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Part 1. Topology



Regular CW complexes

Definition

A regular CW complex is a topological space subdivided into open cells so
that the closure of each cell is homeomorphic to a ball.*

Example

Every polytope is a regular CW complex.
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Face poset → regular CW complex

Theorem (Björner (1984))

A regular CW complex can be uniquely reconstructed from its face poset.

Regular CW complex Face poset
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Bruhat order

Theorem (Björner (1984))

Poset is thin and shellable =⇒ face poset of some regular CW complex

Theorem (Björner–Wachs (1982))

(Sn \ {id},≤) is thin and shellable.

Question (Björner–Bernstein)

Does the corresponding regular CW complex exist “in nature”?
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Total positivity

Definition

An n × n matrix is totally nonnegative if all of its minors are nonnegative.

U>0 := {upper unitriangular totally nonnegative n × n matrices}.

Given w = si1 · · · sim ∈ Sn, define

Uw
>0 := {xi1(t1) · · · xim(tm) | ti > 0 for all i}

⊂ U>0.

Theorem (Lusztig (1994))

U>0 =
⊔

w∈Sn
Uw
>0.
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Fomin–Shapiro conjecture

U>0 =
⊔

w∈Sn
Uw
>0.
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Face poset of Lk>0
id is (Sn \ {id},≤).

Conjecture (Fomin–Shapiro (2000))

Lk>0
id ⊂ U>0 is a regular CW complex.

Theorem (Hersh (2014))

The Fomin–Shapiro Conjecture is true.
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Flag variety

Let G := GLn(R) and B := {upper triangular n × n matrices}.

Definition

Flag variety:

G/B = {V0 ⊂ V1 ⊂ · · · ⊂ Vn = Rn | dimVi = i for all 0 ≤ i ≤ n}.

gB ↔ (V0,V1, . . . ,Vn), where Vi := span of first i columns of g .

Definition (Lusztig (1994))

Let G>0 = {totally nonnegative matrices in G} and

(G/B)>0 := {gB | g ∈ G>0} = {gB | g ∈ U−>0}.

Example

All n! coordinate flags {wB | w ∈ Sn} belong to (G/B)>0.
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Face poset of (G/B)>0

Definition

Let Q := {(v ,w) ∈ Sn × Sn | v ≤ w}.

Write

(v ,w) � (v ′,w ′) ⇐⇒ v ′ ≤ v ≤ w ≤ w ′.

Theorem (Rietsch (1999, 2006))

(Q,�) is the “face poset” of (G/B)>0.

Theorem (Williams (2007))

The poset (Q,�) is thin and shellable.
Thus there exists some regular CW complex with face poset (Q,�).

Conjecture (Williams (2007))

(G/B)>0 is a regular CW complex.
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Partial flag variety

Let P ⊃ B be a parabolic subgroup of G .

We get a projection

π : G/B → G/P
(V0,V1, . . . ,Vn−1,Vn) 7→ (V0,Vj1 , . . . ,Vjm ,Vn).

flag partial flag

Lusztig (1994): (G/P)>0 := π ((G/B)>0) .

Example

Maximal parabolic subgroup: P =

(
GLk(R) ∗

0 GLn−k(R)

)
.

In this case G/P = Gr(k, n), and the projection is

π : G/B → Gr(k , n), (V0,V1, . . . ,Vn−1,Vn) 7→ Vk .

Postnikov (2006):

Gr>0(k , n) := {Vk ∈ Gr(k , n) | ∆I (Vk) > 0 for all I ⊂ [n] of size k}.
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Regularity theorem

Conjecture (Postnikov (2006), Williams (2007))

Gr>0(k , n) is a regular CW complex homeomorphic to a ball.

(G/P)>0 is a regular CW complex homeomorphic to a ball.

Lusztig (1998): (G/P)>0 is contractible.

Williams (2007): The face poset is thin and shellable.

Postnikov–Speyer–Williams (2009): Gr>0(k, n) is a CW complex.

Rietsch–Williams (2008): (G/P)>0 is a CW complex.

Rietsch–Williams (2010): The closure of each cell is contractible.

Theorem (G.–Karp–Lam)

2017: Gr>0(k , n) is homeomorphic to a closed ball.

2018: (G/P)>0 is homeomorphic to a closed ball.

2019: Gr>0(k , n) and (G/P)>0 are regular CW complexes.

Corollary of proof (Hersh (2014)): Lk>0
id ⊂ U>0 is a regular CW complex.
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Proof idea

Theorem (G.–Karp–Lam (2019))

Gr>0(k , n) and (G/P)>0 are regular CW complexes.

Bruhat atlas =⇒ Fomin–Shapiro atlas =⇒ Regular CW complex

Affine flag variety
Subtraction-free MR Link induction

Generalized Poincaré Conjecture
Smooth vs Topological

Recall: (G/P)>0 =
⊔

g∈Q Π>0
g .

For g ∈ Q, define Star>0
g :=

⊔
h�g Π>0

h .

FS atlas: For each g ∈ Q, a map ν̄g : Star>0
g
∼−→ Π>0

g × Cone( Lk>0
g ).

Π>0
g

id

s1 s2

s1s2s2s1

w0

ν̄g−→

s1s2s1 Π>0
g

w0

s2 id

s1s2

Lk>0
g
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Part 2. Applications



Ising model

Definition

Planar Ising network: planar weighted graph embedded in a disk.

Ising model: probability measure on spin configurations.
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Je9

• More spins aligned =⇒ higher probability

• Mathematical model for ferromagnetism

• Phase transitions, critical temperatures, . . .
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Ising model: boundary correlations

Let b1, . . . , bn be the boundary vertices.

Definition

Correlation: mij := Prob(Spinbi = Spinbj )− Prob(Spinbi 6= Spinbj ).

Boundary correlation matrix: M(G , J) = (mij)
n
i ,j=1.

Griffiths (1967): Correlations are always nonnegative.

Kelly–Sherman (1968): How to describe correlation matrices by inequalities?

Definition (G.–Pylyavskyy (2018))

Xn := {M(G , J) | (G , J) is a planar Ising network with n boundary vertices}

X n := closure of Xn inside the space of n × n matrices.
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Definition (G.–Pylyavskyy (2018))

Xn := {M(G , J) | (G , J) is a planar Ising network with n boundary vertices}

X n := closure of Xn inside the space of n × n matrices.

We define a simple doubling map φ : X n ↪→ Gr(n, 2n):
1 m12 m13 m14

m12 1 m23 m24

m13 m23 1 m34

m14 m24 m34 1

 7→


1 1 m12 −m12 −m13 m13 m14 −m14

−m12 m12 1 1 m23 −m23 −m24 m24

m13 −m13 −m23 m23 1 1 m34 −m34

−m14 m14 m24 −m24 −m34 m34 1 1



Question: What’s the image?

Example (n = 2)

Je
b2 b1

X 2 =

{(
1 m
m 1

)∣∣∣∣m ∈ [0, 1]

}
.

(
1 m
m 1

)
7→
(

1 1 m −m
−m m 1 1

)

∆12 = 2m ∆34 = 2m
∆13 = 1 + m2 ∆24 = 1 + m2

∆14 = 1−m2 ∆23 = 1−m2
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Boundary stratification

Planar Ising network → medial graph → matching on [2n].

G

Medial graph of G Medial pairing of G

Theorem (Postnikov (2006))

Boundary cells of Gr>0(n, 2n) ↔ decorated permutations of [2n].

Question: Which permutations survive after intersecting with OG>0(n, 2n)?

Answer: Fixed-point free involutions ↔ matchings on [2n].

Example (n = 2)

Je
b2 b1

X 2 =
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m 1

)∣∣∣∣m ∈ [0, 1]

}
.
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Matchings for n = 3
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Theorem (Hersh–Kenyon(2018))

The matchings poset is thin and shellable.

Conjecture (G.–Pylyavskyy (2018))

X n
∼= OG>0(n, 2n) is a regular CW complex.
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Electrical networks

Let R : E → R>0 be an assignment of resistances to the edges of G .

Definition

Electrical response matrix Λ(G ,R) : Rn → Rn, sending voltages to currents.

Λij :=
current flowing through bj
when the voltage is 1 at bi and zero at other vertices

b1

b2b3

b4

b5 b6

R1

R2

R3

R4

R5

R6

R7

R8

R9

En: compactification of
the space of n × n electrical
response matrices [Lam (2014)]

Theorem (G.–Karp–Lam (2017))

En is homeomorphic to an
(n

2

)
-dimensional closed ball
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Ising networks vs. Electrical networks

X n: space of n × n boundary correlation matrices of planar Ising networks
En: compactification of the space of n × n electrical response matrices

• Stratification: X n =
⊔

τ∈Match(2n)

Xτ En =
⊔

τ∈Match(2n)

Eτ

• Each of the spaces is homeomorphic to an
(n

2

)
-dimensional closed ball.

• Conjecture: X n and En are regular CW complexes.

• TNN embeddings:

X n ⊂ Gr>0(n, 2n) En ⊂ Gr>0(n − 1, 2n)

Curtis–Ingerman–Morrow (1998), Colin de Verdiére–Gitler–Vertigan (1996):

• Two planar electrical networks give the same matrix Λ(G ,R)

⇐⇒ they are related by Y -∆ moves

.

• G.–P. (2018): Same result applies to planar Ising networks.

Problem

Construct a stratification-preserving homeomorphism between X n and En.
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Connections

1. 𝒩 = 4 SYM

2. 𝒩 = 6 ABJM

3. 𝒜𝑛,𝑘,𝑚(𝑍) 4. Gr≥0(𝑘, 𝑛)

5. (𝐺/𝑃 )≥0

6. 𝐸𝑛 (Electrical)7. 𝒳 𝑛 (Ising)8. OG≥0(𝑛, 2𝑛)

[AHBC+16]

[HWX14] Theorem 4.1.3 Question 4.8.2

Theorem 4.1.3

Remark 4.4.2

linear projection [AHT14]

casespecial

Eq. (2.4.1), cf. [Lam18]

Figure 1-1: Connections between various totally positive spaces, see Section 1.7.

celebrated Kramers–Wannier’s duality [KW41] is translated by our map 𝜑 into the cyclic

shift on Gr≥0(𝑘, 𝑛).

1.7 Connections

Totally positive spaces have attracted a lot of interest due to their appearances in other

contexts such as cluster algebras [FZ02] and the physics of scattering amplitudes [AHBC+16].

In particular, our original motivation came from studying the amplituhedron of [AHT14] and

the more general Grassmann polytopes of [Lam16]. The faces of a Grassmann polytope are

linear projections of closures of positroid cells, which is why it is essential to understand the

topology of these closures in order to develop a theory of Grassmann polytopes.

The relationship between the following objects is shown schematically in Figure 1-1:

1. the planar 𝒩 = 4 supersymmetric Yang–Mills theory;

2. the three-dimensional𝒩 = 6 supersymmetric Chern–Simons matter theory (also known

as ABJM theory);

3. the amplituhedron 𝒜𝑛,𝑘,𝑚(𝑍) from Section 1.4;

4. the totally nonnegative Grassmannian Gr≥0(𝑘, 𝑛) from Section 1.1;

5. the totally nonnegative part (𝐺/𝑃 )≥0 of a partial flag variety from Section 1.2;

6. the compactification 𝐸𝑛 of the space of electrical networks from Section 1.5;

7. the space 𝒳 𝑛 of planar Ising networks from Section 1.6;

17
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