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Setup

Today, let

@ G denote a reductive algebraic group over C

@ B denote some choice of Borel subgroup.
Example

We can take G := SL, with choice of B := {upper triangular matrices} J

and let
@ g denote the Lie algebra T1(G)

e U(g) denote the universal enveloping algebra.

Example

If G = SLy, slp = {traceless 2 x 2 matrices} and

U(slp) = C(e, f, h)/(ef — fe = h, he — eh = 2e, hf — fe = —2f).
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Representation Theory Via Sheaves and Symmetries

Theorem (Beilinson-Bernstein '81)

The global sections functor ' : D(G/B) — g-mody is an exact
equivalence of categories.

e D(G/B) is the category of D-modules on G/B
@ g-modg denotes the g-representations with central character zero
Idea: Use the symmetries of D(G/B).
o Left G-action on G/B ~» essential image of I'.
e Right B\ G-action on G/B? Not defined.
o Residual symmetries: If F € D(G/B) ~ D(G)? and G € D(G)B*B
~ D(B\G/B), can define F 2 G € D(G/B).

@ Action of D(B\G/B) ~» Hecke algebra symmetries
~» multiplicities of simples in Vermas
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Categorical Symmetries

Theme: We can obtain concrete, representation theoretic information via
sheaves and categorical symmetries.

Definition
A group G acting on a category C is the data exhibiting C as a module
category for (D(G), *).

Remark: Our categories are DG categories or C-linear stable
oo-categories.

Examples:
@ If G acts on a variety X, then G acts on D(X).

@ G acts on g-mod.
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Invariants

Definition: If G ~ C, the invariants are C® := Hom¢(triv, C).

Examples:
o If G~ X, D(X)® ~D(X/G).
o (g-mod)® =~ Rep(G).
e D(G/B)N ~ 0.

° D(G)Gad 3 character sheaves

Proposition: If G acts on C and H < G, then D(H\G/H) acts on CH.

Remark: D(H\G/H) ~ Endg(D(G/H)).
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Nondegenerate PGL,-Categories and Classification

Definition: Let G := PGL,. A nondegenerate G-category is a G-category
C such that C5%2 ~ 0.

Theorem - G.

We have an equivalence of categories

G-catnondeg = IndCoh (" yarr)-modcat

— nondegenerate G-categories sheafify over (A!/Z)//W.

I"yaft - The union of graphs of the affine Weyl group.
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Whittaker Invariants

Definition: Given G ~ V/, its Whittaker invariants are
VNY .= {v € V:mv =1(m)v} for a generic character ¢ : N — C.

Definition: Given G ~ C, its Whittaker invariants are
CN¥:= Homy(Vecty, C).

Remark: H, := D(G)N*N¥x¥ ~ cNv,

Theorem - (Ginzburg, Lonergan, G))

There is an equivalence of categories
H,, =~ IndCoh(t*// W)

which is monoidal and which is t-exact up to cohomological shift.

= H, is symmetric monoidal!
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The Coarse Quotient
Assumption: G is adjoint.
Definition: The stack quotient t*/W? is

i . act
colim(--- —= W x Waff x ¢ —= waff x t* —=t*)
— - proj

Definition: The coarse quotient t*// W3 is:
_— S t
colim( -+ =Tyt X= [ jart ——= T ppar — )
—_— S
Proposition - G.
The projection map  : /W3 — t*// W3 induces

IndCoh(t*//W3) ™5 IndCoh(¢* /W3 = IndCoh(¢*) """

which is fully faithful, t-exact, and whose essential image is sheaves
satisfying Coxeter descent.
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Nondegenerate G-Categories from Invariants
Theorem (Ben-Zvi-Gunningham—Orem)

The functor C — CN is conservative, and moreover induces

G-cat = D(N\G/N)-modcat.

Definition: A G-category is nondegenerate if for every rank one parabolic
P, clPPl ~ 0,

Jx
Proposition: Every G-category C has a G-subcategory Cyondeg — C and

J . . .
has a functor C — Cpondeg Which behaves like a quotient functor.

Theorem - G.

We have an equivalence of categories

G-cCatnondeg = IndCoh(Iyar)-cat

— nondegenerate G-categories sheafify over t*// W3 ~ (t*/X*)//W.
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Explicit Monoidal Equivalence

If G acts on C, we can define the weak invariants C%.

Corollary: (Ben-Zvi-Gunningham) G-cat — D(N\G/N)T*T*_modcat.
Theorem - G.

There are t-exact, monoidal, equivalences of categories

D(N\G/N)TXT") ~ IndCoh(T yar)

nondeg

D(N\G/N)nondeg = IndCoh (I yyar )X *X*

where X*® is the character lattice of T.

@ Right hand side only depends on the root datum.
e Koszul duality for D(N\G/N)?
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Parabolic Restriction

Definition: Parabolic restriction is Res : D(G)® — D(T)7 given by
pull-push along G/G <~ B/B — T/T.

Definition: The horocycle functor, for any G x G category C, is the
composite: C6s 2, oBa 2Vx, A C(NXN) T

Proposition: The parabolic restriction functor is the composite

D(G)¢ “29, D(N\G/N)Ta L5 D(T)T.
Conjecture - Ben-Zvi-Gunningham

Parabolic restriction lifts to a functor WRes : D(G)®% — D(T)W:% such
that if 7 € D(G)®" has hc(F) supported on T, then WRes(F) satisfies
Coxeter descent.

v

Theorem - G.
There is a lift ACp(6) o * P(C)Sondeg = PIN\G/N) it such that if
F e D(G)nondeg has hc(F) supported on the torus, hc(F) satisfies

Coxeter descent.

v
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