of A. For either a prime factor of p or non-split primes
in N := Ng,p(€)d(M/F),
€1p = )‘c,p|o§ =1 and ex(zp) = )‘p|opx (zp) for plp,

€1, = €29 = AFqlox for qli,
Oq

M,/ F
€14 = Arqlox and sg(xp)_)\p,qqu( a/ q) for qlr.

Outside M, we put €1 = 2 = 1. See [H26, Definition 1.33].

Let
(2.12) £ i=e7'ey and M= M(\) = &(c) (the conductor of £7).
Writing e (& 9) = e1(a)e2(d), since e~ = 16, ' factors through O/, we can extend

the character ¢ of Uy(M') to Up(M) by putting e(u) = ea(det(u))e™ (a)~! for u =
(2%) € Up(M). The character £(u) has another expression e(u) = 1 (det(u))e™ (d),

~

because they induce the same character on Uy(M') and on Up(91) N SL2(O). Here-
after we use the expression (u) = &1 (det(u))e™ (d).

We now suppose
(D) B is a totally definite quaternion algebra B,p with a fived isomorphism
B = My(F().

The existence of B as above requires [F : Q] to be even. We let § € AF (M)
act on w € W by w — e(d)w and write this Ag()-module W(e). Using the
underlying ring structure on W = W(e) = W(e™!), we define a perfect pairing
[,:]: W(e) x W(e~!) — W by the product [v, w] = vw. Then [§v, sw] = [v,w] for
J e Apg(M).

Proposition 2.3. Let the notation be as above; in particular, l,r : M — B is as
in §2.1. Suppose the following three conditions:

(a) pX/d(M/F) is prime to d(M/F), d(M/F) is odd (i.e., prime to (2)) and
30 = RO = (1); X
(b) r(R)LI(R) C L with Lipgnyry = Oo(fp¢d(M/F))sp C By for the conduc-
tor p° = [, p°®) of &2 and f = F(N) N F;
(c) &1 is trivial on O* and k= (I,0) (so, eg = &).
Let v € W(e) and w € W(e™'). Then ¢ : L — W given by o(y) = [yv,w] is
a W—integral linear combination of functions of the form ¢1 ® ¢2 for functions
¢ LI — W such that
(1) 61(4) = drp(p)ot” WD) (resp. 6a(x) = b2,(2)03" (7)), where we
embed x € M into M, x M®P) by x v (2, 2P)) and for a Z-module X C B,
X® = X @, Z®) with Z(P) = HEfp T
(2) ¢227p(diag[b, d)) = ea(d) if (b,d) € O and vanishes outside O, x O) C O3 =
L,
(8) ¢1,p is the characteristic function of L}, = Oy x p°Oy;
(4) (bgp) = Egp) (d) factors through the finite quotient L?/§d(M/F)L? of L*>®)),
and (bgp) is the characteristic function of LV ~ O x ‘S‘\I(p);
(5) the function ¢; is supported on L7 and has values in W.
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The assumption (b) implies L = L* & L2 for L’ = ¢;L N B by Lemma 2.1.

Proof. We regard ¢ as a function of Blgoo) = B, x Bg o) supported on L so that
B(b) = Bp;(bpp)p®D (bPD) for ¢y = ¢|p,, and ¢P) = ¢>|Bf\pw. Taking the left
factor of I in (??) as Mxcge, we identify B, with

Mscve Mse e
M2(FPT)ZMPT@MPTZ( A ),

Ms,5 Msys
since we regard B as M-vector space by v = vr(£°) for v € B and £ € M. Then
dp (28) = e1(a)ea(d)[v,w] if (24) € 50(p8f)m. This shows the desired assertion
for ¢, since Lys = Ly © L2;.

As for the component outside pf (i.e., component at a prime q|d(M/F)), For r,1
as in (2.6), we find a(a, b) 1= l(a+by/dq)v1 € Lj and 3(a’, V') := la +b\/dq)vs €
13, a(a,b) + 50 1) = (% asiva, ); 50, 0 (L asiva,) = eala+ Vg) = (2affe) =

(—M" ({ Py ) This shows the desired assertions. 0

2.3. Duality and Eichler’s basis problem. We continue to assume k = (k1, 0).
Let h := h,(91(A),e; W) be the Hecke algebra acting on S := Sy (M(N),ex; W)
generated over W by the Hecke operators T'(y). Each Hilbert modular cusp form
f € S has the following Fourier expansion [HMI, 2.26]:

fa)=FE) =lyla Y alédy, fer(vV=18y)er (&),

0<Eer

where ep(ro) = exp(2mV =13, c;%,) and y +— a(y, f) is a function on F,|_,
supported on O. Here d is an idele generator of the absolute different of F (so,
dON F =0). Then we define a W-bilinear pairing (-,-) : h x S — W by (h, f) =
a(1, flh). This pairing induces a perfect pairing [HMI, 2.28]:

(2.13) Hompy (S,W) =2 h and Homyy (h, W)= S.

The latter map is induced by
o lyla D G(T(Edy)er(V-Ttyx)er(ér) € 5.

o<ger—t
By (2.13), we obtain

Proposition 2.4. Let the notation be as above. Let V' be an h-module and V' be
an W-module of finite type with an W -bilinear product { , ) : V x V! — W. Then
we have:

(1) The formal q—expansion for v € V and w € V':

flo@w)(y, ) =lyla § D (0IT(Eyd), wher(V-1Eys)er (Ex)

£>0

gives a unique element of S, where ep(z) = exp(2mV/—1Y_ 2,) for z =
(ZU)UGI € CI-

(2) The map v @ w — f(v @ w) gives an W-linear map of V @w V' into S
with f((v|T(y)) @ w) = flv @ w)|T(y). If further V' is an h-module and
(v|h, w) = (v, w|h) for allv € V,w € V' and h € h, then the map f induces
an h-linear map: V@n V' — S.(M,&; W).
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(3) Suppose that T is an W —algebra direct summand of h, and put V(T) =T-V
and S(T)=T-S. If V(T) is T—free of finite rank and Homy (V(T), W) is
embedded into V' by the pairing (, ), then the map f: V(T)@w V' — S(T)
18 surjective.

We just apply (2.13) to ¢pew € Homyy (h, W) given by ¢ygw(h) = (hv, w).

Let T be the local ring of h through which the algebra homomorphism ¢, €
Homyy (h, W) given by f(MN)|T(y) = ¢ (T(y))f(N) factors. Then under (h1-4), we
have a Galois representation pr : Gal(Q/F) — GLy(T) unramified outside N'p
for M := Npryp(€(N))d(M/F) such that Tr(pr(Froby)) = T'(w()|r for a prime
element wy of Fy for all primes [ { M'p. By Fujiwara [F06, Theorems 0.1] (see also
[H26, Theorem 1.49]), under (h1-4), (T, pr) is universal among p-nearly ordinary
deformations over W of Indf\} v = Indf\} A satisfying the local property attached
to € (see [HO6, (H1-7)] and [HMI, §3.2-3.3]) and T - HO(YB(M(N\)), W (e)) = T as
T-modules [F06, Theorem 0.4], where Y2 (M) = B*\ B} /UP (M(N))F By . Thus
we obtain from Proposition 2.4

Corollary 2.5. Let
V=T -H'YPMW),W(e)), V/ :=T- - H(YEMW), W(E1)).

Then the map V @w V' 2 v@w— flo@w) € TS is a surjective T-linear map.
In other words, the theta series of B span the T-component T - S over W.

2.4. Theta series span Hilbert modular forms. We give here an explicit set
of theta series which span T - .S in Corollary 2.5 in a slightly more general setting.
Let E = F & F as a semi-simple algebra over F' diagonally embedded. We deal
with the quadratic space (B, N) with totally definite B. For simplicity, we assume
that the weight is k = (I, O) on GL2 and (k,x) on By for By = B®p E = B x B.

Let Sh := B*\B} .., /F.\..,Uf (M) and Shgy = Sh x Sh. By (D), Sh is a finite
set. In the previous section, Sh is written as Y¥ (9). We choose a complete set S
of representatives for Sh so that for each a € S, the level component ag belongs
to Up(D'). Fix Neben characters € = (e1,€2,e,¢4) and suppose N = €(g1)C(e2)
and M = €(e1) N €(e2) (so, M = €(e7)). Here we allow p-factors in 91 and N’. For
the class [a] € Sh of a € S, write T, is the image of (aUP (M)a=' N B*) in BX/F*.
Put e, := |Ta|.

We consider a finite order character ¢ : UZ (M) — A coming from the Neben
characters (e1,€2,67,e4). Let S.(A) be the space of functions f : B*\B; ., — A
such that f(gu) = e(u)f(g) for u € UE(M) if € is non-trivial, and S(A) = S1(A) :=
{F:Sh — Al Y esn €a ' F(la]) = 0} if € is trivial. When e = 1, we define M;(A)
by the space of all functions Sh — A; so, S1(A) C M;1(A), and if € # 1, we just put
Se(A) = M.(A). As long as S:(A) # 0 for a W-algebra A C C,, ', acts trivially
on A(e).

Set, for a subring A of C

M{\(A) = {f : Shp — A} = M1(A) @4 Mi(A),
(2.14) Sl 1(4) = 51(A) ®4 S1(4),
MEF(A) = SE (A) = S.(A) @4 S.-1(A) as functions on Shp if £ # 1.

E€,€

~— —
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Here for F € S.(A) and G € S.-1(A), we define
F®G:Shy — A by F@G(a,b) = F(a)G(b).

In this way, the last line of (2.14) makes sense. Note that (F ® G)(au,bu’) =
e(u)e L (u')(F ® G)(a,b) for u,u’ € UB(M). If we need to emphasize the level N,
we write S¢(9; A) and M. (N; A) for S (A) and M, (A), respectively.

Let e be the LCM of the order of all maximal torsion subgroups of B*. Since

F' is unramified over Q at p, e is prime to p. We define a perfect A-linear pairing
() =(o)as Mo A) X M1 (95 A) — Al /e] by
(2.15) (F,G)=> e, Fla)G(a).
a€S

Here is our choice of a Bruhat function relative to e. If e = 1 and Mt = O, we
take the Bruhat function ¢(>) = (bgoo) which is the characteristic function of Og(97)
and if M # O, we take ¢(*) to be the characteristic function of AF (M) times e~
well defined on AF(M). Put ¢oo(v) = er(N(v)7).

We have Hecke operators T'(n) acting on F € S.(A) as follows: Let

T(n) := {b e AEM)|N(b)O =7}

for an integral ideal n. Decompose T(n) = [ |.ccm) cUE(M). Then F|T(n)(a) =
Yeccom € (©)F(ac). The algebra H.(A) = H.(M; A) is defined to be the A-
subalgebra of End 4 (M. (9; A)) generated by T'(n) for all positive integers n.

Writing the variable h € Bf = B} x B} as h= (hr,hg) and T'g := Ug*(N) x
UE (M), we define the theta kernel by

0(r;he,he) =Y $(hy ' Ehn).
£eB

By our choice of ¢, we have 0(r; hpu, hgu') = e(u)e =t (u)0(r; h, hg) for u,u’ €
UB(M). In particular, (hr,hr) — F(hr)G(hr)0(t;hr, hgr) factors through Shg.
Then define the theta descent 0,(F ® G) of F @ G by

0.(F @ G)(7) = /S 0O) W F ()G
= Y F@)Gb)e; e 0,

(a,b)eS?
where 6(da,p) 1= Y ecp 9 (a™'Eb)er (N (E)7).
Theorem 2.6. Let the notation and the assumptions be as above. Then we have,
for F e S:(MA) and G € S.-1(9; A),

o0

0-(F@G)(y, ) =lyla Y (FIT(&0n),G)er(V-Ty)er(éz)

0KEEF
in S1,0)(Uo (M), e; A), where T'(n) = 0 ifn is not integral. Moreover, if T-S.(M; W) =
T as T-modules, the map F @ G — 0, (F @ G) induces a surjective W -linear map:
T -S:OEW)@T-Sc-r (W) — S(1,0)(Uo(N), g5 4),

where T acts on S.-1(M; W) by the adjoint action under (-,-). In particular,
{0(Pap)}abes span T - S (M, W) over W as long as T - S.(M; W) = T.
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It appears that we need to assume € A to assure A-integrality. However

1
€q€h
the series 0(¢q,5) has eqe, overlapping terms, and hence e te; '0(¢q,b) is A-integral
except for its constant term. We get an A-linear map 6, : SZ (A) — Sz(Up(MN), &; A)
given by FQ G — 0. (F ® G), as 0, (F ® G) does not have constant term.

Proof. By definition,
0.(F @ G)(7) = /5 0O) W F ()G )
= > Fa)Gbe eyt Y dla eb)er(N(€)7)

(a,b)eShxSh (EB

= Y alg ' F@Gb)bus(r).
(a,b)€Shx Sh
where 0,5, = (¢ 1¢,) with the characteristic function (;5((;?2) of aAo(M)b~! and
the measure duy, is chosen so that fBE\BE(a DTFeB, FeBy, dup = 6;16;1. By the
Jacquet Langlands correspondence, we have 0, (F ® G) € M1,0)(M, ¢; A).
For a decomposition T(n) = U.ccm) cUE (M), we have

FIT(m)(z) = Y ele)  F(zo).
ceC(n)
Writing ac = &bou for € € To\B* /Ty, b € Sh and u € UBM), F|T(n)(a) =
> F(be) and £ € B* Nalg(MN)b, ! Then

(FIT(n),G) = > e, 'G(a) > e(e)” Flac)
a€S c
= e 1G(@) Y (0 F )

a€S c

¢:§7 Z 71g Z(b 71§b )

a€S

This shows |y|; '0.(F ® G)(y, x) taken off the constant term is equal to

>N et6(a Z¢ (a7 €be)F(be) = Y (FIT(Eyd), Grer (V—Ty)er(E).
n a€S £>0
The constant term is given by >, , ez e, ' F(a)G(b) =3, e, ' Fla) >, e, 'G(b) =
0; so, we forget about it. Applymg Proposition 2.4 (3) to V = S (W) and V' =
Se-1 (W), we get the last two assertions. g

3. SHIMURA SERIES

We give a short review of Shimura series, which we use to show integrality of
OS¢ W with a canonical period for all f €

the Petersson inner product: :
period

Sn-ord(sy ;W) for k = (I,0).

Define, for z,w € §, v € My(C) and J = (9 '),

(3.1) p(z,w) :=—(7)(w,1)J = (‘f jff) and [v; z, w] = Tr(p(z, w)v").
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By computation, [v; z, w] never vanishes for 0 # v € M»(R), and for «, 8 € GL2(R),
we have
ap(z, w)ﬁb = p(a(z), 6(1,0))](0[, Z)](ﬁa Z)a
[av; 2, w] = j(a*, 2)5(6", w)[v; @™ (2), 7 (w)],
where j((25%),2) =cz+dand (24) (2) = £, For v € Ma(Fx), z,w € H and
k € Z[1], put [v; z, w]* =T, c; [V} 20, wo e and |[v; z;w]|*1 =TT,/ |[vos 20, wol|®
(s € C) for the o-component indicated by the subscript 0. Though we give the
definition of p(z, w) outright without explanation, there is a recipe for defining this
type of a standard equivariant map p from the symmetric space of SOy (R) into the
complexification of quadratic spaces V' due to Shimura [ALT, §3.2].

The Shimura series for GL(2) x GL(2),r is defined for 0 < k € Z[I] and 0 <
m € Z[I] in [Sh81, II (4.11)] by

(3.2)

(3.3) H(z,w;s) = Him(z, w;s; (>, hH
= [U]Y_ ¢ (a)a(—det(a), £)] det(a)|™[o; 2, w] ¥ [[as 2, w][~**

[e3

for (z,w) € O’ x H, where U is a subgroup of finite index of the group O of
all totally positive units for which each term of the above sum is invariant, o # 0
runs over My(F)/U and [U] = [OF : U]"'. When m = 0, we simply write H}, for
Hj, 0. The positivity of kK means that k¥ > 0 and k, > 0 for at least one o € I. Here
f is a Hilbert modular form given by the Fourier expansion: .. a(¢, f)er(£7)
for 7 € H! of weight ¢ (er(£7) = exp(2mi Y., £797,)) with a(é, f) = 0if €7 < 0
for some o € I, U is a subgroup of finite index of the group O of all totally
positive units for which each term of the above sum is invariant, [U] := [0} : U]™*
and ¢(°) : My(Fj ) — C is a locally constant compactly supported function (a
Bruhat function). To have invariance of the terms under the unit group U, we need
to assume

(3.4) k—0—2m=k—¢—-2m|I (I= Z o) for an integer [k — { — 2m].
oel

The series (3.3) converges absolutely and locally uniformly with respect to all vari-
ables s, z, w if

(3.5) Re(s) > n—+2+20(f) — [k — € — 2m)]

as was shown in [Sh81, 1.5.1, 1.5.2], where 6(f) = —1 when f is a constant, and
otherwise, 6(f) = 6 > —1 with |a(&, £)E2] = O(IN(¢)|°) for the norm map
N = Npyg. This series is a generalization of Eisenstein series, because if we take
f=1(sof=0and m = 0), the series gives an Eisenstein series for GL(2) x GL(2)
over F'.

We are going to describe an analytic continuation of the series and compute its

g-expansion at holomorphic evaluation points.

3.1. PGL(2) as an orthogonal group. The construction of Shimura series comes
from identifying SLa(R) x SLa(R) with an orthogonal group of signature (2,2). We
briefly describe this point. Here is how to realize the product SLa(R) x SLa(R)
(modulo diagonally embedded {£1}) as an orthogonal group.
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Let V = M3(R), and consider the symmetric bilinear form S : V x V — R
given by S(z,y) = Tr(zy"), where yy* = y'y = det(y) for 2 x 2 matrices y. We let
(a,b) € GL2(R) x GL2(R) act on V' by x +— azb*. Then

S(azb, aydb’) = Tr(azxb'by‘a") = det(b)Tr(azy'a’)

= det(b)Tr(zy‘a‘a) = det(a) det(b)S(z, y).
Thus we have an isomorphism
(GLa(R) x GLo(R)) /{=(1, 1)} — GO(R)

with the similitude norm v(a,b) = det(a)det(b). Since the symmetric space of
GO(R) has dimension 2 over C, the above isomorphism induces an isomorphism of
the identity connected components

(3.6) (GL (R) x GL3 (R))/{*(1,1)} = GO*(R).
Since GO(R) has eight connected components:

GOR)=|| || GO*(R)(diag[l,e],diag[L,¢])),

j=0e=+£1,e/=%1
the cokernel of above morphism is generated by the main involution: : z +— Tr(z)—=z
(3.7) Coker((GL2(R) x GL2(R))/{%£(1,1)}) — GO(R)) = (1).

Write 3 for the symmetric domain of the identity connected component GO™ (R)
of GO(R). Since the symmetric domain of GL2(R) x GL2(R) is given by £, X £,
for the upper half complex plane ), = $ = {z € C|Im(z) > 0}, we find that
3= 9 X Ho-

We are going to make this isomorphism: 3 = ), x $),, explicit. Since V¢ =
M5 (C), writing v = (‘C’ Z) € My (C), we put

Z:=14(2b) € My(C)|ad = be, ad —be+da —cb <07 .
{(2}) e Ma(C)

Pick v = (‘Cl Z) € Z, and suppose that ¢ = 0. Then by the defining equation of Z,
ad =0 = 0= ad + da < 0, which is a contradiction. Thus ¢ # 0; so, we define for
v as above, 2 = ¢ and w = —%. Then —zw = £, and hence (see [Sh81, IT (4.6)])

(3.8) v=cp(z,w) with p(z,w) = ({ %) =—"(z,1)(w, 1),

1 —w

where ¢ = (91 (1)) By computation,

(3.9) S(p(z,w),p(z,w)) = (w—w)(z —%Z) = —2w0+ 2w — Zw + Zw < 0.
From this, it is clear that Z =& C* x (552 I_|52). By this isomorphism, for a €
GO(R), we can define its action a(z,w) € (552 U 52) and a factor p(q; z, w) € C*
of automorphy by

a-p(z,w) = pla(z,w))u(e; z,w).

By a direct computation, writing j(v,z) = cz +d for v = (¢4) and v(z) = ‘C’ZZ:LLZ,
we have, for (o, 5) € GLz(R) x GL2(R),

(3.10) ap(z, w)B" = pla(z), B(w))j(a, 2)j (B, w).
Thus

(@, B)(z,w) = (a(2), B(w)) and pu((ev, B); (2,w)) = j(ev, 2)j (B, w).
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Our description here is plainly ad hoc. If you want to know the background behind
these identifications, see [ALT, §3.2.1-2].

3.2. Integral expression. We recall a standard theta series of the indefinite qua-
dratic space (M2(F), N = det). A standard Schwartz function on Mz(Fs) which
gives rise to the theta series we study is given by

e Wo(u) = n'ep(det (u)T + 2iyt|[u; z,w][?)

for ep(ro0) = €(d_, ;7)) With e(v) = exp(2myv/—1v), 7 = { +in, 2 = x + yi and
w=r+tiwith§, 2,7 € Fs and n,y,t € FX, [ALT, §3.2]. Here F, is the identity
connected component of FX. We define for 7 € $!

\Ijk(u) = H\IJZZ,Z,ZU(U’U) (0 < k= Zkuy € Z[ID,
(3.11) ' '

\IJ;:;U (w) = 775V+1 [uy; 20, wy]k”e(det[ul,]ﬂ, + i277—yt|[uu§ Zu, Wy |2)
Often we write Wy, ., (u,) for U= (u,). Let ¢ = #(*) po, be a Schwartz-Bruhat
function on Ms(Fy). We take ¢oo = U7 studied in the previous subsection.
Then we define

(3.12) O(¢) = Ok(¢) = Y _ ().

Lev

Then O(¢) is an automorphic form of (7, z, w) € H! xH! xH! having an automorphic
property described in [H06, §2.4] (see also [ALT, Theorem 4.19]).

Let T be a congruence subgroup of SLy(F') which leaves O(¢) and f fixed; thus,
I cI7(¢*) for I'7(¢*) in [HO6, 2.3]. The stabilizer I's of the infinity cusp has the
following canonical exact sequence:

00— a — ' — U —1
(3.13) a =  (5%)

(8631) — €

for a fractional ideal a and a subgroup U C O of finite index. By shrinking I'
a little, we may assume that U C OJ. We recall the integral expression of the
Shimura series involving Siegel’s theta series given in [Sh81, I (7.2), IT (6.5b)]:

(3.14) [U]N(CO’I\/@?I/FX 02 (/F

o/t

@(¢>>dmf<7>ds> ns=D @<y,

where d™ =[], ( = )ma, P(u) = ¢ (uN)VT*" (uy) and d* 1 is the multi-

2l 07,
plicative Haar measure given by ®, (1, 'dn,). By a standard Rankin convolution
done in [HO06, (3.7)], for I'r(k) := [, I'(k,) with the Gamma function I'(s), we
conclude

—(o0)

217[F:Q]7T7kfslrF(k + SI)yk+Sltk+SlHk7m(Z,w;§; ¢ ;fc)

— [UN(a) /D] / / O(6)d™ f(r D dgd*,
FX /U? JFx/a
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where f.(z) = f(—Z). In other words, by taking complex conjugation, we have, for
7 (o)
=0 ¢,
(3.15) 2 Ug=h=sID (k4 sDyF 1t T Hy (2, w303 60°), f)
-1 —_—
—wIN@ VBT [ @@ rma e,
FX . /U?JFs/a

Since O(¢) with & > 0 (resp. k = 0) is rapidly decreasing (resp. slowly increas-
ing) [ALT, §3.2.4] and f is rapidly decreasing towards cusps, we can analytically
continue the function H to a meromorphic function on the whole s—plane (see [Sh81]
I Section 7). We recall the process. We assume that m = 0 (the case m > 0 is
treated in [HO6, §3.1]). Since I'x\H! = (FX, /U?) x (Fx/a), we can rewrite the
above integral as

217[F:Q]7T7kstFF(k_|_S])ykJrsIthrsIHk(z,w;S;(b(oo),f)

(3.16) :N(a)fl\/ﬁfl /F\ﬁl %fC(T)E(T;E)d,u(T),

where dyu(7) is the invariant measure n~2/d¢dn on $!, and

(3.17) E(r;s) = Ex_o(rss) =" > Gy, 7) Fli(y, 7)) 72
YET o \I'

The integral (3.16) (in general for m > 0) is convergent for all s € C except for s
giving rise to a singularity of the Eisenstein series E(7;s), because ©(¢) for k > 0
does not have constant term at any cusp; so, it is rapidly decreasing. Thus the
integral of (3.16) converges absolutely for any slowly increasing automorphic form
f(7) as long as E(7; s) is finite. This is the proof of the analytic continuation given
in [Sh80, §13]. This proof works well even when k = 0 for cusp forms f.

3.3. Fourier expansion. We assume that m = 0 and recall the g-expansion com-
puted in [CAL, Theorem 4.95] and [HO06, 3.2] for B = M3(F'). Write V for My(F')
when we regard it as a quadratic space with the quadratic form “det”. The corre-
sponding bilinear form is written as S(z,y) = Tr(zy").

Although in our application, we take k = ¢ = I, we first state a general result.
First we define the partial Fourier transform of ¢ for ¢ : Vi — C following [HO6,
(2.33)]:

(3.18) o (b)) = / 6 (¥ enlall — ba')da'dy,

FE
where ey : Fp/F — C* is the additive character with es(r~) = er(rs) for
Zoo € Foo. Then as computed in [HO06, §3.2]:

Theorem 3.1. Suppose that f is a holomorphic cusp form of weight k > 0. Let I'
be a congruence subgroup of SLy(F) fizing f(7)O(4)(T). Then we have

(- D O(o)(7; 2, w) f(T)dp(7)
r\s?!

= (—2i)ktkyt > "> (a)er (det(a)2) flra(T),

a€T\ M2 (F);det(a) <0
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where fla(w) = det(a)*~Lf(a(w))j(a,w)™* for a € My(F) with totally negative
determinant.

We can apply the above theorem to the following integral:
[ 8@)s = DEri )T (du(r)
r\s’

at s = 1 when k = ¢, because E(7, s) has a simple pole at s = 1 whose residue is a
constant ¢p # 0 (independent of 7). We then have

Corollary 3.2. Take k = ¢. We have, if f is a holomorphic cusp form of weight

l,
Nk+1
Resg—1 Hy(z,w; 550, f) = cF(—i)[F:Q]Zl[U]|D|3/2N(a)1%
xy et Z ¢ (ea)ep(det(a)z) flra(w),

a€T\ M2 (F);det(a)>0
where cr = Resg=1 F(w; s).

For the exact value of the constant c¢p # 0 (which we do not need), see [H99,
(RES3), p.173].

3.4. CM points. Let (29, wp) be a point in $H such that (M) = Flz,] and
7(L) = Flwp, ] for embeddings 0 : M — C € ¥ and 7: L — C € ¥ for a CM
type X1, of L are totally imaginary quadratic extensions of F' (so, CM fields). Write
og:=c|lp€lforoceX. Let Y = M®pL, and we embed Y into Ms(F)Q@p My (F) =
M, (F) by (a,b) — pa(a) ® pr(b) with

(%a") = par(a) () and () = pr(b) ().

We see easily that pas(a)’ = pa(a©) and pr(b)" = pr(b°) for complex conjugation
c. Weregard V = My(F) as a Y-module for the multiplicative semi-group Y via
pM ® pr; in other words, (a,b)v = ppr(a)vpr(b)*.

We have four distinct Y-eigenvectors p(z9.0,wo,6)s P(20,05Wo,0), P(Z0,05W0,0)
and p(Zo,0, Wo,») iIn M2(C) = V ®p, C, whose eigenvalues of (a,b) are (a”b?),
(a?b7¢), (a”b’¢) and (a”°b7°), respectively. Since V ®p, C is free of rank 1 over
Y, =Y ®pos C, V= M(F) is free of rank 1 over Y (because C is faithfully flat
over F'). Thus

(3.19) we find v €V such that V =Y.

Suppose now
(3.20) L= M.

Then Y = M &Y, with Yy = M, the first projection to M is given by a ® b — ab®
and the second to Y{ is given by a ® b — ab. Since c is an automorphism of M,
p(z,w) and p(Zo,», Wo,») belongs to My, = M ®p, C C Y ®p, C. The vectors
(20,6, Wo,0) and p(Zo o, Wo,o) belongs to Yy » = Yo ®p C and are orthogonal to M,,.
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Thus ¥ =3 ;0 gives rise to a CM type of M (with ¥ U ¥c giving all complex
embeddings of M). This shows: writing V3 a=av® bv witha € M and b€ Y

[aﬂ; 20,0 wO,U] = S(ad, p(ZO,Ua wO,U)) = S(a’vdap(’zO,Ua woyﬂ))

3.2
= S(va, Pt (a9)p(20.0, W0,0)) 2 (v, D200, W0.0))

)

= a7Vs; 20,65 W0,0)5
_ —2s1 _ _ _ c _
[av; 20, wo) ~F |[a; 20, wo)| 72 = CTFE|CF 720 N (a) 0,

where C' = (Cy)oex with Cp = [V 20,05 Wo,6], N(a) is the absolute norm of
a € M, and at (x), we regard S as a C-bilinear form as p(z,w) is an element
of V @p C after scalar extension to C. Here we have written kX = ko,o and
kXC = ZUQEI kooc.

(3.21)

oo€l

Since p(z0,0, Wo,0) and p(Zo,», Wo,») span a scalar extension to C of a subspace
on which S, is negative definite, S is totally positive definite on W = Yyuv, because
every vector in W is orthogonal to p(2¢,0,wo,») and p(Zo,s, Wo,»-). We write Sy,
(resp. Sy1) for the restriction of S to W = Mv, ®p R (resp. the orthogonal
complement Wi = Yovl ®p,, R of W, in V®p ,R). Thus we can write Sw, (z,y) =
—Tre/r(05,2Y) (vesp. Swi(w,y) = Tre/r(0§27)) for z,y € W and 0 < oy € F
(resp. 0 < g € F). By this fact, dy is a totally positive element of F'; so, we may
assume that oy = 09 = % by changing v if necessary.

3.5. Special values of Shimura series. As we have explained already, we choose
v in (3.19) as in the previous subsection so that

1 c ¢
(3.22) Sy ((a,b), (a', b)) = §TrM/F(—aa’ +bb').
We see, supposing

(3.23) ¢ (1) = dar ® o
for Bruhat functions ¢y : Méoo)v — C and ¢g : Yo(yf)v — C,
C*=|C™ P (=20, wo; 5361, f)
=[U] > oulav) > ¢o(Bv)a(aa” — BB, fla ¥ N(a) ™,
aeM /U BeYy /U

where C' is as in (3.21). We now set 6(¢o) = >_5cy, ¢o(Bv)er(83°z). Then for
F'(2) = 0(¢0)f(2) = Xeer al§, f')er(§z), we have

al&, )= D al&— BB flo(Bu),

BEYy/U

which is a finite sum because {z € Yo @r R|z727° < £ Vo} is a compact set. Thus
we have, under (3.22) and (3.23)

C*E1C¥|% Hy, (20, wo; 5; ¢, f)
(3.24) =[U] Y dulav)a(aa®, fa ™ N(a) ™
aeM /U

The series (3.24) is the Rankin convolution of f’ and the theta series 0(¢y ar) of
the norm form of M for ¢ ar(a) = a*=¢p s (av) (see (3.29)).
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3.6. Petersson inner product formula. For a given theta series 0 (¢) of weight
k+1 of a CM field M/F, we are going to write down the inner product (0a(¢), f7)
for a special value of a modular form on GL(2) x GL(2), taking f' = fOu(¢)
for another theta series Op7(¢") = 6(¢o) with ¢ = ¢ of weight I of M. Here
fi(z) = f'(=%); so, f. is a holomorphic modular form whose Fourier coefficients (at
the infinity) are the complex conjugate of those of f’. The modular form is given
by, up to an explicit constant,

Ress:lHk(Z; w; S; ¢/ 2y (b(OO)a f)

Let f and g be Hilbert modular forms on I' C SLs(F) with Fourier expansion
f=2ccral§ fler(§T) and g = > ¢ pa(§, g)er(§7) for 2 € $H7. We take the ideal
a C F and the unit group U C OF as in (3.13). Let ¢ and k be the weights of f
and g respectively. We suppose that one of f and ¢ is a cusp form so that fg is
rapidly decreasing towards cusps.

We let € € U act on ! by 7 +— €2r. Then f(e27) = e “f(7) and g(€*r) =
¢ *g(r). Then the function fg(7)n+%)/2 is U-invariant. We then consider
(3.25)

D £9) = WIN@ VDT [ [ e g

We now assume the equal parity condition that

(3.26) (=r mod 2Z[I|+Z o
oel

Thus we find m € Z[I] such that £ — k —2m € ZI for I = )" _o; so, we write
{—k—2m = [l — Kk —2m]I with [{ — k —2m] € Z. Replacing I" by

{7 €T|Fgn" 972 0 9)(r) = (Fgn /) ()i 7) 5, 7)1 r) =1}

if necessary, we have

(3.27) [U?]7'N(a)\/ID|D(s; f,g)

—m {—Kk—2m
= FO) 9T " Bl —amyrm (T35 + 1 — 0= r—2m]

5 )dp(T),
r\s’

where

Enim(T58) = n* Z (M> 30y )M ()|

eror M)

When m = 0, we write simply E,; for E ;o (n € Z). Since E,1.m,(7;s) has
meromorphic continuation on the whole s—plane as a slowly increasing function
(outside its singularity in s), the above integral gives an analytic continuation of
D(s; f,g) to the whole complex s—plane. In particular if £ = x, the L—function
D(s; f, g) can have a pole at s = 0 because in that case, we can choose m = 0 and
Ey(7, s) has a simple pole at s = 1 with a constant residue.
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By the same calculation as in §3.2, we have an absolutely and locally uniformly
convergent series

Z[F:Q]71(47T)SI+(E+K)/2D(S; 1, g)
B2)  —[UTe(sl + (C+1)/2) Y al& PE Palg, )¢/ AN ()
0KEEF* JU?
if Re(s) > 0(f) + 0(g) + 1, where 6(?) = —1 when ? is a constant, and otherwise,
0(?) =0 > —1 with |a(&, 7)€% = O(IN(£)|%) for the norm map N = Np/q.
Let us recall the theta series:

0(Pw, M) = Z¢kM Jer(aaT)

a€eM

for ¢r ar(a) = a**épr(a) as in (3.24). This theta series has weight k + I [HMI,
§2.5.4] (or [CAL, §4.2]). We compute D(s; f~, (¢ ar)) for a cusp form f” of weight
{4+ I
(4Tr)s[+(f+k+21)/2 ,
D(s; 1,0
ool + (0 + k+aDy2) D& e 00kan))
=[O Y a6 e PalE, 0(beum))E FHIEN(E
O<<§€FX/U2
Z (bM OZOZ ,f) kE(aac)f(k+E+21)/2N(a)75
aeMX/U
Z (bM aa f) kE(akaafkcE)N(a)7371+(k76)/2

aeMX/U

Z (bM aa f) 7kcEN(a)fsfl+(k7€)/2

aEM> /U

9lF:Ql-1

Recall C = (Cy)ex with Cp = [Ug; 20,0, Wo,0] in (3.21). From this, we get under
the notation and the assumption of (3.24)

=R ORE OB 23 (47) =KD (sT + k) Hy (20, wo; 530, f)

(3.29)
— 1w 0%n(s - 1+ 5 oo )

where ¢ is the weight of f (so, weight of f’ is £+ I). Note here that [U : U?| =
9lF:Q]—-1
Since Fy(7; s) has a simple pole at s = 1 with constant residue cr # 0, if k = ¢

and ¢(>®) = ¢y @ P, we have from (3.27)
4 AR O P (4m)TF T p (k4 I)Ress—y (20, wos 56, f)

= Ress=1D(s — 1; f2, 0(¢k,m))

= Ress=1D(s — 1; £, 0(dr,01))

-1
= [U?IN(a)"'V/ID| er(8(dr,n); [T,

(3.30)

where

o e[ oTE ).
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Let ¥(z,w) = Us(z,w) be the modular from on GL(2) x GL(2) given by the
Fourier expansion:

(3.31) W(z,w) =V (z,w) = > ¢* ) (ea)ep(det(a)z) flro(w)
a€T\ M2 (F),det(a)>0

as in Corollary 3.2. Then taking I' sufficiently small and combining Corollary 3.2
and (3.30), we get the following explicit formula:

Theorem 3.3. Let f be a Hilbert modular cusp form of weight k. Then we have
(O(dn,m), foyr = 27F 21 D7HOF=|O% % Im(2) " Tm(wo) ™ W s (20, wo)

under the notation of (3.24). Here C = (Cy)pex with Co = [Us; 20,0, Wo,0] N
(3.21).

4. PREPARATION FOR THE PROOF

We choose A with v» = A™. We shall prove the theorem in the introduction under
the assumptions (h1-4). We first prove the theorem in the case where the degree
[F': Q] is even. The odd degree case will be reduced to the even degree case via
quadratic base change.

4.1. Congruence power series divides self inner product. We first remark
the following fact. Fix a W-algebra homomorphism ¢ : h, o, := h%"¢(N, e); W) —
W factoring through a reduced local ring T of h,.,. Here ¢ is as in (2.11).
Let f = fs be the corresponding normalized Hecke eigenform by duality (2.13)
with f|T(l) = ¢(T(I)f. Pick a Hecke hermitian non-degenerate inner product
(,) : Sken Ow Sken — W with (fg, fo) # 0. Here Si o, = Sc(M,ex; W) and
by saying “Hecke hermitian”, we mean (g|T'(1), ¢') = (g, ¢'|T*(1)) for an involution
h +— h* of h,.,. We extend this bilinear form linearly to the field of fraction
Frac(W) of W. Regarding ¢ as an algebra homomorphism of h, (M, e5; W) factor-
ing through h?-°"4(M, ; W), we consider a linear form

C=1Lg : S(M, ex; Frac(W)) — Frac(W)

siven by £ol) = (f2

Lemma 4.1. Let the notation be as above. Let H(¢p) = H(p)x , be the congruence
number of ¢. Suppose that (-,-) is non-degenerate with values in W on Sy ., Q@w

Sn,sx . Then H(¢)|(f¢’ f¢)

Proof. Since T is reduced, we can write g = cfg + ¢’ for ¢’ orthogonal to f with

¢ € Frac(W). Since (fp,9) = (fo, cfo +§') = c(f4, [5), we have Ly(g) = (L2205 =

c. The congruence ideal C of W for A is given by

C:={zeW|xly(g) CW forall ge S, (M, exr; W)}

Then H(¢) is by definition a generator of C. For all g € S,,(M,ex; W), we have
¢ =ly(g) = {1225, which implies (fg, f)lp(9) € W and hence (fg, fy) € C =
W - H(). Thus H(¢)|(fg, [s)- O
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4.2. Integrality of values of modular forms. Now we specialize k to be (I,0)
as explained in the introduction. For f € S(70)(M,e; W), choosing u € GLy(Fix)
with u(i) = 7 for each 7 € §f, define f.(7) = f(us)J(Uso,i) With J(g,2) =
det(g)~14(g, 2)?! for each © € GLy(Fy(=)). Then f, is a holomorphic weight 27
modular form on $7 for all x [HMI, (2.3.5)]. By the strong approximation theorem,

GLy(F\GLo(F™) JUp(N) = FX\F_, [ det (Up(M)) == Clp

via y +— det(y) for the class group Clr of F. From this, writing n = yO N F for
the ideal corresponding to the idele y and setting 7 = (479), f € Sz,0)(M, & W)
is determined by the g-expansions {f(y) = f5(q) = > gceey- al§, g}, Here
p* = p~ 107! for the absolute different 0 of F and f(y) is the g—expansion at the
Tate AVRM Tatey- o(gq) (in [K78, 1.1] and [HMI, §4.2.5]) of the classical modular
form fy (of [HMI, (SA2)]) of weight k = 2I on the following congruence subgroup:

(4.1) To(Myn)={(2Y) € SLy(F)|a,d€ O, ben, c€ 9 'N,ad—bc € O},

where O7 is the subgroup of totally positive units.
A classical modular form with g—expansion coefficients in W on a slightly smaller
I';—type congruence subgroup:

(4.2) L) ={(24) eCo(Mn)ja=d=1 mod N}

has a moduli theoretic interpretation, which we recall in the following paragraph.
We write Sar(T'(9;1); A) for the space of the classical cusp forms on I'(;y) of
weight 2] with g—expansion coefficients in A. Hereafter we write simply Sy for Soj.

Let A be a valuation ring with residual characteristic p. An abelian scheme
X4 over an A-algebra A’ is called an abelian variety with real multiplication
by O (AVRM) if it has an embedding: O < End(X,4/) of algebras such that
H°(X,Qx/0) = (0O ®z A')w for a nowhere vanishing differential w. Here we have
used the unramifiedness of F' at p (otherwise, we need to formulate this condition as
H°(X,Qx/0) = (0! ®z A')w). Each Hilbert modular form f € S3(T'(MN;y); A) can
be regarded as a function of quintuples: (X, A,i,w, A’) made up of an A-algebra
A’ an AVRM X over A’, a polarization A whose polarization ideal is given by
p*, an embedding ¢ : un — X of group schemes over A’ and a differential w as
above (see, for more details of AVRM’s, [HMI, §4.2] and [PAF, §4.1]). Here um
is the group scheme made up of 9M-torsion points of G, ® 071, that is, un(A) =
{€ € G,, 07 L(A)|MC = 0}, regarding G,, ® 0~ 1(A) as an additive group. Every
ingredient of the quintuple has to be defined over A’. As a function of (X, A, i, w) 4,
f satisfies the following conditions (see [HMI, §4.2.7]):

(M1) f((X", AL, W) 0) = p(f(X, A i w)jar) if p: A — C is an A-algebra ho-
momorphism and (X', A, i, ') /0 = (X, A,i,w) xas,, C. Here “=” implies
¢ X xu C X}C as AVRM’s, tpo N o¢p = Axa C, poi =14 and
oW = w.

(M2) f vanishes at all cusps, that is, the g—expansion of f at every Tate quintuple

vanishes at ¢ = 0.
(M3) f((X,A,i,aw)/a) = a Ff((X, A, i,w)/a) for a € (A’ ®7 0)*.

The “Neben” character ¢ : Uy(N) — Q" restricted to Ug (M) = Up(N) N SLo @
factors through UZ(M)/UL(M) for UYN) = UM) N SLy(O) (the conductor of



ANTI-CYCLOTOMIC MAIN CONJECTURE 23

e~ is M), because e(u) = e1(det(u))e™(d) for u = (¢}). Thus to evaluate f €
Sr,00M, g; A) at an AVRM X of CM type, we only need to specify pgn — X.

Let M/F be the CM quadratic extension as in the introduction. Recall the de-
composition: € = FF. IR in §2.2 of the conductor of the Hecke character A such
that § 4+ §. = R with § C §¢ , R is a product of ramified primes in M/F, and J
is made up of inert unramified primes in M/F'. Recall from (2.11) and (2.12) that

M(N) is the conductor of ¢~ (M—/F) Then by (h2), the prime factors of 9(\) are

either split or ramified over F. If [[M(\) and [ = £€ (with £ # £) in M, we may
choose £ so that £ D F. The exponent of [ in 9t(A) is less than or equal to that of
£in §. Thus to evaluate f(\) at a CM point, we need to specify the level structure
for the level d(M/F)f (f = § N F). Actually we later need the level structure at
other primes non-split in M/ F; so, we first specify level structure for split primes
and then extend the definition to non-split primes. We shall do this first for an
abelian variety of CM type ¥ with multiplication by R. Hereafter § is an integral
ideal of R with 4 §° = R and prime to p (because we need to be more careful for
primes dividing p).

Let W be the Witt vector ring with coefficients in F as in the introduction.
Define W = i, Y(W) C Q, which is a discrete valuation ring unramified over Lp)
with algebraically closed residue field F. Recall the integer ring R of M. We
consider X(R)/c to be the algebraization of the complex torus C*/R*, where
R* = {(a%),ex|a € R} and C* = R¥®zR. Since X (R) has complex multiplication,
it can be defined over Q and hence over a number field (see [ACM, 12.4]). By the
main theorem of complex multiplication (see [ACM, 18.6]), X (R) and its ¢-divisible
group for any prime ¢ outside p are actually defined over an infinite extension K of
Q unramified at p. By the criterion of good reduction by unramifiedness of /—power
torsion points (see [ST68]), we find a model X(R)y of X(R) k.

By choosing § € M with Im(c(0)) > 0 for o € ¥, we have a polarization pairing
(x,y) = Trarg(dzc(y)). This pairing identifies R Ao R with y for a suitable choice
of a fractional ideal y C F (prime to p) and induces a y*—polarization A = A(R).
Thus we have the CM-quadruple (X(R),A(R),i(R),w(R)),w, choosing w(R) so

Since W has algebraically closed residue field, for any integer m prime to p, we
have X(R)[m] = {z € X(R)(W)|mz = 0} = (Z/mZ)™ and u,, = Z/mZ as
group schemes over W. Thus we define the level f—structure to be

py = 0/f = X(R)[S] = {z € X(R)(W)[3z = 0}.

Since the Frobenius map of F, acts by multiplication by p (times a unit) on
Qx(ryw, the p-divisible group X (R)[B>]/y for P € ¥, is connected. Since the
residue field of W is algebraically closed, we see that X (R)[B°] = puge over W (for
e = (e(*B))pex, ), which gives rise to the level p®—structure we need.

Since X (R) determines polarization ideal y*, we have R A R 22 . Thus we can
choose a base w; and wg of R so that R = Ow; + yws. For any integral ideal g
prime to p, we choose a generator wq of qOy. Fixing an isomorphism O/q = y/q, we
embed O/q = n/q/y — q ' Ryq/Rq = X(R)[q] by sending = to w, 'zwy € My/R,,
which gives the level g-structure on X(R). We choose the base w = (w1, w2) so
that the level p®f—structure we have chosen coincides with the one for q if p¢f+ q
is non-trivial. We may always choose w so that wg = wi/wy € $HT. Therefore
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choosing the basis (w1, ws) is almost equivalent to the choice of a point wy € H’
modulo T'(M, y) for N = q N fp©.

We write the level structure as i(R) : um — X(R)[91]. The above definition of
the quadruple z(R) = (X (R), A(R),i(R),w(R))/w can be generalized to ideals of
an O—order of R. Let ¢ be an integral ideal of F' prime to pf. Let R’ = O + ¢R be
the O—order of M of conductor e. We take a proper fractional ideal 2 of R’ prime
to plad(M/F).

A fractional R'—ideal 2 is called R'—proper if {x € M|z C A} = R'. The
polarization pairing on R (so on M) induces the polarization A(A) on A. We
identify 2 A 2 with a fractional ideal n(2() of F under this pairing. It is easy to
verify () = n(R)eNp/p (). Then we can choose a basis w of 2 so that A = Ow; +
p(A)wo and wo(A) = wy /wy € HT. This choice w gives rise to the level structure
() : pm — X (A)[N]. We can always find an étale constant subgroup C' = O/c (c
prime to fqd(M/F)p) in X(R) such that the étale quotient X (2) = X(R)/C over
W (e.g. [GME, §1.8.3]) gives a model over W of C*/2*. Since c¢ is prime to pf,
the level structure i(R) and the differential w(R) induce a unique level structure
and a unique differential w(2A) on X (A). We make a choice w so that the two level
structures (one coming from 4(R) and another from the base w) coincide at primes
where the two are well defined. Thus we have a unique point wo(2l) € $H!/T'1(N, ).
Having w is equivalent to having the quadruple z() = (X (), A(),i(2A), w(A))
over C.

Supposing that f € So(T'(9;n); W) (and regarding f as a complex modular
form), we may interpret the value f(z(2()) in terms of evaluation at a CM point
wo(A) € HI. For each z = (21, 20) with 2z 1= 2 e $H!, we consider the lattice
L, =LY =2mi(0Oz +19z2) C Fc = F®gC. We define a pairing (, ) : Fc x Fg — R
by (2mi(az1 + bz2),2mi(cz1 + dz2)) = ad — be, which induces a y*—polarization
Az = AY on the complex torus X, = X? = F¢/L,. Thus we can algebraize X, to
an abelian variety X, ,c. We have a canonical level M-structure i, : (07 ®0/N) =
2mi(nze @ O/M) C X,(C) as long as y is prime to N. Then the analytic value of f
at z is given by

(4.3) 2 2 f((20,1)) = f(2) = f(a2) for 2 = (X2, A., iz, du),
where v is the variable (uy)yer With u, € C identifying F with C! as C-algebras.

Defining the canonical period Q € FZ = (C*)* by
(4.4) w(R) = Qdu

and choosing 1 so that R = (2ri) 1LY , we find () = 22 and

zo?

(4.5) flz) = (27”)(22# €W up to units in W,
because w(A)/w(R) € (O @z W)* (see [ACM, §32] and [K78, II]). Here writing
Q=(Q,)eC>

=TI 92 and (2mi)*" = [ (2mi) = (2mi)*179,
ceD ceX
Since W-integral modular forms f(z, w) of weight (I, I) for the product of con-
gruence subgroups: T(9%; ) x T'(N';y’) classify the pairs of test objects: (29, z7),

z) w
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the same formula is valid (by the same proof given in [K78]): up to units in W,

i) f(z,w
(16) (@), z(m)) = ZLE)

4.3. Error terms of integral decomposition. Let B be a quaternion algebra

over F everywhere unramified at finite places. First we take B = M3 (F'). We choose

two fractional R-ideals B and B5 of M. Then we decompose B; = biz; + Oz

and By = bow; + Owsy with 29 = 21 /2 € H! and wy = w1 /wy € H!. The regular
20 zZox

representation ! of R on By given by I(a) () = (%) gives an embedding of R
into

Or={(2})]a,d€ O, beby, ceby'}.

Similarly we define an embedding r : R — O replacing zp by wg, where
p=1{(2})]ade 0, beby, ceby'}.

We consider the tensor product: B1 ®o Ba and L = I(B1)v - r(B2) C Ma(F) for a
suitable v € My (F').

We want to determine the factors of Ly, and L™. Since L' is the projection of L
to the first factor M of M @ p M = M & M, writing the projection to the first factor
as (a®b) — a°b (so the projection to the second factor is given by (a ® b) — a®b°),
we have L' = BB, and L? = BBS.

Since R ®o R can be identified with
{(a,b) e R&® R’a =b modd(M/F)}

inside R® R C M ®p M for the relative different d9(M/F) for M/F, we see that
Ly = B¢B,0(M/F) and Ly = B$B50(M/F).

Remark 4.2. We analyze the choice of v locally at primes p|p of F' when B, , = R,
forj =1,2. Since the prime ideal p is split into PP with P € ¥, in M, by choosing
the base (e1,e2) for ex = (1,0),e2 = (0,1) of R, = Rype ® Ry over Op, we may
assume that (o) =r(a) = (% 9). Recall b in (2.5) for q=p given by b= (}1).

By computation, we have
Ha)br(5%) = (5 0)b (3 &) = (2828

This shows that l[(Ry)br(R,) = M2(0y), and regarding M(O,) as an Ry-module

via ax = l(a)z, we find
Rge Ryge
M3(Op) = ( R?; R?; ) :

Take Oy basis w = (w1, w2) and z = (21,22) of Ry in M so that w = z = (e1, e2)
mod p™ for m > e(p) for e(p) as in Proposition 2.3. We define py(z,w) =
zowap(zo, wo) and [u; z, w] = S(u, pr(z,w)) (the homogeneous form of [u; zp, wo)).
Then we find [b; z, w] = (21 — z2) (w2 —w1) and that [b; z,w] is a p—adic unit.
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4.4. CM theta series. Pick an arithmetic Hecke character A : M /M* — C*.
By (h2) and A”|g,,, (y) = ¥, the automorphic induction 7()) is in the principal se-
ries everywhere at finite places. See [CAL, §4.2.6] for an elementary construction the
primitive form of the automorphic induction 7(\). Write 7(\)(°) = &7(7y 1, 72,
for characters 7, : F — C*. Then we have [H26, Definition 1.33]

(4.7) N = [[(€(rr) nelr,).

itp
which is well defined as €(m1 ;)N &(72 () = Oy for almost all [. Assume \(7) = 23>
to get cups form of weight x = (,0). As before, we write €(\) = FF. IR with
§ C §¢. Let

(4.8) = := {£: prime of M|£ D FP>», LN(N)}.

We shall compute the g—expansion of classical modular forms associated to the
minimal form f(A) in the automorphic induction 7(X). Pick y € F* with y, =
Yoo = 1. Then, we get the following formula of the complex Fourier coeflicients:

aleyd, FO) = > A@R),
zr=E&yd,x==1
where 2R = F N 2R and z runs over (RN Mg(m))/(ﬁ(g))X [HO6, (6.5)] (see also
[CAL, Theorem 4.60]). This shows that, for the corresponding classical form f5 of
weight 27 as in [HMI, (SA2)],

fF=Nm™ D M),
A;AAC ~yd

where 2 runs over a complete representative set for ideal classes of M with AA¢ =
and (y = yO N F) for a totally positive o € F' and

(4.9) o) = > AEF)g,
geA1/u(R)
where p(R) is the subgroup of R* made of all roots of unity. Here we regard X as
an idele character X : M /M* — C* by putting
Mz) = MzR)z >,

and £ runs over elements in A~ such that £ is outside = for = as in (4.8). As a
locally constant function on A1, the p-component of @ € MEP)) is given by
A, ! restricted to 2" by the following reason: ¢} is the characteristic function of
2! for [ outside the conductor of \, and taking ¢ € A~ with ¢ = 1 mod €()),
we see that ¢} (§) = A(¢®) = MEP)) = A(&) "

The modular form 6(X;2) is of weight (I,0) with Neben character €y of level
N =N(A) on

To(n) = To(M(\); ) := {(g b) € (mf,l g) lad — be € o:}.

Here O is the group of totally positive units in F, and the Neben character e
sends (25) in Co(M(A): ) to (e1(ad — be)e™ ()~ for e = e tey [HMI, (2.3.5)].
In [HMI], the role of e1,k; and &g, ko are reversed here (following the notation
of [HO6]). Since the factor “ci(ad — bc)” disappears on T'o(91) = To(9(A);p) =
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To(M(N); 9) N SLa(F), {f(\)(diag]a, 1]3:)}a€FAX(m) with 2 running over SLo(Fy) de-

termines f(\).

Remark 4.3. Locally at a prime ([N, the Neben character set € = (11,21, €4.,1) 8
the twist by e1 odet of the Neben character set (1,e,¢€, ). Taking an automorphic
representation ™ of minimal level N = N(A) with a minimal vector of Neben-type €,
this means that the local vector w(g) of the Whittaker model of m = ww(m1,1, 72,1) at
[ of Neben-type € as a function on GL2(Fy), after having the extension w1 of €11 to
F* w ®%£[1(g) = w(g)w;[l(det(g)) gives rise to a vector with Neben character set
(Leg ey y) forey (= ?i?aﬁ[. Thus as long as ™ = w(A) is automorphic everywhere
principal at finite places (i.e., under (h2)), f(\) restricted to diag[a, 1]SLa(Fy) for
a running through a complete representative set of FAX/FJfaX = Cl}, determines
f(N). This is the reason that we can work with SL(2)-modular forms on T'o(D(A);9)
for which contribution of inert or ramified factor disappears under the assumption
that ¢ is a product of primes split in M/F. Since f(A)(ex) = f(A)(x) fore € O* and
[To(MN) : OXTo(N)] is a 2-power, f(\) is automorphic under the bigger O*To(N),
and the computation of Petersson inner product over slightly different fo(‘ﬁ)\ﬁl
and To(M)\H! = O*To(MN)\H! does not affect the proof of the p-integrality of () :=

w21 R W, AT (F)F )
02(r1—k2)

the trace map from O*To(MN) to fo(‘ﬁ) preserves p-integrality by the g-expansion
principle. So hereafter, we work with level N and the single Neben character €~
forgetting about the larger level 9.

as p is odd. In addition, to see the p-integrality of (*),

5. PROOF OF THEOREM I UNDER (H1-4)

In this proof, the level 9t and 91’ are as in the introduction which are the (outside
p) minimal level and the conductor of f(\) in §4.9. They only depend on the blanch
character ¢. We first suppose that [F' : Q] is even. Then we have a totally definite
quaternion algebra everywhere unramified at finite places. We first assume that B
is totally definite everywhere unramified at finite places (so, [F' : Q] is even) and
that 91 is a product of primes split in M/F and d(M/F). By this assumption, we
can decompose Og(MN) as a sum of two ideals of M by Lemma 2.1.

Recall the fixed maximal order Op of B and the identification 53 = M, (5)
We described in [H26, §6.3] to reduce the general case of ¢ to the case where ¢ has
split conductor in [H26, §6.3] via quadratic base-change. In any case, we will give
details of the base-change argument. Thus for the moment, we assume here

(h2) The conductor ¢ of ¥ is a product of primes outside p split in M/F.

As explained in §4.9, the automorphic induction 7(A) generated by f(X) is ev-
erywhere principal, and f(\) on GLa(Fa) and its image fZ(\) on B, under the

Jacquet-Langlands correspondence has Neben character Up(N) 3 (24) — & (dyn)er (ad—

bc) € W*. For an embedding ¢ : R — B of O-algebras, we have Tr(¢(a)) =
Tryr/p(a) for the reduced trace Tr of B and t(a)e(a)’ = Nyyp(a) = aa. This
shows ¢(a®) = ¢(a)* for the main involution ¢ of B.

We work with O*T'o(0M; ), and the contribution of M'/M and e; disappears as
explained in Remark 4.3.
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5.1. Theta series supported translates of Oy(91). We write G/ for the group
scheme given by G(A) = (Op®p A)* for an O-algebra A. Write UZ (M) = Op(M)*.
We fix a complete representative set A := {a1,...,an} for

GP\G(FW) /U (MG (Fo) FZ = GIENG(FS) JUP (M F
with a;mp = @i,.c = 1, and we pick a complete representative set Z for Clp =
FAX(N)/anx. We regard Z C G(F (Oo)) We consider, for i,7 = 1,2,...h and
z € Z,

Ajjz(MN) =a; ‘% A(J)S(‘ﬁ)a; NB=a;z- A(Jf(‘ﬁ)a;l N B,

0i;:(M) = a;"z - Og(M)a; N B = a;z - Op(MN)a; ' N B
L) = GH(F) N aily (Ma; ' G(Fuo),
where G1(A) = {g € G(A)|gg* = 1}. We write simply O;(N) for O;(N). Thus
Aij(M) C Oij:(N). _

Since B is totally definite, the image Ty (M) of T4(9M) modulo center is a finite
group. We then put e; = |Ty(M)]. Let ¢ € HO(YE (M), W (e)); so, we may regard
¢ : G(Fy) — W with ¢(yzu) = e(u)d(z) for u € UP(M)G(Fo)FY and v € G(F).
Similarly, we choose ¢’ € HO(YZ(M), W (e™1)). We take (-, -)w in (2.15) as (-,-) in
§4.1. Then

(5.1)

h
(6, )w = (6, )w =Y _ e "d(ai)¢' (a;) € W.
i=1
As already remarked, we know e; * € W by the unramifiedness of F Q-
Pick y € F with ypove = 1. Supposing £yd is integral, we consider T'({yd) for
0 <« ¢ € F. By (unr), we assume d, = 1. We choose a decomposition

Uy (M) (49 ug |_|600

Here we can choose ( so that 83" = £yd, because
U\U (§7)U/U = U5 (O)\UZ (M) (37) Uy’ (0)/Ug” ()
writing U = {u € UZ(M)|uu* = 1}. By the definition of the Hecke operator action
in [HMI, page 167]
T (Eyd)(x Zﬂ Lp(zp3).

In [HMI], the right coset representatives y is used; so, the formula is > s Bo(xY)
(and we have made a variable change 8 — (' to make the original right coset
decomposition to the left one).

Since a;3 € U; ,G(F)ajz=* - UB(M) in G(Fléoo)), we can write a;3 = viaju;z""
for v; € A;j-(M) and u; € UL (MN). Thus we have, writing a; = NB/F(ai)é\ﬂ F and
p=yONF, anoz2 = N(v; Ya, 3 = 20 N F; in other words, =0 1a; ta;372 is
generated by a totally positive element a;;, € F' prime to p1. Thus we have

& = 0yj.77y; up to totally positive units.

Then we see, up to totally positive units,

¢|T(Eyd)(a;) Zﬂ daiB) = 7  dlaz)
Yi
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Here, extending ¢ : Up(M) — Q" to & : Uo(MF, ) — Q" by e4 so that e(zu) =
e(u)ey(2) for u € Up(MN) and 2 € F,(..,. Note that e, = &, for the p-adic avatar

& FYJF* — @: of the central character €, since €4 has finite order by the
assumption x = (I,0). Then we have

i elag) = el elag),
which is p-integral if ¢(a;) is in W (e).

Defining a pairing [-,-] : W(g) x W(e™!) — W by [v,w] = vw (since W(e) =
W(e™!) = W as W-modules) and
1 ot
@ijz(’U, ’LU) = ee Z [Fyva w]qa”z’y’y

7 y€A;- (M)NSupp (&)

for v € HO(TH(N), W (e)) and w € HO(TjH(N), W (")) (and rewriting v, * as 7),
we find for y € F with y, =1

(5.2) fo®d')(y) = N(y)™ > Oij(d(aj), ¢'(as)),

.. -1, _
ij,z;050; 372~

where a ~ b indicates that the two ideals belong to the same strict class in F.
Here ©;;, is a theta series of the O-lattice O;;,(M) and is a Hilbert modular form
of weight ke on To(M;y) for h = F NyO. Since [¢7¢v, w] = [yCv, sw] = [yv, w]
for ¢ € T(M) and ¢ € T{(N), the theta series ©;;(v, w) has integral g-expansion
coefficients (except for the constant term) as N(y) = v7* has e;e; overlaps. Since
the pairing: [v, w] = vw is p-integral valued on W (g) x W(e™!) and «;j, is prime
to pN, the theta series has p-integral Fourier coefficients (except possibly for the
constant term). The constant term does not show up if ¢ € HY (Y (M), W (e)) C
ngsp(YOB (M), W(e)). Thus restricting ¢ to the ordinary part, f(¢ ® ¢') has to be
cuspidal (cf. [H88, Theorem 6.2]) and hence, the constant term vanishes. We may
forget about the integrality problem stemming from the denominator: e;e;.

We choose an ideal 2 of M with Nj;/p() ~ y. We choose a > 0 with
p~ 0" Ny r(A) = (a). Then we consider the theta series defined in (4.9):

oA = > A

yeA-1L

for a Hecke character A of conductor € with A(a) = o if a = 1 modulo conductor
of \. Strictly speaking, we need to divide the above series by |u(R)| (see (4.9)),
but |u(R)| is prime to p by the unramifiedness of p in M/Q. So we forget about
|(R)|. Here we have freedom of choosing 2 in its ideal class (by changing a > 0
suitably).

We define the reversed Petersson inner product (f,g) = (g, f) = (f, g) to make
it linear with respect to the right variable g. By the variable change z — —Z, we
have

(5.3) (f:9) = (fes ge) for fe(z) = f(=2).
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Under (h3), we have proven in [H07, Proposition 5.7] the following equality up to
units in W

@222 W, AN, F(N))m
2%
where W,(X\) = HmeEp W (Agp) and recalling a prime element wy of My,

(MT) (R(M)/h(F))L,(\") = ew,

W()“ﬁ) = N(mfe(m)))\(w;ge(‘ﬁ)) Z )\EB(UJ)QM ( :(113))
u€(R/Pe(F)) Wy
if e(P) > 0 and W (Agp) = 1 otherwise.

Recall the local component T of h in Corollary 2.5 through which ¢, defined
below Proposition 2.4 factors through. For V := T - H? (YZ(M),W(e)) and
V=T -H° YEM),W(1)), we would like to show

(271) =W (A7) (0N ), ©ij2(6(ay), ¢ (a;)))r
2=
for ' = T (M(A); y) and the optimal CM period € defined in (4.4), aslong as ¢ € V
and ¢’ € V*.

Remark 5.1. Recall O;(N) = Oy, (N) with z = 1 in (5.1) for a product N of
split primes in M/F. We choose an embedding v : M — B. We may then realize

B as B = {(‘g;l;c) ’a,beM} with Op containing (g;l;c) if a,b € R. We first

(GL) ew

normalize t(a) = (% 9) € B; thus, ¢ induces R — Op. We now renormalize

locally ¢ to achieve t(R) C O1(M). By [QAL, §30.6], this is possible if d(M/F) is
odd with € prime to d(M/F), and local modification can be patched together to get
a global embedding v : R — O1(MN) as long as this condition is satisfied.

By the above remark, for a while we assume also
(odd) d(M/F) is odd.

At the end, by a quadratic base-change, we reduce the general case with even
d(M/F) to the case of odd d(M/F) # (1). This assumption, allowing the use of
Lemma 2.1, makes our argument quite simple compared in the original argument
in [HO6].

We identify M with the image in G(F) under ¢. Since the theta series 6 for a
fractional R-ideal of M,p is supported over

GLQ(F){CC (S GLQ(FA)| det(:c) S NM/F(MA?)}UQ(W)

for a suitable level M (see Remark 5.5), if M/F is everywhere unramified (at finite
places), the support is a “half” of GLa(Fy). Because of this, we separate our ar-
gument into two cases: the case with M,p ramified somewhere at finite places and
another everywhere unramified.

Case with d(M/F) # (1): For a while, we assume that M ramifies over F' at
some prime ideals of F'. The Hilbert class field over F' is linearly disjoint from

M over F', and the norm map Ny p : Cly = MAX/MXEX — FAX/FXO\XF;Jr =
Cl} is surjective by class field theory, which induces a surjection M /M xRX —
FY/O*(F))%. This in turn induces the surjection we have a surjection:

GQ\G(A) /UL (NG(Fuo)F} — FI\FY JOX(FY)? =: CIEY.
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Recall 9 = N(¢) = Nay/p(€)d(M/F) given in the introduction. Then we find a
finite set B := {b;/};» in (Mls(;ﬂ/poo))X so that N /p (b)) gives a complete repre-
sentative set for FX\FAX/ax(FAX)? By ¢, we regard B C G(F4). By the reduced
norm map: Np,p : G(F) — F.*, we have a surjection:

N : GIP)\G(FL) /UL (NG (Fu )} — CUET.

For each b;/, writing the class of Ny r(bj) € CULT as [bj/]p, we decompose

N Y (bile) = L, G(F)bjesj hUE(M)FYG(Fao) for finitely many sp = sjj €

Lemma 5.2. Let the notation be as above. Assume d(M/F) # (1), and choose a
prime q of F outside Wp. We can choose S inside G(Fyq) C G(Fa). Moreover we
may assume Np,p(s) =1 for all s € S.

Proof. Since B is unramified everywhere at finite places, we can apply the strong
approximation theorem applied ignoring the factor at q [ALT, Theorem 1.13], and
hence, noting N (G (Fy)) = F,*, the reduced norm map induces an isomorphism

G(F)\G(F4)/G(F)UG(Fu) = F} [P N(U)F FX,

for each open compact subgroup U of G(Fj(~)). Since NB/F(U(F m) = 5X, if
d(M/F) # (1), for each x € G(F}), we have b for some j’ such that a € Nﬁl([b]p).
This shows that we may choose s, , € G(Fy). Since N(G(Fy)) = F;* and
Np/p(G(F)) = F* N FX,, we may choose Np,p(sj i) = 1. O

Corollary 5.3. Choosing bj € G(Fléqoo)), we can choose {sj i }i independent of
N
j’ inside G*(Fy) for G* :=Ker(Gp 22, Gmyr)-

Proof. The conjugation z +— b;,lxbj preserves the derived group G' of G and the
identity map at q, {s;/ x }» concentrating at q can be chosen independently of j'. O

By the corollary, we drop the index j’ from s;/ ; and write it simply as S :=
{sk}r. Since b € B and s € S have disjoint support over primes of F', they
commute. Thus we can choose a complete representative set A = {a;}; for
G(F)\G(FA(OO))/UOB(M)FA;(&) so that .A =B-§ =85 -Bwith .A = {bi/Sk = Skbi/}i/,k
for the finite set S := {si }r, where we regard b; € O1(M)NG(F,) by t1. We assume
that by =1 and s; = 1 and write a; = s;#b;: (i.e., i < (¢/,¢") and j < (5/,5")).

Again by the strong approximation theorem, we can write s = ypur with u, €
UB(M)G(F,) and 4, € GY(F). Since b; commutes with ¢1(R1), conjugation by
b; does not alter ¢;. Then defining ¢; : M — B by ”yj//Llﬂyji,l and putting R;
to be the inverse image under ¢; of ¢;(M) N O;(M), we find R; = R, because
u;}al(‘ﬁ)uju = 0,(M) and b;lLl(R)bj/ = 11(R). Moreover, since v;» € G(F),
recalling the lattice O;;.(MN) of B from (5.1), we have, for each z € Z,

(5.4) Li(€)0;5-(M)ej(n) = O;5-(MN) forall{,ne Randi,j=1,...,h,

since z € Z is in the center of G(Fégoo)).

Case with d(M/F) = (1): In this case, the image of M in the class group CI:
under the norm map is of index two with cokernel isomorphic to Gal(M/F’) by class
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field theory; so, we need to expand B: Choose the prime ¢ similarly to Lemma 5.2
inert unramified in M/F outside W'p. Pick an element 0 € G(Fy) with Ny p(b')
generating qOq (so, 0 & Ny/p(My)), and set B=BUYB = {by,b'by}. Here we
still choose B inside G(F' Iéqoo)) so that elements in 3 commute under multiplication.
Then the representatives 4 can be chosen as S .B. In this case, 0 € § commutes with
b € B but possibly not with b'b € b’'B. Thus, by the same argument as above, we find
again an O-order R; of g—power conductor and an embedding ¢; : R; — O;(MN).
Thus we obtain

Lemma 5.4. Let the notation be as above. Assume d(M/F) = (1), and choose a

prime q of F outside Wp. Then we can choose A so that A= S-B. We can choose
S inside G'(Fy) C G(Fa).

Remark 5.5. Continue to suppose d(M/F) = (1). In this case, writing A =
AOyMNM for A € M with Ass = 1, by definition, the lift of O(\; ) to GLa(Fy) is
supported on GLo(F) diag[Nar/r (M), 1JU(M) FXGLS (Fio) [CAL, Definition 4.59),

we can ignore the components of the form:
GLa(F) diag[Nas) (b)), 1]Us(R) F GLF (Fuc).

Thus limiting ourselves to the open sunset:

U GLa(F) diaglA, 1]Un(M) F GLS (Fx)
AeM

= UGLQ(F) diag[NM/F(bj/)a 1]U0((ﬁ)F1§<GL;r(Foo)a

we may ignore b’ By. Therefore the situation is the same as in the case of d(M/F) #
(1), and hereafter, we write A := S - B which solely contributes to the theta series.
We rewrite A = {a1,...,an,} for ho = h/2.

We have now proven under the notation in Remark 5.5: for each z € Z
(55) Li(f)Oijz(‘ﬁ)LJ‘(n) = O”z((ﬁ) forall ¢, e Randi,j=1,...,hg= h/2

There is no need to choose a single prime q as a support of elements of S. What
we want is to show that we can choose the support of S away from any finite set
of primes. Since B only matters by Remark 5.5 if d(M/F) = (1), we ignore b'B
and only work with B when d(M/F) = (1). Under this simplification, each b € B
commutes with every s € S.

We regard L;j, = 0;;.(M) as R ®o R module by | = ¢; and r = ¢;: (a, B)b =
t;(a)be;(B°). Since our modification takes place only at the prime q outside M'p,
we may assume that r and [ at primes [|9p are intact as in (2.3) and (2.6). Since
M ®p M = M & M, writing e; and ey the idempotent of left and right factors, we
split Oy;.(MN) = Lj;, & L, for L];, = e7L;;. by Lemma 2.1 under the conditions
(h2) and (odd). Then as studied in §4.3, we can write ©;;, of level M as a p-integral
linear combination of f(¢1)0(¢2) of theta series of Lj;, and L7, , respectively. The
functions ¢» (? = 1,2) can be chosen to be p-integral.
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5.2. 0(¢7) has optimal level. We now bound the level of 6(¢2). Recall B C
G(Flém/qpoo)) and S C G'(Fy) for a prime q 1 9'p. As before, we write a; = sb; and
a; = s'bj for s, € S. Note that b; ~OO(‘ﬁ)b;,1 =b;y® b;l as R ®o R-modules
for by = (bi/ﬁ N M), we find from the discussion at the end of the previous section
that Lf;, = 3b5b5," and L}, = 3b5b.°, where 3 = F N 20. Thus we find that
00 = a; 'a; = Nayr(Li.) = Naye(L3))-

As explained in the introduction, we take ¢ with ¢ = ¢~. We then take a
weight x member f(\) of the p—adic family (associated with ¢: X|Gtor(¢) = @) with
complex multiplication by M. We may assume that the weight x of f(\) is (I, 0).
Then (M, ) is also the minimal level and the conductor of f(A) outside p. By
(h3) and the choice of 3, ¢ is non-trivial at all p € £,,. Replacing ¢ by ¢n for a
finite order character 7 : Gal(Q/F) — W> does not alter the anticyclotomic part
¢~. By a theorem of Chevalley ([C51]), we can choose 1 so that 7 = A\;' on the
inertia group at [ for every prime [ in any given finite set of prime ideals. Thus as
indicated in the introduction, we may assume

(5.6) A has conductor prime to Y.

Recall 91 = N(A) = N(p) and f = FA) N F = F(p) N F. Under this assumption
(5.6), k = Kk*, e* = ¢! and [v, w] = vw by identifying L(xke; W) = W (on which
Ap(M) acts via multiplication by €) and L(k*e*; W) = W. Then

[vé(a;), ¢'(ai)] = e(v1p)p(a;)¢' (ai)-

Regarding the character ¢ : AP (M);, — W* as a function ¢;;, of B ®g A sup-
ported on A+ (N) = a; 2AF (Ma; by e55.(x) = e(wpp) (Bija(N)gp = AF(N)5p),
the function x;;. : v — e(v)[¢(a;), ¢’'(a;)] is the function ;;, multiplied by the p-
integral constant: ¢(a;)¢’(a;). Write down x;;. as a sum x> = D4, 4, ¢1 @ ¢ for
finitely many p-integral locally constant functions ¢y : Lj;, — W and ¢g : L7;, —
W. By Proposition 2.3, ¢2p(zp) = As, (25,) on Ryg X Rgp and is supported by

(Rxg % Rgp) C L?jyp (and ¢4 is the characteristic function of L}jyp = Ry xp°Ry,).

Recall T2 (M) = GH(F) N a;,UE(M)a;* and TH(N) = SLy(F) N a;Up(N)a; .

Then as seen in Remark 4.3, we have E|OXF;’),B(m) = ¢loxrim) = (L,e2,e4) (e, &1
disappears and e~ = e5). Applying Proposition 2.3 to e ® e;* := (1,£2,£) as in
Remark 4.3, we find that ¢» (? = 1, 2) supported on szz' Thus 6(¢p2) (resp. 6(41))
is automorphic with respect to the congruence subgroup O*TH(M) = O*T{(N;n)
for suitable y with Neben character set ¢ ® e;* (resp. (1, (M—/F) , (M—/F)) on

O*T4(M). Then we need to take trace map from O*T(N) to Ti(N) = GLF (F) N
a;iUp(M)a; ' with Neben character set e. This trace operation is p-integral (as its
denominator is a 2-power as remarked in Remark 4.3), we ignore it and compute
Petersson inner product with respect to O*T§(M)\H! = T§(MN)\H!. This follows
from the facts Lij. = L}, & L%, L};, = 3b5b;°, L, = 3b;b;,' under the left
R-module structure of Lij in (2.4) and 0(¢7) = D ccps $2(€)q*5=¢¢" has the level
as described above.
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As seen in (4.9), the n—component of f(\) is given by a p-integral finite sum
|L(R)| 71 Y g ARN)O(X; ) of theta series of the form:

B = D MEE)gE,
geut

where AA¢ = ayd (with o > 0 in F'). Here the sum ) o A(A)0(\; Q) is over
ideal classes of M whose norm is equivalent to §d. By choosing v € My(F') and
(20, w0) € HT x H! as in Section 3.4, we identify My(F) with M @& M. Then we
choose £ = A~ @ L, as an O-lattice of My (F). Since we have freedom of chang-
ing A in its ideal class, we may assume that the p-adic completion £, = £ ®z Zj,
is equal to Ms(0,) in My(F,) = By, because L3;, = O, ® Op. Then L' = A" and
L2 = L%, We take ¢} : L' — W so that 6(¢}) = 6(A;2). Then ¢} (&) = A((E))
and ¢} 5, = )‘ii (€s,), and (;5’1722 is the characteristic function of Ry..

(C) We choose two ideals 81 and Bo of M and v € My(F) very close pf-adically
(resp. d(M/F)-adically) to b = (11) € My (Fyy) in (2.5) (resp. b= (3! 1) €
Ms(Fam ), taking g in (2.5) to be q in Lemma ?7 splitting in M/F and
Remark 4.2 so that L = I(B1)v - r(B2) C L with L/L killed by a power of
d(M/F)q.

Now we need to introduce another prime q outside p and any given finite set of
primes, because £? is stable only by an O-order in M of g-power conductor. We
choose the base B1 = Oz + 9zo and Bs = Ow; +yws again as in Remark 4.2. Let
2z = (21,22) and w = (wy,ws). Thus zp = 21 /22 and wy = wy/wy are both in H.
Thus we have from Theorem 3.3 and (5.3) that:

(0(¢1),0(¢1)0(62))r = (0(¢1)e; 0(¢1 @ p2)e)r = C¥(z,w)
for a constant C' € W* and a congruence subgroup
(5.7) ['=To(N(A);n).

Here U(2/,w') with (2/,w’) € H x H is the homogeneous version of the modular
form in (3.31):

(5.8) U w)= Y ¢ (ca)ep(det(a)2)0(¢1)a(w)

0<a €T\ My (F)

for the partial Fourier transform ¢* of ¢ = 5/1 o0 ¢ ® ¢o, because 0(¢).(z) =
0(¢)(—z) = O(¢ oc). The constant C is prime to p (that is, i,(C) € W) be-
cause of the following reason: Since W is of weight (I, I), the homogeneous form is
given by 22wiW(z,w) = ¥(zg,wp). Since v is very close p-adically to b in (C), we
may assume that v = b. Then by Theorem 3.3 and [b; z, w] = (21 — 22) (w2 — w1),
we have

C = zéwé Irn(zo)fl Im(wo)fl[v; 20, w0]1|[v; 20, Wo) |21

(21— z) (w2 —wi)[ (21 = 22) (w2 — wi) ?

3

(2’152 — 5122)(101@2 — wl’LU2>

whose image under i, is in W* (by our choice of v = b in (C) of the base z and w
as in Remark 4.2).



ANTI-CYCLOTOMIC MAIN CONJECTURE 35

The local partial Fourier transform preserves p—integral Schwartz-Bruhat func-
tions on M3 (Fy) as long as [{ p. Since M, = Mx, © My, we find

Mg Msg )

My(Fp) = My, ® M, = (Mgp Mz,

The first column is the factor M, carrying 5/171000- The function glypoc is supported
on R,. Since complex conjugation interchanges a and ¢ (see Proposition 2.3), we
see from (4.9) that (5/17]0 oc)(¢) = Ag,(a) (because we have assumed that A has
conductor prime to $,c: (5.6)). Similarly, ¢o, (4) = Ag,(d) for b € Ry and
d € Ry,. Thus ¢,(a,b) equals to x(a,b)As,(a) for the characteristic function x
of Ry = O]DX x Op. The partial Fourier transform is with respect to the variables

“(a®) bP))” keeps p-integrality by the Fourier inversion formula. Thus we may
concentrate on the p-component. Define for each P € X, ®,(x) to be equal to
Ap(z) if x € Ry and 0 outside Ry;. Then the Fourier transform of ®y is given

by W(Ap)Ap(wi*)@5(wy ) (see [BNT, Proposition 13 in VIL7]). Thus we
need to prove W()\i)W()\m))\(w%m)) € W. This can be done as follows: writing
e =¢(P) and w = wy,
(5.9) W@ )W (Ag) = NP2\ @M@~ )G (A5 )G (Ap)

= Ap(=DA(@ )N @) N (B~),
where G(x) = >_,cp/q- X(w)en(Zz) for the conductor B¢ of x. Note here that

we

the infinity type of A is —¥, and hence A(ww®) is up to unit equal to @ which is
equal to N(3¢) up to units in W. This shows the desired integrality.

Since the partial Fourier transform with respect to the character ey (ab’ — ba’)
interchanges (a,b), the support of 5; is contained in

Op w0 —-1( O O
(=02 ) =77 (45, 08 ) € Ma(F),
where 7 = (L_Se Bl).

The function ¢, is the characteristic function of Rg; X peRgp. Since 7 normal-
izes Up(p®)p, we can choose complete representative set R for
0, O

U)o\ (5, 0 ) % GLa(Fyo))
such that o € R can be written as 77!3 with p-component 3, is upper triangular
(e.g. [MFG, 3.1.6]) with p-adic unit at the lower bottom corner. The Hecke oper-
ator UzU for x € R preserves the p-integral structure of S o)(I'; W) (the space
of cusp forms on I' with W-integral Fourier coefficients). This fact follows, for
example, [H88, Theorem 4.11], and actually, if x € GLo(F') has upper triangular
p-component with p—adic unit at the lower bottom corner, the action of 8 — 6|z
on modular forms preserves p-integrality since it is basically given by 6(z) — 6(az)
for totally positive a. Thus the action of 3: 8(¢1)|177" — O(¢1)[177 13 in (5.8)
preserves the p-integrality [H88, Theorem 4.9], and 0(¢1)|17 3 has p-integral ¢—
expansion with respect to the variable w if §(¢1)|7~! is p-integral. Thus we need
to prove that 6(¢)|;7~! has p-integral g—expansion coefficients, in order to show

W(z,w) in (5.8) has p-integral g-expansion. Since 0(¢)|7" for 7/ = (9 ') is given
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by 9((}51) for the Fourier transform (El of ¢1 regarding it as a function on My. The
p-integrality only depends on the p—part ¢1 , of ¢1. By computation, ¢q , is N(p~°)
times the characteristic function of Rse X p™“Ry,. Taking @™ in O, we find that
0(¢1)|7~" is equal to 6(¢1)|y (62e) (w) = @°0(¢1 ) (ww) up to a p-adic unit.
Since w®N(p~¢) is a p—adic unit, we get the desired integrality.

Write ((A; L), f?)ry(m,y) for the inner product (6(;21), f?) for the h-component
JP of f € S0 (M, e; W) with respect to I'o(9%;9). By the g-expansion principle,
we conclude from (4.6)

(2mi)*= W (A7) (0N ), 0(61)0(62))ro () .

(5.10) s

w

for T in (5.7). This shows
(270) =W, (A7) (0 2), O )ronn)im)
2%

Since any f € S1,0)(MN(A),e; W) is a W-linear combination of ©;; by Corol-
lary 2.5, we conclude for all f € S1,0)(DM(N),e; W)
(271)*= W (A7) (0N ), )ron(a)im)

2% =

ceWw.

(5.11)
with f(\)? = 6(\; 2).
we get, for all f € S(7,0)(N(N),e; W),

(2m0) > Wy (A7) (0N ), f")ro(00)im)
2=
Summing over ideal classes 2 and vy in tandem, by Remark 5.6, we find

(2m0)* WA )(F(N), Sir,0) (N, & W))mn)

w.

CcW.

(5.12)

(5.13) el W
Thus we conclude hOM)
M
H — L~
() hF) (¢)

as we explained in the introduction. Here H(yp) is the congruence power series
with respect to the nearly ordinary Hecke algebra h(M(p),e,; W) interpolating
h?jf’g)d(‘ﬁ()\), ex; W) (for all ke € A(I)). Thus H(p) divides the congruence power
series H in [HT93] but could be smaller if €N €° contains non-trivial prime factor.
In [HT93], we had an extra factor A(M/F; €) which is equal to the product of the
Euler factors of L(s, a)L(s, p~'¢,.) for primes outside p in €N €&°. This comes from
the formula of the inner product of #(A) in [HT93] Theorem 7.1. After doing the
same computation for f(A) of smaller level instead of O(\) and writing k = k1 —ka+T1
(see [HO7] (5.5)), writing (-, -)on for the Petersson inner product of level 9t defined
in [H91, p.342-343] and D for the discriminant of F/q, we get the exact formula, if
A~ has split conductor:

(5.14)  (f(A), fFA))meny = (N SN )men)

= DTk + 1L(1, Ad(f(N)))
under the terminology of [HT93] Section 7 without any error terms, where “=”
means up to p-adic units.
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Remark 5.6. The Petersson inner product (f, g)m in [H91, p.342-343] is an in-
tegration over Xo(9M) := GLa(F)\GL2(Fa)/Uo(M)F Cuo for the stabilizer Coe =
FXS02(Fuo) under the invariant measure of volume 1 over Ug(IM), while we com-
puted the product (f, g)gy over the covering space X{ (M) := GLy(F)\GLa(Fa)/Uo (M) FZ Cu
The fiber of X{(IM) — Xo(M) s finite induced by the center action of Clp =
FA(QQ)/anX and hence if fg factors through Xo(MM), we have a simple relation
|CUEN(f, 9)m = (f,9)on- However in our computation, 0(\;2) for the component
corresponding z = 1, the component corresponding non-trivial z is O(\;2A)|(z) =
O(X; 32), where (z) is induced by the central action on GLa(Fy). Since the lat-
tice for ©y;, is 20;;(MN), and hence (0(X;32A),Oi5-)m = (O(A;A), O451)m. Thus
|IClr|(f(N), >, Oijz)m = |Clp[(0(A; ), ©451)m, and the class number cancels out.
Therefore integrality in (5.13) is sufficient under the condition d(M/F) # (1).
If dIM/F) = (1), f(X\) is supported over the half of the fiber corresponding to
Nuyyp(Cly) € Clp (see Remark 5.5); so, the formula is (|Clp|/2)(f, 9)m =
(f, 9)gn in this case. Still (5.13) is sufficient.

5.3. Eliminating the condition (odd). Here is how to remove the condition
(odd). We choose an appropriate totally real quadratic extension F’/F and put
E = F'M. Since Gal(E/F) = Gal(F'/F) x Gal(M/F) = (Z/2Z)?, there exists a
third quadratic extension M'/F in E/F. Note that M’ is a CM field. In summary,
we have a diagram

M/

/! N
F — F — F
N /!
M

We can arrange F’/F so that
(F1) for any prime t of F ramifying in M, the inertia group of v in Gal(E/F) is
given by Gal(E/M’) (so, any prime factor of v in F” splits in E/F’),
(F2) for any prime q|2 is unramified in E/F’ (i.e., E,p, satisfies (odd)),
(F3) E/M ramifies at least one finite place.

We consider the base-change g = 1 o Ng /5 which has split conductor relative to
E/F. By the main theorem proven under (odd), we have L (¥g) = Fg (¥E) up to
units in W[[T']]. We have the restriction map Res : Ty — I'y;. Since p is odd, Res
is a surjection. In [H09, §4], we gave a detailed argument proving Res(Fz (¢Yg)) =

Fr (W) Fy (a) for o = (E/—M) and Res(L3(vg)) = Ly, (¥) L7, (1ha) up to units

in W[[l';,]]. Note that the condition [H09, (F2)] only applies to the prime factor
of 2 in d(M/F) as we proved the equality under (odd) in this paper. Thus

Ly () Ly (Ya) = F () F ()
up to units in W[[T'y;]]. Note here that 1o remains anticyclotomic (because a has
order 2). As proven in [H26, (C) in §6.3], Ly, (¥)|F; () and Ly, (va)|Fy(va), we
conclude the individual identity:
Ly () = Fy () and Ly (Ya) = Fy(da)

up to units in W[[I'y,]]. This finishes the proof of Theorem 1.
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