
Notes for Math 136: Review of Calculus

Gyu Eun Lee

These notes were written for my personal use for teaching purposes for the course Math 136
running in the Spring of 2016 at UCLA. They are also intended for use as a general calculus
reference for this course.

In these notes we will briefly review the results of the calculus of several variables most frequently
used in partial differential equations. The selection of topics is inspired by the list of topics given
by Strauss at the end of section 1.1, but we will not cover everything. Certain topics are covered in
the Appendix to the textbook, and we will not deal with them here. The results of single-variable
calculus are assumed to be familiar. Practicality, not rigor, is the aim. This document will be
updated throughout the quarter as we encounter material involving additional topics.

We will focus on functions of two real variables, u = u(x, t). Most definitions and results listed
will have generalizations to higher numbers of variables, and we hope the generalizations will be
reasonably straightforward to the reader if they become necessary. Occasionally (notably for the
chain rule in its many forms) it will be convenient to work with functions of an arbitrary number
of variables. We will be rather loose about the issues of differentiability and integrability: unless
otherwise stated, we will assume all derivatives and integrals exist, and if we require it we will
assume derivatives are continuous up to the required order. (This is also generally the assumption
in Strauss.)

1 Differential calculus of several variables

1.1 Partial derivatives
Given a scalar function u = u(x, t) of two variables, we may hold one of the variables constant and
regard it as a function of one variable only:

vx(t) = u(x, t) = wt(x).

Then the partial derivatives of u with respect of x and with respect to t are defined as the familiar
derivatives from single variable calculus:

∂u
∂ t

=
dvx

dt
,

∂u
∂x

=
dwt

dx
.
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Example 1. Let u(x, t) = xt. Then to find the partial derivative with respect to t, we set vx(t) = xt
and regard it as a function of t only: x is regarded as a constant. Then

∂u
∂ t

(x, t) =
dvx

dt
(x, t) = x.

Similarly, to find the partial derivative with respect to x, we set wt(x) = xt and regard it as a function
of x only, holding t fixed. Then

∂u
∂x

(x, t) =
dwt

dx
(x, t) = t.

In practice, we do not go through the trouble of defining the functions vx and wt , and simply
differentiate while holding a variable constant. We often use as alternative notation

ux =
∂u
∂x

, ut =
∂u
∂ t

.

Basic properties of partial derivatives:

1. (Linearity) If a and b are scalars and u = u(x, t), v = v(x, t) are scalar functions of two
variables, then

∂

∂x
(au+bv) = a

∂u
∂x

+b
∂v
∂x

and
∂

∂ t
(au+bv) = a

∂u
∂ t

+b
∂v
∂ t

.

2. (Product rule) If u = u(x, t), v = v(x, t) are scalar functions of two variables, then

∂

∂x
(uv) = u

∂v
∂x

+
∂u
∂x

v

and
∂

∂ t
(uv) = u

∂v
∂ t

+
∂u
∂ t

v .

3. (Clairaut’s theorem, aka equality of mixed partials) The order of taking partial derivatives
does not matter: if u = u(x, t) is a scalar function of two variables, then

∂

∂x

(
∂u
∂ t

)
=

∂

∂ t

(
∂u
∂x

)
.

We typically write mixed partials in the form

∂

∂x

(
∂u
∂ t

)
=

∂ 2u
∂x∂y

,
∂

∂ t

(
∂u
∂x

)
=

∂ 2u
∂ t∂x

;

in this notation, Clairaut’s theorem takes the form

∂ 2u
∂x∂y

=
∂ 2u
∂ t∂x

.
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Chain rule for partial derivatives: Let u = u(x1, . . . ,xn) be a scalar function of n variables.
Suppose that each xi = xi(y1, . . . ,ym) is a scalar function of m variables, so that

u(x1(y1, . . . ,ym), . . . ,xn(y1, . . . ,ym))

is a scalar function of m variables. Then
∂u
∂y j

=
n

∑
i=1

∂u
∂xi

∂xi

∂y j
.

Example 2. Let u(x, t) = xt2 be a scalar function of two variables, and let x = x(y,z) = y2, t =
t(y,z) = yz. Then

u(x(y,z), t(y,z)) = x(y,z)t(y,z)2 = y4z2.

If we compute ∂u/∂ z using the definition of partial derivative, then treating y as a constant we
obtain

∂u
∂ z

=
∂

∂ z
(y4z2) = y4 ∂

∂ z
(z2) = 2y4z.

If we compute the same partial derivative using the chain rule, we obtain
∂u
∂ z

=
∂u
∂x

∂x
∂ z

+
∂u
∂ t

∂ t
∂ z

=
∂ (xt2)

∂x
∂ (y2)

∂ z
+

∂ (xt2)

∂ t
∂yz
∂ z

= t(y,z)2 ·0+2x(y,z)t(y,z) · y
= 2(y2)(yz)y = 2y4z.

So the chain rule in this case agrees with the definition of the partial derivative.

1.2 Gradients and directional derivatives
Given a scalar function u = u(x, t), its gradient is the vector function

∇u(x, t) = (ux(x, t),ut(x, t)).

Given a vector v = (v1,v2), the directional derivative of u with respect to v is the scalar function

Dvu(x, t) = v ·∇u(x, t) = v1ux(x, t)+ v2ut(x, t).

Typically we are most interested in the case that v is a unit (aka direction) vector, i.e. ‖v‖ =√
v2

1 + v2
2 = 1. In that case we may refer to Dvu as the directional derivative in the direction v. The

partial derivatives are special cases of directional derivatives: if e1 = (1,0) and e2 = (0,1), then

ux(x, t) = De1u(x, t), ut(x, t) = De2u(x, t) .

If v is a unit vector, then Dvu(x,y) represents the instantaneous rate of change of u in the direction
v at the point (x,y). An alternative way to define Dvu(x,y) is as the following limit:

Dvu(x,y) = lim
h→0

u((x,y)+hv)−u(x,y)
h

.

This is reminiscent of the single-variable definition of a derivative, and indeed if we set v(h) =
u((x,y)+hv) then Dvu(x,y) = v′(0). Therefore many theorems of single-variable calculus can be
generalized with care to hold for directional derivatives.
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The following properties can be derived from the properties of partial derivatives.
Properties of the gradient:

1. (Linearity) If a and b are scalars and u = u(x, t), v = v(x, t) are scalar functions of two
variables, then

∇(au+bv) = a∇u+b∇v.

2. (Product rule) If u = u(x, t), v = v(x, t) are scalar functions of two variables, then

∇(uv) = u∇v+ v∇u.

and
∂

∂ t
(uv) = u

∂v
∂ t

+
∂u
∂ t

v .

3. (Chain rule for gradients, part 1) If u = u(x, t) is a scalar function of two variables and
(x(y), t(y)) is a vector function of one variable, then

d
dy

(u(x(y), t(y))) = ∇u(x(y), t(y)) ·
(

dx
dy

(y),
dt
dy

(y)
)

.

4. (Chain rule for gradients, part 2) If u = u(x, t) is a scalar function of two variables and
h = h(u) is a scalar function of one variable, then

∇(h(u(x, t))) = h′(u(x, t))∇u(x, t).

2 Integral calculus of several variables
In several variables, the integral calculus is much more diverse than in the case of one variable:
there are more objects we can integrate, and more domains we can integrate over. In this section we
review the basic definitions quickly and without proof. In a departure from the previous section,
we will make our definitions in greater generality than just two and three dimensions.

Definition. By a domain Ω⊂ Rn we mean a connected open set. (In some texts, especially those
on complex analysis, the term region is synonymous.)

Definition. Let Ω⊂ Rn be a region. By a scalar field on Ω we mean a scalar-function f : Ω→ R.
By a vector field on Ω we mean a vector-valued function F : Ω→ Rm, for some fixed choice of
dimension m.

We will use boldface type to refer to vectors and vector-valued functions.
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2.1 Integration of scalar fields
2.1.1 Line integrals

Definition. A curve C is the image of a continuously differentiable vector-valued function r :
[a,b]→Rn. r is called a parametrization of C. Here [a,b] may be any closed and bounded interval
in R.

Definition. An orientation of a curve C is a choice of parametrization r : [a,b]→ Rn of C. Any
other parametrization s : [c,d]→ Rn is called positively oriented if s(c) = r(a) and s(d) = s(a). A
curve with an orientation is called an oriented curve.

Definition. A parametrization r of a curve C is called regular if r′(t) 6= 0 for all t.

Definition. Let Ω⊂Rn be a domain and let C be an oriented curve in Ω. The integral of the scalar
field f : Ω→ R along C is denoted ∫

C
f ds

and is defined by the Riemann integral∫
C

f ds =
∫ b

a
f (r(t))‖r′(t)‖ dt,

where r is a positive regular parametrization of C and ‖r′(t)‖ refers to the magnitude of the vector
r′(t).

It can be shown that this definition is independent of the choice of parametrization r, so the line
integral of a scalar field is well-defined. Also, one can generalize this definition to curves C that
are only piecewise continuously differentiable.

2.1.2 Area and volume integrals

In a typical course on vector calculus we define area and volume integrals of scalar fields sepa-
rately. It turns out that these are merely the 2 and 3-dimensional cases of a more general theory of
volume integration, which holds in any number of dimensions and has the same definition in every
dimension.

Definition. Let Ω⊂ Rn be a rectangular domain, i.e.

Ω = (a1,b1)× (a2,b2)×·· ·× (an,bn),

where the intervals (ai,bi) are bounded. Let f : Ω→ R be a scalar field. Then the integral of f
over Ω is defined to be the iterated integral∫

Ω

f dV =
∫ bn

an

· · ·
∫ b1

a1

f (x1, . . . ,xn) dx1 · · ·dxn .

dV = dx1 · · ·dxn is called the Euclidean volume element.
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At first it seems that this integral is not suitable, because changing the order of integration could
change the value of the integral. The following theorem tells us that for our purposes, this will not
be a problem.

Theorem 1 (Fubini’s theorem). If f is continuous and bounded on Ω, then the volume integral∫
Ω

f dV

exists and is finite, and the value of the integral does not depend on the order of integration.

Fubini’s theorem can also be extended to unbounded rectangular domains with a little care. The
key assumption one needs to make is that the function f remains integrable over the unbounded
domain.

2.1.3 Jacobians; change of variable formula

Generally, it is not enough for us to consider volume integrals over only rectangular domains. The
change of variable formula is what allows us to extend the concept of a volume integral to more
general types of domains.

Definition. Let Ω⊂Rn be a region. The total derivative of a differentiable map Φ : Ω→Rn is the
matrix of first partials

dΦ(x) =


∂Φ1
∂x1

(x) · · · ∂Φ1
∂xn

(x)
...

...
∂Φn
∂x1

(x) · · · ∂Φn
∂xn

(x)

 ,

where the functions Φi : Ω→ R are the component functions of Φ: Φ = (Φ1, . . . ,Φn).

You may find it convenient to think of dΦ as a column matrix or as a row matrix:

dΦ(x) =
(

∂Φ

∂x1
(x) · · · ∂Φ

∂xn
(x)
)
=

∇Φ1(x)
...

∇Φn(x)

 .

Definition. The Jacobian determinant of Φ is the function JΦ : Ω→ R given by

JΦ(x) = detdΦ(x) .

Definition. Let Ω ⊂ Rn be a domain. A C1 diffeomorphism on Ω is a map Φ : Ω→ F(Ω) ⊂ Rn

such that

1. Φ is continuously differentiable (i.e. C1);

2. Φ is one-to-one (i.e. if F(x) = F(y), then x = y);

3. JΦ(x) 6= 0 for all x ∈Ω.
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Theorem 2 (Change of variables formula). Let Ω⊂Rn be a rectangular region. Let Φ : Ω→Φ(Ω)
be a C1 diffeomorphism. Let f : Φ(Ω)→ R be a continuous integrable scalar field. Then∫

Φ(Ω)
f dV =

∫
Ω

f ◦Φ · |JΦ| dx1 · · ·dxn .

In particular, this theorem allows us to define integration of scalar fields over non-rectangular
regions, so long as we can find a C1 diffeomorphism taking a rectangular region to the desired
non-rectangular region.

The following are important special cases of this:
Example 3. If F : Rn→ Rn is a linear transformation with detF 6= 0, then

JF(x,y,z) = det F.

Example 4. The polar coordinate transformation in two dimensions:

Φ(r,θ) = (r cosθ ,r sinθ),

for r 6= 0. The Jacobian is
JΦ(r,θ) = r.

We also write
dxdy = r drdθ .

This transformation is best used to compute area integrals over circular regions in R2.
Example 5. The spherical coordinate transformation in three dimensions:

Φ(r,θ ,ϕ) = (r sinϕ cosθ ,r cosϕ cosθ ,r cosϕ),

where r ∈ (0,∞) is the radius, θ ∈ [0,2π) is the azimuthal angle, and ϕ ∈ [0,π] is the polar angle.
The Jacobian is

JΦ(r,θ ,ϕ) = r2 sinϕ.

We also write
dxdydz = r2 sinϕ drdθdϕ.

Warning! Mathematicians and physicists use different conventions for the polar and azimuthal
angles. Here we are using the mathematicians’ convention:

https://en.wikipedia.org/wiki/File:3D_Spherical_2.svg.

The physicists’ convention swaps the role of θ and ϕ , as in the following diagram:

https://en.wikipedia.org/wiki/File:3D_Spherical.svg.

One must take care to not confuse the two conventions. If you switch from one convention to
another, you must switch the formula for the spherical coordinate transformation as well as the
formula for the Jacobian.
Example 6. The cylindrical coordinate transformation in three dimensions:

Φ(r,θ ,z) = (r cosθ ,r sinθ ,z).

The Jacobian is
JΦ(r,θ ,z) = r.

We also write
dxdydz = r drdθdz.
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2.1.4 Surface integrals

Definition. A parametrized hypersurface is a set S⊂ Rn whose coordinates are given by a contin-
uously differentiable one-to-one function G : Ω⊂ Rn−1→ R; i.e.,

G(u1, . . . ,un−1) = (x1(u1, . . . ,un−1), . . . ,xn(u1, . . . ,un−1)).

When n = 3, this is just the definition of a parametrized surface in R3. Due to the parametrization
G, a parametrized hypersurface is, for the purpose of integration, very similar to an open subset of
Rn.

Definition. Given a parametrization G of a hypersurface S, a tangent vector v to a point x ∈ S is a
linear combination of the vectors

Tu1(x) =
∂G
∂u1

(x), . . . ,Tun−1(x) =
∂G

∂un−1
(x) .

A normal vector n to S is a vector that is normal (perpendicular) to every tangent vector.

Definition. A parametrized hypersurface is orientable if there exists a continuous and consistent
choice of unit normal vector n(u1, . . . ,un−1) at every point of the hypersurface. If S is an orientable
surface, then the orientation allows a consistent choice an assignment of “inward-pointing” or
“outward-pointing” to every unit normal vector.

For a surface in R3, the space of tangent vectors at a point has a basis consisting of two tangent
vectors. Therefore a unit normal can be found by taking the cross product. If a parametrized
hypersurface S is orientable, so that a continuous assignment n(u1, . . . ,un−1) can be made, then
this can be used to define integrals of scalar fields over S.

Definition. Let Ω be a domain and let G : Ω ⊂ Rn−1→ Rn be a parametrization of an orientable
hypersurface S. Let f : S→ Rn be a continuous scalar field on S. Then the integral of f over the
hypersurface S is defined to be∫

S
f (x1, . . . ,xn) dS =

∫
Ω

f (G(u1, . . . ,un−1))‖n(u1, . . . ,un−1)‖ du1 · · ·dun−1 .

In practice, this definition is not particularly computable outside of dimensions n = 2 and n = 3.
In general, the important thing is that this gives us a way to define the surface integral of a scalar
field over the boundary of a domain Ω. The fundamental theorems of vector calculus allow us to
relate such integrals to integrals over Ω.

2.2 Integration of vector fields
With all the machinery of integration of scalar fields built up, the definitions for integration for
vector fields become quite straightforward.
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2.2.1 Line integrals

Definition. Let F : Ω ⊂ Rn → Rn be a vector field. Let C ⊂ Ω be an oriented curve. The line
integral of F over C is defined by the scalar field line integral∫

C
F ·ds =

∫
C
(F · r) ds

where r : [a,b]→ Rn is a positive regular parametrization of C.

Definition. An oriented curve C is closed if the parametrization r : [a,b]→ Rn defining the orien-
tation satisfies r(a) = r(b).

Definition. A non-closed curve C is simple if any positive regular parametrization of C is one-to-
one. A closed curve C is simple if any positive regular parametrization of C is one-to-one except
at the endpoints.

Definition. A vector field F is said to be conservative if∫
C

F ·ds = 0

for every closed curve C.

Theorem 3. The following statements are equivalent:

1. F : Ω→ Rn is a conservative vector field;

2. F = ∇ϕ for some scalar field ϕ : Ω→R (called a potential). In this case, if xI and xF denote
the initial and final points of C, then∫

C
F ·ds = ϕ(xF)−ϕ(xI) .

3. (path independence) If C and C′ are oriented curves with the same initial and final point,
then ∫

C
F ·ds =

∫
C′

F ·ds.

Conservative vector fields occur frequently in physics; for example, the electric field E in electro-
statics is a conservative vector field, and its potential is in fact the electric potential V (from which
the mathematical term borrows its name). Another example is the gravitational field FG, which as-
signs to a massive particle in space the gravitational force acting on the particle. Its potential is the
Newtonian gravitational potential. To say that a vector field arising from physics is conservative is
often a formulation of some physical conservation law.

2.2.2 Surface integrals

Definition. Let S⊂ Rn be an orientable parametrized hypersurface with parametrization G : Ω→
Rn, and let F : Ω→ S be a vector field on S. Let n(u1, . . . ,un−1) denote the outward unit normal
on S. Then the integral of F over S is defined by the scalar field integral∫

S
F ·dS =

∫
S
(F ·n) dS.
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3 Fundamental theorems of vector calculus
The fundamental theorems of vector calculus are generalizations of the fundamental theorem of
calculus, whose philosophy can be summarized like so:

The integral of a function over a domain can be recovered from the values of the antiderivative of
the function on the boundary of the domain.

In the following two theorems we will see this principle manifest in two different ways. The catch
is that while the concepts of domain and boundary generalize readily to higher dimensions, the
concepts of function, derivative, and antiderivative do not, simply because there are many different
notions of “derivative” in several variables. In each of the following theorems we will have to
choose the correct notion of derivative to proceed.

3.1 Kelvin-Stokes theorem
For this theorem, we restrict to three dimensions.

Definition. Let F : Ω ⊂ R3→ R3 be a continuously differentiable vector field. Then its curl is a
vector field on Ω defined by

curl F = ∇×F.

Theorem 4 (Kelvin-Stokes theorem). Let S ⊂ R3 be a surface with boundary ∂S. Let F : S→ R3

be a continuously differentiable vector field. Then∫
∂S

F ·ds =
∫

S
curl F ·dS.

Remark. In physics, the Kelvin-Stokes theorem comes up several times, but most obviously in
electromagnetism in the form of Ampère’s law.

The special case where S is a domain in the plane R2 is called Green’s theorem:

Theorem 5 (Green’s theorem). Let Ω ⊂ R2 be a bounded region whose boundary ∂Ω consists
of a disjoint union of simple closed curves, and give ∂Ω the positive (outward counterclockwise)
orientation. Let F = (F1,F2) be a continuously differentiable vector field on Ω. Then∫

∂Ω

F1 dx+F2 dy =
∫∫

Ω

(
∂F2

∂dx
− ∂F1

∂dy

)
dA.

From Green’s theorem we can see that if F = (F1,F2) is a continuously differentiable vector field
on Ω = R2, then F is conservative if and only if

curl F =

(
∂F2

∂x1
− ∂F1

∂x2

)
= 0.

In general, a vector field F satisfying curl F = 0 is said to be irrotational. Thus we see that every
irrotational vector field on R3 is conservative. Conversely, if F is a conservative vector field on R3,
then F is a gradient vector field, i.e. F = ∇ϕ for some potential function ϕ . One can show that
such a vector field is irrotational, i.e.

∇× (∇ϕ) = 0,
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as long as ϕ is twice continuously differentiable. Therefore on R3, conservative vector fields and
irrotational vector fields are essentially one and the same. However, this is not true for a more
general domain Ω 6= R3. The precise condition is that conservative vector fields and irrotational
vector fields are the same when Ω is simply connected, a topological condition that essentially says
Ω has no holes.

3.2 Divergence theorem
The divergence theorem, unlike the Kelvin-Stokes theorem, can be stated in any dimension.

Definition. Let Ω ⊂ Rn be a region, and let F : Ω→ Rn be a continuously differentiable vector
field on Ω, with components F = (F1, . . . ,Fn). Then its divergence is a scalar field on Ω defined by

div F = ∇ ·F =
n

∑
i=1

∂Fi

∂xi
.

Theorem 6 (Divergence theorem). Let Ω⊂ Rn be a bounded region, and let F = (F1, . . . ,Fn) be a
vector field on Ω that is continuously differentiable up to the boundary ∂Ω. Then∫

Ω

div F dV =
∫

∂Ω

F ·dS.

Remark. The divergence theorem is sometimes called Gauss’s theorem, especially by physicists.
In physics it comes up in the statement of Gauss’s law of electrostatics.

Remark. The Kelvin-Stokes theorem cannot be stated in any dimension other than n = 3. This is
because the notion of cross product, and hence the notion of curl, cannot be formulated in any other
dimension. There is a far-reaching generalization of the Kelvin-Stokes theorem and the divergence
theorem called the (generalized) Stokes theorem, but to formulate this theorem requires a great
deal of technical machinery, namely the language of differential forms.
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