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Origami crease patterns (OCP)

PT1

PT2

PT3

PT4PT5PT6

PT7

(restrict to flat-foldable OCPs.)

Faces: convex polygons colored black and white;
Angle condition: sum(white angles) = sum(black angles) = π around each interior vertex:
α◦v = α•v = π for interior v , 0 < α◦i , α

•
i < π for boundary vi .

Origami map: isometry on each face preserving/reversing the orientations of white/black faces.



Origami crease patterns (OCP)

PT1

PT2

PT3

PT4PT5PT6

PT7

(restrict to flat-foldable OCPs.)

Faces: convex polygons colored black and white;

Angle condition: sum(white angles) = sum(black angles) = π around each interior vertex:
α◦v = α•v = π for interior v , 0 < α◦i , α

•
i < π for boundary vi .

Origami map: isometry on each face preserving/reversing the orientations of white/black faces.



Origami crease patterns (OCP)

PT1

PT2

PT3

PT4PT5PT6

PT7

(restrict to flat-foldable OCPs.)

Faces: convex polygons colored black and white;
Angle condition: sum(white angles) = sum(black angles) = π around each interior vertex:
α◦v = α•v = π for interior v , 0 < α◦i , α

•
i < π for boundary vi .

Origami map: isometry on each face preserving/reversing the orientations of white/black faces.



Origami crease patterns (OCP)

PT1

PT2

PT3

PT4PT5PT6

PT7

(restrict to flat-foldable OCPs.)

Faces: convex polygons colored black and white;
Angle condition: sum(white angles) = sum(black angles) = π around each interior vertex:
α◦v = α•v = π for interior v , 0 < α◦i , α

•
i < π for boundary vi .

Origami map: isometry on each face preserving/reversing the orientations of white/black faces.



Origami crease patterns (OCP)

PT1

PT2

PT3

PT4PT5PT6

PT7

(restrict to flat-foldable OCPs.)

Faces: convex polygons colored black and white;
Angle condition: sum(white angles) = sum(black angles) = π around each interior vertex:
α◦v = α•v = π for interior v , 0 < α◦i , α

•
i < π for boundary vi .

Origami map: isometry on each face preserving/reversing the orientations of white/black faces.



xT1 xT2

xT3

xT4xT5xT6xT7

xT8

xT9

xT10

xO1

xO2

xO1 = xO3

xO4 = xO10

xO1 = xO3 = xO5 = xO9

xO6 = xO8

xO7

PO1
PO2

PO3 PO4

PO5

PO6

PO7

PO8

PO9 PO10

OCP + its origami folding = 2-dimensional discrete PL surface in R2,2.

Minkowski space R2,2 ∼= C× C.

For x = (xT , xO) ∈ R2,2, set x2 = |xT |2 − |xO|2.

Alternatively, R2,2 ∼= Mat2×2(R). For x =
(
a b
c d

)
∈ Mat2×2(R), set x2 = det(x).

Boundary polygon: P = (x1, x2, . . . , xn) in R2,2, with (xi − xi−1)2 = 0.
Alternatively, P = Pλ,λ̃, where λ ⊥ λ̃ ∈ Gr(2, n) and Pi := xi − xi−1 = λi · λ̃Ti .

Mandelstam-positivity: (xi − xj)
2 > 0 ⇐⇒ |xTi − xTj | > |xOi − xOj |.
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Definition
Let L > 0. An L-punctured polygon is a pair (P ,~y), where
P = (x1, x2, . . . , xn) ∈ (R2,2)n and ~y = (y1, y2, . . . , yL) ∈ (R2,2)L, such that

(xi − xi−1)2 = 0, (xi − xj)
2 > 0, (xi − yρ)2 > 0, (yρ − yγ)2 > 0, and

each yTρ is located inside the polygon PT = (xT1 , x
T
2 , . . . , x

T
n ).
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Problem: Find an OCP with boundary PT
such that the origami map sends

xTi 7→ xOi and yTρ 7→ yOρ for all i , ρ.
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Problem: Find an OCP with boundary PT
such that the origami map sends

xTi 7→ xOi and yTρ 7→ yOρ for all i , ρ.

Recover white/black angle sums (α◦i , α
•
i ) from the geometry of P:

α◦i + α•i = αTi and α◦i − α•i ≡ αOi mod 2π.

Red folding ray splits the angle αTi into angles (α•i , α
◦
i ).

Blue folding ray splits the angle αTi into angles (α◦i , α
•
i ).

Algorithm (Crystallization algorithm)

1 Choose 1 6 i 6 n and a red or a blue folding ray Ri ∈ R2,2.
2 Let xi (t) = xi + tRi , and let t > 0 be minimal such that either

(xi (t)− xj)
2 = 0 or (xi (t)− yρ)2 = 0 for some 1 6 j 6 n or 1 6 ρ 6 L.

3 Draw edges from xi (t) to all vertices u such that (xi (t)− u)2 = 0.

4 Repeat.

Theorem (G.’25+)
The crystallization algorithm works.

For generic L-punctured polygons (P,~y), it outputs a valid, embedded OCP.
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For each k, n, L, the BCFW recurrence produces a collection ΓBCFW
k,n,(L) of L-punctured plabic graphs.
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Conjecture (BCFW triangulation conjecture [AHT’14])

The BCFW cells triangulate the amplituhedron.

Caveats:
Among many ways to run BCFW recurrence, can consider all choices or fix one “standard” choice.

Can consider tree amplituhedron (L = 0) or the more general loop amplituhedron (arbitrary L > 0).

A(P1,P2, . . . ,Pn) =
∑

Feynman
diagram D

AD = A(tree) + A(L=1) + A(L=2) + · · · .

Momentum-twistor formalism: a nonlinear coordinate change (P1,P2, . . . ,Pn)↔ (Z1,Z2, . . . ,Zn),
with Pi ∈ R2,2 and Zi ∈ R4 [Hodges’09], see also [G.’17] [LPW’20] [PSBW’21]

Momentum-twistor space Momentum space

Tree amplituhedron A(tree)
k,n [AHT’14] M(tree)

k,n [DFLP’19]

Loop amplituhedron A(L)
k,n [AHT’14] M(L)

k,n [FL’23]?

[G.’25+]
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Conjecture (BCFW triangulation conjecture [AHT’14])

(1) Standard BCFW cells triangulate tree momentum-twistor amplituhedron.
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Ambient momentum-twistor amplituhedron via sign flips [AHT’14], [AHTT’18]:
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∣∣∣∣∣∣
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 .

Ambient momentum amplituhedron via sign flips [G.’25+]:

M(L)
k,n :=

(P,~y) ∈ (R2,2)n+L

∣∣∣∣∣∣

(xi − xj)
2 > 0, (xi − yρ)2 > 0, (yρ − yγ)2 > 0,

flips(λ) = k − 2, flips(λ̃) = k
yTρ is inside PT

 .

dimM(L)
k,n = 4(n + L− 3), dimA(L)

k−2,n = 4(n + L− 4).

Theorem (G. (2025+))

The map φ :M(L)
k,n → A

(L)
k−2,n induced by the magic projector Qλ is surjective and takes BCFW cells

inM(L)
k,n to shifted BCFW cells in A(L)

k−2,n.

Corollary: the BCFW triangulation conjectures in A(L)
k−2,n and M(L)

k,n are equivalent.
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Ambient momentum amplituhedron as a “linear projection” of Gr
(L)
>0(k , n):

Pick an L-punctured plabic graph Γ.
Pick an OCP H : Faces(Γ)→ R2,2 (embedded dual to Γ) with Mandelstam-positive boundary.

Restrict H to boundary and punctured faces of Γ =⇒ get L-punctured polygon (P,~y) ∈M(L)
k,n.

Corollary: these two definitions of M(L)
k,n coincide.

Question: How to pick H : Faces(Γ)→ R2,2?

How is this a linear projection?
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Pick Kasteleyn edge weights K (w , b) on Γ.

Discrete holomorphic functions on Γ:

λ◦ : V◦ → C

, λ̃• : V• → C:

∀b ∈ V•int

∑
w∼b

K (w , b)λ◦(w) = 0,

∀w ∈ V◦int

∑
b∼w

K (w , b)λ̃•(b) = 0.

The OCP is obtained as the Kenyon–Smirnov primitive H : Faces(Γ)→ R2,2:
HT (u)− HT (v) = K(w , b)λ◦(w)λ̃•(b) and HO(u)− HO(v) = K(w , b)λ◦(w)λ̃•(b).

λ◦(w)λ̃•(b)

K(w , b)

vT

uT

[Kenyon ’02], [Smirnov ’10], [Chelkak–Smirnov ’12],
[Kenyon–Lam–Ramassamy–Russkikh ’18], [Chelkak–Laslier–Russkikh ’21]

Easy: angle condition is satisfied mod 2π

Hard: how to construct (λ◦, λ̃•) such that H is a valid, embedded OCP?

Consider the restrictions (λ, λ̃) of (λ◦, λ̃•) to the n boundary edges:

λ = (1, 1 + 2i, i,−1 + i)
Re−→
Im

(
1 1 0 −1
0 2 1 1

)
, λ̃ = (1 + i,−i,−1 + 2i, 1)

Re−−−→
− Im

(
1 0 −1 1
−1 1 −2 0

)
.

〈a b〉 := det(λa|λb), [a b] := det(λ̃a|λ̃b),

flips(λ) := flips(〈1 2〉, 〈1 3〉, . . . , 〈1 n〉)

Theorem (G. (2024))

H is a valid, embedded OCP ⇐⇒ (λ, λ̃) belongs to positive kinematic space:

λ · λ̃T = 02×2, 〈i i + 1〉 > 0, [i i + 1] > 0, flips(λ) = k − 2, flips(λ̃) = k.
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So H is naturally viewed as a map H : Faces(Γ)→ TC Gr(k, n).
Conclusion: L-punctured weighted plabic graph −→ point C ∈ Gr>0(k, n) together with n + L

point configuration (P,~y) ∈ (TC Gr(k, n))n+L defined up to shift.

Notation: T
(L)
C Gr(k , n).

Define the L-punctured positive Grassmannian Gr
(L)
>0(k, n) as the image of the map
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∗ Gr(k, n) by inequalities.
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