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A problem may have more than one valid method of solution. Here we present just one. “Arbi-
trary” functions are assumed to have whatever regularity properties are required, unless otherwise
specified.

1.1.3

(a) linear inhomogeneous, order 2

(b) linear homogeneous, order 2

(c) nonlinear, order 3

(d) linear inhomogeneous, order 2

(e) linear homogeneous, order 2

(f) nonlinear, order 1

(g) linear homogeneous, order 1

(h) nonlinear, order 4

1.1.11 With u(x,y) = f (x)g(y), we have the following partial derivatives:

ux = fxg, uy = f gy, uxy = fxgy.

So
uuxy = ( f g)( fxgy) = ( fxg)( f gy) = uxuy.

Therefore u solves the equation uuxy = uxuy.

1.2.2 Let v(x,y) = uy(x,y). Then the equation becomes

3v+ vx = 0.

This is a first-order ODE for v, but we will have arbitrary functions of y instead of arbitrary
constants in the general solution, which is given by

v(x,y) = A(y)e−3x,

where A is an arbitrary differentiable function. (To do this carefully, solve as a separable
ODE.) Since v = uy, u can be obtained by integrating in y:

u(x,y) =
∫

v(x,y) dy+B(y) = e−3x
∫

A(y) dy+B(y) =C(y)e−3x +B(x),
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where B is an arbitrary differentiable function and C is an arbitrary twice differentiable
function. A quick check shows that any such function is indeed a solution to 3uy +uxy = 0.

1.2.3 The ODE for the characteristic curves is

dy
dx

=
1

1+ x2 ,

which has the solution y(x) = arctanx+C. u(x,y) is constant along each characteristic curve
(x,y(x)), and each choice of constant C uniquely determines a characteristic curve, so u is a
function of C =C(x,y) = y− arctanx. Therefore

u(x,y) = f (y− arctanx),

where f is an arbitrary function.

1.2.9 We draw on an idea from ODEs: first we solve the homogeneous equation, and then we
show that the inhomogeneous equation can be solved by taking the general solution of the
homogeneous equation and adding a particular solution of the inhomogeneous equation.

The homogeneous equation is
ux +uy = 0,

which has the general solution u(x,y) = f (y− x) where f is an arbitrary function. One
solution to the inhomogeneous equation

vx + vy = 1

is given by v(x,y) = x.

Claim. Every solution w of
wx +wy = 1 (1)

is of the form w(x,y) = F(y− x)+ x, for some differentiable function F .

Proof. It is easily seen by linearity or direct verification that such a function solves (1). To
see that every solution can be written in this form, let w1 be another solution to (1). Then
w−w1 solves the equation

(w−w1)x +(w−w1)y = 0.

Therefore there exists a differentiable function f such that (w−w1)(x,y) = f (y− x). Then

w1(x,y) = w(x,y)+ f (y− x) = F(y− x)+ f (y− x)+ x = H(y− x)+ x,

where H = F + f . Thus w1 can be written in the required form.

Remark 1. Clearly we could have chosen any particular solution of (1); for example, v(x,y)=
y would have worked equally well, or v(x,y) = (1− t)x+ ty for any real t. The point is that
solutions to PDEs can have multiple (indeed, infinitely many) equivalent representations.

Remark 2. Problem 1.2.11 outlines a way to attack this problem using the coordinate ap-
proach.

Remark 3. The only property of the equation we used in our proof was linearity, and the
form of the inhomogeneous term was also largely irrelevant. Therefore it is not hard to see
that this proof can be adapted for every linear PDE.
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