
Math 33B-1, Quiz 1 solution

October 1, 2015 (Thursday sections)

The number label is the corresponding exercise in the textbook. If your section was not given this
quiz in discussion, it is recommended that you work the problem out yourself before proceeding
to the solution on the next page.

2.4.14 Find the solution of the initial value problem{
y′ = y+2xe2x,

y(0) = 3.
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Solution. First, we recognize that this is a linear equation. At this point there are two equally
valid approaches: the method of integrating factors, and the method of variation of parameters.
Integrating factors was the expected solution, but here we will cover both.

Method of integrating factors:

1. Put the equation in the form
y′− y = 2xe2x.

This is of the form
y′−a(x)y = b(x).

2. The integrating factor is
h(x) = e−

∫
a(x)dx = e−

∫
dx = e−x.

3. Multiplying the equation through by h, we have

2xex = e−xy′− e−xy = (e−xy)′.

We then integrate both sides in x:∫
(e−xy)′ dx =

∫
2xex dx+C.

4. By the Fundamental Theorem of Calculus, the first integral is∫
(e−xy)′ dx = e−xy(x).

The second integral can be found using integration by parts. Take u = 2x and v′ = ex, so that
u′ = 2 and v = ex. Then using the integration by parts formula∫

uv′ = uv−
∫

vu′,

we obtain ∫
2xex dx = 2xex−

∫
2ex = 2xex−2ex = 2ex(x−1).

5. Putting everything together, we have

e−xy(x) = 2ex(x−1)+C.

Solving for y, we get the general solution

y(x) = 2e2x(x−1)+Cex.

6. To solve the initial value problem, we enter the initial conditions into the general solution and
solve for C:

3 = y(0) =−2+C.

Therefore C = 5, and the solution is

y(x) = 2e2x(x−1)+5ex.
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Method of variation of parameters:

1. First, consider the homogeneous equation

y′h = yh.

A nonzero solution to this equation is yh(x) = ex.

2. Assume the solution y to the inhomogeneous equation is of the form y(x) = v(x)yh(x). (The
details for why this is a valid assumption are found in section 2.4 of the textbook.)

3. Use the differential equation on y = vyh to obtain

(vyh)
′ = vyh +2xe2x.

Expand the first term using the product rule:

(vyh)
′ = v′yh + vy′h.

Use the fact that yh solves the homogeneous equation to obtain

(vyh)
′ = v′yh + vyh.

Therefore
v′yh + vyh = vyh +2xe2x.

4. Cancel like terms and isolate the v to obtain

v′(x) =
2xe2x

ex = 2xex.

This equation can be integrated to solve for v. We obtain (using the same calculation as in the
method of integrating factors)

v(x) =
∫

2xex dx+C = 2ex(x−1)+C.

5. Finally, we use the fact that y = vyh to conclude that

y(x) = v(x)yh(x) = v(x)ex = 2e2x(x−1)+Cex.

6. Since we have the same general solution as in the method of integrating factors, the solution to
the initial value problem proceeds exactly the same way, and we obtain C = 5.
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