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Discrete Gaussian (DG) model on Z¢

Definition

The DG-model in A C Z? is an integer-valued random field {hy},cz¢ with law

1
P(dh) = Z—e_BH(h) [T #@h) ] do(dhy)
i xEN XEZN
where
@ 3> 0 inverse temperature
e H(h):= %wa(hx — hy)?
@ # counting measure on Z

@ Zj 3 normalization constant

@ Also known as integer-valued DGFF or Z-Ferromagnet
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Phase transition of the DG-model in Z?2

B < 1 (high temperature) B> 1 (low temperature)
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“Delocalisation phase” “Localisation phase”

Let A, :={0,---,L—1}2
o [Peierls’ argument] For 8 > 1,
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Phase transition of the DG-model in Z?2

B < 1 (high temperature) B> 1 (low temperature)
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“Delocalisation phase” “Localisation phase”

Let A, :={0,---,L—1}2
o [Peierls’ argument] For 8 > 1,

E(h3) = 0(1)

o [Frohlich & Spencer 1981] For 5 < 1,
E(h?) < loglL
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Phase transition of the DG-model in Z?2

Let
AL:={0,--- L —1}?

[Aizenman, Harel, Peled, Shapiro 2022] 3 8.(Z?) € (0,00) such that as L — oo,

o c
E(h3) = {oo(l) g z g
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Phase transition of the DG-model in Z?2

Let

AL:={0,--- L —1}?
[Aizenman, Harel, Peled, Shapiro 2022] 3 8.(Z?) € (0,00) such that as L — oo,

o c
E(h3) = {00(1) g z g

Asympotics of the maximum
o [Lubetzky, Martinelli, Sly 2014] For 5> 1, 3N = N(L) such that

maxhy € {N,N+1} with  N(L) ~ V/(273)~1log Lloglog L
xeNp

with probability going to 1 as L — oo
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Phase transition of the DG-model in Z?2

Let

AL:={0,--- L —1}?
[Aizenman, Harel, Peled, Shapiro 2022] 3 8.(Z?) € (0,00) such that as L — oo,

o c
E(h3) = {00(1) g z g

Asympotics of the maximum
o [Lubetzky, Martinelli, Sly 2014] For 5> 1, 3N = N(L) such that

maxhy € {N,N+1} with  N(L) ~ V/(273)~1log Lloglog L
xeNp

with probability going to 1 as L — oo
e [Wirth 2019] For § <« 1,

max hy < log L
xENL

with probability going to 1 as L — oo
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Extremal properties of log-correlated random fields

For ¢ = a log-correlated random field (examples given on the next slide), set
M, = max @y
xEN,

@ Jc, ¢ > 0 such that for m, := c1n — ¢, log n, {M, — m,}p>1 is tight
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Extremal properties of log-correlated random fields

For ¢ = a log-correlated random field (examples given on the next slide), set
M, = max @y
xEN,
@ Jc, ¢ > 0 such that for m, := c1n — ¢, log n, {M, — m,}p>1 is tight

@ dc, >0, a > 0, and Z a.s. positive random variable such that

VteER: P(M,<m,+t) — E (e—c*ze—a:)
n—o0
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Extremal properties of log-correlated random fields

For ¢ = a log-correlated random field (examples given on the next slide), set
M, = max @y
xEN,
@ Jc, ¢ > 0 such that for m, := c1n — ¢, log n, {M, — m,}p>1 is tight
@ dc, >0, a > 0, and Z a.s. positive random variable such that

VteER: P(M,<m,+t) — E (e—c*ze—a:)
n—o0

@ Jalaw D on locally-finite upper-bounded point processes on R such that
law
S e 2556
xen, ij>1

where {h; : i > 1} enumerates the points in a sample from
PPP (ze*ahdh),

and {c)’j-(i) :j > 1}i>1 enumerates the points in the i-th member of the

sequence {d(i)};zl of i.i.d. samples from D, called decorations, independent
from {h; : i > 1} and Z
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Extremal properties of log-correlated random fields

The general picture above holds for examples including:
@ Branching Brownian Motion at time n
@ Branching Random Walk (BRW) at time n

@ Discrete Gaussian Free Field in a box of side-length 2"
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Extremal properties of log-correlated random fields

The general picture above holds for examples including:
@ Branching Brownian Motion at time n
@ Branching Random Walk (BRW) at time n

@ Discrete Gaussian Free Field in a box of side-length 2"

Further evidence of universality:
@ Four-dimensional membrane model
@ Local time of simple random walk on a regular tree
@ Characteristic polynomial of a random matrix ensemble
°

A class of P(y)2-models on a torus
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Hierarchical Lattice

Let n > 0 and b > 2 be integers. The hierarchical lattice of depth n is defined by
A ={1,...,b}"

For connection with Z9, we take b = L9 for some L > 2
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Hierarchical Lattice

Let n > 0 and b > 2 be integers. The hierarchical lattice of depth n is defined by
A ={1,...,b}"

For connection with Z9, we take b = L9 for some L > 2

o« o [o ol |o o e > —0-blocks
/
. . . o L L] ® ot
.
e e o e |® o & o L blocks
. . . L] . L] . o /z_blocks
— | [ | / \ /1
/
o o o o |lo_o o o
- 3-block
e e o e |® o & o
o o o of |lo o lo o

Blucksinij()rj:0.1.2,3 whend =2,N=3,L=2.
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Hierarchical Laplacian A,

For x = (x1,...,%n),¥ = (¥1,---,¥n) € N, the hierarchical distance between x
and y is defined by

d(x,y) =inf{j€{0,...,n}:x;=y; ¥Vi=1,...,n—j}
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Hierarchical Laplacian A,

For x = (x1,...,%n),¥ = (¥1,---,¥n) € N, the hierarchical distance between x
and y is defined by

dx,y)=inf{j€{0,...,n} :xi=y; Vi=1,....,n—j}

A, acting on  : A, — R takes the explicit form

n

Dnf(x) =Y (e =MbY () = F(x)] = Anf (%),

k=1 YEBK(x)

-1
where Ay 1= (Z,If:o bf) and Bi(x) :={y € A, : d(x,y) < k}
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Hierarchical Laplacian A,

For x = (x1,...,%n),¥ = (¥1,---,¥n) € N, the hierarchical distance between x
and y is defined by

dx,y)=inf{j€{0,...,n} :xi=y; Vi=1,....,n—j}

A, acting on  : A, — R takes the explicit form

n

Dnf(x) =Y (e =MbY () = F(x)] = Anf (%),

k=1 y€Bk(x)
ko)
where Ay 1= (ijo bf) and Bi(x) :={y € A, : d(x,y) < k}

@ A, is the generator of a Markov chain induced by the projection of simple
random walk on a b-ary tree of depth n on the leaves of tree (i.e. A,), killed
upon exiting the tree through the root
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Hierarchical Laplacian A,

For x = (x1,...,%n),¥ = (¥1,---,¥n) € N, the hierarchical distance between x
and y is defined by

dx,y)=inf{j€{0,...,n} :xi=y; Vi=1,....,n—j}

A, acting on  : A, — R takes the explicit form

n

Dnf(x) =Y (e =MbY () = F(x)] = Anf (%),

k=1 y€Bk(x)
ko)
where Ay 1= (ijo bf) and Bi(x) :={y € A, : d(x,y) < k}

@ A, is the generator of a Markov chain induced by the projection of simple
random walk on a b-ary tree of depth n on the leaves of tree (i.e. A,), killed
upon exiting the tree through the root

e (—A,)!is the covariance matrix of a BRW indexed by a b-ary tree of depth
n with step distribution A/(0,1/7)
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Hierarchical DG-model

Definition

The hierarchical DG-model on A, is an integer-valued random field {@y }xen, with
law

Pn,ﬁ(dcp) =

1B(0,An)
e #(dex)
2a(B) Xgn
where
@ 3 > 0 inverse temperature
@ (,-) canonical inner product in ¢2(A\,)

@ # counting measure on Z

@ Y ,(B) normalization constant
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Hierarchical DG-model

Definition

The hierarchical DG-model on A, is an integer-valued random field {@y }xen, with
law

Pas(de) = ggset ") [ #(dex)
n xEN,

where
@ /3> 0 inverse temperature
@ (+,-) canonical inner product in ¢2(A,)
@ # counting measure on Z

@ Y ,(8) normalization constant

Replacing the counting measure by the Lebesgue measure above, we get the
Hierarchical GFF, which in this case is simply a Gaussian BRW on a b-ary tree
with step distribution N'(0,1/83) of depth n
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Limit law of the maximum of the hierarchical DG-model

Let 3. := 25, and a = y/2Tog b. Given j3 > 0, define
1 3 1
p=—= |/2logbn— > ———|
" \/B[ %8213 2|ogbogn]

Theorem (Biskup, H. 2023)

3Z a.s. positive random variable, and ¥V 8 € (0, 8.), 3€3(0) > 0 such that
V5 € (0, 8c) and all increasing sequences {ny}ken of natural numbers for which
s 1= limy_yo0(Mp, — [ My, |) exists,

xXEN k—o0

Pnkﬁ( max oy < |mp, | + u) — E(e_eﬁ(s)zeﬂ Bu), uez
Nk

where E5(s) := ¢3(0) e®V?
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Limit law of the maximum of the hierarchical DG-model

Let 3. := 25, and a = y/2Tog b. Given j3 > 0, define

1 3 1
ni=— |\V20oghn — = ———1
" \/B[ %8217 2|Ogb°g"]

Theorem (Biskup, H. 2023)

3Z a.s. positive random variable, and ¥V 8 € (0, 8.), 3€3(0) > 0 such that
V5 € (0, 8c) and all increasing sequences {ny}ken of natural numbers for which
s 1= limy_yo0(Mp, — [ My, |) exists,

xXEN k—o0

Pnkﬁ( max oy < |mp, | + u) — E(e_eﬁ(s)zeﬂ Bu), uez
Nk

where E5(s) := ¢3(0) e®V?

For Gaussian BRW with step distribution A(0,1/8), the above conclusion holds
with mj, replacing [m,], and (ay/B)~! replacing ¢s(s)
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Extremal process of the hierarchical DG-model

Consider the extremal process of the hierarchical DG-model on A,

Nn = Z 5[)(],, ® 5<px—|_m,7ja
xEN,

where
n

[ln = (xi—1)b~

i=1

embeds A, into [0, 1]
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Extremal process of the hierarchical DG-model

Theorem (Biskup, H. 2023)

3Z a.s.-finite random Borel measure on [0,1] with Z(A) > 0 a.s. for all nonempty
open A C [0,1] and, V3 € (0, Bc), 3va a probability measure on locally finite
point processes on Z such that V3 € (0, 8.) and all increasing sequences {ny }ken
of natural numbers for which s := limy_ oo (mp, — [ mp, |) exists,

law
Tl P Z 0 ® 5hi+t}i)’
ij>1
where {(x;, hi)}i>1 enumerates the points in a sample from

PPP(ceO‘ ﬁsZ(dx)@Ze_a ﬁnén)a
nEZ

where ¢ := a~ (1 — e=*VP), and {tf’.)}j21 enumerates the points in the i-th

member of the sequence {t\)};>1 of i.i.d. samples from v that are independent
Of{(X,', hi)}f21 and Z
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Interpretation in terms of Laplace Transform

The conclusion of the theorem is equivalent to V f € CF([0,1] x R),

(exp{ Z f([x]n, ox — mn)}>
xEN,

— E (exp {—ce / (dx) Ze‘“‘ﬁ” ( e—ff(x’”*)dx) vg(dx) }) .

nEZ
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Proof Outline

Part I:

® Employ renormalization group method to reveal the effective potentials
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Proof Outline

Part I:
@ Employ renormalization group method to reveal the effective potentials

® Represent the hierarchical DG-model as a tree-indexed Markov chain using
the effective potentials
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Proof Outline

Part I:
@ Employ renormalization group method to reveal the effective potentials
® Represent the hierarchical DG-model as a tree-indexed Markov chain using
the effective potentials

© Control the iterations that naturally arise from the representation. This
explains the critical nature of 3.
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Proof Outline

Part I:
@ Employ renormalization group method to reveal the effective potentials

® Represent the hierarchical DG-model as a tree-indexed Markov chain using
the effective potentials

© Control the iterations that naturally arise from the representation. This
explains the critical nature of 3.

0 Construct a tight coupling between the hierarchical DG-model with Gaussian
BRW with step distribution A/(0,1/3)
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Proof Outline

Part I:
@ Employ renormalization group method to reveal the effective potentials

® Represent the hierarchical DG-model as a tree-indexed Markov chain using
the effective potentials

© Control the iterations that naturally arise from the representation. This
explains the critical nature of 3.

0 Construct a tight coupling between the hierarchical DG-model with Gaussian
BRW with step distribution A/(0,1/3)

Part Il:

@ Use the coupling to deduce the tightness of {maxyea, ¥x — Mn}na>1 from the
tightness of centered maximum of Gaussian BRW
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Proof Outline

Part I:
@ Employ renormalization group method to reveal the effective potentials
® Represent the hierarchical DG-model as a tree-indexed Markov chain using
the effective potentials
© Control the iterations that naturally arise from the representation. This
explains the critical nature of 3.
0 Construct a tight coupling between the hierarchical DG-model with Gaussian
BRW with step distribution A/(0,1/3)
Part I

@ Use the coupling to deduce the tightness of {maxyea, ¥x — Mn}na>1 from the
tightness of centered maximum of Gaussian BRW

® Prove the convergence of the extremal process associated with the
hierarchical DG-model from the corresponding result for BRW (Madaule
2017), again with the help of the strong coupling
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Proof Outline

Part I:
@ Employ renormalization group method to reveal the effective potentials
® Represent the hierarchical DG-model as a tree-indexed Markov chain using
the effective potentials
© Control the iterations that naturally arise from the representation. This
explains the critical nature of 3.
0 Construct a tight coupling between the hierarchical DG-model with Gaussian
BRW with step distribution A/(0,1/3)
Part I

@ Use the coupling to deduce the tightness of {maxyea, ¥x — Mn}na>1 from the
tightness of centered maximum of Gaussian BRW

® Prove the convergence of the extremal process associated with the
hierarchical DG-model from the corresponding result for BRW (Madaule
2017), again with the help of the strong coupling

©® Deduce the convergence of centered maximum from the convergence of the
extremal process
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A limit law for maximum of subcritical DG-model



@ Renormalization Group method

n

Anf(x) =D (A1 = M) Y [Fy) = F()] = A (x),
k=1 YEBK(x)
Define the operator
Qf(x):=b"% > f(y), k=1,...,n
y€B(x)
and Qpr1 = 0. Note that Qo = 1d
® {Qx}xeqo,....n+1} are orthogonal projections in 2(N\,):
QuQr = QeQx = Qjvk
® {Qx — Qui1}ke{o,...,ny are orthogonal projections on orthogonal subspaces:
(Qr — Qu41)(Qx — Qut1) = Sk o( Qi — Qit1)
Writing Ay = — >0 _o M(Qk — Qi1),

—A = ZAZI(Qk — Qu+1)
k=0

Haiyu Huang A limit law for maximum of subcritical DG-model February 29, 2024



@ Renormalization Group method

Let m: A, = A,_1 be defined by

m(x) = (x1,...,X%—1) when x=(xq,...

Recall the partition function of the hierarchical DG-model

Ya(8) = Z 02 (0.800)

QEZM

Z(B)_;,,,/ <Z He 2 (px— Ol 2) LY H Ay,

PpEZNM xEN,
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@ Renormalization Group method

Let m: A, = A,_1 be defined by
m(x):= (x1,...,X—1) when x=(x1,...,Xp)

Recall the partition function of the hierarchical DG-model

Ya(8) = Z 02 (0.800)

@EZM
— (px— ‘Pm 2 ( AV )n
):,,(B)—;,,,/RA <Z Hez ) @ 19 1Hdcpz
PpEZNM xEN, zEN,_1
/ H o= bvo(¢l) o5 (¢ Ba1¢”) H dy),
R zEN,—1 zeN,—1
where
el = 3 ey
nez
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@ Renormalization Group method

Writing g1/3 as the law of A/(0,1/3), we define v1,. .., v, recursively via

e n(?) .= /efbvk(z%)m/ﬁ(dC).

We may further write

Z"(ﬁ) = 3n5n71(27r/6)‘/\"71\/2/

o Zren,_p () (B (0" B2 )n2 Il dy!
z
RMN—2

z€N,—2

n—1
- 3n( Hék(%/ﬂ)mk\/z)ewﬂ(ox
k=0

Haiyu Huang
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@ Renormalization Group method

a(B8) = /RA” 1( S IIe 2>e 2 I dy)

@wEZN xEN, zEN,—1
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@ Renormalization Group me

eg(%%(x)y)e 2 (@A TT dy

zEN,—1

REn=1 @EZ’\n xEN,

/ ( Z H eVO(SPmX) f(sax—saln(x)f)
RM—1

@EZM xEN,

g(so Bao10")p—1 H e~ bvo(¥?) H dy’,

zeN 1 z€Ns—1
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@ Renormalization Group met

@wEZN xEN, z€Ns—1

/ ( Z H evo(ﬂﬂﬁn(x))e—g(wx—@;n(x)f)
RM—1

QEZM xEN,
90 <'59x7'50/ APL,,(X))

m(x)
B ’ ’ ’
S(p 5 An—19" )01 —bw(py) /
el ) I | e dy,

zeEN 1 zeN,_1

¥ a(B) :3"/RA 1( Z H eg(sax@L,(x))2>e§(<p’,An_1<p/)n—1 H dg’,
= Jn
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@ Representation as tree-index Markov chain

For ¢ € R, let q(-|¢) be Borel probability measure on R given by

evk(cp)—bvk—l(¢+<)gl/ﬁ(dg)’ if k>1,

qk(dCle) == {ev[)(go)gcz #(p + d¢), if k=0.

STEP 1: for x € A, we sample ¢;(x) according to the law
CIn—l(qu) — vn—1(0)—bva—2(¢) gl/ﬂ(do
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@ Representation as tree-index Markov chain

For ¢ € R, let q(-|¢) be Borel probability measure on R given by

evk(cp)—bkal(ﬁﬁ‘ﬁ‘g) g d(; , if k> 1,
ak(dClw) =9 o)z () if k=
ev(@)=2¢ (o + d(), if k=0.

STEP 1: for x € A, we sample ¢;(x) according to the law

An-1(d¢|0) = e¥rHO7En=20 gy 5 (dC)

STEP 2: for x = (x1, x2) € A2, we sample (3(x) according to the law
Gn_2 (d<|<1(X1)) — 'n—2(G0a))=bva—3(G(xa)+() gl/ﬂ(dC)
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@ Representation as tree-index Markov chain

For ¢ € R, let q(-|¢) be Borel probability measure on R given by

evk(cp)—bvk—l(ﬁﬁ+<)gl/ﬁ(dC)’ if k>1,

qk(dCle) == {ev[)(go)gcz #(p + d¢), if k=0.

STEP 1: for x € A, we sample ¢;(x) according to the law
CIn—l(qu) — vn—1(0)—bva—2(¢) gl/ﬂ(do

STEP 2: for x = (x1, x2) € A2, we sample (3(x) according to the law
Gn_2 (d<|<1(X1)) — 'n—2(G0a))=bva—3(G(xa)+() gl/ﬂ(dC)

STEP 3 to (n—1): similar as above
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@ Representation as tree-index Markov chain

For ¢ € R, let q(-|¢) be Borel probability measure on R given by
eVk(P)=bva(e+d) g, 5(d(), if k>1,
qk(d¢lep) = vo(ip)— £ ¢2 1/6(d¢) e
e =26 L(p + d(), if k=0.

STEP n: for x = (x1,...,x,) € N, we sample (,(x) according to the law

n—1 ) ) n—1 ]
g [ d¢| S GmI(x) | = (S Gm™60) = 5¢* S G(mm I (x)) + d¢
j=1

j=t

Haiyu Huang
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@ Representation as tree-index Markov chain

For ¢ € R, let q(-|¢) be Borel probability measure on R given by
Qk(dC|<p) — ev( p)—bvk_1(p+C) gl/ﬁ(dC), if k > 1,
e R (e + o), if k = 0.

STEP n: for x = (x1,...,x,) € N, we sample (,(x) according to the law

o (4] 3 Gm () | = e 6026 (32 mr () + dC
j=1

j=t

For x = (x1,...,xn) € \,, if we define

©on(x) : ZCJ X155 Xj),

then {¢n(x) : x € A,} has the law P, g of the hierarchical DG-model
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@ Control of effective potentials

Earlier analysis of the iteration

e vni(2) .= /e_bvk(z-‘_ogl/ﬁ(do-

was based on linearization of the map v, — vk into

£(5)(2) = Thsa(2) = / %z + O/p(dC)
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@ Control of effective potentials

Earlier analysis of the iteration
e n(?) .= /e_bvk(z-‘_ogl/ﬁ(do-

was based on linearization of the map v, — vk into
£0(z) = Tesa(2) = [ Tz + anya(d0)

Write the Fourier representation f(z) = 3_, , f(n)e*™™,

Lf(z) = Z )?(n)bt9"2e2”"”z7 0:=e 218

neZ
Denoting the dual L'-norm by ||f||; := 3, . [F(n)],

1£(f — F(0)) |15 < bOI|f — F(O)[I;
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@ Control of effective potentials

Vk >0, let {ak(n)}nez be defined by

—vk(z E ak 27rlnz7

n€ez

if ax € 11(Z) Yk > 0.
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@ Control of effective potentials

Vk >0, let {ak(n)}nez be defined by

—vk(z E ak 27rlnz7

n€ez

if ax € (1(Z) ¥V k > 0. The recursive relation

e vn(@ = /e*"vk(”‘:)gl/ﬂ(dé)

translates into

b
aa(n) = > [Hak(ﬁ;)]0"2, ne L.

l1,....0hEZ i=1
4 y=n
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@ Control of effective potentials

Vk >0, let {ak(n)}nez be defined by

—vk(z E ak 27rlnz7

n€ez

if ax € (1(Z) ¥V k > 0. The recursive relation

e vn(@ = /e*"vk(”‘:)gl/ﬂ(dé)

translates into

b
aa(n) = > [Hak(ﬁ;)]0"2, ne L.

l1,....0hEZ i=1
4 y=n

If a9 € (*(Z), then
ak1(n) < a0

implies ax € (H(Z) Vk > 1
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@ Control of effective potentials

2
For the hierarchical DG-model, ag(n) = 6™ /2Z, where 6 := e

?l
Note that
@ v even implies v even Vk > 1 and ax(n) = ax(—n)
@ ay(n) >0V neZimplies ax(n) >0VneZ
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@ Control of effective potentials

2
For the hierarchical DG-model, ag(n) = 0" /2=, where 6 := ¢~ 5

ﬂ 1
Note that
@ v even implies v even Vk > 1 and ax(n) = ax(—n)
@ ay(n) >0V neZimplies ax(n) >0VneZ

ax(n) < [(b0)*1bco]"0™ ak(0), n, k > 1.
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@ Control of effective potentials

2
For the hierarchical DG-model, ag(n) = 0" /2=, where 6 := ¢~ 5

ﬂ 1
Note that
@ v even implies v even Vk > 1 and ax(n) = ax(—n)
@ ay(n) >0V neZimplies ax(n) >0VneZ

ax(n) < [(b0)*1bco]"0™ ak(0), n, k > 1.

ary1(n+1) < pOH = gy a(f+1)

, k,neN.
a41(n) >0 ak(f)
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@ Control of effective potentials

2
For the hierarchical DG-model, ag(n) = 0" /2=, where 6 := ¢~ 5

ﬂ 1
Note that
@ v even implies v even Vk > 1 and ax(n) = ax(—n)
@ ay(n) >0V neZimplies ax(n) >0VneZ

ax(n) < [(b0)*1bco]"0™ ak(0), n, k > 1.

Zen(n+1) <y =’ sup all+1) 1), k,neN.
ak+1(n) >0 ak(f)
@ lterating,
1 1
up M < (bg)k supm7 k € N.
n>0 ak(n) n>0 30(”)
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@ Control of effective potentials

Theorem (Subcritical Regime)

Let vo : R — R be even with {ao(n)}nez € ¢X(Z) positive and
Co = SUP,>o 20041) 6. When b6 < 1 (namely 8 < B.),

ao(n)

sup | viks1(z) — bve(2)| < 8(b9)*beo
z,z/€[0,1]

then holds ¥V k € N satisfying (b8)*bcy < 1/8
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@ Control of effective potentials

Theorem (Subcritical Regime)

Let vo : R — R be even with {ag(n)} ez € (1(Z) positive and
Co := SUP,>o 20013) <« 0. When b < 1 (namely B < f.),

ao(n)

sup | viks1(z) — bve(2)| < 8(b9)*beo
z,z/€[0,1]

then holds V k € N satisfying (b0)*bcy < 1/8

Theorem (Critical Regime)

Let vo : R — R be even with {ao(n)}nez € €X(Z) positive and
Co = SUP,>g a"a(o'g)l) < 00. When b0 =1 (namely 8 = 3.), 3v > 0 such that

sup | Via(2) — bu(2')] < 8L+ 7K /?bay
z,z'€[0,1]

holds ¥ k € N satisfying [1 4+ vk]~*/?bcy < 1/8
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@ Coupling: continuum-valued steps

For x € A,,, denote
R8(x) == Coie (M* (%))

so that

n—1

P26 = " P%(x)

k=0
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@ Coupling: continuum-valued steps

For x € A,,, denote
R8(x) == Coie (M* (%))

so that

n—1

P26 = " P%(x)

k=0
Let {§I§FF(X)}k€{0,‘..,n71},><€/\,, be i.i.d. N(07 1/5) so that

n—1

o= T (x)

k=0

defines a hierarchical GFF (Gaussian BRW)
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@ Coupling: continuum-valued steps

For x € A,,, denote
R8(x) == Coie (M* (%))

so that

n—1

P26 = " P%(x)

k=0
Let {ggFF(X)}kG{0,‘..,n71},><€/\,, be i.i.d. N(07 1/5) so that

n—1

o= T (x)

k=0

defines a hierarchical GFF (Gaussian BRW) We want a tight coupling of £2¢(x)

and £gFF(x). Note the density of £P4(x) with respect to g1 ,4 is given by

n—1 n—1
exp v [ Y 0| —vier |-+ D &)
Jj=k+1 Jj=k+1
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@ Coupling: continuum-valued steps

Let p 2 N(0,02) with o € (0,00) and let X and Y have laws

P(XeA):/fl(t)u(dt) i P(YeA):/fz(t)u(dt)

for some measurable fi, f,: R — (0,00). Denote the associated CDFs by
F(t) :=P(X <t)and G(t) :== P(Y <t) and let h: R — R be defined by

h(t) := G 1(F(t))

Then h(X) "= Y and, if ||fil| oo,

1/f]lco,

Klleo and ||1/f||eo are finite, then

15 = X[ < 30\/2 l0g ( max{ 1yl 11/ llocs I 2llocllL/filloc})-

(X, h(X)) thus defines a coupling of X and Y with X — Y bounded in L™
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@ Coupling: discrete-valued step

VB >0,3Co > 0 such that the following holds ¥V z € R: If X & N(0,1/P)
and Y takes values in z + 7 with probability

P(Y =z4n)=eo@- 360" peg

)

then 3 a coupling of X and Y such that

X = Yoo < G
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Coupling of the DG-model with Gaussian BRW

Theorem (Coupling)

VB € (0,Bc),3C >0, and {Ry}«>1 positive with limsup,_, . k—llog Ry <0 and, Vn>1,3 a
coupling of

{€P°(x): k=0,...,n—1, x € A},
{SEFF(X): k=0,....,n—1,x¢€ /\,,}7
and a family of independent zero-one valued random variables
{Bk(x): x € Ny_g, k:l,...,nfl}
such that the following holds:
(1) P(Bk(x)=1)=e R, xe€Np_k, k=1,...,n—1
(2) the families of Bernoulli random variables and GFF are independent of each other
(3) Vk=1,...,n—1andVx € A,,

£R°00) = &FFF () on {Bi(m*(x)) =1}
(4) Vk=0,...,n—1andVx € A,,

P(leRS() — €67 ()| > €) =0
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Part 1l

A limit law for maximum of subcritical DG-model



@ Tightness of the maximum of the DG-model

Theorem (Tightness of DG-maximum)
VB € (0,5),

lim sup Pn,5(| maxga)[:G = m,,| > u) =0
U—00 p>1 XENp
and V>0,

lim sup Pn s (|{x € An: ©° Zm,,—)\}| >u)=0

u—oo n>1

Proposition

| \

VB e (0,8),3c,C'">0and, ¥Vt >0andu<t, Ing > 1 such thatV n> ng and
Ze/\n,

P <¢EG > my, + u, me\xgafFF < m,+ t) <"1+ (tV(t—u+ 1))2,8)e_‘rc,”,
xENp

where P is the coupling law
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@ Convergence of the extremal process of the DG-model

Let f:]0,1] x R — [0, 00) be continuous with compact support. Define

Y, = Z f ([X]m(PEG - |_an)

x€N,
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@ Convergence of the extremal process of the DG-model

Let f:]0,1] x R — [0, 00) be continuous with compact support. Define

Y, = Z f ([X]m(PEG - |_an)

x€N,

Fix k > 0. Given z € A,_y, Vx € A, with m*(x) = z (i.e. x = (z, %1, "+ ,Xn)),

abbreviate )
_ ZEJDG(X) and GFF Z GFF
j=k
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@ Convergence of the extremal process of the DG-model

Let f:]0,1] x R — [0, 00) be continuous with compact support. Define

Y, = Z f ([X]m(PEG - |_an)

x€N,
Fix k > 0. Given z € A,_y, Vx € A, with m*(x) = z (i.e. x = (z, %1, "+ ,Xn)),
abbreviate ) .
PO = STEPS(x) and T = 3¢S (x)
j=k =k

Define gi : [0,1] x R — [0, 00) by

— — f DG __ DG h
o—8k(v.h) . E(e Cente) (VoS —2Hh) | [GFF _ DG _ ).

z

where Ag(z) := {x € A,: m*(x) = z}
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@ Convergence of the extremal process of the DG-model

Proposition (Conversion to GFF extremal process)

lim limsup
k=00 n—oo

Ens(e™"") = En_i.p <exp{— Z gk ([2]n—k, P57 — Lan)})‘ =0

zEN,_«
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@ Convergence of the extremal process of the DG-model

Proposition (Conversion to GFF extremal process)

lim limsup
k=00 n—oo

£uste) B (w9 3 a0

zEN—«

@ Thanks to the strong coupling, Ve > 0

lim limsup P(|Y, — Y, | >€) =0,

k=00  pn—oo

where

k=Y F(Im* ()]n—k, ¥2¢ = [mn]) 15,00 =1vj=k....~—1}
xEN,
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@ Convergence of the extremal process of the DG-model

Along increasing sequences {n;};en of natural numbers for which

s = limj o0 (my, — [ My, |) exists,
En_k,g(exp{ Z gk ([2]n—k, pSFF — Lan)})
z€N,—k
— E<eXp{_/Z(dx)®e_"hdh®v(dx)(1—e‘fgk(x75+ﬁ1/2(”—“"+'))d><)}>
j—oo
=E <exp{ ceVPs /Z(dx) ® vg k(dx) Ze’af ( eff(X’"+~)dX)}>
neZ
= E (exp{ ce?VPs /Z(dx)®u5 dx) Ze @ ﬁ”(leff(x,%-)dX)})
—00
nez
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A limit law for maximum of subcritical D!



