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In section and in office hours I have often alluded to the similarity of the solutions
of homogeneous second-order constant-coefficient linear equations

y′′+ py′+qy = 0 (1)

and first-order planar systems
y′ = Ay, (2)

and I have suggested that you organize your understanding of the solutions to
these equations around these similarities. In fact, take a look through your notes
or the book at the relevant sections, and the similarities are extremely obvious:

(a) To solve (1) we first find from the equation a characteristic polynomial, and
solve for the roots. To solve 2 we find the characteristic polynomial of the
matrix A and solve for the roots, which are the eigenvalues.

(b) If the roots of the characteristic polynomial for (1) are real and distinct, then
the general solution is a sum of exponentials whose exponent is essentially
given by these roots. If the eigenvalues for the equation (2) are real and dis-
tinct, then the general solution is a sum of exponentials along directions given
by the eigenvectors.

(c) If the roots of the characteristic polynomial for (1) are complex, then they
come in complex conjugate pairs. The complex general solution is a sum of
the corresponding complex exponential functions, and the real general solu-
tion is an exponential times a sum of sines and cosines. The same is true
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if the eigenvalues of (2) are complex, but we have to also find eigenvectors.
The formulas for the real general solutions in (1) and (2) are almost identical
otherwise.

(d) If there is a repeated real root of the characteristic polynomial for (1), then
we cannot have two independent exponential solutions, but there is another
independent solution of the form teλ t . If there is a repeated real eigenvalue in
(2), then again we do not get two independent exponential solutions, but there
is an independent solution of the form eλ t(v+ tw).

The similarities seem too strong to be mere coincidence, and in fact (1) and (2)
are related in a very concrete manner, in that (1) is a special case of (2). To see
this we will show how to turn (1) into an equation in the form of (2). Consider the
equivalent equation to (1)

y′′ =−py′−qy. (3)

Let us define two new variables

x = y, z = y′.

Then x and z satisfy

x′ = z,
z′ =−pz−qx.

Notice what we’ve got here: this is exactly the planar system(
x′

z′

)
=

(
0 1
−q −p

)(
x
z

)
.

So if we define

w =

(
x
z

)
and

B =

(
0 1
−q −p

)
then solving

w′ = Bw (4)
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for the first component x = y is exactly equivalent to solving (1). So any second-
order constant-coefficient linear equation can be transformed in this manner into
a planar system. Notice also that the characteristic polynomial of B is

det(B−λ I) = (−λ )(−p−λ )+q = λ
2 + pλ +q,

which is just the characteristic polynomial as we defined it for second-order equa-
tions.

This explains why the solutions to (1) look so much like the solutions to (2): you
can derive the solutions to (1) exactly like the solutions to (2) by moving to this
matrix form. It also explains why we care about the roots to the characteristic
polynomial for second-order equations: they are actually the eigenvalues of the
corresponding first-order system.

(Addendum, 2016 Feburary 6) There is much more about the theory of constant-
coefficient linear ODEs that becomes clearer via this technique. For instance, once
we learn about how to construct solutions to linear systems using generalized
eigenvalues and eigenvectors, the reason why a second-order linear ODE with
repeated root λ has a solution of the form teλ t also becomes clear. The fact that
the solution space of a n-th order constant-coefficient ODE has dimension n (i.e.
supports at most n linearly independent solutions) also comes down to the fact
that a n×n matrix induces a basis of n generalized eigenvectors.

In fact, the procedure we have done here can be vastly generalized:

(a) It was not particularly important that p and q were constants; we would have
gotten the same exact result if p and q were functions of t. So any second-
order linear equation, constant-coefficient or otherwise, can be turned into a
planar system of first-order equations.

(b) You can also imagine how you extend this to third-order linear equations: say
if we have a third-order equation

y(3)+ py′′+qy′+ r = 0,

(where p,q,r are functions of the independent variable) then we define new
variables

x = y, z = y′, w = y′′

and do what we have done above to turn the third-order equation into a system
of 3 first-order equations. In fact, given a linear equation of order n, say

y(n)+an−1(t)y(n−1)+ · · ·+a1(t)y′+a0(t)y+ f (t) = 0,
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one can make the analogous definitions

x1 = y, x2 = y′, . . . ,xn = y(n−1)

and use this to obtain a system of n first-order equations.

(c) Even more generally, one can apply this technique to a nonlinear n-order ODE

y(n) = g(t,y,y′, . . . ,y(n−1))

where g is a (potentially very complicated) function of n variables. Doing the
exact same variable definitions turns this n-th order ODE into a system of n
first-order ODEs. This is an extremely important technique in ODEs called
reduction of order. It allows us to work with systems of first-order ODEs
rather than an n-th order ODE whenever we find it more convenient to do so.

(d) Even more generally, we can do this even if we have a system of uncoupled n-
th order ODEs. This is not of purely mathematical interest: one way in which
this occurs in physics (which the physics majors among you may have already
seen) is the Lagrangian and Hamiltonian formulations of mechanics. For a
physical system obeying the laws of classical mechanics whose configuration
space has dimension n, the Lagrangian formulation of Newtonian mechanics
is a system of n uncoupled second-order ODEs. To obtain the Hamiltonian
formulation of classical mechanics one does the above change of variables to
obtain an equivalent system of 2n coupled first-order ODEs. For physicists
the Lagrangian and Hamiltonian formulations of mechanics each have their
own advantages, so it is important to be able to go from one to the other.
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