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Scattering amplitudes
Consider incoming particles with momenta P1,P2, . . . ,Pn.

Scattering amplitude A(P1,P2, . . . ,Pn) = probability of ‘scattering’.
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Computing scattering amplitudes:

Efficient? Conceptual?

Old-fashioned perturbation theory [Dirac, 1926] 1/10 2/10
Feynman diagrams [Feynman, 1948] 5/10 5/10

BCFW recurrence [Britto–Cachazo–Feng–Witten, 2005] 8/10 5/10
Amplituhedron [Arkani-Hamed–Trnka, 2014] 8/10 8/10
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Each Feynman diagram is the sum of exponentially many old-fashioned terms.

— [Wikipedia]
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BCFW recurrence computes A(P−1 ,P
−
2 ,P

−
3 ,P

+
4 ,P

+
5 ,P

+
6 ) in two different ways:

 [4|5+6|1〉3
[34][23]〈56〉〈61〉[2|3+4|5〉S234

+ [6|1+2|3〉3
[61][12]〈34〉〈45〉[2|3+4|5〉S612

 =


(S123)3

[12][23]〈45〉〈56〉[1|2+3|4〉[3|4+5|6〉

+ 〈12〉3[45]3

〈16〉[34][3|4+5|6〉[5|6+1|2〉S612

+ 〈23〉3[56]3

〈34〉[16][1|2+3|4〉[5|6+1|2〉S234


It is far from obvious that these two representations of the amplitude are
equivalent.

Nor is it immediately apparent that the poles [2|3 + 4|5〉, [1|2 + 3|4〉,
[3|4 + 5|6〉, [5|6 + 1|2〉 are spurious, each of them cancelling, apparently
miraculously, when the terms are added.

— [Hodges. Eliminating spurious poles from gauge-theoretic amplitudes. 2009]

= =

Amplituhedron philosophy: [Hodges ’09] [Arkani-Hamed–Trnka ’14]

Ways to run BCFW recurrence −→ triangulations of the amplituhedron

Terms in BCFW recurrence ←→ pieces of a triangulation

Actual singularities ←→ boundaries of the amplituhedron

Spurious singularities ←→ boundaries between pieces

A(P1,P2, . . . ,Pn) ←→ “volume” of the amplituhedron
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Spurious singularities ←→ boundaries between pieces

A(P1,P2, . . . ,Pn) ←→ “volume” of the amplituhedron
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University Press, Cambridge, 2015.]
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Grassmannian

k × n matrix C

↔ ↔ n column vectors in Rk ↔
(
n
k

)
maximal minors

mod row operations k-plane inside Rn mod GLk(R)-action mod rescaling

C =
[

1 a 0 −b
0 c 1 d

]

↔

2-plane

[ 1 a 0 −b ]

[ 0 c 1 d ]

⊂ R4

↔ [ 1
0 ]

[ ac ]
[ 0

1 ][−b
d

]
⊂ R2

↔

∆12 = c
∆13 = 1
∆14 = d
∆23 = a
∆24 = ad + bc
∆34 = b

Gr(k, n) := {C ∈ Mat(k, n)}/(row operations) = {k-planes inside Rn};

Gr>0(k, n) := {C ∈ Mat(k, n) | ∆I (C ) > 0 for all I of size k}/(row operations).

[Lusztig ’94], [Postnikov ’06].

Cyclic symmetry: [C1|C2| · · · |Cn] 7→ [C2| · · · |Cn|(−1)k−1C1] preserves Gr>0(k, n).
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Positive kinematic space

Spinor-helicity formalism: Since Pi = (PTi ,P
O
i ) ∈ C2 with |PTi | = |POi |,

can choose λi , λ̃i ∈ C such that PTi = λi λ̃i and POi = λi λ̃i .

2-planes λ, λ̃ ∈ Gr(2, n) with columns λ1, . . . , λn ∈ R2, λ̃1, . . . , λ̃n ∈ R2.
Momentum conservation P1 + · · ·+ Pn = 0 is equivalent to λ ⊥ λ̃.
Positive kinematic space: [He–Zhang ’18]

K+
k,n :=

{
λ ⊥ λ̃

∣∣∣∣ 〈i i + 1〉 > 0, [i i + 1] > 0 for i = 1, . . . , n,

wind(λ) = (k − 1)π, and wind(λ̃) = (k + 1)π

}
.

Brackets: 〈i j〉 := det(λi |λj) and [i j ] := det(λ̃i |λ̃j).
wind(λ): total turning angle of λ1 → λ2 → · · · → λn+1 := (−1)k−1λ1.
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λ3λ4
λ5λ6

λ7 = −λ1 λ̃1

λ̃2

λ̃3

λ̃4

λ̃5
λ̃6

λ̃7 = −λ̃1

wind(λ) = π wind(λ̃) = 3π

∈ K+
k=2,n=6
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+ [6|1+2|3〉3
[61][12]〈34〉〈45〉[2|3+4|5〉S612

 =


(S123)3

[12][23]〈45〉〈56〉[1|2+3|4〉[3|4+5|6〉

+ 〈12〉3[45]3
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Main bijection

Positive kinematic space: [He–Zhang ’18]

K+
k,n :=

{
λ ⊥ λ̃

∣∣∣∣ 〈i i + 1〉 > 0, [i i + 1] > 0 for i = 1, . . . , n,

wind(λ) = (k − 1)π, and wind(λ̃) = (k + 1)π

}
.

Gr>0(k, n) := {C ∈ Gr(k , n) | ∆I (C ) > 0 for all I ⊂ {1, 2, . . . , n}, |I | = k}.
Origami crease patterns: sum(white angles) = sum(black angles) = π.

Theorem (G. (2024), “Main bijection”)

Origami crease patterns are in natural bijection∗ with triples λ ⊂ C ⊂ λ̃⊥
such that (λ, λ̃) ∈ K+

k,n and C ∈ Gr>0(k, n).

∗modulo Lorentz transformations, etc.

(λ, λ̃) determine the (4-dimensional) boundary of the origami crease pattern.

A(P1, . . . ,Pn) = integral over {C ∈ Gr>0(k , n) | λ ⊂ C ⊂ λ̃⊥} [ABCGPT ’16].

Corollary: BCFW cells triangulate (Mandelstam-positive region of) K+
k,n.
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Gr>0(k, n) := {C ∈ Gr(k , n) | ∆I (C ) > 0 for all I ⊂ {1, 2, . . . , n}, |I | = k}.
Origami crease patterns: sum(white angles) = sum(black angles) = π.

Theorem (G. (2024), “Main bijection”)

Origami crease patterns are in natural bijection∗ with triples λ ⊂ C ⊂ λ̃⊥
such that (λ, λ̃) ∈ K+

k,n and C ∈ Gr>0(k, n).

∗modulo Lorentz transformations, etc.

(λ, λ̃) determine the (4-dimensional) boundary of the origami crease pattern.

A(P1, . . . ,Pn) = integral over {C ∈ Gr>0(k , n) | λ ⊂ C ⊂ λ̃⊥} [ABCGPT ’16].
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Let uT , vT be two vertices of an origami crease pattern and uO, vO

be their images under the origami map.

Question

True or False: we always have |uT − vT | > |uO − vO|?

A: True if the boundary polygon is convex.

False in general

Theorem (G. (2024))

BCFW cells triangulate KM+

k,n .
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 [4|5+6|1〉3
[34][23]〈56〉〈61〉[2|3+4|5〉S234

+ [6|1+2|3〉3
[61][12]〈34〉〈45〉[2|3+4|5〉S612

 =


(S123)3

[12][23]〈45〉〈56〉[1|2+3|4〉[3|4+5|6〉

+ 〈12〉3[45]3

〈16〉[34][3|4+5|6〉[5|6+1|2〉S612

+ 〈23〉3[56]3

〈34〉[16][1|2+3|4〉[5|6+1|2〉S234
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See also: [Arkani-Hamed–Trnka ’14], [Even-Zohar–Lakrec–Tessler ’21],
[Even-Zohar–Lakrec–Parisi–Tessler–Sherman-Bennett–Williams ’23].
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BCFW recurrence: A(P1, . . . ,Pn) =
∑

Γ∈ΓBCFW
k,n
AΓ(P1, . . . ,Pn).

Here ΓBCFW
k,n is a collection of planar bipartite graphs Γ in a disk.

BCFW cell KM+

Γ :=

{
(λ, λ̃) ∈ KM+

k,n

∣∣∣∣ there exists an origami crease pattern

with boundary (λ, λ̃) and planar dual Γ

}
.

Theorem (G. (2024))

1 KM+

k,n =
⊔

Γ∈ΓBCFW
k,n
KM+

Γ .

2 Each (λ, λ̃) ∈ KM+

Γ is the boundary of a
unique origami crease pattern planar dual to Γ.

ΓL

ΓR

n1

2
n − 1
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Conjecture ([KLRR ’18], [CLR ’21])

Every weighted planar bipartite graph

1 can be realized as an origami crease pattern;

2 can be realized as a unique “perfect” origami crease pattern.

Theorem (G. (2024))

Part 1 is true, part 2 is false.

Theorem (G. (2024), “Main bijection”)
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such that (λ, λ̃) ∈ K+
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λ̃ ⊂ C⊥ extends uniquely to a black-holomorphic function λ̃• : V•(Γ)→ C;
origami crease pattern = Kenyon–Smirnov primitive

∫
λ◦λ̃• dz .

Hard direction: if (λ, λ̃) ∈ K+
k,n then

∫
λ◦λ̃• dz gives a valid (embedded)

origami crease pattern.
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