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Four classes of quivers
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Affine X finite quivers
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e Bipartite recurrent quiver
e All red components are affine Dynkin diagrams
e All blue components are finite Dynkin diagrams

1

“Affine X finite quiver”
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Master conjecture

Conjecture (G.-Pylyavskyy, 2016)
@ finite X finite <= periodic

@ affine X finite <= linearizable, but not periodic
o affine X affine <= grows as exp(t?)
° wild <= grows as exp(exp(t))
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Theorem (G.-Pylyavskyy, 2016)

Periodic <= finite X finite

Theorem (G.-Pylyavskyy, 2016)
Linearizable — affine X finite or finite X finite

Theorem (G.-Pylyavskyy, 2017)

Grows slower than exp(exp(t)) = affine X affine, affine K finite, or finite X finite

What is left:
Conjecture (G.-Pylyavskyy, 2017)

@ affine X finite —> linearizable

@ affine X affine = grows as exp(t?)
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Part 1: Type A
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Example: A1 ® /2\1
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Xpt1 — 3Xp +Xp—1 =0
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Xpt1 — 3Xp +Xxp—1 =0

b 1
l'Xn_|_1 — <Z + 5 + ab) ‘Xn + l'Xn_l =0
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Domino tilings of the cylinder
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Domino tilings of the cylinder
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Thurston height
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Thurston height
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Thurston height
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Thurston height
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Thurston height
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Thurston height
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Thurston height
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Thurston height
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Theorem (G.-Pylyavskyy, 2016)

@ Recurrence for boundary slice:

Xt+(m+1)n = H1Xt+mn +...+£ Hth+n F Xt = 0.
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Type A, ® AA2n—1

Theorem (G.-Pylyavskyy, 2016)

@ Recurrence for boundary slice:
Xt+(m+1)n — HiXe4mn + ... & HmXxepn F xe = 0.
Hi= Y wt(T).

T — cylinder tiling
of Thurston height i
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Type A, ® AA2n—1

Theorem (G.-Pylyavskyy, 2016)

@ Recurrence for boundary slice:

Xt+(m+1)n — Hixtiymn + - £ HoXen Fx¢ = 0.

Hi = Z wt(T). “Goncharov-Kenyon Hamiltonians”
T — cylinder tiling
of Thurston height i
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Type A, ® AA2n—1

Theorem (G.-Pylyavskyy, 2016)

@ Recurrence for boundary slice:

Xt+(m+1)n — HiXe4mn + ... & HmnXepn F xe = 0.

H; = Z wt(T). “Goncharov-Kenyon Hamiltonians”

T — cylinder tiling
of Thurston height i

@ Recurrence for r-th slice: express ej[e;] in e;'s and send e; — H;.
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Part 2: Tropical T-system



Tropical T-system



Tropical T-system
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Tropical results

Theorem (G.-Pylyavskyy, 2016)

Tropical T-system is periodic <= finite X finite
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Tropical results

Theorem (G.-Pylyavskyy, 2016)

Tropical T-system is periodic <= finite X finite

Theorem (G.-Pylyavskyy, 2016)

Tropical T-system grows linearly = affine X finite

Theorem (G.-Pylyavskyy, 2017)

finite X finite,
Tropical T-system grows slower than exp(t) = { affine R finite, or
affine X affine.
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Tropical results

Theorem (G.-Pylyavskyy, 2016)

Tropical T-system is periodic <= finite X finite

Theorem (G.-Pylyavskyy, 2016)

Tropical T-system grows linearly = affine X finite

Theorem (G.-Pylyavskyy, 2017)

finite X finite,
Tropical T-system grows slower than exp(t) = { affine R finite, or
affine X affine.

Conjecture (G.-Pylyavskyy, 2017)

@ affine X finite = tropical T-system grows linearly

@ affine X affine = tropical T-system grows quadratically

\
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Tropical T-system: speed
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Tropical T-system: speed
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Tropical T-system: speed

|

b+2(b—a)

b+4(b-—a)
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Definition

Blue mutation:

A= D A

(u,v) (v,w)
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Definition

Blue mutation:

A= D A

(u,v) (v,w)

Proposition

The speed is non-decreasing and increases only during blue mutations.

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability = Infinite Analysis 17, 12/07/ 20 / 39



Affine X finite case

Definition

Blue mutation:

A= D A

(u,v) (v,w)

Proposition

The speed is non-decreasing and increases only during blue mutations.

Tropical T-system grows linearly < there are finitely many blue mutations.

Pavel Galashin (MIT) Zamolodchikov periodicity and integrability = Infinite Analysis 17, 12/07/2017 20 / 39



Example

spd = 8 0
spd = e

spd =

-3 @C
spd = 14 é
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Example

spd = 8 0 @3? spd =8
spd = 1 © < (@) pd=4

spd = @C spd = 6
spd = 14 és‘ é spd = 14
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Solitonic behavior

spd = —17
spd = —25
spd = —21
spd = —14

spd = 14
spd =21
spd = 25
spd = 17
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Type A @ Asn_1: solitonic behavior

Theorem (G.-Pylyavskyy, 2016)
In Type Am ® Azn_l we have:
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Type A @ Asn_1: solitonic behavior

Theorem (G.-Pylyavskyy, 2016)
In Type Am ® Azn_l we have:

o (“soliton resolution”) t sufficiently large => each affine slice moves
independently with constant speed
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Type A @ Asn_1: solitonic behavior

Theorem (G.-Pylyavskyy, 2016)
In Type Am ® Azn_l we have:

o (“soliton resolution”) t sufficiently large => each affine slice moves
independently with constant speed

o (“speed conservation”) the speed of each slice at t — +oo equals
the speed of its mirror image at t — —o0
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Affine X affine case
spd = 8 @C

spd =1

©
spd = =3 @%
=15

spd = 14
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Affine X affine case

spd=8 (D> @3 spd — 8
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—
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Acceleration

Definition

Acceleration = Z Ay — Z Aw | -
(v,w)

(u,v)
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Acceleration

Definition

Acceleration = Z Ay — Z Aw | -
(v,w)

(u,v)

Proposition

Tropical T-system grows at most quadratically <= bounded acceleration.
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Tropical problems

Problem

Affine X finite quivers: show that the number of blue mutations is finite.
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Tropical problems

Problem
Affine X finite quivers: show that the number of blue mutations is finite.

Case A® A: follows from Pylyavskyy (2016);
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Tropical problems

Tropcal povlems
T —

Problem
Affine X finite quivers: show that the number of blue mutations is finite.

Case A® A: follows from Pylyavskyy (2016);
Case A; @ A: follows from Keller-Scherotzke (2011)

Problem

Affine K finite quivers: prove solitonic behavior.

Case A® A: G.-Pylyavskyy (2016)

Problem
Affine X affine quivers: show that the acceleration is bounded.
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Tropical problems

Tropcal povlems
T —

Problem
Affine X finite quivers: show that the number of blue mutations is finite.

Case A® A: follows from Pylyavskyy (2016);
Case A; @ A: follows from Keller-Scherotzke (2011)

Problem
Affine K finite quivers: prove solitonic behavior.

Case A® A: G.-Pylyavskyy (2016)

Problem
Affine X affine quivers: show that the acceleration is bounded.

Case A® A: G.-Pylyavskyy (2017).
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Part 3: The classification



Finite X finite classification (Stembridge, 2010)

5 infinite families and 11 exceptional quivers
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Affine X finite classification

15 infinite families and 4 exceptional cases

Q @)
. . Oo——— O
Dni1* D3p_1 Az * Ds
for n=3
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Affine X finite classification

15 infinite families and 4 exceptional cases
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Affine X finite classification
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Affine X affine quivers
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Affine X affine classification: 40 infinite, 13 exceptional
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Affine X affine classification: 40 infinite, 13 exceptional




Results

Theorem (G.-Pylyavskyy, 2016)

Periodic <= finite X finite

Theorem (G.-Pylyavskyy, 2016)

Linearizable = affine X finite or finite X finite

Theorem (G.-Pylyavskyy, 2017)

Grows slower than exp(exp(t)) = affine X affine, affine X finite, or finite X finite

What is left:

Conjecture (G.-Pylyavskyy, 2017)

@ affine X finite —> linearizable

@ affine X affine = grows as exp(t?)
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Affine X affine classification: 40 infinite, 13 exceptional




Stembridge’s classification (2010)
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“Ocneanu graphs”

® chiral left symmetry

o e chiral right symmetry
© @  ambichiral symmetry
o o classical symmetry
—— complex conjugacy
‘© unit
e lefi generator

® right generator

)| ®

®1°
le.

@

chiral left graph
chiral right graph
left coset graph
right coset graph

x=30

Fig. 23. Quantum symmetries for Coxeter graphs Eg.
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