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Origami crease patterns (OCP)

(restrict to flat-foldable OCPs.)

@ Faces: convex polygons colored black and white;
@ Angle condition: sum(white angles) = sum(black angles) = 7 around each interior vertex:

ay = ay = 7 for interior v, 0 < a7, af < 7 for boundary v;.
@ Origami map: isometry on each face preserving/reversing the orientations of white/black faces.
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@ OCP + its origami folding = 2-dimensional discrete PL surface in R?2.
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@ Alternatively, R?? = Mat,,»(R). For x = (i J

) € Matyyo(R), set x? = det(x).
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@ OCP + its origami folding = 2-dimensional discrete PL surface in R?2.
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@ Boundary polygon: P = (x1,x2,...,x,) in R%2, with (x; — x;_1)? = 0.

@ Alternatively, R?2? = Matyy»(R). For x = ) € Matyy2(R), set x? = det(x).
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@ OCP + its origami folding = 2-dimensional discrete PL surface in R?2.
@ Minkowski space R?2 22 C x C. For x = (x7,x%) € R?2, set x> = |x"|? — |xO2.
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@ Boundary polygon: P = (x1,Xp, ..., X,) in R*?, with (x; — x;i_1)> = 0. y
@ Alternatively, P = 73)\75\, where A L A € Gr(2,n) and P; := x; — xj—1 = A; )\,T.

@ Alternatively, R?2? = Matyy»(R). For x = € Matyy2(R), set x? = det(x).
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OCP + its origami folding = 2-dimensional discrete PL surface in R?2.
Minkowski space R%2 22 C x C. For x = (x7,x%) € R??, set x? = |x7 > — [x©|2.
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Boundary polygon: P = (x1,%a, ..., Xa) in R*?, with (x; — x;_1)* = 0. y
Alternatively, P = 'PA,;\, where A L A € Gr(2,n) and P; := x; — xj—1 = A; )\,T.

Mandelstam-positivity: (x; —x)* >0 <= |x7 —x7| > |x? — x°|.

Alternatively, R>2 = Maty»(R). For x = ) € Matyy2(R), set x? = det(x).
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Let L > 0. An L-punctured polygon is a pair (P,y), where
P=(x,%2,...,%) €(R*>)"and y = (y1,¥2,...,y1) € (R*?)L, such that
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Definition

Let L > 0. An L-punctured polygon is a pair (P,y), where
P=(x,%2,...,%) €(R*>)"and y = (y1,¥2,...,y1) € (R*?)L, such that
(xi —xi-1)? =0, (x—x)*>0, (x—)">0, (y,—y,)*>0 and
each y7 is located inside the polygon P = (x/,xJ ..., x]).
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Problem: Find an OCP with boundary P7
such that the origami map sends
s x7 = x? and yT s y© for all i, p.
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Problem: Find an OCP with boundary P7
such that the origami map sends
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Problem: Find an OCP with boundary P7

such that the origami map sends

T O T @ H
x; = x;7 and y, — y; forall i, p.

x

@ Recover white/black angle sums (af, o) from the geometry of P:

C4+at=a] and of —al=a?

; mod 27.
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Problem: Find an OCP with boundary P7
such that the origami map sends
xT X,-O and y[T — y[? for all i, p.
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@ Recover white/black angle sums (af, o) from the geometry of P:

of +af

.
i

and of —«

@ Red folding ray splits the angle a7 into angles (a?,a?).

= Q;

o
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Problem: Find an OCP with boundary P7
such that the origami map sends
xT X,-O and y[T — y[? for all i, p.
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@ Recover white/black angle sums (af, o) from the geometry of P:

T

of +af =a/ and of —af O

= Q;

7 mod 27.

@ Red folding ray splits the angle a7 into angles (a?,a?).
@ Blue folding ray splits the angle o] into angles (af, a?).
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Problem: Find an OCP with boundary P7
such that the origami map sends

XTr—>x,-O and yZHyf for all i, p.
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Algorithm (Crystallization algorithm)
@ Choose 1 < i < n and a red or a blue folding ray R; € R*2.
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Algorithm (Crystallization algorithm)

@ Choose 1 < i < n and a red or a blue folding ray R; € R>2.
Q Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) — x))> =0 or (xi(t) — y,)> =0 forsome 1 < j<norl1<p<L.
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Problem: Find an OCP with boundary P7
such that the origami map sends

xTr—>X,-O and yZHyf for all i, p.

i

x

Algorithm (Crystallization algorithm)

@ Choose 1 < i < n and a red or a blue folding ray R; € R>2.
Q Let xi(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) = x))> =0 or (xi(t) — y,)> =0 forsome 1 < j<norl<p<L.
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Problem: Find an OCP with boundary P7

such that the origami map sends
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Algorithm (Crystallization algorithm)

@ Choose 1 < i < n and a red or a blue folding ray R; € R>2.
Q Let xi(t) = x; + tR;, and let t > 0 be minimal such that either

(xi(t) = x))> =0 or (xi(t) — y,)> =0 forsome 1 < j<norl<p<L.
© Draw edges from x;(t) to all vertices u such that (x;(t) — u)?> = 0.
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Algorithm (Crystallization algorithm)
@ Choose 1 < i < n and a red or a blue folding ray R; € R>2.
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Algorithm (Crystallization algorithm)
@ Choose 1 < i < n and a red or a blue folding ray R; € R>2.
Q Let xi(t) = x; + tR;, and let t > 0 be minimal such that either

(xi(t) = x))> =0 or (xi(t) — y,)> =0 forsome 1 < j<norl<p<L.
© Draw edges from x;(t) to all vertices u such that (x;(t) — u)? = 0.
Q Repeat.
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Problem: Find an OCP with boundary P7
such that the origami map sends
p P x,-T — )<,-o and yﬂT = y,? for all i, p.
X5

Algorithm (Crystallization algorithm)
@ Choose1 < i < n and a red or a blue folding ray R; € R*>?2.
Q Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) — x))> =0 or (xi(t) — y,)> =0 forsome 1 < j<norl1<p<L.
© Draw edges from x;(t) to all vertices u such that (x;(t) — u)? = 0.
Q Repeat.
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Problem: Find an OCP with boundary P7

such that the origami map sends

P x,-T — )<,-o and yf?— >—>y§) for all i, p.

Algorithm (Crystallization algorithm)
@ Choose1 < i < n and a red or a blue folding ray R; € R*>?2.
Q Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) — x))> =0 or (xi(t) — y,)> =0 forsome 1 < j<norl1<p<L.
© Draw edges from x;(t) to all vertices u such that (x;(t) — u)? = 0.
Q Repeat.

Theorem (G."25+)

The crystallization algorithm works.
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Problem: Find an OCP with boundary P7

such that the origami map sends

P x,-T — )<,-o and yf?— >—>y§) for all i, p.

Algorithm (Crystallization algorithm)
@ Choose1 < i < n and a red or a blue folding ray R; € R*>?2.
Q Let x;(t) = x; + tR;, and let t > 0 be minimal such that either
(xi(t) — x))> =0 or (xi(t) — y,)> =0 forsome 1 < j<norl1<p<L.
© Draw edges from x;(t) to all vertices u such that (x;(t) — u)? = 0.
Q Repeat.

Theorem (G."25+)

The crystallization algorithm works.
For generic L-punctured polygons (P,Y), it outputs a valid, embedded OCP.
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@ For each k, n, L, the BCFW recurrence produces a collection I'E%F(VX) of L-punctured plabic graphs.
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@ For each k, n, L, the BCFW recurrence produces a collection I'E%F(VX) of L-punctured plabic graphs.
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)

)
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Theorem (G.'25+)

All 8 conjectures are true.

@ Loop momentum amplituhedron MS(LB,(A, 7\) is a linear slice of the space of L-punctured polygons.
@ With this formulation, (8) is equivalent to the above “crystallization algorithm works” theorem.

@ Our approach also implies that (4) is equivalent to (8). O
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@ Ambient momentum amplituhedron via sign flips [G."25]:
(xi =) >0, (x —¥,)* >0, (v, = y,)* > 0,
MP = (Py) € (R22)m+t flips(\) = k — 2, flips(:\) —k
yT is inside P7
@ Ambient momentum amplituhedron as a “linear prOJect|on” of Gr(>()J(k n):

@ Pick an L-punctured plabic graph I'.
o Pick an OCP H : Faces(I') — R2?2 (embedded dual to I') with Mandelstam-positive boundary.

. - L
@ Restrict H to boundary and punctured faces of [ = get L-punctured polygon (P,y) € Mil

X3 X3
X0 @ Xa X2 <> x4
X1 X1

r H : Faces(I') — R2? L-punctured polygon



@ Ambient momentum amplituhedron via sign flips [G."25]:
(xi =) >0, (x —¥,)* >0, (v, = y,)* > 0,
MP = (Py) € (R22)m+t flips(\) = k — 2, flips(:\) —k
yT is inside P7
@ Ambient momentum amplituhedron as a “linear prOJect|on” of Gr(>()J(k n):

@ Pick an L-punctured plabic graph I'.
o Pick an OCP H : Faces(I') — R2?2 (embedded dual to I') with Mandelstam-positive boundary.

. - L
@ Restrict H to boundary and punctured faces of [ = get L-punctured polygon (P,y) € MS(E,

e Corollary: these two definitions of ./\/lg(L,), coincide.
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@ Ambient momentum amplituhedron via sign flips [G."25]:
(xi =) >0, (x —¥,)* >0, (v, = y,)* > 0,
MP = (Py) € (R22)m+t flips(\) = k — 2, flips(:\) —k
yT is inside P7
@ Ambient momentum amplituhedron as a “linear prOJect|on” of Gr(>()J(k n):

@ Pick an L-punctured plabic graph I'.
e Pick an OCP H : Faces(I') — R?? (embedded dual to I') with Mandelstam-positive boundary.

@ Restrict H to boundary and punctured faces of [ = get L-punctured polygon (P,y) € MS(LE,
e Corollary: these two definitions of ./\/lg(L,), coincide.
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(xi =) >0, (x —¥,)* >0, (v, = y,)* > 0,
MP = (Py) € (R22)m+t flips(\) = k — 2, flips(:\) —k
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@ Pick an L-punctured plabic graph I'.
o Pick an OCP H : Faces(I') — R2?2 (embedded dual to I') with Mandelstam-positive boundary.

@ Restrict H to boundary and punctured faces of [ = get L-punctured polygon (P,y) € MS(LE,
e Corollary: these two definitions of ./\/lg(L,), coincide.
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@ Ambient momentum amplituhedron via sign flips [G."25]:
(xi =) >0, (x —¥,)* >0, (v, = y,)* > 0,
MP = (Py) € (R22)m+t flips(\) = k — 2, flips(:\) —k
yT is inside P7
@ Ambient momentum amplituhedron as a “linear prOJect|on” of Gr(>()J(k n):

@ Pick an L-punctured plabic graph I'.
e Pick an OCP H : Faces(I') — R?? (embedded dual to I') with Mandelstam-positive boundary.

@ Restrict H to boundary and punctured faces of [ = get L-punctured polygon (P,y) € MS(LE,
e Corollary: these two definitions of ./\/lg(L,), coincide.
@ Question: How to pick H : Faces(I') — R?2? How is this a linear projection?

X3 X3
X0 @ X4 X2 @ x4
X1 X1

r H : Faces(I') — R2?2 L-punctured polygon






@ Pick Kasteleyn edge weights K(w, b) on T.



@ Pick Kasteleyn edge weights K(w, b) on T.

@ Discrete holomorphic functions on T
A Ve = C

Vbe Vi, D K(w,b)A°(w) =0,

w~b




@ Pick Kasteleyn edge weights K(w, b) on T.

@ Discrete holomorphic functions on T
A:Ve = C, AV G

Vbe Vi, Y K(w,b)X(w)=0,

w~b

Yw e Vi Y K(w,b)A*(b) = 0.

b~w




@ Pick Kasteleyn edge weights K(w, b) on T.

@ Discrete holomorphic functions on T:
A:Ve = C, AV G

Vbe Vi, D K(w,b)A°(w) =0,

w~b
Yw e Vi Y K(w,b)A*(b) = 0.
b~w

The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(l') — R**:
HT (u) — HT (v) = K(w, b)X°(w)A*(b) and HO(u) — HO(v) = K(w, b)X°(w)\*(b).
T




@ Pick Kasteleyn edge weights K(w, b) on T.

@ Discrete holomorphic functions on T:
A:Ve = C, AV G

Vbe Vi, D K(w,b)A°(w) =0,

w~b
Yw e Vi Y K(w,b)A*(b) = 0.
b~w

The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(I') — R?:2: y
HT (u) — HT (v) = K(w, b)X°(w)A*(b) and HO(u) — HO(v) = K(w, b)X°(w)\*(b).
T

[Kenyon '02], [Smirnov '10], [Chelkak=Smirnov '12],
[Kenyon—Lam—Ramassamy—Russkikh '18], [Chelkak—Laslier—Russkikh '21]




@ Pick Kasteleyn edge weights K(w, b) on T.

@ Discrete holomorphic functions on T:
A:Ve = C, AV G

Vbe Vi, D K(w,b)A°(w) =0,

w~b
Yw e Vi Y K(w,b)A*(b) = 0.
b~w

The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(I') — R?:2: y
HT (u) — HT (v) = K(w, b)X°(w)A*(b) and HO(u) — HO(v) = K(w, b)X°(w)\*(b).
T

[Kenyon '02], [Smirnov '10], [Chelkak=Smirnov '12],
[Kenyon—Lam—Ramassamy—Russkikh '18], [Chelkak—Laslier—Russkikh '21]




@ Pick Kasteleyn edge weights K(w, b) on T.

@ Discrete holomorphic functions on T:
A:Ve = C, AV G

Vbe Vi, D K(w,b)A°(w) =0,

w~b
Yw e Vi Y K(w,b)A*(b) = 0.
b~w

The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(I') — R?:2: y
HT (u) — HT (v) = K(w, b)X°(w)A*(b) and HO(u) — HO(v) = K(w, b)X°(w)\*(b).
T
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[Kenyon '02], [Smirnov '10], [Chelkak=Smirnov '12],
[Kenyon—Lam—Ramassamy—Russkikh '18], [Chelkak—Laslier—Russkikh '21]

Easy: angle condition is satisfied mod 27




@ Pick Kasteleyn edge weights K(w, b) on T.

@ Discrete holomorphic functions on T:
A:Ve = C, AV G

Vbe Vi, D K(w,b)A°(w) =0,

w~b

Yw e Vi Y K(w,b)A*(b) = 0.

b~w

The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(I') — R?:2: y
HT (u) — HT (v) = K(w, b)X°(w)A*(b) and HO(u) — HO(v) = K(w, b)X°(w)\*(b).
T

"

[Kenyon '02], [Smirnov '10], [Chelkak=Smirnov '12],
[Kenyon—Lam—Ramassamy—Russkikh '18], [Chelkak—Laslier—Russkikh '21]

Easy: angle condition is satisfied mod 27

Hard: how to construct (A°, \*) such that H is a valid, embedded OCP?



The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(l') — R*»?*:
HT (u) — HT (v) = K(w, b)A°(w)A*(b) and HO(u) — HO(v) = K(w, b)A°(w)A*(b).



@ The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(r) - R
HT (u) = HT (v) = K(w, b)A°(w)A®(b)  and  HO(u) = HO(v) = K(w, b)A°(w)A*(b).
@ Consider the restrictions (A, A) of (A, A*) to the n boundary edges:

e (11 0 -1\ e (1 0 -1 1
A= (1, 1+2n71+)R <o 5 1 1>, A=(1+|f|rl+2ul)ﬁ<_1 1 o O).



(12) =2, (23) =1, [12] =1, [23] =1,
(34) =1, (45) =1, [34] =2, [45] =1,

@ The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(r) - R
HT (u) = HT (v) = K(w, b)A°(w)A®(b)  and  HO(u) = HO(v) = K(w, b)A°(w)A*(b).
@ Consider the restrictions (A, A) of (A, A*) to the n boundary edges:

A= (L14200-14i) <(1) ; (1) 11> A= (Li i -142i1) =5 <_11 ‘1) :; é)

(ab) = det(X,|\p), [ab] :=det(X|Ap), 7



(12) =2, (23) =1, [12] =1, [23] =1,
(34) =1, (45) =1, [34] =2, [45] =1,

@ The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(r) - R
HT (u) = HT (v) = K(w, b)A°(w)A®(b)  and  HO(u) = HO(v) = K(w, b)A°(w)A*(b).
@ Consider the restrictions (A, A) of (A, A*) to the n boundary edges:

A= (1, 1+2..71+)Re <(1) ; (1’ ’11> X:(1+.,f.,71+2.,1)%<_11 (1) :; é)

(ab) :=det(A\,|\p), [ab] :=det(Aa|Xp), flips()\) := flips((12),(13),...,(1n))



(12) =2, (23) =1, [12] =1, [23] = 1,
(34) =1, (45) =1, [34] =2, [45] = 1,
flips(\) = 0 flips(\) = 2

@ The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(r) — R22:
HT (u) = HT (v) = K(w, b)A°(w)A®(b)  and  HO(u) = HO(v) = K(w, b)A°(w)A*(b).
@ Consider the restrictions (A, A) of (A, A*) to the n boundary edges:

A= (1, 1+2..71+)Re <(1) ; (1’ ’11) X:(1+.,f.,71+2.,1)%<_11 (1) :; é)

(ab) :=det(A\,|\p), [ab] :=det(Aa|Xp), flips()\) := flips((12),(13),...,(1n))



(12) =2, (23) =1, [12] =1, [23] = 1,
(34) =1, (45) =1, [34] =2, [45] = 1,
flips(\) =0 flips(\) = 2

@ The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(r) — R22:
HT (u) = HT (v) = K(w, b)A°(w)A®(b)  and  HO(u) = HO(v) = K(w, b)A°(w)A*(b).
@ Consider the restrictions (A, A) of (A, A*) to the n boundary edges:

e (1 1 0 —1 e (1 0 -1 1
A= (1, 1+2n71+)R <o 5 1 1>, A=(1+|f|rl+2ul)ﬁ<_1 1 o O).

(ab) :=det(A\,|\p), [ab] :=det(Aa|Xp), flips()\) := flips((12),(13),...,(1n))
Theorem (G. (2024))

H is a valid, embedded OCP <= (), \) belongs to positive kinematic space:




(12) =2, (23) =1, [12] =1, [23] = 1,
(34) =1, (45) =1, [34] =2, [45] = 1,
flips(\) =0 flips(\) = 2

@ The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(r) — R22:
HT (u) = HT (v) = K(w, b)A°(w)A®(b)  and  HO(u) = HO(v) = K(w, b)A°(w)A*(b).
@ Consider the restrictions (A, A) of (A, A*) to the n boundary edges:

e (1 1 0 —1 e (1 0 -1 1
A= (1, 1+2n71+)R <o 5 1 1>, A=(1+|f|rl+2ul)ﬁ<_1 1 o O).

(ab) :=det(A\,|\p), [ab] :=det(Aa|Xp), flips()\) := flips((12),(13),...,(1n))
Theorem (G. (2024))

H is a valid, embedded OCP <= (), \) belongs to positive kinematic space:
A AT =052,




(12) =2, (23) =1, [12] =1, [23] = 1,
(34) =1, (45) =1, [34] =2, [45] = 1,
flips(\) =0 flips(\) = 2

@ The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(r) — R22:
HT (u) = HT (v) = K(w, b)A°(w)A®(b)  and  HO(u) = HO(v) = K(w, b)A°(w)A*(b).
@ Consider the restrictions (A, A) of (A, A*) to the n boundary edges:

e (1 1 0 —1 e (1 0 -1 1
A= (1, 1+2n71+)R <o 5 1 1>, A=(1+|f|rl+2ul)ﬁ<_1 1 o O).

(ab) :=det(A\,|\p), [ab] :=det(Aa|Xp), flips()\) := flips((12),(13),...,(1n))
Theorem (G. (2024))

H is a valid, embedded OCP <= (), \) belongs to positive kinematic space:
A AT =0px2, (ii+1)>0, [ii+1]>0,




(12) =2, (23) =1, [12] =1, [23] = 1,
(34) =1, (45) =1, [34] =2, [45] = 1,
flips(\) =0 flips(\) = 2

@ The OCP is obtained as the Kenyon-Smirnov primitive H : Faces(r) — R22:
HT (u) = HT (v) = K(w, b)A°(w)A®(b)  and  HO(u) = HO(v) = K(w, b)A°(w)A*(b).
@ Consider the restrictions (A, A) of (A, A*) to the n boundary edges:

Re 1 1 0 -1 e 1 0 -1 1
A= (1, 1+2||71+) <O 5 1 1), )\—(1+I,7I771+2I71)*>< 11 -2 0)'

(ab) := det(\,|\p), [ab] = det(X,|Ap), flips(\) := flips((12), (13),...,(1n))
Theorem (G. (2024))

H is a valid, embedded OCP <= (), \) belongs to positive kinematic space:
A AT =00, (ii41)>0, [ii+1]>0, flips(\) =k —2, flips(}) = k.
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@ Pick Kasteleyn edge weights K(w, b) on T.
@ Columns of C € Grog(k,n) and C* extend to:
[AGPR'19] C° : V° — Rk~ Cl*:V* - Rk

VbeVy, > K(w,b)C°(w) =0,

w~b

YweVp, > K(w,b)C'*(b) =0.

b~w
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@ Columns of C € Grog(k,n) and C* extend to:
[AGPR'19] C° : V° — Rk~ Cl*:V* - Rk

VbeVy, > K(w,b)C°(w) =0,

w~b

YweVp, > K(w,b)C'*(b) =0.
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@ Pick Kasteleyn edge weights K(w, b) on T.
@ Columns of C € Grog(k,n) and C* extend to:
[AGPR'19] C° : V° — Rk~ Cl*:V* - Rk

VbeVy, > K(w,b)C°(w) =0,

w~b

YweVp, > K(w,b)C'*(b) =0.

b~w

@ KS primitive H : Faces(I') — R<*(n=k),
H(u) — H(v) = K(w, b) - C°(w) - C'*(b).




@ Pick Kasteleyn edge weights K(w, b) on T.
@ Columns of C € Grog(k,n) and C* extend to:
[AGPR'19] C° : V° — Rk~ Cl*:V* - Rk

VbeVy, > K(w,b)C°(w) =0,

w~b

YweVp, > K(w,b)C'*(b) =0.

b~w

o\ ]

(23]

(5] f 2]

@ KS primitive H : Faces(I') — R<*(n=k),
H(u) — H(v) = K(w, b) - C°(w) - C'*(b).




(831 @ Pick Kasteleyn edge weights K(w, b) on T.

@ Columns of C € Grog(k,n) and C* extend to:
[AGPR'19] C° : V° — Rk~ Cl*:V* - Rk

-1 -1 [11]71/371/3[2] 0 -1 VbEV;]t ZK(W* b)CO(W) :07
R RO 33
- vw eV, 3 K(w,b)CH*(b) =0.
b~w
[-10] - [ %] @ KS primitive H : Faces(I') — Rk*(n=k),
[51 0] H(u) — H(v) = K(w, b) - C°(w) - C2*(b).

@ Tangent space T¢ Gr(k, n) is identified with the space R**("=k) of linear maps C — C*.



(831 @ Pick Kasteleyn edge weights K(w, b) on T.

@ Columns of C € Grog(k,n) and C* extend to:
[AGPR'19] C° : V° — RK~ C'*:V* = Rk

-1 -1 [11]71/371/3[2] 0 -1 VbEV;]t ZK(W* b)CO(W) :07
R RO 33
- vw eV, 3 K(w,b)CH*(b) =0.
b~w
[-10] - [ %] @ KS primitive H : Faces(I') — Rk*(n=k),
[51 0] H(u) — H(v) = K(w, b) - C°(w) - C2*(b).

@ Tangent space T¢ Gr(k, n) is identified with the space R**("=k) of linear maps C — C*.
@ So H is naturally viewed as a map H : Faces([') — T¢ Gr(k, n).



(831 @ Pick Kasteleyn edge weights K(w, b) on T.

@ Columns of C € Grog(k,n) and C* extend to:
[AGPR'19] C° : V° — RK~ C'*:V* = Rk

VbeVy, > K(w,b)C°(w) =0,

ORI

(o o [71[}:552 :[;;z] | [622] —
- vw eV, 3 K(w,b)CH*(b) =0.
b~w
[-10] - (4] @ KS primitive H : Faces(I') — R<*(n=k),
[570] H(u) — H(v) = K(w, b) - C°(w) - C*(b).

@ Tangent space T¢ Gr(k, n) is identified with the space R**("=k) of linear maps C — C*.
@ So H is naturally viewed as a map H : Faces(I') — T¢ Gr(k, n).
@ Conclusion: L-punctured weighted plabic graph — point C € Grxo(k, n) together with n+ L

point configuration (P,y) € (T¢ Gr(k, n))"*t defined up to shift.



(831 @ Pick Kasteleyn edge weights K(w, b) on T.

@ Columns of C € Grog(k,n) and C* extend to:
[AGPR'19] C° : V° — RK~ C'*:V* = Rk

VbeVy, > K(w,b)C°(w) =0,

ORI

(o o [71[}:552 :[;;z] | [622] —
- vw eV, 3 K(w,b)CH*(b) =0.
b~w
[-10] - (4] @ KS primitive H : Faces(I') — R<*(n=k),
[570] H(u) — H(v) = K(w, b) - C°(w) - C*(b).

@ Tangent space T¢ Gr(k, n) is identified with the space R**("=k) of linear maps C — C*.
@ So H is naturally viewed as a map H : Faces(I') — T¢ Gr(k, n).
@ Conclusion: L-punctured weighted plabic graph — point C € Grxo(k, n) together with n+ L

point configuration (P,y) € (T¢ Gr(k, n))™*L defined up to shift. Notation: TéL) Gr(k, n).



(831 @ Pick Kasteleyn edge weights K(w, b) on T.

@ Columns of C € Grog(k,n) and C* extend to:
[AGPR'19] C° : V° — RK~ C'*:V* = Rk

-1 -1 [11]71/371/3[%] 0 -1 VbEV;]t ZK(W* b)CO(W) :07
[ {71[}—2/3—[2/3] | = b
- vw eV, 3 K(w,b)CH*(b) =0.
b~w
[-10] - (4] @ KS primitive H : Faces(I') — R<*(n=k),
[51 0] H(u) — H(v) = K(w, b) - C°(w) - C2*(b).

@ Tangent space T¢ Gr(k, n) is identified with the space R**("=k) of linear maps C — C*.
@ So H is naturally viewed as a map H : Faces(I') — T¢ Gr(k, n).
@ Conclusion: L-punctured weighted plabic graph — point C € Grxo(k, n) together with n+ L

point configuration (P,y) € (T¢ Gr(k, n))™*L defined up to shift. Notation: TéL) Gr(k, n).
@ Define the L-punctured positive Grassmannian Gr(;())(k, n) as the image of the map
{L-punctured weighted plabic graphs} — ™ Gr(k, n).



(831 @ Pick Kasteleyn edge weights K(w, b) on T.

@ Columns of C € Gr.o(k,n) and C* extend to:
[AGPR'19] C° : V° — RK~ C'*:V* = Rk

-1 -1 [11]71/371/3[2] 0 -1 ng\/;\t ZK(W* b)CO(W) :07
[ {71[}—2/3—[2/3] | = b
- vw eV, 3 K(w,b)CH*(b) =0.
b~w
[-10] - [ %] @ KS primitive H : Faces(I') — Rk*(n=k),
[5 %] H(u) — H(v) = K(w, b) - C°(w) - C2*(b).

@ Tangent space T¢ Gr(k, n) is identified with the space R**("=k) of linear maps C — C*.

@ So H is naturally viewed as a map H : Faces(I') — T¢ Gr(k, n).

@ Conclusion: L-punctured weighted plabic graph — point C € Grxo(k, n) together with n+ L
point configuration (P,y) € (T¢ Gr(k, n))™*L defined up to shift. Notation: TéL) Gr(k, n).

@ Define the L-punctured positive Grassmannian Gr(;g(k, n) as the image of the map
{L-punctured weighted plabic graphs} — ™ Gr(k, n).

@ Loop momentum amplituhedron M%L(/\,f\) = linear slice of Mgf) = linear projection of Gr(;())(k, n).

n=



(881 @ Pick Kasteleyn edge weights K(w, b) on I
@ Columns of C & Grog(k. n) and C* extend to:
[AGPR'19] C° 1 V/ Ko Cleive Rk
beVy, \ K(w,b)C°(w) =0,

Yw € Vi ZK( *(b)=0

ol °Ls, o KS primitive HI; es() — REX(—5),
ol M) K)o ) c(b)

Tangent space T¢ Gr(k, n) is identified with the space Rk*("=k) of linear maps C — C+.

So H is naturally viewed as a map H : Faces(I') — T¢ Gr(k, n).

Conclusion: L-punctured weighted plabic graph — point C € Grxo(k, n) together with n+ L
point configuration (P,¥) € (T¢ Gr(k, n))"*t defined up to shift. Notation: TéL) Gr(k, n).

Define the L-punctured positive Grassmannian Gr(;c),(k, n) as the image of the map

{L-punctured weighted plabic graphs} — TH Gr(k, n).

Loop momentum amplituhedron ME:L(/\,f\) = linear slice of ME}L = linear projection of Gr(;g(k, n).



(881 @ Pick Kasteleyn edge weights K(w, b) on I
@ Columns of C & Grog(k. n) and C* extend to:
[AGPR'19] C° 1 V/ Ko Cleive Rk
be Vv, \‘/< w. b)C°(w) = 0,

Vw € Vi, ZK( *(b)=0

ol ° o KS primitive HI; es(r) = RX(1=4),
ol H(u) — H(v) = K(w, b) C°(w) C+(b)

Tangent space T¢ Gr(k, n) is identified with the space Rk*("=k) of linear maps C — C+.

So H is naturally viewed as a map H : Faces(I') — T¢ Gr(k, n).

Conclusion: L-punctured weighted plabic graph — point C € Grxo(k, n) together with n+ L

point configuration (P,¥) € (T¢ Gr(k, n))"*t defined up to shift. Notation: TéL) Gr(k, n).

Define the L-punctured positive Grassmannian Gr(;c),(k, n) as the image of the map

{L-punctured weighted plabic graphs} — TH Gr(k, n).

Loop momentum amplituhedron /\/15:27(/\,7\) = linear slice of ME}Z = linear projection of Gr(;g(k, n).
Tree level [DFLP'19] | Loop level [G."25]




(881 @ Pick Kasteleyn edge weights K(w, b) on I
@ Columns of C & Grog(k. n) and C* extend to:
[AGPR'19] C” = V' o Cl*:ve 5 RK
beVy, \‘/< b)C°(w) =0,

Vw € Vi, ZK( *(b)=0

ol ° o KS primitive HI; es(r) = RX(1=4),
ol ) ) € )i

Tangent space T¢ Gr(k, n) is identified with the space Rk*("=k) of linear maps C — C+.

So H is naturally viewed as a map H : Faces(I') — T¢ Gr(k, n).

Conclusion: L-punctured weighted plabic graph — point C € Grxo(k, n) together with n+ L

point configuration (P,¥) € (T¢ Gr(k, n))"*t defined up to shift. Notation: TéL) Gr(k, n).

Define the L-punctured positive Grassmannian Gr(;c),(k, n) as the image of the map

{L-punctured weighted plabic graphs} — TH Gr(k, n).

Loop momentum amplituhedron ME:L(/\,/N\) = linear slice of ME}Z = linear projection of Gr(;g(k, n).
Tree level [DFLP'19] | Loop level [G."25]

Myca(N, R) = ) 7(Grso(k, n)) | MENA) = &5 5(Gr Bk, n))



(881 @ Pick Kasteleyn edge weights K(w, b) on I
@ Columns of C & Grog(k. n) and C* extend to:
[AGPR'19] C” = V' o Cl*:ve 5 RK
beVy, \‘/< b)C°(w) =0,

Yw € Vi, ZK( *(b) =0.
&) e ° o KS primitive HI; es(I) — R¥*(0-0),
H(u) = H(v) = K(w, b) C’( ) 0]
Tangent space T¢ Gr(k, n) is identified with the space Rk*("=k) of linear maps C — C+.
So H is naturally viewed as a map H : Faces(I') — T¢ Gr(k, n).
Conclusion: L-punctured weighted plabic graph — point C € Grxo(k, n) together with n+ L
point configuration (P,¥) € (T¢ Gr(k, n))"*t defined up to shift. Notation: TéL) Gr(k, n).
Define the L-punctured positive Grassmannian Gr(;c),(k, n) as the image of the map

{L-punctured weighted plabic graphs} — TH Gr(k, n).

@ Loop momentum amplituhedron ME:L(/\,/N\) = linear slice of ME}Z = linear projection of Gr(;g(k, n).
Tree level [DFLP'19] | Loop level [G."25]
= L = L
Mica(AA) = &, 5(Groo(k, ) MDA A) = 0, (Grig(k, m)

{weighted plabic graphs} Meas, Gro(k, n) {L-punctured weighted plabic graphs} — Gr(;g(k, n)



(881 @ Pick Kasteleyn edge weights K(w, b) on I
@ Columns of C & Grog(k. n) and C* extend to:
[AGPR'19] C° 1 V/ Ko Cleive Rk
be Vs, \‘/< b)C°(w) =0,

Yw € Vi, ZK( *(b) =0.
[-1of e ° @ KS primitive HI; es() — RKX(1H),
H(u) — H(v) = K(w.b) @(w) c(b)
@ Tangent space T¢ Gr(k, n) is identified with the space Rk*("=k) of linear maps C — C+.
@ So H is naturally viewed as a map H : Faces([) — T¢ Gr(k, n).
@ Conclusion: L-punctured weighted plabic graph — point C € Gr>o(k, n) together with n+ L
point configuration (P,¥) € (T¢ Gr(k, n))"*t defined up to shift. Notation: TéL) Gr(k, n).
Define the L-punctured positive Grassmannian Gr(;c),(k, n) as the image of the map

{L-punctured weighted plabic graphs} — TH Gr(k, n).

@ Loop momentum amplituhedron /\/15:27(/\,7\) = linear slice of ME}Z = linear projection of Gr(;g(k, n).

Tree level [DFLP'19] | Loop level [G."25]
Mica(AA) = &, 5(Groo(k, ) MDA A) = 0, (Grig(k, m)
{weighted plabic graphs} Meas, Gro(k, n) {L-punctured weighted plablc graphs} — Gr ( ,n)
C € Gr ,n
Grso(k, n) = {X € Gr(k,n) | A(X) > 091} | Gr(k, n) = {(79 ) € TV Gr(k.n)| € ??>?°(> 7 }



(881 @ Pick Kasteleyn edge weights K(w, b) on I
@ Columns of C & Grog(k. n) and C* extend to:
[AGPR'19] C° 1 V/ Ko Cleive Rk
be Vs, \‘/< b)C°(w) =0,

Vw € Vi, ZK( *(b)=0

[-1of ol ° @ KS primitive HI; es() — RKX(1H),
ol H(u) — H(v) = K(w, b) C°(w) C+(b)

@ Tangent space T¢ Gr(k, n) is identified with the space Rk*("=k) of linear maps C — C+.

@ So H is naturally viewed as a map H : Faces([) — T¢ Gr(k, n).

@ Conclusion: L-punctured weighted plabic graph — point C € Gr>o(k, n) together with n+ L
point configuration (P,¥) € (T¢ Gr(k, n))"*t defined up to shift. Notation: TéL) Gr(k, n).

Define the L-punctured positive Grassmannian Gr(;c),(k, n) as the image of the map

{L-punctured weighted plabic graphs} — TH Gr(k, n).

@ Loop momentum amplituhedron /\/15:27(/\,7\) = linear slice of ME}Z = linear projection of Gr(;g(k, n).

Tree level [DFLP'19] | Loop level [G."25]
Mica(AA) = &, 5(Groo(k, ) MDA A) = 0, (Grig(k, m)
{weighted plabic graphs} Meas, Gro(k, n) {L-punctured weighted plablc graphs} — Gr ( ,n)
C € Gr ,n
Grao(k, n) = {X € Gr(k,n) | A/(X) > 091} | GrB(k, n) = {(79 ) € TV Gr(k.n)| € ??>?°(> 7 }

@ Problem: describe Gr(;())(k, n) C TfL)Gr(k,n) by inequalities.



(881 @ Pick Kasteleyn edge weights K(w, b) on I
@ Columns of C & Grog(k. n) and C* extend to:
[AGPR'19] C° 1 V/ Ko Cleive Rk
be Vs, \‘/< b)C°(w) =0,

Vw € Vi, ZK( *(b)=0

[-1of ol ° @ KS primitive HI; es() — RKX(1H),
ol H(u) — H(v) = K(w, b) C°(w) C+(b)

@ Tangent space T¢ Gr(k, n) is identified with the space Rk*("=k) of linear maps C — C+.

@ So H is naturally viewed as a map H : Faces([) — T¢ Gr(k, n).

@ Conclusion: L-punctured weighted plabic graph — point C € Gr>o(k, n) together with n+ L
point configuration (P,¥) € (T¢ Gr(k, n))"*t defined up to shift. Notation: TéL) Gr(k, n).

Define the L-punctured positive Grassmannian Gr(;c),(k, n) as the image of the map

{L-punctured weighted plabic graphs} — TH Gr(k, n).

@ Loop momentum amplituhedron /\/15:27(/\,7\) = linear slice of ME}Z = linear projection of Gr(;g(k, n).

Tree level [DFLP'19] | Loop level [G."25]
Mica(AA) = &, 5(Groo(k, ) MDA A) = 0, (Grig(k, m)
{weighted plabic graphs} Meas, Gro(k, n) {L-punctured weighted plabic graphs} — Gr(;g(k, n)
L C € Grxo(k,n
Grao(k, n) = {X € Gr(k,n) | A/(X) > 091} | GrB(k, n) = {(79 ) € TV Gr(k.n)| € ??>?°(> 7 }

@ Problem: describe Gr(;())(k, n) C TfL)Gr(k,n) by inequalities. [double-dimers / Fock—Goncharov?]






