
Homework 4 solutions Math 136 Gyu Eun Lee
2016 April 22

A problem may have more than one valid method of solution. Here we present just one. “Arbi-
trary” functions are assumed to have whatever regularity properties are required, unless otherwise
specified.

2.2.6

(a) Let u(r, t) = α(r) f (t−β (r)). Then by the chain rule,

utt(r, t) = α(r) f ′′(t−β (r)),

ur(r, t) = α
′(r) f (t−β (r))+α(r)β ′(r) f ′(t−β (r)),

and

urr(r, t) = α
′′(r) f (t−β (r))+ [2α

′(r)β ′(r)+α(r)β ′′(r)] f ′(t−β (r))

+α(r)β ′(r)2 f ′′(t−β (r)).

So the spherical wave equation

0 = utt− c2
(

urr +
n−1

r
ur

)
takes the form

0 = α(r)
[
1− c2

β
′(r)2] f ′′(t−β (r))

− c2
[

n−1
r

α(r)β ′(r)+2α
′(r)β ′(r)+α(r)β ′′(r)

]
f ′(t−β (r))

− c2
[

n−1
r

α
′(r)+α

′′(r)
]

f (t−β (r)).

(b) Setting the coefficients of f ′′, f ′, and f equal to 0, we obtain the following system of ODEs:

α(r)[1− c2
β
′(r)2] = 0, (1)

c2
[

n−1
r

α(r)β ′(r)+2α
′(r)β ′(r)+α(r)β ′′(r)

]
= 0, (2)

c2
[

n−1
r

α
′(r)+α

′′(r)
]
= 0. (3)
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(c) The correct way to go about this is to solve Equation (3) for α , then use the solution to solve
Equation (1) for β . Equation (2) is a sort of compatibility condition: we will see that Equation
(2) is not consistent with our solutions for α,β unless n = 1 or n = 3.

To solve Equation (3), we first divide out c2 since c2 > 0. This leaves us with the ODE[
n−1

r
α
′(r)+α

′′(r)
]
= 0

which is first-order linear in α ′. Solving via integrating factors or variation of parameters, we
find that

α
′(r) =C1r1−n.

For n 6= 2 this gives us

α(r) =
C1

2−n
r2−n +C2,

while for n = 2 this gives us
α(r) =C1 log(r)+C2.

Note, in particular, that unless C1 = 0 this implies that α is a strictly monotone increasing
function for r ≥ 0, and hence can have at most one root. Therefore we may divide by α(r) in
Equation (1) for all but one value of r. This gives us

1− c2
β
′(r)2 = 0

for all but one value of r. But since this above function is continuous in r, this can only be true
if 1− c2β ′(r)2 = 0 for all r ≥ 0. This tells us that

β
′(r) =

1
c2 , β

′′(r) = 0.

(There is no need to solve for β , since β is not involved in any of the three ODEs. Also,
strictly speaking β ′ = ±c−2, but the sign does not really matter since later we will factor out
β ′ anyway.) Now we write Equation (2) in the form

2α
′(r)β ′(r)+α(r)

[
n−1

r
β
′(r)+β

′′(r)
]
= 0.

Substituting β ′(r) = 1/c2 and β ′′(r) = 0, we obtain

2
c2 α

′(r)+
n−1
c2r

α(r) = 0.

For n = 2, substituting α(r) =C1 log(r)+C2, we obtain

2C1 +C2

c2r
+

C1

c2
log(r)

r
= 0.

Multiplying through by c2r gives us

(2C1 +C2)+C1 log(r) = 0.
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Since log(r) is the only nonconstant term, this equation holds for all r only if C1 = 0. But
if C1 = 0 then we must also have C2 = 0. Therefore the only possibly solution for n = 2 is
α(r)≡ 0, which implies u(r, t)≡ 0.

When n 6= 2, we instead substitute α(r) = C1
2−nr2−n +C2 to find(

2C1 +
C1(n−1)

2−n

)
r1−n +

C2(n−1)
r

= 0.

Multiplying through by r gives us(
2C1 +

C1(n−1)
2−n

)
r2−n +C2(n−1) = 0.

There are three cases. If n = 1, then we are left with 2C1r = 0, so C1 = 0, in which case
α(r) =C2. If n = 3, then the first coefficient cancels completely:

2C1 +
C1(n−1)

2−n
= 2C1−2C1 = 0.

Thus we are left with 2C2 = 0, or α(r) = C1
2−nr2−n = −C1

r . Finally, for all n > 3, there is no
cancellation of constants, and similar reasoning as with the n = 2 case shows that this equation
can only be satisfied for all r ≥ 0 if C1 =C2 = 0, i.e. α(r) = 0.

(d) Since for n = 1 we must have α(r) = C2, this shows that the only attenuation function in
dimension one is a constant.

Remark: Another possible method of solution is to solve (3) for α and (1) for β ′ as before, and
then solve (2) for α separately. This gives us two expressions depending on n for α that we must
simultaneously satisfy, and a coefficient-matching argument leads us to n = 1 or n = 3 as the only
possibilities. The advantage to this is that there is no need to treat n = 2 separately in the very last
step. However, since we must be able to justify division by α in (1), it is not possible to go through
this argument without finding a solution for α first; in particular, we still need to deal with n = 2
separately for this purpose.

Remark: To justify division by α in Equation (1), it is not enough to assume that u(r, t) is not
identically zero. Certainly this implies that α(r) cannot be identically zero, but nonzero is not the
same as nonvanishing. That is, the assumption that α is not the zero function does not rule out the
possibility that α(r) is zero at some points. In particular, with no further information, α may be
zero on some (possibly infinite) open interval, which completely derails the solution. Nor does it
rule out some highly pathological behavior for α; in fact, solutions to wave equations retain the
discontinuities of their initial conditions, as we saw in the previous homework assignment. The
only mathematically rigorous way to justify division by α is truly by going through Equation (3).
(That being said, solutions that made the assumption α 6= 0 explicit were graded more leniently.)

2.3.6 Since the homogeneous diffusion equation

utt− k2uxx = 0

is linear, if u and v are two solutions then so is w = u− v. Since by assumption u ≤ v on
x = 0, x = l, and t = 0, it follows that w≤ 0 on x = 0, x = l, and t = 0. Let T > 0 be arbitrary,
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and consider the rectangle RT = {0≤ x≤ l,0≤ t ≤ T}. By the maximum principle applied
to w on RT , the maximum value of w on RT is obtained on either t = 0 or the two vertical
sides. But we know w ≤ 0 on these three sides; therefore w ≤ 0 on all of RT . Now, since
T > 0 was arbitrary, we may send T to +∞ to conclude that w≤ 0 on {0≤ x≤ l,0≤ t < ∞};
equivalently, u≤ v on {0≤ x≤ l,0≤ t < ∞}.

Remark: To do this problem correctly it is important to apply the maximum principle with T < ∞

first. The maximum principle does not hold for unbounded domains. However, in terms of grading
this issue was dealt with leniently.

2.4.9 Suppose u(x, t) solves
ut− kuxx = 0

on the real line with initial condition u(x,0) = x2. Set v(x, t) = uxxx(x, t). Then v(x,0) =
d3

dx3 (x2) = 0, and by equality of mixed partials

vt− kvxx = (ut− kuxx)xxx = 0.

So v satisfies the diffusion equation with zero initial conditions. Since solutions to the
Cauchy problem for the diffusion equation on the real line are unique, and w ≡ 0 is an-
other solution with zero initial conditions, we conclude that uxxx = v = w ≡ 0. Integrating
three times in x, we obtain

u(x, t) = A(t)x2 +B(t)x+C(t).

Then
ut = A′(t)x2 +B′(t)x+C′(t),

kuxx = 2A(t).

Since ut = kuxx, we obtain

A′(t)x2 +B′(t)x+C′(t) = 2kA(t),

or
A′(t)x2 +B′(t)x = 2kA(t)−C′(t).

Note the left-hand side depends on x, while the right-hand side does not. Taking one deriva-
tive in x, we obtain

2A′(t)x+B′(t) = 0

for all x and all t. Fixing t, this is a linear polynomial equation in x, and since the equation
must hold for all x it follows that A′(t) = 0, B′(t) = 0. Therefore A(t) = A, B(t) = B for some
constants A and B. Substituting back into the original equation, we find that

0 = 2kA−C′(t),

From which we conclude that C(t) = 2kAt +C, C some constant. Then

u(x, t) = Ax2 +Bx+2kAt +C.

To satisfy the initial condition u(x,0) = x2, we must take B =C = 0, A = 1: so the solution
is

u(x, t) = x2 +2kt.

2.4.11
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(a) Suppose u(x, t) solves ut− kuxx = 0, and consider v(x, t) = u(−x, t). Then by the chain rule,

vt(x, t) = ut(−x, t), vxx(x, t) = uxx(−x, t).

Therefore
vt(x, t)− kvxx(x, t) = ut(−x, t)− kuxx(−x, t) = 0.

So v is another solution to the diffusion equation. Since the diffusion equation is linear,
w = u + v is another solution to the diffusion equation. Moreover, if u(x,0) = φ(x), then
v(x,0) = u(−x,0) = φ(−x). Now, if φ is odd, then w(x,0) = φ(x)+φ(−x) = φ(x)−φ(x) = 0.
Therefore w solves the diffusion equation on the real line with initial condition w(x,0) = 0.
Since the trivial solution is another solution, by uniqueness it follows that w(x, t)≡ 0, or equiv-
alently

u(x, t) =−u(−x, t).

Therefore u is an odd function of x.

(b) When φ is even, the proof is identical as to when φ is odd, except we now take w = u− v
instead.

(c) For the Cauchy problem for the wave equation on the line

utt− c2uxx = 0 for (x, t) ∈ (−∞,∞)× (−∞,∞),

u(x,0) = φ(x) for x ∈ (−∞,∞),

ut(x,0) = ψ(x) for x ∈ (−∞,∞)

we have the following uniqueness result: if u and v are two solutions to the wave equation on
the real line with u(x,0) = v(x,0) = φ(x) for ut(x,0) = vt(x,0) = ψ(x), then u≡ v. This is an
easy consequence of a previous homework problem, exercise 2.2.1.

Again we define v(x, t) = u(−x, t). A verification as in (a) shows that if u solves the wave
equation, then so does v, and v(x,0) = u(−x,0) = φ(−x), vt(x,0) = ut(−x,0) = ψ(−x). Ap-
plying uniqueness to w = u+ v when φ ,ψ are both odd, and to w = u− v when φ ,ψ are both
even, we obtain the following result:

If φ and ψ are both odd and u solves the wave equation with initial conditions u(x,0) = φ(x),
ut(x,0) = ψ(x), then u is an odd function of x. If φ and ψ are both even, then u is an even
function of x.

(The even/odd condition on ψ is necessary: for example, let ψ(x) = 1 for x ≥ 0, ψ(x) = 0
for x < 0, and φ(x) ≡ 0. Then the solution to the wave equation is not even or odd in x, even
though φ is both even and odd.)

Remark: One can also solve this problem by applying the solution formulas for the diffusion
equation on the real line (i.e. convolution with the Gaussian) and for the wave equation on the real
line (i.e. d’Alembert’s formula), and applying an appropriate change of variable to the integrals.
(Though not quite in the spirit of the problem, I did not penalize the approach as long as the
formulas were used correctly. Some students waved their hands with the integrals and the change
of variable; this was penalized harshly.) However, uniqueness is still implicitly used in this sort
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of proof. This is because to conclude using the solution formulas that every solution with odd
initial conditions is odd, you must argue that every solution to the Cauchy problem is given by
the solution formulas, which is equivalent to uniqueness. In general, one needs to be careful with
solution formulas to PDEs if one does not have the right kind of uniqueness result to go along with
it. The classic example is again the Laplace equation on the upper half-plane with zero Dirichlet
data, which has a solution formula (by convolution with what is known as the Poisson kernel) but
does not have uniqueness without restrictions on the growth of its solutions.
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