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Matchings for n = 3
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Theorem (Hersh–Kenyon(2018))

The matchings poset is thin and shellable.

Conjecture (G.–Pylyavskyy (2018))

X n
⇠= OG>0(n, 2n) is a regular CW complex.

Pavel Galashin Totally positive spaces 04/26/2019 20 / 24



Matchings for n = 3

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

Theorem (Hersh–Kenyon(2018))

The matchings poset is thin and shellable.

Conjecture (G.–Pylyavskyy (2018))

X n
⇠= OG>0(n, 2n) is a regular CW complex.

Pavel Galashin Totally positive spaces 04/26/2019 20 / 24



Matchings for n = 3

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

1

23

4

5 6

Theorem (Hersh–Kenyon(2018))

The matchings poset is thin and shellable.

Conjecture (G.–Pylyavskyy (2018))

X n
⇠= OG>0(n, 2n) is a regular CW complex.

Pavel Galashin Totally positive spaces 04/26/2019 20 / 24



Plabic graphs

e
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Here se := sech(2Je), ce := tanh(2Je) so that s2e + c2e = 1.
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Electrical networks

Let R : E ! R>0 be an assignment of resistances to the edges of G .

Definition

Electrical response matrix ⇤(G ,R) : Rn ! Rn, sending voltages to currents.

⇤ij :=
current flowing through bj
when the voltage is 1 at bi and zero at other vertices

b1

b2b3

b4

b5 b6

R1

R2
R3

R4

R5

R6

R7

R8

R9

En: compactification of
the space of n ⇥ n electrical
response matrices [Lam (2014)]

Theorem (G.–Karp–Lam (2017))

En is homeomorphic to an
�n
2

�
-dimensional closed ball
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Ising networks vs. Electrical networks

X n: space of n ⇥ n boundary correlation matrices of planar Ising networks
En: compactification of the space of n ⇥ n electrical response matrices

• Stratification: X n =
G

⌧2Match(2n)

X⌧ En =
G

⌧2Match(2n)

E⌧

• Each of the spaces is homeomorphic to an
�n
2

�
-dimensional closed ball.

• Conjecture: X n and En are regular CW complexes.

• TNN embeddings:

X n ⇢ Gr>0(n, 2n) En ⇢ Gr>0(n � 1, 2n)

Curtis–Ingerman–Morrow (1998), Colin de Verdiére–Gitler–Vertigan (1996):

• Two planar electrical networks give the same matrix ⇤(G ,R)

() they are related by Y -� moves

.

• G.–P. (2018): Same result applies to planar Ising networks.

Problem

Construct a stratification-preserving homeomorphism between X n and En.
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• G.–P. (2018): Same result applies to planar Ising networks.

Problem

Construct a stratification-preserving homeomorphism between X n and En.
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Ising networks vs. Electrical networks

X n: space of n ⇥ n boundary correlation matrices of planar Ising networks
En: compactification of the space of n ⇥ n electrical response matrices

• Stratification: X n =
G

⌧2Match(2n)

X⌧ En =
G

⌧2Match(2n)

E⌧
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• Two planar electrical networks give the same matrix ⇤(G ,R)

() they are related by Y -� moves.

• G.–P. (2018): Same result applies to planar Ising networks.

Problem

Construct a stratification-preserving homeomorphism between X n and En.

Pavel Galashin Totally positive spaces 04/26/2019 22 / 24



Open problems

Show that X n is a regular CW complex.

That is, show that the
closure of X⌧ is a closed ball for any matching ⌧ .

Give a stratification-preserving homeomorphism between the space
X n and Lam’s compactification En of the space of electrical networks.

What is the “scaling limit” of X0 2 OG�0(n, 2n) as n ! 1? In what
sense is it “conformally invariant” or “universal”?

Cluster algebra-like structure on OG�0(n, 2n)? Positivity tests?
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