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1. Introduction

Let M be a CM field inside a fixed algebraic closure Q of Q with maximal real
subfield F . The field F is totally real, and M is a totally imaginary quadratic
extension of F . We fix a prime p > 3 unramified in M/Q. We assume to have
a p–ordinary CM type Σ = {σ : M ↪→ Q} of M . Namely, fixing embeddings
ip : Q ↪→ Qp and i∞ : Q ↪→ C, the embeddings ip ◦ σ for σ ∈ Σ induce exactly a
half Σp of the p–adic places of M . We identify Σp with a subset of prime factors
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ANTI-CYCLOTOMIC MAIN CONJECTURE 2

of p in M . Write c for complex conjugation on C and also the automorphism of
M induced by c. Then c is the generator of Gal(M/F ), and the disjoint union
Σp t Σcp for Σcp := {σ ◦ c|σ ∈ Σ} gives the total set of prime factors of p in M . For

a multi-index e =
∑

P|p e(P)P ∈ Z[Σp tΣcp], we write Pe for
∏

P|pPe(P).

A Hecke character ψ : M×\M×
A → C× is called anticyclotomic if ψ(xc) =

ψ(x)−1. Regarding ψ as a Galois character Gal(Q/F ) → C× by class field the-
ory, this is equivalent to having ψ(cσc) = ψ(σ)−1 for all σ ∈ Gal(Q/F ). We call ψ
has split conductor if the conductor of ψ is divisible only by primes split in M/F .
We fix a continuous anticyclotomic character ψ : Gal(F/M) →W× of finite order,
where W is the completed p–adic integer ring of the maximal unramified extension
of Qp inside Qp. Note that W is the Witt vector ring with coefficients in a algebraic

closure F of Fp and hence is a discrete valuation ring. It is an easy consequence of
class field theory (see [HMI, Lemma 5.31]) that we can always find another Hecke
character ϕ : M×

A /M
×M×

∞ → C× such that ψ(x) = ϕ−(x) = ϕ−1(x)ϕ(xc). Regard-
ing ϕ and ψ as Galois characters, this is equivalent to ψ(σ) = ϕ−1(σ)ϕ(cσc−1) for
any complex conjugation c in Gal(F/F ). We consider the following four conditions
for an anti-cyclotomic character ψ of conductor cPe with c prime to p:

(h1) The character ψ has order prime to p with exact conductor cPe.
(h2) The conductor c is a product of primes split in M/F .
(h3) The local character ψP is non-trivial for all P ∈ Σp.

(h4) The restriction ψ∗ of ψ to Gal(F/M [
√
p∗]) for p∗ = (−1)(p−1)/2p is non-

trivial.

We study arithmetic of the unique Z
[F :Q]
p –extension M−

∞ of M (unramified out-
side p and ∞) on which cσc−1 = σ−1 for all σ ∈ Γ−

M = Gal(M−
∞/M). The extension

M−
∞/M is called the anticyclotomic tower over M . Let M(ψ)/M be the class field

with ψ inducing the isomorphism Gal(M(ψ)/M) ∼= Im(ψ). Let L∞/M
−
∞M(ψ)

be the maximal p–abelian extension unramified outside Σp. Each γ ∈ Gal(L∞/M)
acts on the normal subgroup X = Gal(L∞/M

−
∞M(ψ)) continuously by conjugation,

and by the commutativity ofX, this action factors through Gal(M(ψ)M−
∞/M). We

have a canonical splitting Gal(M(ψ)M−
∞/M) = Γ−

M ×Gtor(ψ) for the maximal tor-
sion subgroup Gtor(ψ) ∼= Im(ψ). Since ψ is of order prime to p, the decomposition
is canonical. Then we look into the Γ−

M–module: X[ψ] = X ⊗Zp[Gtor(ψ)],ψ W .

As is well known, X[ψ] is a W [[Γ−
M ]]–module of finite type, and it is a tor-

sion module by a result of Fujiwara (see [HMI, Theorem 5.33]) generalizing the
fundamental Wiles–Taylor’s R = T theorem. Thus we can think of the character-
istic element F−(ψ) ∈ W [[Γ−

M ]] of the module X[ψ]. As we have seen in [HT93,
Theorem II] and [HT94] (see also [H26, §6]), we have the anticyclotomic p–adic
Hecke L–function L−

M (ψ) = L−
p (ψ) ∈ W [[Γ−

M]] (constructed by Katz). Here we use
notation when relevance to the CM field M is important. Then we prove

Theorem I. Assume conditions (h1) and (h3–4). We have the identity: F−(ψ) =
L−
p (ψ) up to a unit in W [[Γ−

M ]].

This is proved in [H06] under (h1–4). It is described in [H26, §6] how to reduce
the case without the assumption (h2) to the proof under (h1–4) by quadratic base-
change; so, we give an exposition of a proof under (h1–4). The current proof is
shorter than the original proof in [H06]. The simplification comes from the study
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of an optimal embedding of the integer ring R ofM into Eichler orders of quaternion
algebras (see Remark 5.1).

The conditions p > 3 and (h4) are necessary because of technical restrictions of
the Taylor–Wiles method (see [HMI, §3.2–3]).

The assertion (in the theorem) is called the anticyclotomic main conjecture for
CM fields. The present idea of the proof is a refinement of those exploited in
[HT93], [HT94] and [H26, Corollary 1.43], where we have proven L−

p (ψ)|F−(ψ) in

W [[Γ−
M ]]. One of the main ingredients of the proof is the congruence power series

H(ϕ) ∈ W [[ΓM ]] of the CM–component of the universal nearly ordinary Hecke
algebra h forGL(2)/F . In the joint works [HT93] and [HT94] with Tilouine and also
in this paper, we take the Hecke algebra of (outside p) level N′ := NM/F (C)d(M/F )
for the conductor C = C(ϕ) of ϕ and the relative discriminant d(M/F ) of M/F .
Write N = N(ϕ)|N′ for the minimal (outside p) level of the p-ordinary family
discussed in [H26, §6.1]. We take the nearly p-ordinary Hecke algebra h deforming

to IndFM ϕ defined in [H26, Definition 1.35]) for the automorphic induction π(ϕ) of ϕ.

We write R for the nearly ordinary universal deformation ring over W of IndFM ϕ
under an appropriate ramification data outside p in [H26, §6.5] representing the
deformation functor Dord in [H26, (6.15)]. The R = T theorem is formulated in
[HMI, §3.2] using such level groups following Fujiwara [F06].

The space Spf(T) = Spf(R) has a unique irreducible component canonically
isomorphic to Spf(W [[ΓM ]]) which carries the universal deformation of the form in-

duced from a character of Gal(Q/M) → W [[ΓM ]]×. The projection T � W [[ΓM ]]
gives rise to a family of nearly ordinary Hecke eigenform {f(λP )}P indexed by arith-

metic points P ∈ Spf(W [[ΓM ]]) whose Galois representation is given by IndFM λP
for a Hecke character λP deforming ϕ. Writing Spf(T) = Spf(W [[ΓM ]])∪ Spf(T⊥)
for the complementary reduced closed subscheme Spf(T⊥), H(ϕ) is defined by the
identity W [[ΓM ]]⊗T T⊥ = W [[ΓM ]]/(H(ϕ)) [H26, Definition 1.31]. It is known that
H(ϕ) ∈W [[Γ−

M ]] [H26, Remark 1.36] up to units in W [[ΓM ]].
Another important ingredient is the divisibility proven in [H26, Corollary 1.43]:

(L) (h(M)/h(F ))L−
p (ψ−)

∣∣H(ϕ) in W [[Γ−
M ]].

Here h(M) (resp. h(F )) is the class number of M (resp. F ). On the other hand,
the R = T-theorem implies

(F) H(ϕ) = (h(M)/h(F ))F−(ψ−) up to units in W [[Γ−
M]]

(see [HMI, §3.1-3, §5.3]). Thus we need to prove:

(R) H(ϕ)(κ)
∣∣(h(M)/h(F ))L−

p (ψ−)(κ) in W

for a (single) weight κ specialization, where Φ(κ) is the value of a power series Φ ∈
W [[Γ−

M ]] at κ ∈ Spf(W [[Γ−
M ]])(W ). Each arithmetic point P ∈ Spf(W [[Γ−

M ]])(W )
has weight κ = κ(P ) = (κ1 = κ1(P ), κ2 = κ2(P )) with κj ∈ Z[I] and κ1 − κ2 ≥ I
in the sense of [PAF, §4.3.1] (and [HMI, (2.3.4)]) where the role of κ1 and κ2 are
reversed (i.e., κ gives the Hodge weight of the attached motive). In other words,
we choose the Hodge type (p, q) with p > q out of {(p, q), (q, p)}. Hereafter we take
κ = (I, 0) (the Hodge weight of abelian varieties). By (L) and Nakayama’s lemma,
the reverse divisibility (R) (specialized at κ) implies the theorem.

In the (finite dimensional) space Sn.ordκ (Np∞, ελ;W ) of nearly p–ordinary cusp
forms of weight κ with coefficients in W and with a suitable Neben character ελ
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[HMI, §4.3.9], we have a CM Hecke eigenform f(λ) of a Hecke character λ =
λP of weight κ (regarded as a Galois character) such that λ− factors through
Gal(M(ψ)M−

∞/M) with λ−|Gtor(ψ) = ψ and λ ≡ ϕ mod mW . We write N(λ)
(N(λ)|Np∞) for the minimal level of f(λ). This form studied in [H26, §6] is of
minimal level (possibly of level smaller than that of the primitive form). Since
the CM local ring R of h is a Gorenstein ring [HMI, 1.52 and 3.28], the number

H(ϕ)(κ) is the maximal denominator of the reduced fractions (f(λ),f)
(f(λ),f(λ)) in W as

f running through all elements of Sκ(N(λ), ελ;W ) (see §4.1), where (·, ·) is the
Petersson inner product of level N(λ) divided by a canonical period.

As seen in [HT93, Theorem 7.1] and [H09, (3.5)] (see [H07, Proposition 5.7]
for a p-adic version), we have πκ1−κ2+Σ(f(λ), f(λ)) = c1(h(M)/h(F ))L(1, λ−) for
an innocuous constant c1 ∈ W (for the constant c1, see (5.14)). The quotient
π2(κ1−κ2)Wp(λ−)(f(λ),f(λ))

Ω2(κ1−κ2) is then the value

(h(M)/h(F ))L−
p (ψ−)(κ) ∈ W.

Here Wp(λ
−) is the local Gauss sum of λ− at p, Ω is the Néron period of the abelian

variety of CM type Σ (defined over Q∩W ), and the exponent κ1−κ2 is determined
by the weight κ.

Since H(ϕ)(κ) is the maximal denominator of reduced fractions (f(λ),f)
(f(λ),f(λ)) (see

Lemma 4.1), what we need to show (to prove (R)) is the W–integrality of the

numbers
π2(κ1−κ2)Wp(λ−)(f(λ),f)

Ω2(κ1−κ2) for all f ∈ Sκ(N(λ), ελ;W ). This we will show
by a detailed analysis of the residue formulas of a Shimura series, defined on or-
thogonal groups of signature (n, 2), introduced in [Sh80] and [Sh81], and we take
those associated with a theta series of M and the determinant (quadratic form) of
M2(F ). The validity of the q–expansion principle is very important to show the
W–integrality, because we write the Petersson inner product as a value of a mod-
ular form (with integral q–expansion) at a CM point of (the product of two copies
of) the Hilbert modular variety. This modular form is obtained as the residue of
a Shimura series. However in our fully isotropic case, the orthogonal similitude
group of signature (2, 2) over F is isogenous to the product GL(2) ×GL(2)/F ; so,
basically we are dealing with Hilbert modular forms, and the q–expansion principle
[PAF, Corollary 4.23] is known by a work of Ribet (see [PAF, Theorem 4.21]).

Another important point is to write down every W–integral Hilbert cusp form as
a W–integral linear combination of theta series of the definite quaternion algebra
unramified at every finite (henselian) place. Such a problem over Q was first studied
by Eichler (his basis problem; see [HMI, §2.6.2]) and then generalized to the Hilbert
modular case by Shimizu and Jacquet-Langlands in different manners. We scruti-
nize the integrality of the Jacquet-Langlands-Shimizu correspondence (mainly using
duality between Hecke algebras and their spaces of cusp forms; see [HMI, §2.3.4]).

At the last step of finalizing the W–integral correspondence, we again need a
result of Fujiwara: Freeness theorem in [F06, Theorem 0.4] of quaternionic co-
homology groups as Hecke modules, which is valid again under the assumptions
(h1-4) for cusp forms with complex multiplication. The everywhere unramified def-
inite quaternion algebra exists only when the degree [F : Q] is even; so, we will at
the end reduce, by a base-change argument, the case of odd degree to the case of
even degree.
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In this paper, we write D (resp. d(M/F )) for the discriminant of F/Q (resp.
M/F ). We regard D ∈ Z but d(M/F ) is an ideal of F . We write R (resp. O)
for the integer ring of M (resp. M). For a number field X, we write IX for the
set of complex embeddings of X and we put I = IF . The module of formal linear
combination of IX is denoted by Z[IX ], and A ⊂ IX is identified

∑
σ∈A σ ∈ Z[IX ].

This convention particularly applies to I and Σ.

2. Definite quaternionic theta series span integrally modular forms

We take a quaternion algebra B/F with a fixed isomorphism B
F

(∞)
A

∼= M2(F
(∞)
A )

(so, B is unramified everywhere at finite places). We fix a maximal order OB of

B so that the above isomorphism identifies ÔB with M2(Ô). We regard B as a
quadratic space over F with the quadratic form N : B → F given by the reduced
norm. Then the associated symmetric bilinear form is S(x, y) = N(x+y)−N(x)−
N(y) = Tr(xyι) for the reduced trace Tr and the main involution ι of B given by
Tr(x) = x+ xι.

We consider the following open compact subgroup of GL2(FA(∞)) for a level ideal
N:

(2.1) U0(N) = UB0 (N) =
{(

a b
c d

)
∈ GL2(Ô)

∣∣c ≡ 0 mod NÔ
}
⊂ B×

F
(∞)
A

,

where Ô = O ⊗Z Ẑ and Ẑ =
∏
` Z`. Then we introduce the following semi-group

∆0(N) = ∆B
0 (N) inside B

F
(∞)
A

(2.2) ∆B
0 (N) =

{(
a b
c d

)
∈ GL2(FA(∞)) ∩M2(Ô)

∣∣c ≡ 0 mod NÔ, dN ∈ O×
N

}
,

where dN is the projection of d ∈ Ô to
∏

l|NOl for prime ideals l.

Take a quadratic CM extension M/F , and write R (resp. O) for the integer ring
of M (resp. F ). Since B is unramified everywhere at finite place and M is totally
imaginary, the field M is embeddable into B. Write Gal(M/F ) = 〈c〉. Suppose
that Bp = B ⊗Q Qp

∼= M2(Fp) for Fp = F ⊗Q Qp, and

(unr) F/Q is unramified at p;
(ord) all prime factors of (p) in F splits in M/F .

Taking F -algebra embeddings l, r : M ↪→ B, identify B with M ⊗F M ∼= M ⊕M
(a⊗ b 7→ (ab, acb)) by (a⊗ b)v = l(a)vr(bc).

2.1. The M ⊗M module B. When we regard B as an M–vector space, we agree
to use right multiplication by b ∈M given by bv = v · r(bc). Therefore M ⊗F M is
identified with M ⊕M by a⊗ b 7→ (ab, acb).

Take a basis M over F of the form 1, δ with ∆ := δ2 ∈ F . Then M ⊗F M has
F -basis (1 ⊗ 1, δ ⊗ 1, 1 ⊗ δ, δ ⊗ δ). Under the identification as above of M ⊗F M
with M ⊕M , for the idempotent e1 = (1, 0), e2 = (0, 1) ∈M ⊕M , we have

e1 =
1 ⊗ 1

2
+
δ ⊗ δ

2∆
and e2 =

1 ⊗ 1

2
− δ ⊗ δ

2∆
.

First suppose that a prime q of F splits in M . Taking

(2.3) l(a) = r(a) = diag[ac, a],

e1
(
a b
c d

)
= ( 0 b

c 0 ) and e2
(
a b
c d

)
= ( a 0

0 d ) .
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Then, for the identity matrix 12 = diag[1, 1], v1 = ( 0 1
1 0 ) and v2 = 12,

(a⊗ b)v2 = l(a)r(bc) = diag[acb, abc] = r(abc) = acbv2,

(a⊗ b)v1 = v1r((ab)
c) = (ab)v1.

(2.4)

This confirms that v1 (resp. v2) is the eigenvector of the left (resp. right) component
of M ⊕M . We record this choice as

(2.5) l(Mq)br(Mq) = Mq ⊕Mq for b = v1 + v2 = ( 1 1
1 1 ).

Now assume that q is a non-split prime in M/F . Then there exist eigenvectors
vj ∈ Bq such that (a ⊗ b)v1 = (ab)v1 and (a⊗ b)v2 = (abc)v2 as ab, abc ∈ Mq and

B is an Mq-vector space. Write Mq = Fq[
√
dq]. If Bq

∼= M2(Fq), we may assume

(2.6) l(a + b
√
dq) = r(a+ b

√
dq) =

(
a b
bdq a

)
,

where dq is either a q-adic unit or its q-adic valuation equal to 1. Then for v1 =

diag[−1, 1] and v2 =
(

0 1
dq 0

)
, we have

((a + b
√
dq) ⊗ 1)v1 = v1r(a− b

√
dq) = (a + b

√
dq)v1,

((a + b
√
dq) ⊗ 1)v2 = v2r(a+ b

√
dq) = (a − b

√
dq)v2.

(2.7)

In any case, write Bi := eiB = Mvi (i = 1, 2) for the idempotents e1 := (1, 0), e2 :=
(0, 1) ∈ M ⊕M , we have B = B1 ⊕ B2, and Bj is an eigenspace under the left
action l of M .

Recall that we have identified BA(∞) with M2(Ô). For a prime l of F , we define
the Eichler order of level lm by

(2.8) Ô0(l
m)l =

{(
a b
c d

)
∈M2(Fl)

∣∣c ∈ lmOl

}
.

Here Ô0(l
0)l is the fixed maximal order OB,l of Bl. We then put for an O-ideal

M 6= 0, Ô0(M) =
∏

l Ô0(l
e(l)), where M =

∏
l le(l) is the prime decomposition of

M (for l - M, we agree to put e(l) = 0).

Lemma 2.1. Let l be a prime of F either split in M or ramified in M . Let

Ll = zÔ0(l
e) and z ∈ F×

l , and assume that e ≤ 1 if l is ramified in M . Then for
the idempotent ej of Ml ⊗Fl

Ml, Ll = e1Ll ⊕ e2Ll.

The assumption of the above lemma is actually a necessary and sufficient con-

dition for r = l bringing Rl into Ô0(l
e) [QAL, Lemma 30.6.16] which is a key to

prove the direct sum decomposition Ll = e1Ll ⊕ e2Ll.

Proof. By multiplication by a central element z, we can transfer splitting of Ll to
zLl; so, we may assume that z = 1. If l = ($) with $ ∈ Ol splits into LL in
M , identifying Ml = Fl ⊕ Fl and noting diag[1, $e] = l(1, $e) = r(1, $e), we see
e1Ll = Ol diag[1, $e]v1 = Olv1 diag[$e, 1] and e2Ll = Olv2. If l is ramified inM , we
may assume thatMl = Fl[

√
$] and r and l are as in (2.6) with dl = $. Then plainly,

r(Rl) = l(Rl) ⊂ Ô0(l), and hence Ll = l(Rl)v1 ⊕ l(Rl)v2 = v1r(Rl) ⊕ v2r(Rl). �

Even if an O-lattice L ⊂ B does not satisfies the assumption of Lemma 2.1, we
can estimate the difference of L and e1L⊕e2L. Set Li = L∩Bi and Li = eiL ⊂ Bi.
Then Li ⊂ Li with [Li : Li] <∞. Set LM = L1 ⊕L2 ⊃ L and LM := L1 ⊕L2 ⊂ L.
Since e1(B) is the eigenspace of M ⊕M killed by the right factor M , we have

(2.9) L2 =
{
x ∈ L

∣∣S(B1 , x) = 0
}

and L1 =
{
x ∈ L

∣∣S(B2 , x) = 0
}
,
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because multiplication by units in (M⊗FM)× preserves the inner product S(x, y) =
Tr(xyι) up to scalar similitude. Thus the multiplication by ej is the orthogonal
projection of B to Bj under the inner product S. We consider the two O–orders:

(2.10) Rl = {x ∈ M |l(x)L ⊂ L}, and Rr = {x ∈M |Lr(x) ⊂ L}.
We want to determine primes dividing the annihilator AnnO(LM/LM ) of LM/LM .
Note that R⊕R ⊂M ⊕M is the maximal order of M ⊕M , and hence Rl⊗ORr ⊂
R⊕R. Here is the result:

Lemma 2.2. Let d(R?/O) be the relative discriminant of R?/O for ? = l, r. Then
we have d(Rl/O)d(Rr/O)LM ⊂ LM .

Proof. The process constructing LM and LM can be done at each localization Bq

for primes q of O. Then Li,q = Lq ∩MqLi and ej(Lq) = ej(L)q. If a prime q of
O is unramified in Rr and Rl, we have Rl,q ⊗Oq

Rr,q = Rq ⊕ Rq inside Mq ⊕Mq,

and hence LMq = LM,q by definition. By the definition of the discriminant, taking a
basis w1, w2 (resp. v1, v2) of Rq (resp. R?,q) over Oq, we have (w1, w2)δ = (v1, v2)
for δ ∈ M2(Oq) ∩ GL2(Fq) (an explicit form of δ can be found in [H26, §5.3]).
Then d(R?/O)q = det(S(vi, vj))i,j = det[δ(S(wi, wj))i,j

tδ] = det(δ2)d(R/O). Since
(det(δ)) = FittOq

(Rq/R?,q) for the Fitting ideal FittOq
(X) of a Oq-moduleX [EMI,

§6.2.6], we have

d(Rl/O)d(Rr/O)(R⊕R) ⊂ Rl ⊕ Rr ⊂ R⊕ R ⊂M ⊕M.

Thus d(Rl/O)d(Rr/O)LM ⊂ (Rl ⊕ Rr)L ⊂ LM . This shows the desired assertion.
�

2.2. Splitting B-theta series into a product of M-theta series. Pick a Hecke
character λ : M×

A /M
× → C× such that λ(x∞) = x−Σ

∞ for a p-ordinary CM type
Σ of prime-to-p conductor C(λ) = F(λ)Fc(λ)I(λ)R(λ) with F(λ) + F(λ)c = R
and F(λ) ⊂ Fc(λ)

c. Here R(λ) is made of ramified primes and I(λ) is made of
unramified inert primes. Later in (5.6), we modify λ to have conductor supported
by Σp without losing generality; so, we impose unramifiedness of λ at Σcp here. Since

ψ− has split conductor (h2), we may also assume that λq = λF,q ◦NM/F at primes
q|ir for i = i(λ) = I(λ) ∩ F and r = r(λ) = R(λ) ∩ F . Write f = f(λ) = F(λ) ∩ F .

We modify the identification of Bp with M2(Fp) so that r and l both bring
(x, y) ∈ Mp = MΣp × MΣc

p
onto

(
y 0
0 x

)
in M2(Fp). For l|f = F(λ) ∩ O, we

take the prime factor L|l so that L|F, and we identify Bl with M2(Fl) bringing
(x, y) ∈ Ml = ML × ML to

(
y 0
0 x

)
in M2(Fl). For l|d(M/F ), we embed Rl by

r = l into the Ol–order of M2(Fl) generated by the scalar in Ol and ∆B
0 (lα) for the

exponent α of l in d(M/F ), that is the Eichler order Ô0(d(M/F ))l of level d(M/F )l.

We choose a Neben character set

(2.11) ε = ελ = (ε1, ε2 : Ô× →W×, ε+ : F×\F×
A(∞) →W×)

as follows: Let f = f(λ) := F(λ)∩F . Taking the p-adic avatar λ̂ : Gal(F/M) →W×,

consider ρλ := IndFM λ̂. Then ρλ|Gal(Fq/Fq)
∼= λq ⊕ λc,q for q|f with unramified λq.

Regarding λq and λc,q as characters: F×
q → W× by local class field theory, we

put ε1,q = λc,q|O×
q

= 1 and ε2 = λq|O×
q

and ε+ = det(ρλ)/N for the p-adic

cyclotomic character N ; so, ε+ is the p-adic avatar of the central character of the
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automorphic induction π(λ) of λ. For either a prime factor of p or non-split primes
in N′ := NK/F (C)d(M/F ),

ε1,p = λc,p|O×

p
= 1 and ε2(xp) = λp|O×

p
(xp) for p|p,

ε1,q = ε2,q = λF,q|O×
q

for q|i,

ε1,q = λF,q|O×
q

and ε2(xp) = λF,q|O×
q

(
Mq/Fq

)
for q|r.

Outside N′, we put ε1 = ε2 = 1. See [H26, Definition 1.33].
Let

(2.12) ε− := ε−1
1 ε2 and N = N(λ) = C(ε−) (the conductor of ε−).

Writing ε ( a 0
0 d ) = ε1(a)ε2(d), since ε− = ε1ε

−1
2 factors through O/N, we can extend

the character ε of U0(N
′) to U0(N) by putting ε(u) = ε2(det(u))ε−(a)−1 for u =(

a b
c d

)
∈ U0(N). The character ε(u) has another expression ε(u) = ε1(det(u))ε−(d),

because they induce the same character on U0(N
′) and on U0(N)∩ SL2(Ô). Here-

after we use the expression ε(u) = ε1(det(u))ε−(d).

We now suppose

(D) B is a totally definite quaternion algebra B/F with a fixed isomorphism

B
F

(∞)
A

∼= M2(F
(∞)
A ).

The existence of B as above requires [F : Q] to be even. We let δ ∈ ∆B
0 (N)

act on w ∈ W by w 7→ ε(δ)w and write this ∆0(N)-module W (ε). Using the
underlying ring structure on W = W (ε) = W (ε−1), we define a perfect pairing
[·, ·] : W (ε) ×W (ε−1) → W by the product [v, w] = vw. Then [δv, δw] = [v, w] for
δ ∈ ∆0(N).

Proposition 2.3. Let the notation be as above; in particular, l, r : M ↪→ B is as
in §2.1. Suppose the following three conditions:

(a) pN/d(M/F ) is prime to d(M/F ), d(M/F ) is odd (i.e., prime to (2)) and
I(λ) = R(λ) = (1);

(b) r(R)Ll(R) ⊂ L with Lfpd(M/F ) = Ô0(fp
ed(M/F ))fp ⊂ Bfp for the conduc-

tor pe =
∏

p|p pe(p) of ε2 and f = F(λ) ∩ F ;

(c) ε1 is trivial on Ô× and κ = (I, 0) (so, ε2 = ε−).

Let v ∈ W (ε) and w ∈ W (ε−1). Then φ : L̂ → W given by φ(γ) = [γv, w] is
a W–integral linear combination of functions of the form φ1 ⊗ φ2 for functions
φj : Lj →W such that

(1) φ1(y) = φ1,p(yp)φ
(p)
1 (y(p)) (resp. φ2(x) = φ2,p(xp)φ

(p)
2 (x(p))), where we

embed x ∈M into Mp×M (p) by x 7→ (xp, x
(p)) and for a Z–module X ⊂ B,

X(p) = X ⊗Z Ẑ(p) with Ẑ(p) =
∏
`-p Z`;

(2) φ2,p(diag[b, d]) = ε2(d) if (b, d) ∈ O2
p and vanishes outside Op×O×

p ⊂ O2
p =

L2
p;

(3) φ1,p is the characteristic function of L1
p
∼= Op × peOp;

(4) φ
(p)
2 = ε

(p)
2 (d) factors through the finite quotient L2/fd(M/F )L2 of L2,(p)),

and φ
(p)
1 is the characteristic function of L̂1,(p) ∼= Ô(p) × N̂(p);

(5) the function φj is supported on Lj and has values in W .
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The assumption (b) implies L = L1 ⊕ L2 for Lj = ej L̂ ∩B by Lemma 2.1.

Proof. We regard φ as a function of B
(∞)
A = Bp × B

(p∞)
A supported on L̂ so that

φ(b) = φpf(bpf)φ
(pf)(b(pf)) for φpf = φ|Bpf

and φ(pf) = φ|
B

(pf∞)
A

. Taking the left

factor of F in (??) as MΣc
pFc , we identify Bp with

M2(Fpf) = Mpf ⊕Mpf =
(
MΣc

pFc MΣc
pFc

MΣpF MΣpF

)
,

since we regard B as M -vector space by ξv = vr(ξc) for v ∈ B and ξ ∈ M . Then

φpf
(
a b
c d

)
= ε1(a)ε2(d)[v, w] if

(
a b
c d

)
∈ Ô0(p

ef)pf. This shows the desired assertion

for φp, since Lpf = L1
pf ⊕ L2

pf.

As for the component outside pf (i.e., component at a prime q|d(M/F )), For r, l

as in (2.6), we find α(a, b) := l(a+ b
√
dq)v1 ∈ L1

q and β(a′, b′) := l(a′ + b′
√
dq)v2 ∈

L2
q, α(a, b) + β(a′, b′) =

( ∗ ∗
∗ a+b′dq

)
; so, φq

( ∗ ∗
∗ a+b′dq

)
= ε2(a + b′dq) =

(
Mq/Fq

a+b′dq

)
=

(
Mq/Fq

a

)
. This shows the desired assertions. �

2.3. Duality and Eichler’s basis problem. We continue to assume κ = (κ1, 0).
Let h := hκ(N(λ), ε;W ) be the Hecke algebra acting on S := Sκ(N(λ), ελ;W )
generated over W by the Hecke operators T (y). Each Hilbert modular cusp form
f ∈ S has the following Fourier expansion [HMI, 2.26]:

f(y, x) = f ( y x0 1 ) = |y|A
∑

0�ξ∈F

a(ξdy, f)eF (
√
−1ξy∞)eF (ξx),

where eF (x∞) = exp(2π
√
−1
∑
σ∈I xσ) and y 7→ a(y, f) is a function on F×

A(∞)

supported on Ô. Here d is an idele generator of the absolute different of F (so,

dÔ ∩ F = d). Then we define a W -bilinear pairing 〈·, ·〉 : h × S → W by 〈h, f〉 =
a(1, f |h). This pairing induces a perfect pairing [HMI, 2.28]:

(2.13) HomW (S,W ) ∼= h and HomW (h,W ) ∼= S.

The latter map is induced by

φ 7→ |y|A
∑

0�ξ∈d−1

φ(T (ξdy))eF (
√
−1ξy∞)eF (ξx) ∈ S.

By (2.13), we obtain

Proposition 2.4. Let the notation be as above. Let V be an h–module and V ′ be
an W–module of finite type with an W–bilinear product 〈 , 〉 : V × V ′ →W . Then
we have:

(1) The formal q–expansion for v ∈ V and w ∈ V ′:

f(v ⊗ w)(y, x) = |y|A





∑

ξ�0

〈v|T (ξyd), w〉eF (
√
−1ξy∞)eF (ξx)






gives a unique element of S, where eF (z) = exp(2π
√
−1
∑

σ zσ) for z =

(zσ)σ∈I ∈ CI .
(2) The map v ⊗ w 7→ f(v ⊗ w) gives an W–linear map of V ⊗W V ′ into S

with f((v|T (y)) ⊗ w) = f(v ⊗ w)|T (y). If further V ′ is an h–module and
〈v|h, w〉 = 〈v, w|h〉 for all v ∈ V , w ∈ V ′ and h ∈ h, then the map f induces
an h–linear map: V ⊗h V

′ → Sκ(N, ε;W ).
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(3) Suppose that T is an W–algebra direct summand of h, and put V (T) = T·V
and S(T) = T · S. If V (T) is T–free of finite rank and HomW (V (T),W ) is
embedded into V ′ by the pairing 〈 , 〉, then the map f : V (T)⊗W V ′ → S(T)
is surjective.

We just apply (2.13) to φv⊗w ∈ HomW (h,W ) given by φv⊗w(h) = 〈hv, w〉.

Let T be the local ring of h through which the algebra homomorphism φλ ∈
HomW (h,W ) given by f(λ)|T (y) = φλ(T (y))f(λ) factors. Then under (h1–4), we

have a Galois representation ρT : Gal(Q/F ) → GL2(T) unramified outside N′p
for N′ := NM/F (C(λ))d(M/F ) such that Tr(ρT(Frobl)) = T ($l)|T for a prime
element $l of Fl for all primes l - N′p. By Fujiwara [F06, Theorems 0.1] (see also
[H26, Theorem 1.49]), under (h1–4), (T, ρT) is universal among p-nearly ordinary

deformations over W of IndFM ϕ = IndFM λ satisfying the local property attached
to ε (see [H06, (H1–7)] and [HMI, §3.2-3.3]) and T ·H0(Y B(N(λ)),W (ε)) ∼= T as
T-modules [F06, Theorem 0.4], where Y B(N) = B×\B×

A /U
B
0 (N(λ))F×

A B
×
R . Thus

we obtain from Proposition 2.4

Corollary 2.5. Let

V := T ·H0(Y B(N(λ)),W (ε)), V ′ := T ·H0(Y B(N(λ)),W (ε−1)).

Then the map V ⊗W V ′ 3 v ⊗ w 7→ f(v ⊗ w) ∈ T · S is a surjective T-linear map.
In other words, the theta series of B span the T-component T · S over W .

2.4. Theta series span Hilbert modular forms. We give here an explicit set
of theta series which span T · S in Corollary 2.5 in a slightly more general setting.
Let E = F ⊕ F as a semi-simple algebra over F diagonally embedded. We deal
with the quadratic space (B,N) with totally definite B. For simplicity, we assume
that the weight is κ = (I, 0) on GL2 and (κ, κ) on B×

E for BE = B ⊗F E = B ×B.

Let Sh := B×\B×
A(∞)/F

×
A(∞)U

B
0 (N) and ShE = Sh × Sh. By (D), Sh is a finite

set. In the previous section, Sh is written as Y B0 (N). We choose a complete set S
of representatives for Sh so that for each a ∈ S, the level component aN′ belongs
to U0(N

′). Fix Neben characters ε = (ε1, ε2, ε
−, ε+) and suppose N′ = C(ε1)C(ε2)

and N = C(ε1) ∩ C(ε2) (so, N = C(ε−)). Here we allow p-factors in N and N′. For

the class [a] ∈ Sh of a ∈ S, write Γa is the image of (aUB0 (N)a−1∩B×) in B×/F×.
Put ea := |Γa|.

We consider a finite order character ε : UB0 (N) → A× coming from the Neben
characters (ε1, ε2, ε

−, ε+). Let Sε(A) be the space of functions f : B×\B×
A(∞) → A

such that f(gu) = ε(u)f(g) for u ∈ UB0 (N) if ε is non-trivial, and S(A) = S1(A) :=
{F : Sh → A|∑[a]∈Sh e

−1
a F([a]) = 0} if ε is trivial. When ε = 1, we define M1(A)

by the space of all functions Sh → A; so, S1(A) ⊂M1(A), and if ε 6= 1, we just put
Sε(A) = Mε(A). As long as Sε(A) 6= 0 for a W -algebra A ⊂ Cp, Γa acts trivially
on A(ε).

Set for a subring A of C

ME
1,1(A) = {f : ShE → A} = M1(A) ⊗AM1(A),

SE1,1(A) = S1(A) ⊗A S1(A),

ME
ε (A) = SEε,ε(A) = Sε(A) ⊗A Sε−1 (A) as functions on ShE if ε 6= 1.

(2.14)
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Here for F ∈ Sε(A) and G ∈ Sε−1 (A), we define

F ⊗ G : ShE → A by F ⊗ G(a, b) = F(a)G(b).

In this way, the last line of (2.14) makes sense. Note that (F ⊗ G)(au, bu′) =
ε(u)ε−1(u′)(F ⊗ G)(a, b) for u, u′ ∈ UB0 (N). If we need to emphasize the level N,
we write Sε(N;A) and Mε(N;A) for Sε(A) and Mε(A), respectively.

Let e be the LCM of the order of all maximal torsion subgroups of B×. Since
F is unramified over Q at p, e is prime to p. We define a perfect A-linear pairing
〈·, ·〉 = 〈·, ·〉A : Mε(N;A) ×Mε−1(N;A) → A[1/e] by

(2.15) 〈F , G〉 =
∑

a∈S

e−1
a F(a)G(a).

Here is our choice of a Bruhat function relative to ε. If ε = 1 and N = O, we

take the Bruhat function φ(∞) = φ
(∞)
1 which is the characteristic function of Ô0(N)

and if N 6= O, we take φ(∞) to be the characteristic function of ∆B
0 (N) times ε−1

well defined on ∆B
0 (N). Put φ∞(v) = eF (N(v)τ ).

We have Hecke operators T (n) acting on F ∈ Sε(A) as follows: Let

T(n) := {b ∈ ∆B
0 (N)|N(b)Ô = n̂}

for an integral ideal n. Decompose T(n) =
⊔
c∈C(n) cU

B
0 (N). Then F|T (n)(a) =∑

c∈C(n) ε
−1(c)F(ac). The algebra Hε(A) = Hε(N;A) is defined to be the A-

subalgebra of EndA(Mε(N;A)) generated by T (n) for all positive integers n.

Writing the variable h ∈ B×
EA

= B×
A × B×

A as h = (hL, hR) and Γ̂E := UB0 (N) ×
UB0 (N), we define the theta kernel by

θ(τ ; hL, hR) =
∑

ξ∈B

φ(h−1
L ξhR).

By our choice of φ, we have θ(τ ; hLu, hRu
′) = ε(u)ε−1(u′)θ(τ ; hL, hR) for u, u′ ∈

UB0 (N). In particular, (hL, hR) 7→ F(hL)G(hR)θ(τ ; hL, hR) factors through ShE .
Then define the theta descent θ∗(F ⊗ G) of F ⊗ G by

θ∗(F ⊗ G)(τ ) =

∫

ShE

θ(φ)(τ ; h)F(hL)G(hR)dµh

=
∑

(a,b)∈S2

F(a)G(b)e−1
a e−1

b θ(φa,b),

where θ(φa,b) :=
∑

ξ∈B φ
(∞)(a−1ξb)eF (N(ξ)τ ).

Theorem 2.6. Let the notation and the assumptions be as above. Then we have,
for F ∈ Sε(N;A) and G ∈ Sε−1 (N;A),

θ∗(F ⊗ G)(y, x) = |y|A
∞∑

0�ξ∈F

〈F|T (ξdy), G〉eF (
√
−1y)eF (ξx)

in S(I,0)(U0(N), ε;A), where T (n) = 0 if n is not integral. Moreover, if T·Sε(N;W ) ∼=
T as T-modules, the map F ⊗ G 7→ θ∗(F ⊗ G) induces a surjective W -linear map:

T · Sε(N;W )⊗ T · Sε−1 (N;W ) � S(I,0)(U0(N), ε;A),

where T acts on Sε−1 (N;W ) by the adjoint action under 〈·, ·〉. In particular,
{θ(φa,b)}a,b∈S span T · Sε(N;W ) over W as long as T · Sε(N;W ) ∼= T.
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It appears that we need to assume 1
eaeb

∈ A to assure A-integrality. However

the series θ(φa,b) has eaeb overlapping terms, and hence e−1
a e−1

b θ(φa,b) is A-integral

except for its constant term. We get an A-linear map θ∗ : SEε,ε(A) → S2(U0(N), ε;A)
given by F ⊗ G 7→ θ∗(F ⊗ G), as θ∗(F ⊗ G) does not have constant term.

Proof. By definition,

θ∗(F ⊗ G)(τ ) =

∫

ShE

θ(φ)(τ ; h)F(hL)G(hR)dµh

=
∑

(a,b)∈Sh×Sh

F(a)G(b)e−1
a e−1

b

∑

ξ∈B

φ(a−1ξb)eF (N(ξ)τ )

=
∑

(a,b)∈Sh×Sh

e−1
a e−1

b F(a)G(b)θa,b(τ ),

where θa,b = θ(ε−1φa,b) with the characteristic function φ
(∞)
a,b of a∆0(N)b−1 and

the measure dµh is chosen so that
∫
B×

E\B×

E (a,b)bΓEB
×

ER
/bΓEB

×

ER

dµh = e−1
a e−1

b . By the

Jacquet Langlands correspondence, we have θ∗(F ⊗ G) ∈ M(I,0)(N, ε;A).

For a decomposition T(n) =
⋃
c∈C(n) cU

B
0 (N), we have

F|T (n)(x) =
∑

c∈C(n)

ε(c)−1F(xc).

Writing ac = ξbcu for ξ ∈ Γa\B×/Γb, bc ∈ Sh and u ∈ UB0 (N), F|T (n)(a) =∑
cF(bc) and ξ ∈ B× ∩ a∆0(N)b−1

c . Then

〈F|T (n), G)〉 =
∑

a∈S

e−1
a G(a)

∑

c

ε(c)−1F(ac)

=
∑

a∈S

e−1
a G(a)

∑

c

ε(c)−1F(bc)

φ=ε−1

=
∑

a∈S

e−1
a G(a)

∑

c

φ(a−1ξbc)F(bc)

This shows |y|−1
A θ∗(F ⊗ G)(y, x) taken off the constant term is equal to

∑

n

∑

a∈S

e−1
a G(a)

∑

c

φ(a−1ξbc)F(bc) =
∑

ξ�0

〈F|T (ξyd), G〉eF (
√
−1y)eF (ξx).

The constant term is given by
∑

a,b e
−1
a e−1

b F(a)G(b) =
∑

a e
−1
a F(a)

∑
b e

−1
b G(b) =

0; so, we forget about it. Applying Proposition 2.4 (3) to V = Sε(W ) and V ′ =
Sε−1 (W ), we get the last two assertions. �

3. Shimura series

We give a short review of Shimura series, which we use to show integrality of

the Petersson inner product: (θ(λ),f)
period

∈ W with a canonical period for all f ∈
Sn.ordκ (N, ε;W ) for κ = (I, 0).

Define, for z, w ∈ H, v ∈M2(C) and J =
(

0 −1
1 0

)
,

(3.1) p(z, w) := − ( z1 ) (w, 1)J =
(
z −wz
1 −w

)
and [v; z, w] = Tr(p(z, w)vι).
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By computation, [v; z, w] never vanishes for 0 6= v ∈M2(R), and for α, β ∈ GL2(R),
we have

αp(z, w)βι = p(α(z), β(w))j(α, z)j(β, z),

[αvβι; z, w] = j(αι, z)j(βι , w)[v;α−1(z), β−1(w)],
(3.2)

where j(
(
a b
c d

)
, z) = cz + d and

(
a b
c d

)
(z) = az+b

cz+d . For v ∈ M2(F∞), z, w ∈ HI and

k ∈ Z[I], put [v; z, w]k :=
∏
σ∈I [vσ; zσ, wσ]

kσ and |[v; z;w]|sI :=
∏
σ∈I |[vσ; zσ, wσ]|s

(s ∈ C) for the σ-component indicated by the subscript σ. Though we give the
definition of p(z, w) outright without explanation, there is a recipe for defining this
type of a standard equivariant map p from the symmetric space of SOV (R) into the
complexification of quadratic spaces V due to Shimura [ALT, §3.2].

The Shimura series for GL(2) × GL(2)/F is defined for 0 < k ∈ Z[I] and 0 ≤
m ∈ Z[I] in [Sh81, II (4.11)] by

(3.3) H(z, w; s) = Hk,m(z, w; s; φ(∞), f)

= [U ]
∑

α

φ(∞)(α)a(−det(α), f)| det(α)|m[α; z, w]−k |[α; z, w]|−2sI

for (z, w) ∈ HI × HI, where U is a subgroup of finite index of the group O×
+ of

all totally positive units for which each term of the above sum is invariant, α 6= 0
runs over M2(F )/U and [U ] = [O×

+ : U ]−1. When m = 0, we simply write Hk for
Hk,0. The positivity of k means that k ≥ 0 and kσ > 0 for at least one σ ∈ I. Here
f is a Hilbert modular form given by the Fourier expansion:

∑
ξ∈F a(ξ, f)eF (ξτ)

for τ ∈ HI of weight ` (eF (ξτ) = exp(2πi
∑

σ ξ
στσ)) with a(ξ, f) = 0 if ξσ < 0

for some σ ∈ I, U is a subgroup of finite index of the group O×
+ of all totally

positive units for which each term of the above sum is invariant, [U ] := [O×
+ : U ]−1

and φ(∞) : M2(FA(∞)) → C is a locally constant compactly supported function (a
Bruhat function). To have invariance of the terms under the unit group U , we need
to assume

(3.4) k − ` − 2m = [k− ` − 2m]I (I =
∑

σ∈I

σ) for an integer [k − ` − 2m].

The series (3.3) converges absolutely and locally uniformly with respect to all vari-
ables s, z, w if

(3.5) Re(s) > n+ 2 + 2θ(f) − [k − ` − 2m]

as was shown in [Sh81, I.5.1, I.5.2], where θ(f) = −1 when f is a constant, and

otherwise, θ(f) = θ ≥ −1
2 with |a(ξ, f)ξ−`/2| = O(|N(ξ)|θ) for the norm map

N = NF/Q. This series is a generalization of Eisenstein series, because if we take
f = 1 (so ` = 0 and m = 0), the series gives an Eisenstein series for GL(2)×GL(2)
over F .

We are going to describe an analytic continuation of the series and compute its
q-expansion at holomorphic evaluation points.

3.1. PGL(2) as an orthogonal group. The construction of Shimura series comes
from identifying SL2(R)×SL2(R) with an orthogonal group of signature (2, 2). We
briefly describe this point. Here is how to realize the product SL2(R) × SL2(R)
(modulo diagonally embedded {±1}) as an orthogonal group.
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Let V = M2(R), and consider the symmetric bilinear form S : V × V → R
given by S(x, y) = Tr(xyι), where yyι = yιy = det(y) for 2 × 2 matrices y. We let
(a, b) ∈ GL2(R) × GL2(R) act on V by x 7→ axbι. Then

S(axbι, aybι) = Tr(axbιbyιaι) = det(b)Tr(axyιaι)

= det(b)Tr(xyιaιa) = det(a) det(b)S(x, y).

Thus we have an isomorphism

(GL2(R) × GL2(R)) /{±(1, 1)} ↪→ GO(R)

with the similitude norm ν(a, b) = det(a) det(b). Since the symmetric space of
GO(R) has dimension 2 over C, the above isomorphism induces an isomorphism of
the identity connected components

(3.6) (GL+
2 (R) × GL+

2 (R))/{±(1, 1)} ∼= GO+(R).

Since GO(R) has eight connected components:

GO(R) =

1⊔

j=0

⊔

ε=±1,ε′=±1

GO+(R)ιj(diag[1, ε], diag[1, ε′]),

the cokernel of above morphism is generated by the main involution ι : x 7→ Tr(x)−x
(3.7) Coker((GL2(R) × GL2(R))/{±(1, 1)}) ↪→ GO(R)) = 〈ι〉.
Write Z for the symmetric domain of the identity connected component GO+(R)
of GO(R). Since the symmetric domain of GL2(R) × GL2(R) is given by Hz × Hw
for the upper half complex plane Hz = H = {z ∈ C| Im(z) > 0}, we find that
Z ∼= Hz × Hw.

We are going to make this isomorphism: Z ∼= Hz × Hw explicit. Since VC =
M2(C), writing v =

(
a b
c d

)
∈M2(C), we put

Z :=
{(

a b
c d

)
∈M2(C)

∣∣∣ad = bc, ad− bc+ da− cb < 0
}
.

Pick v =
(
a b
c d

)
∈ Z, and suppose that c = 0. Then by the defining equation of Z,

ad = 0 ⇒ 0 = ad+ da < 0, which is a contradiction. Thus c 6= 0; so, we define for
v as above, z = a

c and w = −d
c . Then −zw = b

c , and hence (see [Sh81, II (4.6)])

(3.8) v = cp(z, w) with p(z, w) =
(
z −wz
1 −w

)
= −t(z, 1)(w, 1)ε,

where ε =
(

0 1
−1 0

)
. By computation,

(3.9) S(p(z, w), p(z, w)) = (w −w)(z − z) = −zw + zw − zw + zw < 0.

From this, it is clear that Z ∼= C× ×
(
H2 tH

2
)
. By this isomorphism, for α ∈

GO(R), we can define its action α(z, w) ∈
(
H2 t H

2
)

and a factor µ(α; z, w) ∈ C×

of automorphy by
α · p(z, w) = p(α(z, w))µ(α; z, w).

By a direct computation, writing j(v, z) = cz + d for v =
(
a b
c d

)
and v(z) = az+b

cz+d
,

we have, for (α, β) ∈ GL2(R) ×GL2(R),

(3.10) αp(z, w)βι = p(α(z), β(w))j(α, z)j(β, w).

Thus

(α, β)(z, w) = (α(z), β(w)) and µ((α, β); (z, w)) = j(α, z)j(β, w).
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Our description here is plainly ad hoc. If you want to know the background behind
these identifications, see [ALT, §3.2.1–2].

3.2. Integral expression. We recall a standard theta series of the indefinite qua-
dratic space (M2(F ), N = det). A standard Schwartz function on M2(F∞) which
gives rise to the theta series we study is given by

u 7→ Ψ0(u) = ηIeF (det(u)τ +
η

2yt
|[u; z, w]|2)

for eF (x∞) := e(
∑

ν∈I xν) with e(v) = exp(2π
√−1v), τ = ξ + iη, z = x+ yi and

w = r+ti with ξ, x, r ∈ F∞ and η, y, t ∈ F×
∞+ [ALT, §3.2]. Here F×

∞+ is the identity

connected component of F×
∞. We define for τ ∈ HI

Ψk(u) =
∏

ν

Ψτ,z,w
kν ,ν

(uν) (0 ≤ k =
∑

ν

kνν ∈ Z[I]),

Ψτ,z,w
kν ,ν

(uν) = ηkν+1
ν [uν; zν, wν]

kνe(det[uν]τν + i
ην

2yνtν
|[uν; zν, wν]|2).

(3.11)

Often we write Ψkν ,ν(uν) for Ψτ,z,w
kν ,ν

(uν). Let φ = φ(∞)φ∞ be a Schwartz-Bruhat

function on M2(FA). We take φ∞ = Ψz,w,τ
k studied in the previous subsection.

Then we define

(3.12) Θ(φ) = Θk(φ) =
∑

`∈V

φ(`).

Then Θ(φ) is an automorphic form of (τ, z, w) ∈ HI×HI×HI having an automorphic
property described in [H06, §2.4] (see also [ALT, Theorem 4.19]).

Let Γ be a congruence subgroup of SL2(F ) which leaves Θk(φ) and f fixed; thus,
Γ ⊂ Γτ (φ∗) for Γτ (φ∗) in [H06, 2.3]. The stabilizer Γ∞ of the infinity cusp has the
following canonical exact sequence:

(3.13)
0 → a −→ Γ∞ −→ U → 1

a 7→ ( 1 a
0 1 )

(
ε a
0 ε−1 ) 7→ ε

for a fractional ideal a and a subgroup U ⊂ O× of finite index. By shrinking Γ
a little, we may assume that U ⊂ O×

+ . We recall the integral expression of the
Shimura series involving Siegel’s theta series given in [Sh81, I (7.2), II (6.5b)]:

(3.14) [U ]N(a)−1
√
|D|−1

∫

F×

∞+/U
2

(∫

F∞/a

Θ(φ)dmf(τ )dξ

)
η(s−1)Id×η,

where dm =
∏
σ

(
1

2πi
∂
∂τσ

)mσ

, φ(u) = φ(∞)(u(∞))Ψτ,z,w
k (u∞) and d×η is the multi-

plicative Haar measure given by ⊗σ(η−1
σ dησ). By a standard Rankin convolution

done in [H06, (3.7)], for ΓF (k) :=
∏
σ Γ(kσ) with the Gamma function Γ(s), we

conclude

21−[F :Q]π−k−sIΓF (k + sI)yk+sI tk+sIHk,m(z, w; s; φ
(∞)

, fc)

= [U ]N(a)−1
√
|D|−1

∫

F×

∞+/U
2

∫

F∞/a

Θ(φ)dmf(τ )η(s−1)Idξd×η,
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where fc(z) = f(−z). In other words, by taking complex conjugation, we have, for

φ̃ = φ
(∞)

φ∞,

(3.15) 21−[F :Q]π−k−sIΓF (k + sI)yk+sI tk+sIHk,m(z, w; s; φ(∞), f)

= [U ]N(a)−1
√
|D|−1

∫

F×

∞+/U
2

∫

F∞/a

Θ(φ̃)dmfc(τ )η
(s−1)Idξd×η.

Since Θ(φ) with k > 0 (resp. k = 0) is rapidly decreasing (resp. slowly increas-
ing) [ALT, §3.2.4] and f is rapidly decreasing towards cusps, we can analytically
continue the functionH to a meromorphic function on the whole s–plane (see [Sh81]
I Section 7). We recall the process. We assume that m = 0 (the case m > 0 is
treated in [H06, §3.1]). Since Γ∞\HI ∼= (F×

∞+/U
2) × (F∞/a), we can rewrite the

above integral as

21−[F :Q]π−k−sIΓF (k + sI)yk+sI tk+sIHk(z, w; s; φ(∞), f)

= N(a)−1
√

|D|−1
∫

Γ\HI

Θ(φ̃)fc(τ )E(τ ; s)dµ(τ ),
(3.16)

where dµ(τ ) is the invariant measure η−2Idξdη on HI , and

(3.17) E(τ ; s) = Ek−`(τ ; s) = ηsI
∑

γ∈Γ∞\Γ

j(γ, τ)`−k|j(γ, τ)|−2sI.

The integral (3.16) (in general for m ≥ 0) is convergent for all s ∈ C except for s
giving rise to a singularity of the Eisenstein series E(τ ; s), because Θ(φ) for k > 0
does not have constant term at any cusp; so, it is rapidly decreasing. Thus the
integral of (3.16) converges absolutely for any slowly increasing automorphic form
f(τ ) as long as E(τ ; s) is finite. This is the proof of the analytic continuation given
in [Sh80, §13]. This proof works well even when k = 0 for cusp forms f .

3.3. Fourier expansion. We assume that m = 0 and recall the q-expansion com-
puted in [CAL, Theorem 4.95] and [H06, 3.2] for B = M2(F ). Write V for M2(F )
when we regard it as a quadratic space with the quadratic form “det”. The corre-
sponding bilinear form is written as S(x, y) = Tr(xyι).

Although in our application, we take k = ` = I, we first state a general result.
First we define the partial Fourier transform of φ for φ : VA → C following [H06,
(2.33)]:

(3.18) φ∗
(
a b
c d

)
=

∫

F2
A

φ
(
a′ b′

c d

)
eA(ab′ − ba′)da′db′,

where eA : FA/F → C× is the additive character with eA(x∞) = eF (x∞) for
x∞ ∈ F∞. Then as computed in [H06, §3.2]:

Theorem 3.1. Suppose that f is a holomorphic cusp form of weight k > 0. Let Γ
be a congruence subgroup of SL2(F ) fixing f(τ )Θ(φ)(τ ). Then we have

(−1)[F :Q] |D|
∫

Γ\HI

Θ(φ)(τ ; z, w)f(τ )dµ(τ )

= (−2i)ktkyk
∑

α∈Γ\M2(F );det(α)�0

φ∗(∞)
(α)eF (det(α)z)f |kα(w),
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where f |α(w) = det(α)k−If(α(w))j(α, w)−k for α ∈ M2(F ) with totally negative
determinant.

We can apply the above theorem to the following integral:
∫

Γ\HI

Θ(φ̃)(s− 1)Ek−`(τ ; s)f c(τ )dµ(τ )

at s = 1 when k = `, because E(τ, s) has a simple pole at s = 1 whose residue is a
constant cΓ 6= 0 (independent of τ ). We then have

Corollary 3.2. Take k = `. We have, if f is a holomorphic cusp form of weight
`,

Ress=1Hk(z, w; s; φ(∞), f) = cΓ(−i)[F :Q]2−1[U ]|D|−3/2N(a)−1 (2πi)k+I

ΓF (k + I)

× y−I t−I
∑

α∈Γ\M2(F );det(α)�0

φ∗(∞)(εα)eF (det(α)z)f |kα(w),

where cΓ = Ress=1E(w; s).

For the exact value of the constant cΓ 6= 0 (which we do not need), see [H99,
(RES3), p.173].

3.4. CM points. Let (z0, w0) be a point in HI such that σ(M) = F [z0,σ] and
τ (L) = F [w0,τ ] for embeddings σ : M ↪→ C ∈ Σ and τ : L ↪→ C ∈ ΣL for a CM
type ΣL of L are totally imaginary quadratic extensions of F (so, CM fields). Write
σ0 := σ|F ∈ I for σ ∈ Σ. Let Y = M⊗FL, and we embed Y intoM2(F )⊗FM2(F ) =
M4(F ) by (a, b) 7→ ρM (a) ⊗ ρL(b) with

( z0aa ) = ρM (a) ( z01 ) and
(
w0b
b

)
= ρL(b) (w0

1 ) .

We see easily that ρM (a)ι = ρM (ac) and ρL(b)ι = ρL(bc) for complex conjugation
c. We regard V = M2(F ) as a Y –module for the multiplicative semi-group Y via
ρM ⊗ ρL; in other words, (a, b)v = ρM (a)vρL(b)ι.

We have four distinct Y –eigenvectors p(z0,σ, w0,σ), p(z0,σ, w0,σ), p(z0,σ, w0,σ)
and p(z0,σ, w0,σ) in M2(C) = V ⊗F,σ C, whose eigenvalues of (a, b) are (aσbσ),
(aσbσc), (aσbσc) and (aσcbσc), respectively. Since V ⊗F,σ C is free of rank 1 over
Yσ = Y ⊗F,σ C, V = M2(F ) is free of rank 1 over Y (because C is faithfully flat
over F ). Thus

(3.19) we find v ∈ V such that V = Y v.

Suppose now

(3.20) L = M.

Then Y ∼= M ⊕ Y0 with Y0
∼= M , the first projection to M is given by a⊗ b 7→ abc

and the second to Y0 is given by a ⊗ b 7→ ab. Since c is an automorphism of M ,
p(z, w) and p(z0,σ, w0,σ) belongs to Mσ = M ⊗F,σ C ⊂ Y ⊗F,σ C. The vectors
p(z0,σ, w0,σ) and p(z0,σ, w0,σ) belongs to Y0,σ = Y0⊗F C and are orthogonal to Mσ .
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Thus Σ =
∑
σ0∈I

σ gives rise to a CM type of M (with Σ t Σc giving all complex

embeddings of M). This shows: writing V 3 α = av ⊕ bv with a ∈ M and b ∈ Y0

[ασ; z0,σ, w0,σ] = S(ασ , p(z0,σ, w0,σ)) = S(avσ , p(z0,σ, w0,σ))

= S(vσ , ρM (ac)p(z0,σ, w0,σ))
(3.2)
= S(vσ , a

cp(z0,σ, w0,σ))

(∗)
= aσc[vσ; z0,σ, w0,σ],

[α; z0, w0]
−k |[α; z0, w0]|−2sI

= C−kΣ|CΣ|−2sa−kΣ
c

N(a)−s,

(3.21)

where C = (Cσ)σ∈Σ with Cσ = [vσ; z0,σ, w0,σ], N(a) is the absolute norm of
a ∈ M , and at (∗), we regard S as a C-bilinear form as p(z, w) is an element
of V ⊗F C after scalar extension to C. Here we have written kΣ =

∑
σ0∈I

kσσ and

kΣc =
∑

σ0∈I
kσσc.

Since p(z0,σ, w0,σ) and p(z0,σ, w0,σ) span a scalar extension to C of a subspace
on which Sσ is negative definite, S is totally positive definite on W = Y0v, because
every vector in W is orthogonal to p(z0,σ, w0,σ) and p(z0,σ, w0,σ). We write SWσ

(resp. SW⊥
σ

) for the restriction of S to W = Mvσ ⊗F,σ R (resp. the orthogonal

complementW⊥
σ = Y0v

⊥
σ ⊗F,σR of Wσ in V ⊗F,σR). Thus we can write SWσ (x, y) =

−TrC/R(δσMxy) (resp. SW⊥
σ

(x, y) = TrC/R(δσ0 xy)) for x, y ∈ W and 0 � δM ∈ F

(resp. 0 � δ0 ∈ F ). By this fact, δM is a totally positive element of F ; so, we may
assume that δM = δ0 = 1

2 by changing v if necessary.

3.5. Special values of Shimura series. As we have explained already, we choose
v in (3.19) as in the previous subsection so that

(3.22) SY ((a, b), (a′, b′)) =
1

2
TrM/F (−aa′c + bb′

c
).

We see, supposing

(3.23) φ(∞)(u) = φM ⊗ φ0

for Bruhat functions φM : M
(∞)
A v → C and φ0 : Y

(∞)
0,A v → C,

CkΣ|CΣ|2sHk(z0, w0; s; φ
(∞), f)

= [U ]
∑

α∈M/U

φM (αv)
∑

β∈Y0/U

φ0(βv)a(αα
c − ββc, f)α−kΣc

N(α)−s,

where C is as in (3.21). We now set θ(φ0) =
∑

β∈Y0
φ0(βv)eF (ββcz). Then for

f ′(z) = θ(φ0)f(z) =
∑

ξ∈F a(ξ, f
′)eF (ξz), we have

a(ξ, f ′) =
∑

β∈Y0/U

a(ξ − ββc, f)φ0(βv),

which is a finite sum because {x ∈ Y0 ⊗F R|xσxσc < ξσ ∀σ} is a compact set. Thus
we have, under (3.22) and (3.23)

CkΣ|CΣ|2sHk(z0, w0; s; φ
(∞), f)

= [U ]
∑

α∈M/U

φM(αv)a(ααc, f ′)α−kΣc

N(α)−s.(3.24)

The series (3.24) is the Rankin convolution of f ′ and the theta series θ(φk,M ) of
the norm form of M for φk,M(α) = αkΣφM (αv) (see (3.29)).



ANTI-CYCLOTOMIC MAIN CONJECTURE 19

3.6. Petersson inner product formula. For a given theta series θM (φ) of weight
k+ I of a CM field M/F , we are going to write down the inner product 〈θM (φ), f ′c〉
for a special value of a modular form on GL(2) × GL(2), taking f ′ = fθM (φ′)
for another theta series θM (φ′) = θ(φ0) with φ′ = φ0 of weight I of M . Here

f ′c(z) = f ′(−z); so, f ′c is a holomorphic modular form whose Fourier coefficients (at
the infinity) are the complex conjugate of those of f ′. The modular form is given
by, up to an explicit constant,

Ress=1Hk(z, w; s; φ′ ⊗ φ(∞), f).

Let f and g be Hilbert modular forms on Γ ⊂ SL2(F ) with Fourier expansion
f =

∑
ξ∈F a(ξ, f)eF (ξτ) and g =

∑
ξ∈F a(ξ, g)eF (ξτ) for z ∈ HI . We take the ideal

a ⊂ F and the unit group U ⊂ O×
+ as in (3.13). Let ` and κ be the weights of f

and g respectively. We suppose that one of f and g is a cusp form so that fg is
rapidly decreasing towards cusps.

We let ε ∈ U act on HI by τ 7→ ε2τ . Then f(ε2τ ) = ε−`f(τ ) and g(ε2τ ) =

ε−κg(τ ). Then the function fg(τ )η(`+κ)/2 is U–invariant. We then consider
(3.25)

D(s; f, g) = [U2]N(a)−1
√

|D|−1
∫

F∞/a

∫

F×

∞+/U
2

f(τ )g(τ )ηsI+(`+κ)/2dξd×η.

We now assume the equal parity condition that

(3.26) ` ≡ κ mod 2Z[I] + Z
∑

σ∈I

σ.

Thus we find m ∈ Z[I] such that ` − κ − 2m ∈ ZI for I =
∑

σ σ; so, we write
`− κ− 2m = [`− κ− 2m]I with [`− κ − 2m] ∈ Z. Replacing Γ by

{
γ ∈ Γ

∣∣(fgη(`+κ)/2 ◦ γ)(τ ) = (fgη(`+κ)/2)(τ )j(γ, τ )`j(γ, τ)κ|j(γ, τ)−`−κ|
}

if necessary, we have

(3.27) [U2]−1N(a)
√
|D|D(s; f, g)

=

∫

Γ\HI

f(τ )g(τ )η`−mE[`−κ−2m]I,m(τ ; s+ 1 − [`− κ− 2m]

2
)dµ(τ ),

where

EnI,m(τ ; s) = ηsI
∑

γ∈Γ∞\Γ

(
j(γ, τ )

j(γ, τ)

)m
j(γ, τ)−nI |j(γ, τ)|−2sI.

When m = 0, we write simply EnI for EnI,0 (n ∈ Z). Since EnI,m(τ ; s) has
meromorphic continuation on the whole s–plane as a slowly increasing function
(outside its singularity in s), the above integral gives an analytic continuation of
D(s; f, g) to the whole complex s–plane. In particular if ` = κ, the L–function
D(s; f, g) can have a pole at s = 0 because in that case, we can choose m = 0 and
E0(τ, s) has a simple pole at s = 1 with a constant residue.
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By the same calculation as in §3.2, we have an absolutely and locally uniformly
convergent series

2[F :Q]−1(4π)sI+(`+κ)/2D(s; f, g)

= [U2]ΓF (sI + (` + κ)/2)
∑

0�ξ∈F×/U2

a(ξ, f)ξ−`/2a(ξ, g)ξ−κ/2N(ξ)−s(3.28)

if Re(s) > θ(f) + θ(g) + 1, where θ(?) = −1 when ? is a constant, and otherwise,
θ(?) = θ ≥ −1

2 with |a(ξ, ?)ξ−`/2| = O(|N(ξ)|θ) for the norm map N = NF/Q.
Let us recall the theta series:

θ(φk,M ) =
∑

a∈M

φk,M(a)eF (aacτ )

for φk,M(a) = akΣφM(a) as in (3.24). This theta series has weight k + I [HMI,
§2.5.4] (or [CAL, §4.2]). We compute D(s; f ′c, θ(φk,M)) for a cusp form f ′ of weight
`+ I:

2[F :Q]−1 (4π)sI+(`+k+2I)/2

ΓF (sI + (` + k + 2I)/2)
D(s; f ′c, θ(φk,M))

= [U2]
∑

0�ξ∈F×/U2

a(ξ, f ′)ξ−(`+I)/2a(ξ, θ(φk,M))ξ−(k+I)/2N(ξ)−s

= [U2]
∑

α∈M×/U

φM (α)a(ααc, f ′)αkΣ(ααc)−(k+`+2I)/2N(α)−s

= [U2]
∑

α∈M×/U

φM (α)a(ααc, f ′)αkΣ(α−kΣα−kcΣ)N(α)−s−1+(k−`)/2

= [U2]
∑

α∈M×/U

φM (α)a(ααc, f ′)α−kcΣN(α)−s−1+(k−`)/2

Recall C = (Cσ)σ∈Σ with Cσ = [vσ; z0,σ, w0,σ] in (3.21). From this, we get under
the notation and the assumption of (3.24)

21−[F :Q]CkΣ|CΣ|2s(4π)−sI−kΓF (sI + k)Hk(z0 , w0; s; φ
(∞), f)

= [U : U2]D(s− 1 +
[k− `]

2
; f ′c, θ(φk,M)),

(3.29)

where ` is the weight of f (so, weight of f ′c is ` + I). Note here that [U : U2] =
2[F :Q]−1.

Since E0(τ ; s) has a simple pole at s = 1 with constant residue cΓ 6= 0, if k = `
and φ(∞) = φM ⊗ φ0, we have from (3.27)

41−[F :Q]CkΣ|CΣ|2(4π)−k−IΓF (k + I)Ress=1Hk(z0, w0; s; φ
(∞), f)

= Ress=1D(s− 1; f ′c, θ(φk,M))

= Ress=1D(s− 1; f ′c, θ(φk,M))

= [U2]N(a)−1
√
|D|−1

cΓ〈θ(φk,M ), f ′c〉Γ,

(3.30)

where

〈g, f〉Γ =

∫

Γ\HI

g(τ )f(τ )ηkdµ(τ ).
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Let Ψ(z, w) = Ψf(z, w) be the modular from on GL(2) × GL(2) given by the
Fourier expansion:

(3.31) Ψ(z, w) = Ψf (z, w) =
∑

α∈Γ\M2(F ),det(α)�0

φ∗(∞)
(εα)eF (det(α)z)f |kα(w)

as in Corollary 3.2. Then taking Γ sufficiently small and combining Corollary 3.2
and (3.30), we get the following explicit formula:

Theorem 3.3. Let f be a Hilbert modular cusp form of weight k. Then we have

〈θ(φk,M), f ′c〉Γ = 2−k−2I|D|−1CkΣ|CΣ|2ik Im(z0)
−I Im(w0)

−IΨf (z0, w0)

under the notation of (3.24). Here C = (Cσ)σ∈Σ with Cσ = [vσ; z0,σ, w0,σ] in
(3.21).

4. Preparation for the proof

We choose λ with ψ = λ−. We shall prove the theorem in the introduction under
the assumptions (h1–4). We first prove the theorem in the case where the degree
[F : Q] is even. The odd degree case will be reduced to the even degree case via
quadratic base change.

4.1. Congruence power series divides self inner product. We first remark
the following fact. Fix aW -algebra homomorphism φ : hκ,ελ := hn.ordκ (N, ελ;W ) →
W factoring through a reduced local ring T of hκ,ελ . Here ελ is as in (2.11).
Let f = fφ be the corresponding normalized Hecke eigenform by duality (2.13)
with f |T (l) = φ(T (l)f . Pick a Hecke hermitian non-degenerate inner product
(·, ·) : Sκ,ελ ⊗W Sκ,ελ → W with (fφ, fφ) 6= 0. Here Sκ,ελ := Sκ(N, ελ;W ) and
by saying “Hecke hermitian”, we mean (g|T (l), g′) = (g, g′|T ∗(l)) for an involution
h 7→ h∗ of hκ,ελ . We extend this bilinear form linearly to the field of fraction
Frac(W ) of W . Regarding φ as an algebra homomorphism of hκ(N, ελ;W ) factor-
ing through hn.ordκ (N, ελ;W ), we consider a linear form

` = `φ : Sκ(N, ελ; Frac(W )) → Frac(W )

given by `φ(g) =
(fφ,g)
(fφ,fφ) .

Lemma 4.1. Let the notation be as above. Let H(φ) = H(φ)κ,ελ be the congruence
number of φ. Suppose that (·, ·) is non-degenerate with values in W on Sκ,ελ ⊗W
Sκ,ελ . Then H(φ)|(fφ, fφ).

Proof. Since T is reduced, we can write g = cfφ + g′ for g′ orthogonal to f with

c ∈ Frac(W ). Since (fφ, g) = (fφ, cfφ + g′) = c(fφ, fφ), we have `φ(g) =
(fφ,g)
(fφ,fφ) =

c. The congruence ideal C of W for λ is given by

C := {x ∈W |x`φ(g) ⊂W for all g ∈ Sκ(N, ελ;W )}.

Then H(φ) is by definition a generator of C. For all g ∈ Sκ(N, ελ;W ), we have

c = `φ(g) =
(fφ,g)
(fφ,fφ) , which implies (fφ, fφ)`φ(g) ∈ W and hence (fφ, fφ) ∈ C =

W ·H(φ). Thus H(φ)|(fφ, fφ). �
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4.2. Integrality of values of modular forms. Now we specialize κ to be (I, 0)
as explained in the introduction. For f ∈ S(I,0)(N, ε;W ), choosing u ∈ GL2(F∞)

with u(i) = τ for each τ ∈ HI , define fx(τ ) = f(xu∞)J(u∞, i) with J(g, z) =
det(g)−I j(g, z)2I for each x ∈ GL2(FA(∞)). Then fx is a holomorphic weight 2I
modular form on HI for all x [HMI, (2.3.5)]. By the strong approximation theorem,

GL2(F )\GL2(F
(∞)
A )/U0(N) ∼= F×\F×

A(∞)/ det(U0(N)) ∼= ClF

via y 7→ det(y) for the class group ClF of F . From this, writing y = yÔ ∩ F for
the ideal corresponding to the idele y and setting ỹ =

(
y 0
0 1

)
, f ∈ S(I,0)(N, ε;W )

is determined by the q-expansions {f(y) := fey(q) =
∑

0�ξ∈y∗ a(ξ, f)qξ}y. Here

y∗ = y−1d−1 for the absolute different d of F and f(y) is the q–expansion at the
Tate AVRM Tatey∗,O(q) (in [K78, 1.1] and [HMI, §4.2.5]) of the classical modular
form fey (of [HMI, (SA2)]) of weight k = 2I on the following congruence subgroup:

(4.1) Γ0(N; y) =
{(

a b
c d

)
∈ SL2(F )

∣∣a, d ∈ O, b ∈ y, c ∈ y−1N, ad− bc ∈ O×
+

}
,

where O×
+ is the subgroup of totally positive units.

A classical modular form with q–expansion coefficients inW on a slightly smaller
Γ1–type congruence subgroup:

(4.2) Γ(N; y) =
{(

a b
c d

)
∈ Γ0(N; y)

∣∣a ≡ d ≡ 1 mod N
}

has a moduli theoretic interpretation, which we recall in the following paragraph.
We write S2I(Γ(N; y);A) for the space of the classical cusp forms on Γ(N; y) of
weight 2I with q–expansion coefficients in A. Hereafter we write simply S2 for S2I .

Let A be a valuation ring with residual characteristic p. An abelian scheme
X/A′ over an A–algebra A′ is called an abelian variety with real multiplication
by O (AVRM) if it has an embedding: O ↪→ End(X/A′ ) of algebras such that

H0(X,ΩX/O) = (O ⊗Z A
′)ω for a nowhere vanishing differential ω. Here we have

used the unramifiedness of F at p (otherwise, we need to formulate this condition as
H0(X,ΩX/O) = (d−1 ⊗Z A

′)ω). Each Hilbert modular form f ∈ S2(Γ(N; y);A) can
be regarded as a function of quintuples: (X,Λ, i, ω, A′) made up of an A–algebra
A′, an AVRM X over A′, a polarization Λ whose polarization ideal is given by
y∗, an embedding i : µN ↪→ X of group schemes over A′ and a differential ω as
above (see, for more details of AVRM’s, [HMI, §4.2] and [PAF, §4.1]). Here µN

is the group scheme made up of N–torsion points of Gm ⊗ d−1, that is, µN(A) =
{ζ ∈ Gm ⊗ d−1(A)|Nζ = 0}, regarding Gm ⊗ d−1(A) as an additive group. Every
ingredient of the quintuple has to be defined over A′. As a function of (X,Λ, i, ω)/A′ ,
f satisfies the following conditions (see [HMI, §4.2.7]):

(M1) f((X′ ,Λ′, i′, ω′)/C) = ρ(f(X,Λ, i, ω)/A′ ) if ρ : A′ → C is an A–algebra ho-
momorphism and (X′,Λ′, i′, ω′)/C ∼= (X,Λ, i, ω)×A′,ρ C. Here “∼=” implies

φ : X ×A′ C ∼= X′
/C as AVRM’s, tφ ◦ Λ′ ◦ φ = Λ ×A′ C, φ ◦ i = i′ and

φ∗ω′ = ω.
(M2) f vanishes at all cusps, that is, the q–expansion of f at every Tate quintuple

vanishes at q = 0.
(M3) f((X,Λ, i, αω)/A′ ) = α−kf((X,Λ, i, ω)/A′ ) for α ∈ (A′ ⊗Z O)×.

The “Neben” character ε : U0(N) → Q
×

restricted to U1
0 (N) = U0(N)∩SL2(Ô)

factors through U1
0 (N)/U1(N) for U1(N) = U(N) ∩ SL2(Ô) (the conductor of
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ε− is N), because ε(u) = ε1(det(u))ε−(d) for u =
(
a b
c d

)
. Thus to evaluate f ∈

S(I,0)(N, ε;A) at an AVRM X of CM type, we only need to specify µN ↪→ X.
Let M/F be the CM quadratic extension as in the introduction. Recall the de-

composition: C = FFcIR in §2.2 of the conductor of the Hecke character λ such
that F + Fc = R with F ⊂ Fcc , R is a product of ramified primes in M/F , and I
is made up of inert unramified primes in M/F . Recall from (2.11) and (2.12) that

N(λ) is the conductor of ϕ−
(
M/F

)
. Then by (h2), the prime factors of N(λ) are

either split or ramified over F . If l|N(λ) and l = LL (with L 6= L) in M , we may
choose L so that L ⊃ F. The exponent of l in N(λ) is less than or equal to that of
L in F. Thus to evaluate f(λ) at a CM point, we need to specify the level structure
for the level d(M/F )f (f = F ∩ F ). Actually we later need the level structure at
other primes non-split in M/F ; so, we first specify level structure for split primes
and then extend the definition to non-split primes. We shall do this first for an
abelian variety of CM type Σ with multiplication by R. Hereafter F is an integral
ideal of R with F+ Fc = R and prime to p (because we need to be more careful for
primes dividing p).

Let W be the Witt vector ring with coefficients in F as in the introduction.
Define W = i−1

p (W ) ⊂ Q, which is a discrete valuation ring unramified over Z(p)

with algebraically closed residue field F. Recall the integer ring R of M . We
consider X(R)/C to be the algebraization of the complex torus CΣ/RΣ, where

RΣ = {(aσ)σ∈Σ|a ∈ R} and CΣ = RΣ⊗ZR. Since X(R) has complex multiplication,

it can be defined over Q and hence over a number field (see [ACM, 12.4]). By the
main theorem of complex multiplication (see [ACM, 18.6]),X(R) and its `–divisible
group for any prime ` outside p are actually defined over an infinite extension K of
Q unramified at p. By the criterion of good reduction by unramifiedness of `–power
torsion points (see [ST68]), we find a model X(R)/W of X(R)/K .

By choosing δ ∈M with Im(σ(δ)) > 0 for σ ∈ Σ, we have a polarization pairing
(x, y) 7→ TrM/Q(δxc(y)). This pairing identifies R∧O R with y for a suitable choice
of a fractional ideal y ⊂ F (prime to p) and induces a y∗–polarization λ = λ(R).
Thus we have the CM-quadruple (X(R), λ(R), i(R), ω(R))/W , choosing ω(R) so

that H0(X(R),ΩX(R)/W ) = (O ⊗Z W)ω(R).
Since W has algebraically closed residue field, for any integer m prime to p, we

have X(R)[m] = {x ∈ X(R)(W )|mx = 0} ∼= (Z/mZ)[M :Q] and µm ∼= Z/mZ as
group schemes over W . Thus we define the level f–structure to be

µf
∼= O/f ∼= X(R)[F] = {x ∈ X(R)(W )|Fx = 0}.

Since the Frobenius map of Fp acts by multiplication by p (times a unit) on
ΩX(R)/W , the p–divisible group X(R)[P∞]/W for P ∈ Σp is connected. Since the
residue field of W is algebraically closed, we see that X(R)[Pe] ∼= µPe over W (for
e = (e(P))P∈Σp ), which gives rise to the level pe–structure we need.

Since X(R) determines polarization ideal y∗, we have R ∧ R ∼= y. Thus we can
choose a base w1 and w2 of R so that R = Ow1 + yw2. For any integral ideal q

prime to p, we choose a generator $q of qOq. Fixing an isomorphismO/q ∼= y/q, we
embed O/q ∼= y/q/y ↪→ q−1Rq/Rq

∼= X(R)[q] by sending x to $−1
q xw2 ∈ Mq/Rq,

which gives the level q–structure on X(R). We choose the base w = (w1, w2) so
that the level pef–structure we have chosen coincides with the one for q if pef + q

is non-trivial. We may always choose w so that w0 = w1/w2 ∈ HI . Therefore
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choosing the basis (w1, w2) is almost equivalent to the choice of a point w0 ∈ HI

modulo Γ(N, y) for N = q ∩ fpe.
We write the level structure as i(R) : µN ↪→ X(R)[N]. The above definition of

the quadruple x(R) = (X(R),Λ(R), i(R), ω(R))/W can be generalized to ideals of
an O–order of R. Let e be an integral ideal of F prime to pf. Let R′ = O + eR be
the O–order of M of conductor e. We take a proper fractional ideal A of R′ prime
to pfqd(M/F ).

A fractional R′–ideal A is called R′–proper if {x ∈ M |xA ⊂ A} = R′. The
polarization pairing on R (so on M) induces the polarization Λ(A) on A. We
identify A ∧ A with a fractional ideal y(A) of F under this pairing. It is easy to
verify y(A) = y(R)eNM/F (A). Then we can choose a basis w of A so that A = Ow1+

y(A)w2 and w0(A) = w1/w2 ∈ HI . This choice w gives rise to the level structure
i(A) : µN ↪→ X(A)[N]. We can always find an étale constant subgroup C ∼= O/c (c
prime to fqd(M/F )p) in X(R) such that the étale quotient X(A) = X(R)/C over
W (e.g. [GME, §1.8.3]) gives a model over W of CΣ/AΣ. Since c is prime to pf,
the level structure i(R) and the differential ω(R) induce a unique level structure
and a unique differential ω(A) on X(A). We make a choice w so that the two level
structures (one coming from i(R) and another from the base w) coincide at primes
where the two are well defined. Thus we have a unique point w0(A) ∈ HI/Γ1(N, y).
Having w is equivalent to having the quadruple x(A) = (X(A),Λ(A), i(A), ω(A))
over C.

Supposing that f ∈ S2(Γ(N; y);W) (and regarding f as a complex modular
form), we may interpret the value f(x(A)) in terms of evaluation at a CM point
w0(A) ∈ HI . For each z = (z1, z2) with z0 := z1

z2
∈ HI , we consider the lattice

Lz = Ly
z = 2πi(Oz1 +yz2) ⊂ FC = F ⊗Q C. We define a pairing 〈 , 〉 : FC×FC → R

by 〈2πi(az1 + bz2), 2πi(cz1 + dz2)〉 = ad − bc, which induces a y∗–polarization
λz = λy

z on the complex torus Xz = Xy
z = FC/Lz. Thus we can algebraize Xz to

an abelian variety Xz/C. We have a canonical level N–structure iz : (d−1⊗O/N) ∼=
2πi(yz2 ⊗ O/N) ⊂ Xz(C) as long as y is prime to N. Then the analytic value of f
at z is given by

(4.3) z−2I
2 f((z0 , 1)) = f(z) = f(xy

z) for xy
z = (Xz, λz, iz, du),

where u is the variable (uσ)σ∈I with uσ ∈ C identifying FC with CI as C–algebras.

Defining the canonical period Ω ∈ F×
C = (C×)Σ by

(4.4) ω(R) = Ωdu

and choosing y so that R = (2πi)−1Ly
z0 , we find x(A) ∼= x

y(A)
z and

(4.5) f(x(A)) =
(2πi)2If(z)

Ω2I
∈ W up to units in W,

because ω(A)/ω(R) ∈ (O ⊗Z W)× (see [ACM, §32] and [K78, II]). Here writing
Ω = (Ωσ) ∈ CΣ,

Ω2I =
∏

σ∈Σ

Ω2
σ and (2πi)2I =

∏

σ∈Σ

(2πi) = (2πi)2[F :Q].

Since W–integral modular forms f(z, w) of weight (I, I) for the product of con-

gruence subgroups: Γ(N; y) × Γ(N′; y′) classify the pairs of test objects: (xy
z , x

y′

w ),
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the same formula is valid (by the same proof given in [K78]): up to units in W,

(4.6) f(x(A), x(B)) =
(2πi)2If(z, w)

Ω2I
.

4.3. Error terms of integral decomposition. Let B be a quaternion algebra
over F everywhere unramified at finite places. First we take B = M2(F ). We choose
two fractional R-ideals B1 and B2 of M . Then we decompose B1 = b1z1 + Oz2
and B2 = b2w1 + Ow2 with z0 = z1/z2 ∈ HI and w0 = w1/w2 ∈ HI . The regular
representation l of R on B1 given by l(α) ( z01 ) = ( z0αα ) gives an embedding of R
into

OlL =
{(

a b
c d

) ∣∣a, d ∈ O, b ∈ b1, c ∈ b−1
1

}
.

Similarly we define an embedding r : R ↪→ OrL replacing z0 by w0, where

OrL =
{(

a b
c d

) ∣∣a, d ∈ O, b ∈ b2, c ∈ b−1
2

}
.

We consider the tensor product: B1 ⊗O B2 and L = l(B1)v · r(B2) ⊂M2(F ) for a
suitable v ∈M2(F ).

We want to determine the factors of LM and LM . Since L1 is the projection of L
to the first factor M of M⊗FM = M⊕M , writing the projection to the first factor
as (a⊗ b) 7→ acb (so the projection to the second factor is given by (a⊗ b) 7→ acbc),
we have L1 ∼= Bc

1B2 and L2 ∼= Bc
1B

c
2.

Since R⊗O R can be identified with

{
(a, b) ∈ R⊕ R

∣∣a ≡ b mod d(M/F )
}

inside R ⊕ R ⊂ M ⊗F M for the relative different d(M/F ) for M/F , we see that
L1

∼= Bc
1B2d(M/F ) and L2

∼= Bc
1B

c
2d(M/F ).

Remark 4.2. We analyze the choice of v locally at primes p|p of F when Bj,p = Rp

for j = 1, 2. Since the prime ideal p is split into PPc with P ∈ Σp in M , by choosing
the base (e1, e2) for e1 = (1, 0), e2 = (0, 1) of Rp = RPc ⊕ RP over Op, we may
assume that l(α) = r(α) =

(
αc 0
0 α

)
. Recall b in (2.5) for q = p given by b = ( 1 1

1 1 ).
By computation, we have

l(α)br(βc) =
(
αc 0
0 α

)
b
(
β 0
0 βc

)
=
(
αcβ αcβc

αβ αβc

)
.

This shows that l(Rp)br(Rp) = M2(Op), and regarding M2(Op) as an Rp–module
via αx = l(α)x, we find

M2(Op) =
(
RPc RPc

RP RP

)
.

Take Op basis w = (w1, w2) and z = (z1, z2) of Rp in M so that w ≡ z ≡ (e1, e2)
mod pm for m ≥ e(p) for e(p) as in Proposition 2.3. We define pH(z, w) =
z2w2p(z0, w0) and [u; z, w] = S(u, pH(z, w)) (the homogeneous form of [u; z0, w0]).
Then we find [b; z, w] = (z1 − z2)(w2 −w1) and that [b; z, w] is a p–adic unit.
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4.4. CM theta series. Pick an arithmetic Hecke character λ : M×
A /M

× → C×.
By (h2) and λ−|Gtor(ψ) = ψ, the automorphic induction π(λ) is in the principal se-
ries everywhere at finite places. See [CAL, §4.2.6] for an elementary construction the
primitive form of the automorphic induction π(λ). Write π(λ)(∞) = ⊗̂lπ(π1,l, π2,l)

for characters πj,l : F×
l → C×. Then we have [H26, Definition 1.33]

(4.7) N(λ) =
∏

l-p

(C(π1,l) ∩ C(π2,l)),

which is well defined as C(π1,l)∩C(π2,l) = Ol for almost all l. Assume λ(x∞) = x−Σ
∞

to get cups form of weight κ = (I, 0). As before, we write C(λ) = FFcIR with
F ⊂ Fcc. Let

(4.8) Ξ := {L : prime of M |L ⊃ FPΣp ,L|N(λ)}.
We shall compute the q–expansion of classical modular forms associated to the
minimal form f(λ) in the automorphic induction π(λ). Pick y ∈ F×

A with yp =
y∞ = 1. Then, we get the following formula of the complex Fourier coefficients:

a(ξyd, f(λ)) =
∑

xxc=ξyd,xΞ=1

λ(xR),

where xR = F ∩ xR̂ and x runs over (R̂ ∩M×
A(∞))/(R̂

(Ξ))× [H06, (6.5)] (see also
[CAL, Theorem 4.60]). This shows that, for the corresponding classical form fey of
weight 2I as in [HMI, (SA2)],

fey = N(y)−1
∑

A;AAc∼yd

λ(A)θ(λ; A),

where A runs over a complete representative set for ideal classes of M with AAc =

αyd (y = yÔ ∩ F ) for a totally positive α ∈ F and

(4.9) θ(λ; A) =
∑

ξ∈A−1/µ(R)

λ(ξ(∞Ξ))qαξξ
c

,

where µ(R) is the subgroup of R× made of all roots of unity. Here we regard λ as
an idele character λ : M×

A /M
× → C× by putting

λ(x) = λ(xR)x−Σ
∞ ,

and ξ runs over elements in A−1 such that ξA is outside Ξ for Ξ as in (4.8). As a

locally constant function on Â−1, the p–component of φ′
1 : ξ 7→ λ(ξ(Ξ)) is given by

λ−1
p restricted to A−1

p by the following reason: φ′
1 is the characteristic function of

A−1
l for l outside the conductor of λ, and taking ξ ∈ A−1 with ξ ≡ 1 mod C(λ),

we see that φ′
1(ξ) = λ(ξ(Ξ)) = λ(ξ(p)) = λ(ξp)

−1.

The modular form θ(λ; A) is of weight (I, 0) with Neben character ελ of level
N = N(λ) on

Γ̃0(n) = Γ̃0(N(λ); y) :=
{(

a b
c d

)
∈
(

O y

Ny−1 O

) ∣∣ad− bc ∈ O×
+

}
.

Here O×
+ is the group of totally positive units in F , and the Neben character ελ

sends
(
a b
c d

)
in Γ̃0(N(λ); y) to (ε1(ad − bc)ε−(d))−1 for ε− = ε−1

1 ε2 [HMI, (2.3.5)].
In [HMI], the role of ε1, κ1 and ε2, κ2 are reversed here (following the notation
of [H06]). Since the factor “ε1(ad − bc)” disappears on Γ0(N) = Γ0(N(λ); y) :=
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Γ̃0(N(λ); y) ∩ SL2(F ), {f(λ)(diag[a, 1]x)}a∈F×

A(∞)
with x running over SL2(FA) de-

termines f(λ).

Remark 4.3. Locally at a prime l|N′, the Neben character set ε = (ε1,l, ε2,l, ε+,l) is
the twist by ε1 ◦det of the Neben character set (1, ε−l , ε

′
+,l). Taking an automorphic

representation π of minimal level N = N(λ) with a minimal vector of Neben-type ε,
this means that the local vector w(g) of the Whittaker model of πl = π(π1,l, π2,l) at
l of Neben-type ε as a function on GL2(Fl), after having the extension π1,l of ε1,l to

F×
l , w⊗ π̃−1

1,l (g) := w(g)π−1
1,l (det(g)) gives rise to a vector with Neben character set

(1, ε−l , ε
′
+,l) for ε′+,l = ε̃−2

1,l ε+,l. Thus as long as π = π(λ) is automorphic everywhere

principal at finite places (i.e., under (h2)), f(λ) restricted to diag[a, 1]SL2(FA) for

a running through a complete representative set of F×
A /F

×
+ Ô

× ∼= Cl+F , determines
f(λ). This is the reason that we can work with SL(2)-modular forms on Γ0(N(λ); y)
for which contribution of inert or ramified factor disappears under the assumption
that c is a product of primes split in M/F . Since f(λ)(εx) = f(λ)(x) for ε ∈ O× and

[Γ̃0(N) : O×Γ0(N)] is a 2-power, f(λ) is automorphic under the bigger O×Γ0(N),

and the computation of Petersson inner product over slightly different Γ̃0(N)\HI
and Γ0(N)\HI = O×Γ0(N)\HI does not affect the proof of the p-integrality of (∗) :=
π2(κ1−κ2)Wp(λ−)(f(λ),f(λ))

Ω2(κ1−κ2) as p is odd. In addition, to see the p-integrality of (∗),
the trace map from O×Γ0(N) to Γ̃0(N) preserves p-integrality by the q-expansion
principle. So hereafter, we work with level N and the single Neben character ε−

forgetting about the larger level N′.

5. Proof of Theorem I under (h1–4)

In this proof, the level N and N′ are as in the introduction which are the (outside
p) minimal level and the conductor of f(λ) in §4.9. They only depend on the blanch
character ϕ. We first suppose that [F : Q] is even. Then we have a totally definite
quaternion algebra everywhere unramified at finite places. We first assume that B
is totally definite everywhere unramified at finite places (so, [F : Q] is even) and
that N is a product of primes split in M/F and d(M/F ). By this assumption, we
can decompose O0(N) as a sum of two ideals of M by Lemma 2.1.

Recall the fixed maximal order OB of B and the identification ÔB = M2(Ô).
We described in [H26, §6.3] to reduce the general case of ϕ to the case where ϕ has
split conductor in [H26, §6.3] via quadratic base-change. In any case, we will give
details of the base-change argument. Thus for the moment, we assume here

(h2) The conductor c of ψ is a product of primes outside p split in M/F .

As explained in §4.9, the automorphic induction π(λ) generated by f(λ) is ev-
erywhere principal, and f(λ) on GL2(FA) and its image fB (λ) on B×

A under the

Jacquet–Langlands correspondence has Neben character U0(N) 3
(
a b
c d

)
7→ ε−(dN)ε1(ad−

bc) ∈ W×. For an embedding ι : R ↪→ B of O–algebras, we have Tr(ι(a)) =
TrM/F (a) for the reduced trace Tr of B and ι(a)ι(a)ι = NM/F (a) = aac. This
shows ι(ac) = ι(a)ι for the main involution ι of B.

We work with O×Γ0(N; y), and the contribution of N′/N and ε1 disappears as
explained in Remark 4.3.
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5.1. Theta series supported translates of O0(N). We write G/O for the group

scheme given by G(A) = (OB⊗OA)× for an O-algebra A. Write UB0 (N) = Ô0(N)×.
We fix a complete representative set A := {a1, . . . , ah} for

G(F )\G(FA)/UB0 (N)G(F∞)F×
A = G(F )\G(F

(∞)
A )/UB0 (N)F×

A(∞)

with ai,Np = ai,∞ = 1, and we pick a complete representative set Z for ClF =

F×
A(∞)/F

×Ô×. We regard Z ⊂ G(F
(∞)
A ). We consider, for i, j = 1, 2, . . .h and

z ∈ Z,

∆ijz(N) = a−ιi z · ∆B
0 (N)aιj ∩B = aiz · ∆B

0 (N)a−1
j ∩B,

Oijz(N) = a−ιi z · Ô0(N)aιj ∩B = aiz · Ô0(N)a−1
j ∩B

Γi0(N) = G1(F ) ∩ aiUB0 (N)a−1
i G(F∞),

(5.1)

where G1(A) = {g ∈ G(A)|ggι = 1}. We write simply Oi(N) for Oii(N). Thus
∆ijz(N) ⊂ Oijz(N).

Since B is totally definite, the image Γ
i

0(N) of Γi0(N) modulo center is a finite

group. We then put ei = |Γi0(N)|. Let φ ∈ H0(Y B0 (N),W (ε)); so, we may regard
φ : G(FA) → W with φ(γxu) = ε(u)φ(x) for u ∈ UB0 (N)G(F∞)F×

A and γ ∈ G(F ).

Similarly, we choose φ′ ∈ H0(Y B0 (N),W (ε−1)). We take 〈·, ·〉W in (2.15) as (·, ·) in
§4.1. Then

(φ, φ′)W := 〈φ, φ′〉W =

h∑

i=1

e−1
i φ(ai)φ

′(ai) ∈W.

As already remarked, we know e−1
i ∈W by the unramifiedness of F/Q.

Pick y ∈ F×
A with ypN′∞ = 1. Supposing ξyd is integral, we consider T (ξyd) for

0 � ξ ∈ F . By (unr), we assume dp = 1. We choose a decomposition

UB0 (N)
(
ξyd 0
0 1

)
UB0 (N) =

⊔

β

βUB0 (N).

Here we can choose β so that ββι = ξyd, because

U\U
(
y 0
0 1

)
U/U = UB0 (N)\UB0 (N)

(
y 0
0 1

)
UB0 (N)/UB0 (N)

writing U = {u ∈ UB0 (N)|uuι = 1}. By the definition of the Hecke operator action
in [HMI, page 167]

φ|T (ξyd)(x) =
∑

β

β−1φ(xβ).

In [HMI], the right coset representatives y is used; so, the formula is
∑

βι βφ(xβι)

(and we have made a variable change β 7→ βι to make the original right coset
decomposition to the left one).

Since aiβ ∈ tj,zG(F )ajz
−1 · UB0 (N) in G(F

(∞)
A ), we can write aiβ = γiajuiz

−1

for γi ∈ ∆ijz(N) and ui ∈ UB0 (N). Thus we have, writing ai = NB/F (ai)Ô ∩F and

y = yÔ ∩ F , aiydz2ξ = N(γ−1
i )aj, z = zÔ ∩ F ; in other words, y−1d−1a−1

i ajz
−2 is

generated by a totally positive element αijz ∈ F prime to pN. Thus we have

ξ = αijzγiγ
ι
i up to totally positive units.

Then we see, up to totally positive units,

φ|T(ξyd)(ai) =
∑

β

β−1φ(aiβ) =
∑

γi

γ−1
i φ(aj).
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Here, extending ε : U0(N) → Q
×

to ε : U0(N)F×
A(∞) → Q

×
by ε+ so that ε(zu) =

ε(u)ε+(z) for u ∈ U0(N) and z ∈ F×
A(∞) . Note that ε+ = ε̂+ for the p–adic avatar

ε̂+ : F×
A /F

× → Q
×

p of the central character ε+, since ε+ has finite order by the
assumption κ = (I, 0). Then we have

γ−1
i φ(aj) = ε(γ−1

i )φ(aj),

which is p–integral if φ(aj) is in W (ε).

Defining a pairing [·, ·] : W (ε) ×W (ε−1) → W by [v, w] = vw (since W (ε) =
W (ε−1) = W as W -modules) and

Θijz(v, w) =
1

eiej

∑

γ∈∆ijz(N)∩Supp(ε)

[γv, w]qαijzγγ
ι

for v ∈ H0(Γj0(N),W (ε)) and w ∈ H0(Γi0(N),W (ε−1)) (and rewriting γ−ιi as γ),
we find for y ∈ F×

A with yp = 1

(5.2) f(φ ⊗ φ′)(y) = N(y)−1
∑

i,j,z;aia
−1
j z−2∼yd

Θijz(φ(aj), φ
′(ai)),

where a ∼ b indicates that the two ideals belong to the same strict class in F .
Here Θijz is a theta series of the O–lattice Oijz(N) and is a Hilbert modular form

of weight κε on Γ0(N; y) for y = F ∩ yÔ. Since [ςγζv, w] = [γζv, ςw] = [γv, w]

for ζ ∈ Γj0(N) and ς ∈ Γi0(N), the theta series Θij(v, w) has integral q-expansion
coefficients (except for the constant term) as N(γ) = γγι has eiej overlaps. Since
the pairing: [v, w] = vw is p–integral valued on W (ε) ×W (ε−1) and αijz is prime
to pN, the theta series has p–integral Fourier coefficients (except possibly for the
constant term). The constant term does not show up if φ ∈ H0

n.ord(Y
B
0 (N),W (ε)) ⊂

H0
cusp(Y

B
0 (N),W (ε)). Thus restricting φ to the ordinary part, f(φ ⊗ φ′) has to be

cuspidal (cf. [H88, Theorem 6.2]) and hence, the constant term vanishes. We may
forget about the integrality problem stemming from the denominator: eiej.

We choose an ideal A of M with NM/F (A) ∼ y. We choose α � 0 with

y−1d−1NM/F (A) = (α). Then we consider the theta series defined in (4.9):

θ(λ; A) =
∑

γ∈A−1

λ(γ)qαγγ
c

for a Hecke character λ of conductor C with λ(α) = αΣ if α ≡ 1 modulo conductor
of λ. Strictly speaking, we need to divide the above series by |µ(R)| (see (4.9)),
but |µ(R)| is prime to p by the unramifiedness of p in M/Q. So we forget about
|µ(R)|. Here we have freedom of choosing A in its ideal class (by changing α � 0
suitably).

We define the reversed Petersson inner product (f, g) = 〈g, f〉 = 〈f, g〉 to make
it linear with respect to the right variable g. By the variable change z 7→ −z, we
have

(5.3) (f, g) = 〈fc, gc〉 for fc(z) = f(−z).
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Under (h3), we have proven in [H07, Proposition 5.7] the following equality up to
units in W :

(MT) (h(M)/h(F ))Lp(λ̂
−) =

(2πi)2ΣWp(λ
−)(f(λ), f(λ))N

Ω2Σ
∈W,

where Wp(λ) =
∏

P∈Σp
W (λP) and recalling a prime element $P of MP,

W (λP) = N(P−e(P))λ($
−e(P)
P )

∑

u∈(R/Pe(P))×

λP(u)eM

(
u

$
e(P)
P

)

if e(P) > 0 and W (λP) = 1 otherwise.
Recall the local component T of h in Corollary 2.5 through which φλ defined

below Proposition 2.4 factors through. For V := T · H0
n.ord(Y

B
0 (N),W (ε)) and

V ∗ := T ·H0
n.ord(Y

B
0 (N),W (ε−1)), we would like to show

(GL)
(2πi)2ΣWp(λ

−)(θ(λ; A),Θijz(φ(aj), φ
′(aj)))Γ

Ω2Σ
∈W

for Γ = Γ0(N(λ); y) and the optimal CM period Ω defined in (4.4), as long as φ ∈ V
and φ′ ∈ V ∗.

Remark 5.1. Recall Oi(N) = Oiiz(N) with z = 1 in (5.1) for a product N of
split primes in M/F . We choose an embedding ι : M ↪→ B. We may then realize

B as B =
{(

ac bc

bη a

) ∣∣a, b ∈ M
}

with OB containing
(
ac bc

bη a

)
if a, b ∈ R. We first

normalize ι(a) =
(
ac 0
0 a

)
∈ B; thus, ι induces R ↪→ OB. We now renormalize

locally ι to achieve ι(R) ⊂ O1(N). By [QAL, §30.6], this is possible if d(M/F ) is
odd with C prime to d(M/F ), and local modification can be patched together to get
a global embedding ι : R ↪→ O1(N) as long as this condition is satisfied.

By the above remark, for a while we assume also

(odd) d(M/F ) is odd.

At the end, by a quadratic base-change, we reduce the general case with even
d(M/F ) to the case of odd d(M/F ) 6= (1). This assumption, allowing the use of
Lemma 2.1, makes our argument quite simple compared in the original argument
in [H06].

We identify M×
A with the image in G(FA) under ι. Since the theta series θ for a

fractional R-ideal of M/F is supported over

GL2(F ){x ∈ GL2(FA)| det(x) ∈ NM/F (M×
A )}U0(M)

for a suitable level M (see Remark 5.5), if M/F is everywhere unramified (at finite
places), the support is a “half” of GL2(FA). Because of this, we separate our ar-
gument into two cases: the case with M/F ramified somewhere at finite places and
another everywhere unramified.

Case with d(M/F ) 6= (1): For a while, we assume that M ramifies over F at
some prime ideals of F . The Hilbert class field over F is linearly disjoint from

M over F , and the norm map NM/F : ClM = M×
A /M

×R̂× → F×
A /F

×Ô×F×
∞+ =

Cl+F is surjective by class field theory, which induces a surjection M×
A /M

×R̂× →
F×

A /Ô
×(F×

A )2. This in turn induces the surjection we have a surjection:

G(Q)\G(A)/UB0 (N)G(F∞)F×
A � F×

+ \F×
A /Ô

×(F×
A )2 =: Cl++

F .
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Recall N′ = N(ϕ) = NM/F (C)d(M/F ) given in the introduction. Then we find a

finite set B := {bj′}j′ in (M
(N′p∞)
A )× so that NM/F (bj′) gives a complete repre-

sentative set for F×\F×
A /Ô

×(F×
A )2. By ι, we regard B ⊂ G(FA). By the reduced

norm map: NB/F : G(FA) → F×
A , we have a surjection:

N : G(F )\G(FA)/UB0 (N)G(F∞)F×
A � Cl++

F .

For each bj′, writing the class of NM/F (bj′) ∈ Cl++
F as [bj′]F , we decompose

N
−1

([bj′]F ) =
⊔
kG(F )bj′sj′,kU

B
0 (N)F×

A G(F∞) for finitely many sk = sj′,k ∈
G(FA(∞)).

Lemma 5.2. Let the notation be as above. Assume d(M/F ) 6= (1), and choose a
prime q of F outside N′p. We can choose S inside G(Fq) ⊂ G(FA). Moreover we
may assume NB/F (s) = 1 for all s ∈ S.

Proof. Since B is unramified everywhere at finite places, we can apply the strong
approximation theorem applied ignoring the factor at q [ALT, Theorem 1.13], and
hence, noting N(G(Fq)) = F×

q , the reduced norm map induces an isomorphism

G(F )\G(FA)/G(Fq)UG(F∞) ∼= F×
A /F

×N(U)F×
q F

×
∞+

for each open compact subgroup U of G(FA(∞)). Since NB/F (UB0 (N)) = Ô×, if

d(M/F ) 6= (1), for each x ∈ G(FA), we have b for some j′ such that a ∈ N
−1

([b]F ).
This shows that we may choose s′j′,k ∈ G(Fq). Since N(G(Fq)) = F×

q and

NB/F (G(F )) = F× ∩ F×
∞+, we may choose NB/F (sj′,k) = 1. �

Corollary 5.3. Choosing bj′ ∈ G(F
(q∞)
A ), we can choose {sj′,k}k independent of

j′ inside G1(Fq) for G1 := Ker(G/F
NB/F−−−−→ Gm/F ).

Proof. The conjugation x 7→ b−1
j′ xbj preserves the derived group G1 of G and the

identity map at q, {sj′,k}k concentrating at q can be chosen independently of j′. �

By the corollary, we drop the index j′ from sj′,k and write it simply as S :=
{sk}k. Since b ∈ B and s ∈ S have disjoint support over primes of F , they
commute. Thus we can choose a complete representative set A = {aj}j for
G(F )\G(FA(∞))/U

B
0 (N)F×

A(∞) so that A = B·S = S ·B with A = {bi′sk = skbi′}i′,k
for the finite set S := {sk}k, where we regard bj ∈ Ô1(N)∩G(FA) by ι1. We assume
that b1 = 1 and s1 = 1 and write aj = sj′′bj′ (i.e., i↔ (i′, i′′) and j ↔ (j′, j′′)).

Again by the strong approximation theorem, we can write sk = γkuk with uk ∈
UB0 (N)G(Fq) and γk ∈ G1(F ). Since bj commutes with ι1(R1), conjugation by

bj does not alter ι1. Then defining ιj : M → B by γj′′ι1γ
−1
j′′ and putting Rj

to be the inverse image under ιj of ιj(M) ∩ Oj(N), we find Rj = R, because

u−1
j′′ Ô1(N)uj′′ = Ô1(N) and b−1

j′ ι1(R)bj′ = ι1(R). Moreover, since γj′′ ∈ G(F ),

recalling the lattice Oijz(N) of B from (5.1), we have, for each z ∈ Z,

(5.4) ιi(ξ)Oijz(N)ιj(η) = Oijz(N) for all ξ, η ∈ R and i, j = 1, . . . , h,

since z ∈ Z is in the center of G(F
(∞)
A ).

Case with d(M/F ) = (1): In this case, the image of M×
A in the class group Cl++

F

under the norm map is of index two with cokernel isomorphic to Gal(M/F ) by class
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field theory; so, we need to expand B: Choose the prime q similarly to Lemma 5.2
inert unramified in M/F outside N′p. Pick an element b′ ∈ G(Fq) with NM/F (b′)

generating qOq (so, b′ 6∈ NM/F (Mq)), and set B̃ = B t b′B = {bi′, b′bi′}i′ . Here we

still choose B inside G(F
(q∞)
A ) so that elements in B commute under multiplication.

Then the representatives A can be chosen as S·B̃. In this case, σ ∈ S commutes with
b ∈ B but possibly not with b′b ∈ b′B. Thus, by the same argument as above, we find
again an O–order Rj of q–power conductor and an embedding ιj : Rj ↪→ Oj(N).
Thus we obtain

Lemma 5.4. Let the notation be as above. Assume d(M/F ) = (1), and choose a

prime q of F outside N′p. Then we can choose A so that A = S · B̃. We can choose
S inside G1(Fq) ⊂ G(FA).

Remark 5.5. Continue to suppose d(M/F ) = (1). In this case, writing A =

AÔM ∩M for A ∈M×
A with A∞ = 1, by definition, the lift of θ(λ; A) to GL2(FA) is

supported on GL2(F ) diag[NM/F (M×
A ), 1]U0(N)F×

A GL+
2 (F∞) [CAL, Definition 4.59],

we can ignore the components of the form:

GL2(F ) diag[NM/F (bj′b
′), 1]U0(N)F×

A GL+
2 (F∞).

Thus limiting ourselves to the open sunset:

⋃

A∈M×

A

GL2(F ) diag[A, 1]U0(N)F×
A GL+

2 (F∞)

=
⋃

j′

GL2(F ) diag[NM/F (bj′), 1]U0(N)F×
A GL+

2 (F∞),

we may ignore b′B0. Therefore the situation is the same as in the case of d(M/F ) 6=
(1), and hereafter, we write A := S · B which solely contributes to the theta series.
We rewrite A = {a1, . . . , ah0} for h0 = h/2.

We have now proven under the notation in Remark 5.5: for each z ∈ Z

(5.5) ιi(ξ)Oijz(N)ιj(η) = Oijz(N) for all ξ, η ∈ R and i, j = 1, . . . , h0 = h/2.

There is no need to choose a single prime q as a support of elements of S. What
we want is to show that we can choose the support of S away from any finite set
of primes. Since B only matters by Remark 5.5 if d(M/F ) = (1), we ignore b′B
and only work with B when d(M/F ) = (1). Under this simplification, each b ∈ B
commutes with every s ∈ S.

We regard Lijz = Oijz(N) as R ⊗O R module by l = ιi and r = ιj : (α, β)b =
ιi(α)bιj(β

c). Since our modification takes place only at the prime q outside N′p,
we may assume that r and l at primes l|N′p are intact as in (2.3) and (2.6). Since
M ⊗F M = M ⊕M , writing e1 and e2 the idempotent of left and right factors, we
split Oijz(N) = L1

ijz ⊕ L2
ijz for L?

ijz = e?Lijz by Lemma 2.1 under the conditions
(h2) and (odd). Then as studied in §4.3, we can write Θijz of level N as a p–integral
linear combination of θ(φ1)θ(φ2) of theta series of L1

ijz and L2
ijz, respectively. The

functions φ? (? = 1, 2) can be chosen to be p–integral.
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5.2. θ(φ?) has optimal level. We now bound the level of θ(φ?). Recall B ⊂
G(F

(N′qp∞)
A ) and S ⊂ G1(Fq) for a prime q - N′p. As before, we write ai = sbi′ and

aj = s′bj′ for s, s′ ∈ S. Note that bi′ ·O0(N)b−1
j′ = bi′ ⊗ b−1

j′ as R ⊗O R–modules

for bi′ = (bi′R̂ ∩M), we find from the discussion at the end of the previous section

that L1
ijz = zbci′b

−1
j′ and L2

ijz = zbci′b
−c
j′ , where z = F ∩ zÔ. Thus we find that

yd = a−1
i aj = NM/F (L1

ijz) = NM/F (L2
ijz).

As explained in the introduction, we take ϕ with ψ = ϕ−. We then take a

weight κ member f(λ) of the p–adic family (associated with ϕ: λ̂|Gtor(C) = ϕ) with
complex multiplication by M . We may assume that the weight κ of f(λ) is (I, 0).
Then (N,N′) is also the minimal level and the conductor of f(λ) outside p. By
(h3) and the choice of Σp, ε is non-trivial at all P ∈ Σp. Replacing ϕ by ϕη for a

finite order character η : Gal(Q/F ) → W× does not alter the anticyclotomic part
ϕ−. By a theorem of Chevalley ([C51]), we can choose η so that ηl = λ−1

l on the
inertia group at l for every prime l in any given finite set of prime ideals. Thus as
indicated in the introduction, we may assume

(5.6) λ has conductor prime to Σcp.

Recall N = N(λ) = N(ϕ) and f = F(λ) ∩ F = F(ϕ) ∩ F . Under this assumption
(5.6), κ = κ∗, ε∗ = ε−1 and [v, w] = vw by identifying L(κε;W ) = W (on which
∆0(N) acts via multiplication by ε) and L(κ∗ε∗;W ) = W . Then

[γφ(aj), φ
′(ai)] = ε(γfp)φ(aj)φ

′(ai).

Regarding the character ε : ∆B
0 (N)fp → W× as a function εijz of B ⊗Q A(∞) sup-

ported on ∆̂ijz(N) = a−1
i z∆B

0 (N)aj by εijz(x) = ε(xfp) (∆̂ijz(N)fp = ∆B
0 (N)fp),

the function χijz : γ 7→ ε(γ)[φ(aj ), φ
′(ai)] is the function εijz multiplied by the p–

integral constant: φ(aj)φ
′(ai). Write down χijz as a sum χijz =

∑
φ1,φ2

φ1⊗φ2 for

finitely many p–integral locally constant functions φ1 : L1
ijz → W and φ2 : L2

ijz →
W . By Proposition 2.3, φ2,p(xp) = λΣp(xΣp) on RΣc

p
× R×

Σp
and is supported by

(RΣc
p
×R×

Σp
) ⊂ L2

ij,p (and φ1,p is the characteristic function of L1
ij,p = RΣc

p
×peRΣp).

Recall Γi,B0 (N) = G1(F ) ∩ aiU
B
0 (N)a−1

i and Γi0(N) = SL2(F ) ∩ aiU0(N)a−1
i .

Then as seen in Remark 4.3, we have ε|O×Γi,B
0 (N) = ε|O×Γi

0(N) = (1, ε2, ε+) (i.e., ε1

disappears and ε− = ε2). Applying Proposition 2.3 to ε⊗ ε−1
1 := (1, ε2, ε+) as in

Remark 4.3, we find that φ? (? = 1, 2) supported on L?
ijz. Thus θ(φ2) (resp. θ(φ1))

is automorphic with respect to the congruence subgroup O×Γi0(N) = O×Γi0(N; y)

for suitable y with Neben character set ε ⊗ ε−1
1 (resp. (1,

(
M/F

)
,
(
M/F

)
) on

O×Γi0(N). Then we need to take trace map from O×Γi0(N) to Γ̃i0(N) = GL+
2 (F ) ∩

aiU0(N)a−1
i with Neben character set ε. This trace operation is p-integral (as its

denominator is a 2-power as remarked in Remark 4.3), we ignore it and compute
Petersson inner product with respect to O×Γi0(N)\HI = Γi0(N)\HI. This follows
from the facts Lijz = L1

ijz ⊕ L2
ijz, L

1
ijz = zbcj′b

−c
i′ , L2

ijz = zbj′b
−1
i′ under the left

R-module structure of L?
ijz in (2.4) and θ(φ?) =

∑
ξ∈M φ?(ξ)q

αijzξξ
c

has the level
as described above.
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As seen in (4.9), the y–component of f(λ) is given by a p–integral finite sum
|µ(R)|−1

∑
A λ(A)θ(λ; A) of theta series of the form:

θ(λ; A) =
∑

ξ∈A−1

λ(ξ(Ξ∞))qαξξ
c

,

where AAc = αyd (with α � 0 in F ). Here the sum
∑

A λ(A)θ(λ; A) is over
ideal classes of M whose norm is equivalent to yd. By choosing v ∈ M2(F ) and
(z0, w0) ∈ HI × HI as in Section 3.4, we identify M2(F ) with M ⊕M . Then we
choose L = A−1 ⊕L2

ijz as an O–lattice of M2(F ). Since we have freedom of chang-
ing A in its ideal class, we may assume that the p–adic completion Lp = L ⊗Z Zp
is equal to M2(Op) in M2(Fp) = Bp, because L2

ijz = Op⊕Op. Then L1 = A−1 and

L2 = L2
ijz. We take φ′

1 : L1 → W so that θ(φ′
1) = θ(λ; A). Then φ′

1(ξ) = λ(ξ(Ξ∞))

and φ′
1,Σp

= λ−1
Σp

(ξΣp), and φ′
1,Σc

p
is the characteristic function of RΣc

p
.

(C) We choose two ideals B1 and B2 of M and v ∈ M2(F ) very close pf–adically

(resp. d(M/F )-adically) to b = ( 1 1
1 1 ) ∈ M2(Fpf) in (2.5) (resp. b =

(
−1 1
dq 1

)
∈

M2(Fd(M/F )), taking q in (2.5) to be q in Lemma ?? splitting in M/F and
Remark 4.2 so that L = l(B1)v · r(B2) ⊂ L with L/L killed by a power of
d(M/F )q.

Now we need to introduce another prime q outside p and any given finite set of
primes, because L2 is stable only by an O–order in M of q–power conductor. We
choose the base B1 = Oz1 + yz2 and B2 = Ow1 + yw2 again as in Remark 4.2. Let
z = (z1, z2) and w = (w1, w2). Thus z0 = z1/z2 and w0 = w1/w2 are both in HI .
Thus we have from Theorem 3.3 and (5.3) that:

(θ(φ′
1), θ(φ1)θ(φ2))Γ = 〈θ(φ′

1)c, θ(φ1 ⊗ φ2)c〉Γ = CΨ(z, w)

for a constant C ∈W× and a congruence subgroup

(5.7) Γ = Γ0(N(λ); y).

Here Ψ(z′, w′) with (z′, w′) ∈ HI × HI is the homogeneous version of the modular
form in (3.31):

(5.8) Ψ(z′, w′) =
∑

0�α∈Γ\M2(F )

φ∗(∞)(εα)eF (det(α)z′)θ(φ1)|1α(w′)

for the partial Fourier transform φ∗ of φ = φ
′

1 ◦ c ⊗ φ2, because θ(φ)c(z) =

θ(φ)(−z) = θ(φ ◦ c). The constant C is prime to p (that is, ip(C) ∈ W×) be-
cause of the following reason: Since Ψ is of weight (I, I), the homogeneous form is
given by zI2w

I
2Ψ(z, w) = Ψ(z0, w0). Since v is very close p–adically to b in (C), we

may assume that v = b. Then by Theorem 3.3 and [b; z, w] = (z1 − z2)(w2 −w1),
we have

C = zI2w
I
2 Im(z0)

−I Im(w0)
−I [v; z0, w0]

I |[v; z0, w0]|2I

=
(z1 − z2)(w2 −w1)|(z1 − z2)(w2 − w1)|2

(z1z2 − z1z2)(w1w2 −w1w2)
,

whose image under ip is in W× (by our choice of v = b in (C) of the base z and w
as in Remark 4.2).
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The local partial Fourier transform preserves p–integral Schwartz-Bruhat func-
tions on M2(Fl) as long as l - p. Since Mp = MΣp ⊕MΣc

p
, we find

M2(Fp) = Mp ⊕Mp =
(
MΣc

p
MΣc

p

MΣp MΣp

)
.

The first column is the factor Mp carrying φ
′

1,p◦c. The function φ
′

1,p◦c is supported

on Rp. Since complex conjugation interchanges a and c (see Proposition 2.3), we

see from (4.9) that (φ
′

1,p ◦ c) ( ac ) = λΣp(a) (because we have assumed that λ has

conductor prime to Σpc: (5.6)). Similarly, φ2,p

(
b
d

)
= λΣp(d) for b ∈ RΣc

p
and

d ∈ RΣp . Thus φp(a, b) equals to χ(a, b)λΣp(a) for the characteristic function χ
of Rp = O×

p × Op. The partial Fourier transform is with respect to the variables

“(a(p), b(p))” keeps p–integrality by the Fourier inversion formula. Thus we may
concentrate on the p–component. Define for each P ∈ Σ, Φλ(x) to be equal to
λP(x) if x ∈ R×

P and 0 outside R×
P. Then the Fourier transform of Φλ is given

by W (λP)λP($
e(P)
P )Φλ($

e(P)
P x) (see [BNT, Proposition 13 in VII.7]). Thus we

need to prove W (λ−P)W (λP)λ($
e(P)
P ) ∈ W . This can be done as follows: writing

e = e(P) and $ = $P,

(5.9) W (λ−P)λ($e)W (λP) = N(P−2e)λ($e)λ($−ce)G(λ−1
P )G(λP)

= λP(−1)λ($−ce)λ($e)N(P−e),

where G(χ) =
∑

u∈R/Pe χ(u)eM( u
$e ) for the conductor Pe of χ. Note here that

the infinity type of λ is −Σ, and hence λ($e) is up to unit equal to $eΣ which is
equal to N(Pe) up to units in W . This shows the desired integrality.

Since the partial Fourier transform with respect to the character eA(ab′ − ba′)

interchanges (a, b), the support of φ
′

p is contained in
(
Op $

−eO×

p

Op Op

)
= τ−1

(
Op Op

peOp O
×

p

)
⊂M2(Fp),

where τ =
(

0 −1
$e 0

)
.

The function φ1,p is the characteristic function of RΣc
p
×peR×

Σp
. Since τ normal-

izes U0(p
e)p, we can choose complete representative set R for

U0(p
e)p\

((
Op Op

peOp O×

p

)
×GL2(FA(p∞))

)

such that α ∈ R can be written as τ−1β with p–component βp is upper triangular
(e.g. [MFG, 3.1.6]) with p–adic unit at the lower bottom corner. The Hecke oper-
ator UxU for x ∈ R preserves the p–integral structure of S(I,0)(Γ;W ) (the space
of cusp forms on Γ with W–integral Fourier coefficients). This fact follows, for
example, [H88, Theorem 4.11], and actually, if x ∈ GL2(F ) has upper triangular
p–component with p–adic unit at the lower bottom corner, the action of θ 7→ θ|1x
on modular forms preserves p–integrality since it is basically given by θ(z) 7→ θ(az)
for totally positive a. Thus the action of β: θ(φ1)|1τ−1 7→ θ(φ1)|1τ−1β in (5.8)
preserves the p–integrality [H88, Theorem 4.9], and θ(φ1)|1τ−1β has p–integral q–
expansion with respect to the variable w if θ(φ1)|τ−1 is p–integral. Thus we need
to prove that θ(φ)|1τ−1 has p–integral q–expansion coefficients, in order to show
Ψ(z, w) in (5.8) has p–integral q–expansion. Since θ(φ)|τ ′ for τ ′ =

(
0 −1
1 0

)
is given
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by θ(φ̂1) for the Fourier transform φ̂1 of φ1 regarding it as a function on MA. The

p–integrality only depends on the p–part φ1,p of φ1. By computation, φ̂1,p isN(p−e)
times the characteristic function of RΣc

p
× p−eRΣp. Taking $−e in O, we find that

θ(φ1)|τ−1 is equal to θ(φ̂1)|1
(

1 0
0 $−e

)
(w) = $eθ(φ̂1)($

ew) up to a p–adic unit.

Since $eN(p−e) is a p–adic unit, we get the desired integrality.

Write (θ(λ; A), fy)Γ0(N,y) for the inner product (θ(λ; A), fy) for the y–component
fy of f ∈ S(I,0)(N, ε;W ) with respect to Γ0(N; y). By the q–expansion principle,
we conclude from (4.6)

(5.10)
(2πi)2ΣWp(λ

−)(θ(λ; A), θ(φ1)θ(φ2))Γ0(N,y)

Ω2Σ
∈W

for Γ in (5.7). This shows

(2πi)2ΣWp(λ
−)(θ(λ; A),Θy

ij)Γ0(N(λ);y)

Ω2Σ
∈W.

Since any f ∈ S(I,0)(N(λ), ε;W ) is a W–linear combination of Θij by Corol-
lary 2.5, we conclude for all f ∈ S(I,0)(N(λ), ε;W )

(5.11)
(2πi)2ΣWp(λ

−)(θ(λ; A), fy)Γ0(N(λ);y)

Ω2Σ
⊂W.

with f(λ)y = θ(λ; A).
we get, for all f ∈ S(I,0)(N(λ), ε;W ),

(5.12)
(2πi)2ΣWp(λ

−)(θ(λ; A), fy)Γ0(N(λ);y)

Ω2Σ
⊂W.

Summing over ideal classes A and y in tandem, by Remark 5.6, we find

(5.13)
(2πi)2ΣWp(λ

−)(f(λ), S(I,0)(N(λ), ε;W ))N(λ)

Ω2Σ
⊂W.

Thus we conclude

H(ϕ)|h(M)

h(F )
L−(ϕ)

as we explained in the introduction. Here H(ϕ) is the congruence power series
with respect to the nearly ordinary Hecke algebra h(N(ϕ), εϕ;W ) interpolating
hn.ord(I,0) (N(λ), ελ;W ) (for all κε ∈ A(I)). Thus H(ϕ) divides the congruence power

series H in [HT93] but could be smaller if C∩ Cc contains non-trivial prime factor.
In [HT93], we had an extra factor ∆(M/F ; C) which is equal to the product of the
Euler factors of L(s, α)L(s, ϕ−1ϕc) for primes outside p in C∩Cc. This comes from
the formula of the inner product of θ(λ) in [HT93] Theorem 7.1. After doing the
same computation for f(λ) of smaller level instead of θ(λ) and writing k = κ1−κ2+I
(see [H07] (5.5)), writing (·, ·)M for the Petersson inner product of level M defined
in [H91, p.342–343] and D for the discriminant of F/Q, we get the exact formula, if

λ− has split conductor:

(5.14) (f(λ), f(λ))N(λ) + (f(λ)u, f(λ)u)N(λ)

+ π−(k+I)ΓF (k + I)L(1, Ad(f(λ)))

under the terminology of [HT93] Section 7 without any error terms, where “+”
means up to p-adic units.
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Remark 5.6. The Petersson inner product (f, g)M in [H91, p.342–343] is an in-
tegration over X0(M) := GL2(F )\GL2(FA)/U0(M)F×

A C∞ for the stabilizer C∞ =
F×
∞SO2(F∞) under the invariant measure of volume 1 over U0(M), while we com-

puted the product (f, g)′M over the covering space X′
0(M) := GL2(F )\GL2(FA)/U0(M)F×

∞C∞.
The fiber of X′

0(M) → X0(M) is finite induced by the center action of ClF =

FA(∞)/F×Ô× and hence if fg factors through X0(M), we have a simple relation
|Cl+F |(f, g)M = (f, g)′M. However in our computation, θ(λ; A) for the component
corresponding z = 1, the component corresponding non-trivial z is θ(λ; A)|〈z〉 =
θ(λ; zA), where 〈z〉 is induced by the central action on GL2(FA). Since the lat-
tice for Θijz is zOij(N), and hence (θ(λ; zA),Θijz)N = (θ(λ; A),Θij1)N. Thus
|ClF |(f(λ),

∑
z Θijz)N = |ClF |(θ(λ; A),Θij1)N, and the class number cancels out.

Therefore integrality in (5.13) is sufficient under the condition d(M/F ) 6= (1).
If d(M/F ) = (1), f(λ) is supported over the half of the fiber corresponding to
NM/F (ClM ) ⊂ ClF (see Remark 5.5); so, the formula is (|ClF |/2)(f, g)M =
(f, g)′M in this case. Still (5.13) is sufficient.

5.3. Eliminating the condition (odd). Here is how to remove the condition
(odd). We choose an appropriate totally real quadratic extension F ′/F and put
E = F ′M . Since Gal(E/F ) = Gal(F ′/F ) × Gal(M/F ) ∼= (Z/2Z)2, there exists a
third quadratic extension M ′/F in E/F . Note that M ′ is a CM field. In summary,
we have a diagram

M ′

↗ ↘
F ↪→ F ′ ↪→ E.

↘ ↗
M

We can arrange F ′/F so that

(F1) for any prime r of F ramifying in M , the inertia group of r in Gal(E/F ) is
given by Gal(E/M ′) (so, any prime factor of r in F ′ splits in E/F ′),

(F2) for any prime q|2 is unramified in E/F ′ (i.e., E/F ′ satisfies (odd)),
(F3) E/M ramifies at least one finite place.

We consider the base-change ψE = ψ ◦NE/M which has split conductor relative to

E/F . By the main theorem proven under (odd), we have L−
E(ψE) = F−

E (ψE) up to

units in W [[Γ−
E]]. We have the restriction map Res : Γ−

E → Γ−
M . Since p is odd, Res

is a surjection. In [H09, §4], we gave a detailed argument proving Res(F−
E (ψE)) =

F−
M(ψ)F−

M (ψα) for α =
(
E/M

)
and Res(L−

E(ψE)) = L−
M (ψ)L−

M (ψα) up to units

in W [[Γ−
M ]]. Note that the condition [H09, (F2)] only applies to the prime factor

of 2 in d(M/F ) as we proved the equality under (odd) in this paper. Thus

L−
M (ψ)L−

M (ψα) = F−
M (ψ)F−

M (ψα)

up to units in W [[Γ−
M]]. Note here that ψα remains anticyclotomic (because α has

order 2). As proven in [H26, (C) in §6.3], L−
M (ψ)|F−

M (ψ) and L−
M (ψα)|F−

M(ψα), we
conclude the individual identity:

L−
M (ψ) = F−

M(ψ) and L−
M (ψα) = F−

M (ψα)

up to units in W [[Γ−
M ]]. This finishes the proof of Theorem I.
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