Math 121 Howework 1
1.(a) We have, for any (z1,y1), (x2,y2) € X X Y, since d(x1,x2) > 0 and dy (y1,y2) > 0, that

D((z1,91), (z2,92)) = dx (21, 22) + dy (y1,y2) > 0.

Then D((x1,y1), (x2,y2)) = 0 if and only if dx (z1,z2) = 0 and dy (y1,y2) = 0, which happens if and only if
1 = 29 and y1 = yo, that is (z1,y1) = (z2,y2). Also

D((x1,91), (x2,92)) = dx (21, 72) + dy (y1,¥2) = dx (x2,21) + dy (y2,y1) = D((22,y2), (21, 1)-
Now take (x3,y3) € X x Y. Then

D((w1,y1), (23,¥3)) = dx(z1,73) + dy (y1,93)
<dx(z1,72) +dx(x2,73) + dy (y1,y2) + dy (Y2, y3)
= D((z1,2), (x2,92)) + D((22,y2), (z3,Y3))-

And so (X x Y, D) is a metric space.

1.(b) Let ((zn,Yn))n>1 be a sequence in X x Y. Assume that ((x,,yn))n>1 converges to (z,y) in X x Y.
Then for any € > 0 there is some N > 1 such that for all n > N we have D((@y,yn), (x,y)) < €. Hence for
any n > N

dx (zn,x) < dx(Tn,x) +dy (Yn,y) <e and  dy(yn,y) < dx(zp,2) + dy (yn,y) <&,

50 (zn)n>1 converges to z in X and (yn)n>1 converges to y in Y.

Now assume (z,,)n>1 converges to z in X and (y,)n>1 converges to y in Y. Fix ¢ > 0. There is some
N; > 1 and Ny > 1 such that for all n > N; we have dx(x,,z) < /2 and for all n > Ny we have
dy (Yn,y) < €/2. Hence for all n > max{Ny, Na} we have

D((xhyl)v ($2,y2)) = dX(xth) + dY(ylayQ) < 5/2 + 8/2 =,

50 ((Zn,Yn))n>1 converges to (z,y) in X x Y.

2. Let ((%y,yn))n>1 be a sequence in X x Y. Let 01 : N — N be an stictly increasing function such that
the subsequence (24, (1))k>1 of (n)n>1 converges in X. Now consider the sequence (Yo, (x))x>1 in Y. It has
a convergent subsequence so let 02 : N — N be an increasing function such that (yq,(x))r>1 is @ convergent
subsequence of (Yo, (x))x>1. Since (T4, k) )r>1 is a subsequence of (x4, (x))x>1, Which is convergent, (24, &))k>1
is convergent. By question 1.(b) the subsequence ((Zu,(k)» Yoo (k)))k>1 Of ((Zn,Yn))n>1 converges.

3. First note that since d(z,y) > 0 for all z,y € X we clearly have d = min{1,d(z,y)} > 0 for all z,y € X.
Now d(z,y) = 0 if and only if d(x,y) = 0 which happens if and only if z = y. Next we see easily that

d(z,y) = min{1,d(z,y)} = min{1,d(y,2)} = d(y, o).
Now take z € X. We want to show d(z, z) < d(x,y)+d(y, ). First assume that at least one of d(z,y) > 1
or d(y,z) > 1 holds. Then either d(z,y) =1 or d(y, z) = 1 or both and

d(z,z) = min{1,d(x,2)} <1 <d(z,y)+d(y, z).
Now assume that both d(z,y) < 1 and d(y, z) < 1. Then
d(z,2) = min{1,d(z, 2)} < d(z,z) < d(z,y) + d(y, z) = d(z,y) + d(y, 2).

Hence (X, d) is a metric space.

4.(a) Denote, for each ¢ > 1, by d; the metric on X; given by cfl(ac“yz) = min{1, d;(x;,y;)}. Note that for
each i > 1 and any z;,y; € X; we have d(x;,y;) < 1. Hence the series

> 27 d(wi, )
i=1



converges since the series Zfil 277 converges. So d is defined.

Since d, is a sum of nonnegative terms it is clearly nonnegative. Since each term in the summation
defining d-((x;), (y:)), for (z;), (i) € [1;=; Xi, is nonnegative, it follows that d.((z;), (y;)) = 0 if and only
if each of these terms is equal to zero, i.e. d(z;,1;) = 0 for all i > 1. Hence d,((2;), (y;)) = 0 if and only if
z; =y, forall i > 1,1e. (x;) = (y;). Also

de((2:), (i) = > 27 (@i, i) = D27 d(yi, i) = de((ys), (x2)).
i=1 i=1
Now take () € [172, Xi. Since each of 2, 27%d(x;,y;) and 3.5, 27%d(y;, z;) are convergent we have
dr((@:); (20)) = Y 27 d(ws, 2)

< Z 27 (d(z, i) + d(yi, 2))

o ([1:2, Xi,dx) is a metric space.

4.(b) Let ((27));51 be a sequence of elements in [[>2, X;, i.e. for each j > 1, (27) is an element of [, X;.
First assume that ((x));>1 converges to some (z;) in [[0°, X;. Fix arbitrary n > 1 and ¢ > 0. Letting
¢/ = min{e, 1}, there is some N > 1 such that d.((z]), (x;)) < 27"¢ for all j > N. Then for all j > N we
have

d( Zd (), 2;) = 2"dr (), (z)) < €.

Since &’ <1 we get that d,, (2, 2,) = d,(zJ,,x,) <&’ <& for all j > N. Hence each (z )]>1 converges to x;
in Xi~

Now assume that for each i > 1 the sequence (z2);>1 converges to some z; in X;. Fix ¢ > 0 and take
M > 1 such that 2=M < ¢/2. For each 1 < i < M there is some N; such that for all j > N; we have
di(z!,x;) < e/(2M). Then for any j > max{Ni,..., Ny} we have

(@), () = Y27l )
ZITJO B | N -
- Z 27 (x) ) + Z 27 d(x), ;)
i=0

i=M+1
M ) ) )
< di(wlz)+ Yo 2
1=0 i=M+1
< M(g/(2M)) +27M
<e€.

Hence ((z7));>1 converges to (z;) in 12, X.

5. First we want to show that a sequence ((z7));>1 in [[2, X; is Cauchy if and only if each sequence (7);>1
is Cauchy in X;.



First assume that ((z7));>1 is Cauchy Fix arbitrary n > 1 and & > 0. Letting ¢’ = min{e, 1}, there is
some N > 1 such that d.((z ) (z%)) < 27m¢’ for all j,k > N. Then for all j,k > N we have

dp (2], 2F) < 2 Zd =2"d,((z]), (a¥)) < £'.
Since ¢’ < 1 we get that d,, (2, 2%) = d, (2, 2%) < & < ¢ for all j,k > N. Hence each (z7);>; is Cauchy.
Now assume that for each ¢ > 1 the sequence (953)321 is Cauchy. Fix ¢ > 0 and take M > 1 such that

2=M < £/2. For each 1 < i < M there is some N; such that for all j,k > N; we have d;(z),2%) < ¢/(2M).
Then for any j, k > max{Ny,..., Ny} we have

d((x ZZ"d xl, 2k

i (el )+ Y 2 (e

M
=0 i=M+1
M 00 )
SWICETS yEs
=0 i=M+1
< M(e/2M)) +27M
<e.

Hence ((27));51 is Cauchy.

Assume each (X;,d;) is complete. If ((x ))j>1 is a Cauchy sequence in [[;°, X; then, by above, each
(z7);>1 is Cauchy in X;. By assumption each (z);5; converges. By question 4.(b) it follows that ((z));>1
converges and so [[2, X; is complete.

Now assume ([];2, X;,dr) is complete. For each i > 1 let (x 3)321 e a Cauchy sequence in X;. Then
the sequence ((xf))jzl is Cauchy in [[%, X;. By assumption ((27));>1 is convergent. Then each (z )j>1 is

convergent by problem 4.(b). Hence each X; is complete.

6. Let ((27));>1 be a sequence in [T;2, Xi;. We will contstruct, inductively, strictly increasing functions

n : N — N such that, for all n > 1, ((z ?’L+1(k)))k>1 is a subsequence of ((x] on(k )))kzl and for each i > 1 the
sequence (;vf(k))
Since X is sequentially compact the sequence (x]);>1 has a convergent subsequence. Let o1 : N — N be
o1(k ))

k>1 converges in X;.

a strictly increasing function such that (z] k>1 is a convergent subsequence. Assume we have constructed

01,...,0, as above. Since X,11 is sequentially compact (asZ”_;(lk ))k21 has a convergent subsequence. Let

ont1 : N — N be a strictly increasing function such that (xii*ll(k))kzl is a convergent subsequence of
n(k

(@7 k1.

For ¢,,, n > 1, as above define the strictly increasing function o : N — N by U(k:) = oi(k) and consider
the subsequence ((Jff(k)))km of ((z7))j>1. For any i > 1 and n > i we have that (z{ (k))kzl is a subsequence
of (x gl(k))kzl. Hence the sequence (m?(k))pz is a subsequence of (z 1(k))k2¢. Since a subsequence of a
convergent sequence converges to the same limit and convergence does not depend on any finite number of

beginning terms, it follows that (z; ok )) k>1 is convergent. By problem 4.(b), ((x;’(k)))kzl is convergent. Hence
szl X; is sequentially compact.



