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For a fixed Hecke eigenform f of weight k£ > 2, we have its p-
adic Galois representation {p;,}p for p running over primes of
Z[f]. Defining p, = (prp mMod p), we study dependence on p of
the universal rings Rg"“d and R, p representing the deformation
functors D = Dy, Dy = Dy,p : C — SETS of p, defined in §0.22
(assuming p, satisfies (ordp)).

As before, we write I; for the inertia group of the [-decomposition
subgroup D; C G and x = v~y (f € Sk(N,v)). We write S for
the set of ramified primes I 7= p of p such that p|;, =€ & d;. The
conductor of a local or Dirichlet character ¢ is written as C'(v).



§2.1. Integral modular forms. Let Z[y] be the subring of C
generated by the values of 1. For an algebra Z[¢] C A C C, let

Sk(To(N), ¥, A) :={f € Sp(Mo(N),¥)|a(n, f) € A for all n > 0},
where f(z) = >>° 1 a(n, f)q"™ with ¢ = exp(2miz). Often we write
Sk(N,w)/A for Sp.(Mo(N),v; A). We then define

hi(N,¥) 4 = A[T'(n)[n =1,2,...] C Ends(Sp(N,v)/4)).
These are A—modules of finite type and (see [MFG, §3.1.8-9])
Hom 4 (Sk (N, ) j4, A) = hi(N, ) /4,
Hom 4 (hi(N, %) /4, A) — Sk(N,$) 4.

Here the duality between h; and Sy is given by (T, f) = a(1, f|T).
By the identity of Hecke: (T'(n),f) = a(n,f), we have i(¢) =

> =1 ¢(T'(n))q".



§2.2. Known and unknown facts for h,(N,).
e Define for general Z[vy]-algebra A,

Sk(N,¥) 4 = Sp(N,¥) 710 7] A AN, ¥) 14 = hig(N, ) y714] @z[p] A-
Then hy(N,¢) 4 = AT (n)ln = 1,...] C End4(S,(N,v),4)) and
the duality statement holds without any modification.

o If N =C(v), hk(N,w)/A is reduced for any Z[y]-domain A flat
over Z[y]. This follows from the theory of new/old forms (see
Miyake’'s book “Modular forms” (Springer) §4.6 (in his language,
new form is called primitive form). Actually this is still true if
N = NoC(v) with square-free Ng|C(y) (why?).

Conjecture: Suppose k > 2. If N is cube-free, hk(N,¢)/A iS
reduced for any Z[vy]-domain A flat over Z[y].

This is known if £k = 2 (Coleman/Edixhoven) and k£ = 3 for N
square-free (D. Ulmer). See Coleman/Edixhoven paper Math.
Ann. 310, 119-127 (1998) and Ulmer paper: IMRN No. 7
(1995)



§2.3. Hecke eigenform

A cusp form f € Sk(N,w)/@ is called a Hecke eigenform if f|T'(n) =
AT (n))f for all n with the eigenvalues A(T'(n)) and a(1, f) = 1.
This fact is equivalent to f = >°2 1 AM(T'(n))q" (by duality be-
tween S and hy). Fix such an eigenform f € Si.(N,%). Then
we get an algebra homomorphism A : h = hk(N,w)/Z[f] — Z[f].
Pick a prime p|p of Z[f] and let W = Wy = Zp[f] = Z|f]p. Since
hp 1= hk(N,w)/W is free of finite rank over W, for any maximal
ideal m of hi, we have mNW = my,. Since hp/myyhp is a finite
ring; so, there is only a finite many maximal ideal of hp; Sso,
hp = [y hm for the m-adic completion hm which is a local ring.
We pick the unique local ring factor Ty , of hy through which A
factors. First we study how QTX’p/W depends on p. The idea is
to relate QTX,p/W with £2; 71, which is independent of p.



§2.4. A summary of general properties of d4 : A — QA/B.
Let A Aj, B’ be B-algebras.

(d1) Q24,5 4,/B =24, /8D Qa,/p (da;xa, = da, +da,)

as Derg(Aq x Ao, M) = Derg(Aq1, M) @ Derg(A>, M).

(d2) Qg-14/5 = Qu/p ®a S™1A (dg-1, = da ® 1) for a multi-
plicative set 1 € S C A.

(d3) Qugyp /B = Qayp®p B' (dagp =da®1).

Suppose that A is a B-module of finite type.

(d4) $24,p =0 if Ais a separable extension of a field B.
Indeed, if A is a field, A = B[X]/(f(X)) with 8 image of X in A.
Then Q4,5 = (A/f'(0)A)d0 =0 as f'(8) # 0 [ ]
(d5) ©2,4,p is a torsion B-module if B is an integral domain of
characteristic 0 and A is reduced. This follows from (d1-2) and
(d4) since AR pFrac(B) = Frac(A) = K1 x --- x K, for separable
extensions K;. What happens if B has characteristic p > 0.



§2.5. Preliminary lemmas.
Lemma 2.5.1. Suppose that h is reduced. Then $2, 714 IS a
finite module.

By (d5), $25,/717) IS @ torsion Z[ f]-module of finite type; so, it is
finite. [ ]

Lemma 2.5.2. We have QTxp/Wp — Qh/Z[f] ®h TX;P'

Note hp = h ®Z[f] Wp. Thus by (d3), th/Wp = Qh/Z[f] ®Z[f] Wp.
Since hp = [Im hm and Ty p is one of hp; 5O, 2 1y, = Om Ly /W,
If Ty p = hgy, 20, o/ Wo = Lhgy/Wy = 2hy /W, Onp hos SO, we get
the desired formula. L



§2.6. Consequence of vanishing of differentials.
Let A € CLB.

Lemma 2.6.1. Suppose that A is a torsion-free B-algebra.
Then Q,,p®4 A/a = O for a proper A-ideal a if and only if
A = B.

Proof. We need to prove Q2,,p®4 A/a = 0 = A = B. By
Nakayama’'s lemma, we have Qy/p = 0 & Q2,44 F =0 <
24/p®4 A/a = 0. Thus we may assume that a = my. Thus
we have t% o := ma/(m4 +mp) = Q45804 F =0, which implies
that ig(mp) = my, and therefore by the argument in §1.5, we
have a surjective B-algebra homomorphism = : B —-» A. Thus
torsion-freeness tells us Ker(w) = 0, and hence A = B. [ ]



§2.7. Theorem: T, , = W, for almost all p.

We actually prove

Theorem 2.7: Let Ann(f) be the annihilator of 2, 71 1D Z[f].
Then Ann(f) is a non-zero ideal of Z[f], and if p 1 Ann(f), then
Txp = Wp.

Proof. By Lemma 2.5.1, Ann(f) is a non-zero ideal of Z[ f] (could
be Z[f] itself). By Lemma 2.6.1, we need to show that p ¢
Ann(f), then QTXp/Wp = 0. By Lemma 2.5.2,

Q1 /W = 202151 @111 Dxp- (*)
If p 1 Ann(f), then Z[f] — p contains an element a which Kkill
Qh/Z[f] which is a unit in Ty p. Therefore the multiplication by
a Kills the right hand side of (x) and is an automorphism of the
left-hand-side; so, QTX,p/Wp = 0. [ ]



§2.8. Old and new form.

For a modular form g € S(M, go)/@, g(mz) = g|[m](z) for 0 <
m € Z is in Sp,(Mm,p). A linear combination in S,(N,) of cusp
forms of the form g|[m] with m > 1 and g of lower level is called
an old form. The orthogonal complement under Peterson inner
product of the subspace of old forms is called the space of new
forms. These spaces are stable under Hecke operators. A Hecke
eigenform in Sy (N,) is called primitive if f is new. Among
cusp forms of varying level with eigenvalues for T'(l) given by
A(T'(1)) for almost all I, there exists a unique Hecke eigenform
of minimal level C, and that is the primitive form. The level C
is called the conductor of f. For all these, see Miyake’s book
“Modular forms” Chapter 4 (from Springer). Hereafter the fixed
eigenform f is primitive of conductor C (so, f € S.(C,v)).



§2.9. Modular Galois representation. The cusp form f has a
p-adic Galois representation pp = pr, with values in GL>(Wjp) for
each prime p of Z[f] satisfying (e.g., [GME, §4.2])

(G1) pp is unramified outside pC' (p|p);

(G2) det(1 — pp(Frob))X) =1 — A(T(1))X + x(1)X? for 1 { Cp;
(G3) If a(p, /) = MT (1)) & . pplp, = (7 5,) (ordinarity);
Conjecture: a(p, f) & p for density 1 primes p?

(G4) Writing the [-primary part of an integer N > 0 as N, if

C; = C(¥); for a prime I|C (I # p), then pp|;, = (léz (13);

(G5) If C; = IC)(y) (I # p), then py|p, = (”gp ;‘;) for a Galois
character n : D; — W, such that n?v, = x;;

(G6) If 12|(C/C(¥)) (I # p), then A(T(1)) = 0 and p|p, is either
absolutely irreducible or isomorphic to (g (?z) with C'(¢)C(9;) = C
with C(¢) > 1 and C(§;) > 0.



§2.10. Modular deformation.

Fix a Z[f]-prime p|p > 2 and a primitive form f € S,.(C,y) of
conductor C. Assume that p) = py = pyyp Is minimal and satis-
fies (ordp). Let p =ps, := pp mod p (p-distinguished is satisfied
by p), and consider deformation functors D = Dy, Dy, = Dyp
for p. Write Ry = Ryy (resp. R4 = R¢') for the univer-
sal ring representing Dyp (resp. Dp). Consider Tr(p, ) =
ZAEHome—alg(TX,Pa@p) Tr(py). By (G2), Tr(pr . p)(Frob;) = T(l)hl‘x,p
for all primes [ { Cp. By Chebotarev density, Tr(pT,X,p) has values
in Ty p. BYy the theory of pseudo-character, we have a Galois
representation pr = pr, 1 G — GLo(Ty,p) with Tr(pr)(Frob;) =
T()|r,,- Since trace determines representation (if irreducible)
over a field, we have pyp € Dy(Ty,p). Thus we have a universal
map m : Ry,p — Ty, such that wop, ~ pr.



§2.11. The R =T theorem. Here is a theorem of Taylor—Wiles
proven in 1995, writing p* = (—1)(P—1)/2p (see [MFG, §3.2.4]):

Theorem 2.11: Assume that p restricted to Gal(Q/Q[/p*]) is
absolutely irreducible (Taylor—Wiles condition). If k > 2, « in-
duces an isomorphism Ry, = Typ identifying p, with pr

Moreover we have a presentation Ty, = WEE1T1,-.§T)T]]
9oy T

complete intersection over Wy) for r = dimy by o/ Wy

XoP -
(a local

e By Frobenius reciprocity law, the TaonL—WiIes condition fails
S p = Indg[\/_*] ¢ for a character ¢ : Gal(Q/Q[vp*]) — F*.
p

e [ his condition of irreducibility over k is mostly removed by
Khare/Ramakrishna/Thorne/Kalyanswamy. See Kalyanswamy's
thesis published in Mathematical Research Letters 25(4) (2016).
e It is known that T, p is reduced if the prime-to-p conductor of
p match the prime-to-p level of f (e.g., under minimality).



§2.12. Classification of Im(p) modulo center. Leonard Eu-
gene Dickson in his book: “Linear groups” (1901) in §260 gave a
classification of subgroups G C PGL»(F) given by Im(p) modulo
center:

(G) If p||g|, G is conjugate to PGL»(k) or PSL»(k) for a subfield
k C F as long as p > 3 (when p =3, G can be Ag).

Suppose p1 |G| (so, p>5). Then G is given as follows.

(C) G is cyclic (= Im(p) is abelian; p is reducible).

(D) G is isomorphic to a dihedral group D, of order 2a (so,
D = Ind%@ for a quadratic field K), and F = F,[®] (the field
generated by the values of ).

(E: Exceptional cases) G is either isomorphic to Ay, Sp (F =TFp),
or Ag (F=TF, if p=+1,0 mod 5 and IFpg otherwise).

In Cases (G), (D), (E), p is absolutely irreducible, and in Cases
(C) and (D) with K = Q[+/p*], Taylor—Wiles condition fails.



§2.13. If £ > 2, Ryp = Wp and »r = 0 for most ordinary p.

By a result of Ribet, if f is not a binary theta series (i.e., a theta
series of the norm form of a quadratic field), if £k > 2, except for
finitely many p, Pfp falls in Case G; so, it satisfies Taylor—Wiles
condition. Thus the assertion of the section title follows from
Theorem 2.7 (and the R =T theorem).

If f mod p is a theta series associated to a quadratic field K and
k> 2, unless K = Q[v/p*], the same outcome.

If £ = 1, under irreducibility, we are either in Case (D) or (E)
and p = pr, Is independent of p (or in short, p has finite image
and has values in GL»(Z[f]) for a finite extension Z[f] generated
by the values of Tr(p) over Z. We do not know the distribution
of primes p with Ryp = Wy except when p = Ind%go for real
quadratic K. We study real quadratic case later. Next goal is to
study this question for B = A. We ask if ROT® — A for most 7



§2.14. Definition of “big” Ty. Start with p = Pfop MOd p
given by a primitive form fo € S, ,(C,v¢g). We have a modular
form H with H = 1 mod p of weight 1 of level p with coeffi-
cients in Z, and character w—1! for the Teichimiiller character w
modulo p. Then fH" = f modp, and ¢ : f — fH™ gives a ¢-
expansion preserving F-linear map S, (Cp, wo)/ﬁr — S.(Cp, wk)/F

(k = ko 4+ n, ¥, = ow™™). Note that ¥ = (10 14y mod p) =
(vF~lw™™p mod p), and the action of T'(n) on Si(Cp, )/ 1S

a(m, fIT(m) = > xdal"7.f) (eg., [MFG, §3.1.7])
d|m,d|n,(d,pC)=1

and hence : is Hecke equivariant. Thus we have T, as a factor

of hi(Chp, wk) Wi giving the same p. We then define T = Ty to

be the subalgebra of Tlk>k, T, topologically generated by T'(n)

for all n (here T'(n) has prOJectlon to T'(n) in T, for all k > kg).

Thus Ty is reduced under minimality.



§2.15. Big Galois representation. Consider the product pT, =
[k>ko P, * G — GLo(llk>ko Tk)- Then Tr(pr,(Frob;)) = T(I) €
Ty for all primes | { Cp. By Chebotarev, Tr(pp) has values in
T, so, by means of pseudo characters, if p is irreducible, this
representation descent to Ty - G — GLo(T) € Dp(Tp). Our base
ring B is Wy but we can descend further to the Witt vector ring
W = W(F). Since det(pr) is a deformation of det(p), we have

a canonical algebra structure i, 1 A = W[[ng]] — Tp. This is
the representation constructed in 1986 in my paper published
in Inventiones Math. 85 (1986), in which the representation is
constructed only assuming that a(p, fo) = AN(T'(p)) € .

Theorem 2.15: Suppose that Pfop IS Minimal satistying (ordp)
with irreducible py,. Then we have a Galois representation PT, -
G — GL(Tp) in D(Ty) such that Tr(Frob;) = T(l) for all primes
L1 Cp.



§2.16. Rank theorem. Define Sp"¥(Cp,¢),4 for A € CLy
by the maximal subspace (and hence the maximal quotient) on
which U(p) is invertible. Since Sy (Cp, wo)/w — Si.(Chp, wk)/ﬁr (by
a T'(n)-equivariant map)), we get

rankyy SgTUCp, ) jw > rankyy SPE(Cp, 40) -
Another result in 1986 is (see [GME, §3.2.4] or [LFE, §7.3]).

Theorem 2.16.1: We have, for all k > 2,

r = ranky SP"(Cp, ¢y) = ranky Sggd(Cp, %o) -
Corollary 2.16.2: Ty is reduced N-free of rank equal to r and
Tp/(t — x(7)) = Typ (x = u]’,f_lqpk) for all k > 2. If Taylor—
Wiles condition holds for p,, we have Rgrd = Ty. In particular, if
ptAnn(f), Ry = A.

We prove the corollary assuming that Ry, = Ty p for all k > 2,
though the first assertion is valid without having R = T theorem.



§2.17. Proof of Corollary. Since T, € D(Ty), we have the
universal map my @ Ry — Ty with n(Tr(p,)) = Tr(pTX); SO, Ty
is onto. Since Rgrd/(t — x(v)) = Ryp and Typ/(t — x(v)) surjects
down to Ty p, we have the commutative diagram:

r ord —

ontol lonto

R/ (t — x())RF™ — Typ.

Y

The map mg is given as follows: Choose hi,...,hr € Rg"“d giv-
ing a basis of Ty modulo (¢t — x(v)). By Nakayama's lemma,
mo(ai,...,ar) = > ;a;h; is an onto A-linear map. Put m = w1 omg.

Thus Ker(m) C N, (t—x())A” = 0; so, A" =2 R"4 2 T, The last
assertion follows from Theorem 2.7. [ ]



§2.18. Presentation theorem.

Theorem 2.18: Assume R(”“d =Ty and Typ = W([éTl’ éT)T]] for
1,--597r

ro= dlmFtTXp/W for one x = vi~1lyy (k > 2). Then we have
Ry =2 A[[T1,..., 1711/ (S1,- .-, Sr) with Tj mod (t — x(v)) = T
and S; mod (t —x(v)) =S,

Proof. We write t; for the image of T, in T,. As remarked
in §1 21 t%}x/W — QTX/W ®TXF — QTp//\ ®Tp F = t%}p//\' Any
lifts {t;}; of {t;}; give rise to a basis of i oA Then we have
a surjective CLa-morphism x : /\[[Tl,...,TT]] — Ty with T; — t;.
Then Ker(x)/(t—x(v)) Ker(r) is generated by Sq,...,Sr, and we
lift S; to S; € Ker(m). So Ker(m) ®@nqpy...7,1 F is generated by
the image of S; as [F-vector space; so, by Nakayama’'s lemma,
we have Ker(w) = (S1,...,Sr) as desired. [ ]



§2.19. Deformation functor over A and R°™®, Let k =
det(p®™®) : G — AX. Then (A, k) represents

A—{6: G — A*|€§ mod my = det(p)}.
Consider a new deformation functor Dy : CL/p — SETS:

Dr(A) = {p € D(A)[det(p) =igok}/T(my),

slightly different from the one D, where writing 14 : A — A for
A-algebra structure of A. Dy is again represented by (R, pord)
regarding RoT4 3s 3 A-algebra by the C'Ly-morphism induced by
det(p) : G — Rord”* | Indeed, if p € Dg(A), we have i qjok = det(p).

Regarding p € D(A), we have a unique CLyy-morphism Rord ﬂ A

with ¢ o p ~ p. Taking determinant, we get ¢ o k = det(p)
showing that ¢ is compatible with iRom and i4; SO, it is a CLA-
morphism, showing HOmMa(R, A) = Dx(A) by ¢ < p. Thus by
§1-27: SeI(Ad(p))V = QRord//\ ®Rord’¢ Al




§2.20. Fitting ideals.

Let A€ CLg. Let M be an A-module with presentation:

AT LAs M =0
for a matrix L in Msy(A). If r > s, the A-ideal Fitt,(M) gener-
ated by s x s-minors of L is called the Fitting ideal of M, which

is independent of the choice of the presentation (and the choice
of matrix form of L). If r < s, we put Fitt4(M) = 0.

By definition, Fittg(M ®4 4 B) = B - ¢(Fitt4(M)) for a CLp-
morphism ¢ : A — B. If r = s, Fitt4(M) is principal.

See Appendix of Mazur—Wiles paper: Inventiones 76 (1984),
179—330 for a summary of the theory of Fitting ideal. Eisen-
bud’s book: “Commutative algebra, with a view toward algebraic
geometry” GTM 150, 1995, Springer has more details in §20.



§2.21. Examples of Fitting ideals and remarks.
e If A=B=W withmy =(w), M =W/w 1 Wo---dW/wsW.
Choose L = diag[w,...,@“]. If W = Z, Fitty = (|M]) and,

_ . —ranky W_ .
Fittyy (M) = (IT; @%) = (|| M]], ") in general.
o If B= A=A and M is a A-torsion module, we have a A-linear
morphism ¢ : M — A/(f1) ®--- @ N/(fr) for f; € mpa with finite
kernel and finite cokernel. Then we define charpn(M) = (I1; f;)
(the characteristic ideal with characteristic power series []; f;).
e It is known that Fittp (M) = charp (M) if Fittpo(M) is principal
and Np FittaA(M)p = charp(M), where P runs over all principal
non-zero prime ideals of A (i.e., height 1 prime ideal). So for
any normal noetherian domain A, we define
char4 (M) := Np:height 1 Fitta(M)p.

e If we have a good p-adic L-function L, of a Galois representa-
tion p : G — GL,(A), one expects char,(Sel(p)Y) = (L,) (Main
conjecture).



§2.22. Tate’s theorem [MFG, §5.3.4].

Theorem 2.22.1: Suppose B is a domain. Let A € CLp be a
reduced B-algebra free of finite rank over B. If A = B([gl"“éTg]],
then for any B-algebra homomorphism )\ : A — B, e

Fittg(C1(\; B)) = Fittg(Co(\, B)), Co(AX; B) = B/ Fittg(Co(\; B)).

We say a Hecke eigenform f € Sk(Cp,zp)/Wp belongs to Ty if
Af hk(Cp,w)/Wp — Wy given by ¢|T(n) = X¢(T(n))g factors
through T,,. For an irreducible component Spec(l) C Spec(Ty),
if A\g factors through I is called “belonging to I'. The set of
all g belonging to I is called the p-adic analytic family of Hecke
eigenform of I (or the Hida family of I).

Corollary 2.22.2: Assume that p, is minimal satisfying (ordp).
Let B =Wy, or N = Wyl[[T]], and write Tg =Ty if B = A and
Tp =Ty if B= W, for k> 2. Then Fitty (Q21,,p) is a principal
ideal generated by a non-zero divisor Lg € Tpg.



§2.23. Proof of Corollary.
Recall the second fundamental sequence from [MFG, §5.2.3] for
a surjective morphism 7 : A - C with J := Ker(r):

da®1l—dmr(a)

11722280 peaC

Applying this to A = B|[[Ty,...,Ty]] with C = T and J =
(S51,...,5r), we get the following diagram withe exact rows:

J/J2 — Qpry,. /B ®aTs — Qryp — 0
ontoTSiHSZ- mod J2 ZT TII
DTS — ®,; Tpdly — Q1 — 0.
Thus FittTB(QTB/B) = (LB) for Lp = det(d) € Tp. Since

QTB/B is a torsion B-module, Lg is a non-zero divisor by §2.4

(d5). (]



§2.24. Algebraic p-adic L.

We call P € Spec(Typ)(Wy) arithmetic (resp. classical) if A\ =
Ap @ Ty - Wy with P = Ker(Ap) factors through T, for k£ > 2
(resp. associated to a Hecke eigenform). Any arithmetic point
P is classical. The cusp form associated to a classical point P is

written as fp =322 1 Ap(T(n))q"™ and pp = py, p-

Theorem 2.24: Suppose R = T, and that Ty, is a local

complete intersection relative to N. Then for arithmetic P &
—ranky W,

Spec(Ty), we have LA(P) := Ap(Lp) satisfies |LA(P)|p TP —

ISel(Ad(pp)| or equivalently

LA(P) = |Sel(Ad(pp))|
up to units in Wy.

Therefore it is natural to call Lp : Spec(Typ) — @p the algebraic
adjoint p-adic L-function.



§2.25. Proof.
As we have seen in §2.19, by R"® & Ty,

Sel(Ad(pa))" = QA @ pord , A
for ¢ : R"® — A with p4 ~ @ o p°@. Since as remarked in §2.20,
if pa = pp for arithmetic P, taking A = Typ/P = Wy, we have
L/\(P) = (L/\ mod P)

is the generator of Fitth(QTp/A ®T, Wyp) = Fitth(Sel(Ad(pp)).
Thus again by the computation in §2.20 of Fitting ideal for a
module over W = Wy, we get

LA(P) = |Sel(Ad(pp))|
up to units. [ ]



§2.26. p-adic analytic L.
It is known [MFG, §5.3] for the two periods Q?,_? c C*:

Theorem 2.26: Suppose Ty is local complete intersection over
N. Then we have for all arithmetic P € Spec(Typ)(Qp)

— rankZp Wp
L(1,Ad(fp))

_|_ _
QfPQfP D

|ICo(Ap; Wp)| =

L(s, Ad(f)) = [];det(1 — FrObe,q(Fr0bz)|Ad(pfq)fll_s)_l. Here we
choose a prime ideal q of Z[f] prime to I. |

If f|T(1) = X(T())f (1 Cp), for two roots «, 3 of X2—-NT (1)) X+

x (1) = 0, we have

det(1 — Frobp ,(Frob)l™*) = (1 — B 1175)(1 — 1" 5)(1 — Ba” 117).



§2.27. Adjoint class nhumber formula. By the Ramanujan—

Pettersson conjecture (proven by Deligne), |a| = |3] = /p*~1; so,
L(s,Ad(f)) converges absolutely if Re(s) > 1, and by Shimura, it
has analytic continuation to the whole complex plane. Theorem
2.26 combined with Tate's theorem implies

Corollary 2.27: Suppose Rord = Ty and that Ty is local com-
plete intersection over \. Then a generator Ly of Fitty, (€21, /)
—rankz, Wy

L(1,Ad(fp))

_|_ _
QfPQfP

unit for all arithmetic points P € Spec(Ty).

satisfies La(P) = |Sel(Ad(pp))| =

up to

p

For example, if f is associated to an elliptic curve E/@, then
choosing a generator v+ € Hy(E(C), Z)* for the +-eigenspace of
complex conjugation, QF = Jyy 2mifdz = [, g—‘édq. We hope to
come back to the analytic theory towards the end of this course.



