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Intro to cluster algebras. Fomin-Zelevinsky 2002

Textbook :

① Quivers
Fomin-Williams-Zelevinsky
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Def .

A quiver is a directed graph without end o 0.

Lef .

An quiver is a quiver with vertex set partitioned into

mutable andFrozen vertices
.
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Arrows between frozen vertices are always omitted.
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Lef .

Let Q-quiver, jeV(Q) - mutable vertex .
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Mj(Q) is obtained from Q by : ②
(1) for each 2-path itjek in Q

,
create shortcut i-k .

(2) reverse all arrows incident to j.

(3) remove all pairs050 one by one.

Exercise :

My is an involution : mi(nc(Q)) = Q
.
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Running-ex . T-triangulation of a polygon P
.

Q(T) - quiver :

.
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#

-O& I& O O
T =

I↑↑
&

T - frozen verts : sides of PI
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*
- arrows : * for each triangle in T

.
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Claim Any two triangulations of P are related by a sequence--
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~ter algebras .

Let Q be a quiver , mut .

Verts 1
,

2...., h

frozen verfs ne , ...,
nem.

Set F = K(X , X2, .
.

., Xn+m)

Let (Q
, x) - initial seed

,
x = (x, . .

.

., xn+m) .

Write down all other seeds obtained from (Q
,
x) via a sea. of

p mutations

usually o-many
Elements ofF obtained this way are called

cluster variables
--

toIf (Q
,x) ... (Q'

,
x)

,
x

..,
xhtm are said

form a cluster -

Int, .... Them are called frozen variables
.

Ref .

Cluster algebra (R) <F is the subalgebra generated
Alternative Defby all cluster variables .

-> A(Q) < F is generated by
all cluster variables and inverses of frozen vars

.

A(Q) E([X, X 1, x
, xi)/(x ,

xi = x +)

Ex .

Q = 1 - 2 (2 ,X
= x -Fx2 *Mi(R ,

x) =

x ,

initial seed other seed

cluster vars : X
, x2,

clusters : (x, x2)
,

(x**, <2) ring of

~ + = z +

polynomial fans

i on hyperbolic

A(Q) = C(x, xi, x)/(xx = x2+ 1) paraboloid1......
Ex . T-triany. of an m-yon . M Frozen , n = m -3 mutable verts .

# clusters = Catalan number Cm-z C = +(2)
# cluster vars = (wi wing of polynomial fins

* (QT) depends only on m
.

E on Grassmannian Grz
, m



↑ Im . Any cluster variable is a herent polynomial in the

initial cluster with positive integer coefficients.

surprising ! t not Laurent

Ex .
x -y

*y3 = x2- xy + y2 Laurent
, non-positive .
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X

y - x Surprising : periodicity !








