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In the past few weeks, we have studied the constant-coefficient second-order linear
ODE

y′′+ py′+qy = 0 (1)

as well as the constant-coefficient planar system(
a b
c d

)(
x
y

)
=

(
x′

y′

)
, i.e. Ax = x′. (2)

Some of you have probably observed that these two problems are quite similar to
one another. Some of the outstanding similarities are:

1. The solution method to both problems involves finding the roots of a degree
two characteristic polynomial. In the case of (1) this is λ 2+ pλ +q, and in the
case of (2) this is det(A−λ I).

2. The solutions can be read from the roots λ j of the characteristic polynomial.
Their behavior depends on whether the roots are distinct real, distinct complex,
or repeated real, and the behavior in each of these cases is similar.

3. In the case of distinct real roots, the overall behavior is exponential. For (1)
we have linearly independent solutions of the form eλ jt , while for (2) we have
solutions of the form eλ jtv j, where v j is an eigenvector of A with eigenvalue
λ j.

4. In the case of complex roots λ = a± ib, the overall behavior involves a sinu-
soidal term and an exponential term. For (1) we have two real solutions of
the form eat cos(bt), eat sin(bt). For (2) we obtain solutions of the form eatv,
where v(t) has sinusoidal components of the form sin(bt), cos(bt), or some
combination of the two. Solutions in both cases can be obtained by solving an
associated complex-valued ODE.

1



5. In the case of repeated real roots, for (1) we have two independent solutions eλ t ,
teλ t . For (2) we have two solutions eλ tv1 and teλ tv2, where v1 is an eigenvector
and (A−λ I)v2 = v1.

As it turns out, this litany of similarities is no coincidence. Constant-coefficient
second-order homogeneous ODEs are just a special case of planar systems. Here
we will demonstrate the technique of reduction of order and how it turns a constant-
coefficient second-order homogeneous ODE into a planar system.

We begin with (1). Let us define an auxiliary variable x by

y′ = x.

Plugging into (1) gives us

0 = y′′+ py′+qy = x′+ px+qy,

or
x′ =−px−qy.

The system

x′ =−px−qy,
y′ = x

can be converted into the planar system(
x′

y′

)
=

(
−p −q
1 0

)(
x
y

)
.

What happens if we try to solve this planar system? Well, first we’d find the
characteristic polynomial:

det
(
−p−λ −q

1 −λ

)
= (−p−λ )(−λ )+q = λ

2 + pλ +q.

So the characteristic polynomial of this planar system is identical to the character-
istic polynomial for the second-order equation! Therefore the characteristic roots
are the same, and consequently once we read out the solutions we will see that
the solutions to the planar system are essentially the same as the solutions to the
second-order ODE.
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This correspondence is quite illuminating. For instance, it is probably quite mys-
terious to you currently why a constant-coefficient second-order linear homoge-
neous ODE with repeated real roots has a linearly independent pair of solutions
given by eλ t and teλ t . The reason will become manifestly clear when we get to
the concept of generalized eigenvectors, where we will more precisely develop
the tools to deal with repeated roots for first-order systems. It also shows us why
a second-order linear homogeneous ODE has two linearly independent solutions:
it comes down to the fact that the corresponding planar system has two linearly
independent solutions, because a 2×2 matrix has a basis consisting of two gener-
alized eigenvectors.

The technique of reduction of order I applied above can be used in many scenarios.
For instance, it can turn any n-th order linear homogeneous equation

x(n)+an−1(t)x(n−1)+ · · ·+a1(t)x′+a0(t)x = 0

into a system of n first-order equations, even in the variable-coefficient case. To
illustrate, we can examine the n = 3 case:

x′′′+a2(t)x′′+a1(t)x′+a0(t)x = 0.

We introduce two new variables y and z, satisfying the relations

x′ = y, y′ = z.

Then we notice that the ODE can be written as

z′+a2(t)z+a1(t)y+a0(t)x = 0,

or equivalently
z′ =−a0(t)x−a1(t)y−a2(t)z.

Thus we obtain the linear system

x′ = y,
y′ = z,
z′ =−a0(t)x−a1(t)y−a2(t)z,

or in matrix formx′

y′

z′

=

 0 1 0
0 0 1

−a0(t) −a1(t) −a2(t)

x
y
z

 .
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One can easily generalize this to the n-th order case, the idea being to introduce
n− 1 auxiliary variables related to each other by differentiation. In fact, it is not
even important that the equation be linear! One can apply the same technique to
the nonlinear equation

y(n) = g(t,y,y′, . . . ,y(n−1))

to obtain an equivalent system of n first-order equations. In this case the system
will no longer be linear, but the point is that even a nonlinear n-th order equation
can be converted to an equivalent system of n first-order equations.

Because they are exactly equivalent, the first-order system will be no easier to
solve than the original n-th order equation. So why bother? There is at least one
very pressing reason why one would perform this procedure: computer algorithms
for the numerical solution of ODEs typically require you to express the desired
ODE to be solved as a first-order system.1 The techniques for approximating
solutions to first-order equations are well-studied and implemented in most nu-
merical analysis software packages. In fact, you may already be familiar with the
most basic of these techniques: Euler’s method for numerically approximating the
solution to

y′ = f (t,y(t)),

which is introduced in many calculus courses. The basic idea is that given y(t0),
we can approximate y(t0 +h) by moving forward in time by h:

y(t0 +h)∼ y(t0)+hy′(t0) = y(t0)+h f (t0,y(t0)).

This is a better and better approximation for h small. To approximate y(t) at a time
t > t0, we start at t0 and move forward in time in small steps of size h, and iterate
the above approximation at each step until we reach time t. A nearly identical idea
works when we have a system of first-order equations

y′j = f j(t,y1, . . . ,yn), j = 1, . . . ,n.

Euler’s method is the simplest of a family of many approximation schemes called
Runge-Kutta methods for numerically evaluating solutions to first-order ODEs. In
practice we numerically solve an n-th order ODE by reducing it to a system of n
first-order ODEs, then applying Runge-Kutta methods to such a system. They are
in widespread use in engineering, applied mathematics, and the sciences at large.

1For example, the standard ODE solvers in MATLAB are all designed for first-order systems.
They cannot take a higher-order equation as input: you must convert it to a first-order system
before MATLAB solvers can do anything with it.
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