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Consider the general second-order constant-coefficient linear partial differential operator

Lu = Auxx +2Buxy +Cuyy +Dux +Euy +Fu.

Associated to the coefficients of the second-order derivatives is the symmetric matrix

A = (ai j) =

(
A B
B C

)
.

The determinant of this matrix is detA = AC−B2. As discussed in class, every operator of this
form falls into one of the following three classes:

(a) Elliptic: This is the case when AC−B2 > 0, or equivalently B2 <AC, or equivalently detA> 0.
The quintessential example is the Laplacian:

Lu = uxx +uyy = ∆u.

(b) Hyperbolic: This is the case when AC−B2 < 0, or equivalently B2 > AC, or equivalently
detA < 0. The quintessential example is the wave operator:

Lu = utt− c2uxx.

(c) Parabolic: This is the case when AC−B2 = 0, or equivalently AC =B2, or equivalently detA=
0. The quintessential example is the heat operator:

Lu = ut− k2uxx.

The examples given are quintessential in the sense that, for example, any elliptic operator Lu =
Auxx + 2Buxy +Cuyy + · · · can be transformed by a change of coordinates (x,y) 7→ (ξ ,η) to an
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operator of the form L̃u = uξ ξ + uηη + · · · , and similarly with the wave and heat operators. An
example of such a change of variable is shown in section 1.6 of Strauss.

It appears that there is some confusion about the vocabulary, and so I want to emphasize this point:
the terms “elliptic,” “parabolic,” and “hyperbolic” are merely names. There is no association with
the geometry of solutions to a PDE of the form Lu = f and the classification of the operator L. In
the last homework, some students gave a false proof that the only rotation-invariant second order
constant-coefficient linear operators are elliptic because the “graph of the solution to an elliptic
equation is an ellipse.” This is flat-out nonsense: u(x,y) = y solves ∆u = 0, but the graph of u(x,y)
over the xy-plane is clearly not any shape remotely resembling an ellipse. (Also, in any case, an
ellipse is hardly rotationally invariant, unless it is a circle.)

The only reason we give second-order linear operators the names “elliptic,” “parabolic,” and “hy-
perbolic” is due to an analogy with conic sections. Recall that in general, a conic section is a curve
given by the solution of the second-degree polynomial equation in two variables

C(x,y) = Ax2 +2Bxy+Cy2 +Dx+Ey+F = 0.

The geometry of a conic section depends primarily on the value of the discriminant AC−B2.1 They
are classified as follows:

(a) AC−B2 > 0: These conic sections are ellipses. Taking A = C = 1, B = 0 gives us a circle in
the xy-plane.

(b) AC−B2 < 0: These conic sections are hyperbolas. The standard hyperbola can be found by
taking A = 1, B = 0, C =−1, and D = E = F = 0.

(c) AC−B2 = 0: These conic sections are either parabolas or degenerate. We obtain the standard
parabola y = x2 by taking A = 1, B = C = D = F = 0, and E = −1. If we take A = 1 and
B = C = D = E = F = 0, then we have the degenerate equation x2 = 0, whose solution is a
point.

Proving that the given discriminants result in the given conic sections is a change of variable
argument, which is for the most part identical to how one proves that, say, an elliptic operator
reduces via a change of variable to the Laplacian plus lower-order terms; this is a good exercise.
However, this is about as far as the analogy between conic sections and second-order constant-
coefficient linear PDEs goes, and one should take care not to draw any further meaning from the
terms “elliptic,” “parabolic,” and “hyperbolic.”

If the names don’t correspond to the geometry of the solutions, then why bother with making the
classification in the first place? Part of the reason is that because second-order operators reduce
to either the Laplacian, the heat operator, or the wave operator by a change of variable, many of
their important qualitative properties are in fact encapsulated in these three operators, even when
we generalize to variable coefficient operators

Lu = A(x,y)uxx +2B(x,y)uxy +C(x,y)uyy + · · · .
1Usually in analytic geometry, conic sections are presented in the form Ax2+Bxy+Cy2+ · · · , giving a discriminant

of AC−4B instead. Here we have simply divided the coefficient B by 2 to make the analogy cleaner.
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There are other reasons related to the eigenvalues and eigenfunctions (and, more generally, the
spectrum) of linear partial differential operators, for which the general properties also depend
largely on the classification of the operator in elliptic, parabolic, and hyperbolic. Overall, solutions
to elliptic PDEs typically have certain properties in common, and the same goes for solutions to
parabolic PDEs and solutions to hyperbolic PDEs. Often, PDEs are studied in general along each
classification: for example, one may study not just the Laplace equation, but all elliptic PDEs
simultaneously, looking for properties that hold for all elliptic operators. What may surprise you is
that despite the diversity of elliptic operators (especially with variable coefficients), there is actually
quite a lot that can be said, and similar assertions hold for parabolic and hyperbolic operators, even
when we generalize to higher dimensions. A broad overview goes as follows:

(a) If L is an elliptic operator, then solutions to the homogeneous equation

Lu = 0

typically have the same level of regularity as the coefficients A(x,y), . . . ,F(x,y) of L. For ex-
ample, if all coefficients are infinitely differentiable, then one can often prove that the solution
must also be infinitely differentiable. Moreover, while it is not obvious in general that solutions
to second-order PDEs exist, there is a well-established theory of existence for elliptic PDEs.
These two results together are called elliptic existence and regularity. Also, while this is not
always the case, solutions to elliptic PDEs often enjoy some sort of maximum principle, which
often leads to a uniqueness result. Much of the same can also be said for the inhomogeneous
equation

Lu = f .

(b) If L is a hyperbolic operator, then solutions to

Lu = 0

and
Lu = f

and the associated initial value problems tend to retain discontinuities and irregularities in the
initial data. For example, in the wave equation, consider the IVP

utt−uxx = 0 (x, t) ∈ R×R,
u(x,0) = φ(x),
ut(x,0) = ψ(x).

If we set initial conditions

ψ ≡ 0,φ(x) =

{
1 |x| ≤ 1,
0 |x|> 1

then by d’Alembert’s formula

u(x, t) =
1
2
[φ(x+ t)+φ(x− t)].
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This solution consists of two square signals moving toward±∞ at unit speed. The initial datum
φ has two discontinuities, and the solution u retains these discontinuities for all time. This is
generally also the case for hyperbolic operators, which do not enjoy the smoothing properties
that are typical for elliptic and parabolic operators. Solutions to hyperbolic PDEs typically
have finite speed of propagation, aka causality: perturbations in the initial data propagate, and
the speed of propagation is usually bounded by some constant. For example, in the wave equa-
tion above, the speed of propagation is c = 1. Hyperbolic PDEs are particularly well-suited to
studying wave-like phenomena for this reason: an example other than the wave equation is the
Schödinger equation (time evolution of the wavefunction of a quantum particle).

(c) Typically when we study parabolic PDEs, we consider equations of the form

L̃u = ut−Lu = 0,

where L is an elliptic operator. The heat equation is one such example, where L = k∆. The
theory of parabolic PDEs is closely related to the theory of elliptic PDEs, which can sometimes
be interpreted as steady states (i.e. ut = 0) of parabolic PDEs, and some properties are shared:
for example, under some broad assumptions parabolic PDEs enjoy existence and regularity of
solutions, at least for small time intervals. For example, for the Cauchy problem for the heat
equation on the real line, the formula

u(x, t) =
1√
4πt

∫
∞

−∞

exp
(
−|x− y|2

4t

)
φ(y) dy

gives us not only existence, but also smoothness of all solutions. Parabolic PDEs also some-
times exhibit a maximum principle that can be used to obtain uniqueness of solutions. Often
they are not uniquely solvable in backward time. However, for general nonlinear parabolic
equations (which are defined analogously to linear parabolic equations), the solutions may ex-
perience blowup in finite time.2 Parabolic PDEs are well-suited to describing the time evolution
of systems undergoing some diffusive process. They also often arise in differential geometry,
in the form of geometric flows, which have been the subject of some very fruitful research over
the last few decades.

We will see many of these general properties manifest throughout the quarter, as we study the
wave equation, heat equation, and Laplace’s/Poisson’s equation. If you are interested in pursuing
the study of PDEs further, then it is important to pay particularly close attention to these three,
as they serve as the foundation and valuable intuition for the theory of their respective classes of
second-order linear PDEs.

2A famous problem in this vein is Navier-Stokes existence and smoothness, which seeks to establish (or provide a
counterexample for) global existence and smoothness for the Navier-Stokes equations of fluid dynamics, which exhibit
both parabolic and hyperbolic behavior. A major obstacle to the solution is that due to the highly nonlinear character
of the equations, it is difficult to rule out finite-time blowup of certain key quantities associated to the equation. It has
been considered one of the most difficult problems in mathematics for a century or more, and there is currently a $1
million bounty on its solution offered by the Clay Mathematics Institute (see https://en.wikipedia.org/wiki/

Millennium_Prize_Problems).
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