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In my discussions I have emphasized the technique of row reduction to find nec-
essary and sufficient conditions for a vector v to solve an equation of the form
Bv = 0, where B is a 2×2 matrix, our typical application being to solve the eigen-
vector equation

(A−λ I)v = 0.
For example, in Quiz 5 for Thursday sections we dealt with the matrix

A =

(
3 −6
3 5

)
,

whose eigenvalues turned out to be

λ = 4± i
√

17.

In the quiz solutions, we took λ = 4− i
√

17 and illustrated how to row reduce

A−λ I =
(
−1+ i

√
17 −6

3 1+ i
√

17

)
despite the complex numbers: the idea is to multiply a row by a complex conjugate
to get only real numbers along a column. So multiplying the second row by 1−
i
√

17 gives us (
−1+ i

√
17 −6

3− i3
√

17 18

)
and from this point on it is much easier to see that the second row is a scalar
multiple of the first. So we can row-reduce to eliminate the second row and arrive
at (

−1+ i
√

17 −6
0 0

)
.
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Some students have remarked that there is another way to arrive at this row-
reduced matrix, which may be of interest to students who are more familiar with
the concepts from Math 33A. The idea goes like this: since the eigenvalues of
A are distinct, and the underlying space is 2-dimensional (over the complex num-
bers), the corresponding eigenspaces are 1-dimensional. The λ -eigenspace of A is
precisely the nullspace of A−λ I, and another way to think about the eigenvector
equation

(A−λ I)v = 0

is to consider this as the equation for the nullspace of A−λ I. The λ -eigenspace of
A being 1-dimensional is the same as the nullspace of A−λ I being 1-dimensional,
and this is equivalent to saying that the rows of A− λ I span a one-dimensional
subspace of (in this case) C2, the space of complex 2-vectors. But since there
are only 2 rows, this means the second row of A− λ I is automatically a scalar
multiple of the first row. So we can in fact conclude right away that(

−1+ i
√

17 −6
3− i3

√
17 18

)
can be row reduced to (

−1+ i
√

17 −6
0 0

)
,

without doing any row operations.

As a matter of fact, this reasoning works whenever you are dealing with a pla-
nar system and you are looking for eigenvectors that belong to a 1-dimensional
eigenspace.This turns out to be every single case we have discussed, except one of
the two subcases for repeated real eigenvalues, so it is a pretty handy shortcut. It
is also not particularly important that the matrix above had complex coefficients,
so we had to work over the field of complex numbers; the argument works the
same way if one works over the scalar field of real numbers.

In an exam situation, if you can explain this reasoning clearly and thoroughly,
it would be an acceptable substitute for actually carrying out the row reduction.
However, an explanation how you arrive at the conditions for the eigenvectors will
still probably be required.

One reason this shortcut is not discussed in the book is probably that it is less
useful in systems of linear ODEs of dimension higher than 2, where there are
more possibilities for the dimensions of eigenspaces, in contrast to dimension 2
where the eigenspaces have to be 1 or 2-dimensional. Still, if you can identify the
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dimension of a particular eigenspace to be 1 even in higher dimensions (as is the
case, for instance, if the eigenvalue is of multiplicity 1 in the characteristic poly-
nomial), then the reasoning outlined above allows you do simplify much of the
row reductions. However, it becomes less effective if you have, say, an eigenvalue
that is a triple root of the characteristic polynomial.

We emphasize row reduction because it is a technique that always works to find
the nullspace of a matrix, independent of whether or not the dimension of the
nullspace is known a priori. If you are not confident that you can apply and
explain this argument involving dimensions of eigenspaces clearly on an exam, I
suggest you keep things simple and proceed with the row reduction.
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