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Abstract

This thesis studies topological spaces arising in total positivity. Examples include the to-
tally nonnegative Grassmannian Grsq(k,n), Lusztig’s totally nonnegative part (G/P)>¢ of a
partial flag variety, Lam’s compactification of the space of electrical networks, and the space
of (boundary correlation matrices of) planar Ising networks. We show that all these spaces
are homeomorphic to closed balls. In addition, we confirm conjectures of Postnikov and
Williams that the CW complexes Grso(k,n) and (G/P)>o are regular. This implies that the
closure of each positroid cell inside Grso(k, n) is homeomorphic to a closed ball. We discuss
the close relationship between the above spaces and the physics of scattering amplitudes,
which has served as a motivation for most of our results.

In the second part of the thesis, we investigate the space of planar Ising networks. We
give a simple stratification-preserving homeomorphism between this space and the totally
nonnegative orthogonal Grassmannian, describing boundary correlation matrices of the pla-
nar Ising model by inequalities. Under our correspondence, Kramers—Wannier’s high /low
temperature duality transforms into the cyclic symmetry of Grso(k, n).
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Introduction

Hocmenenno weaoser ympauusaem ceoro Gopmy U CMaHOSUMCH ULGDOM.

U cmas wapom, HeA06eEK Ympaiusaein 6CE C80U HCENAHUA.

— HManunn Xapmc

We investigate various topological spaces arising in the theory of total positivity. Each
space comes equipped with a natural decomposition into cells, and is conjectured to be a
regular CW complex homeomorphic to a closed ball. A regular CW complex is a topological
space subdivided into cells, such that the closure of each cell is homeomorphic to a ball, and
the boundary of each cell is homeomorphic to a sphere. A prototypical example of a regular
CW complex is a convex polytope.

We show that each of the totally nonnegative spaces introduced in Sections [I.1 is
homeomorphic to a closed ball. Additionally, we show that the spaces from Sections
are regular CW complexes. As we discuss in Section [1.7], the spaces that we consider are
surprisingly closely related to each other and to the physics of scattering amplitudes.

This thesis is based on papers |[GKL17, IGKL19, (GP18].

1.1 The totally nonnegative Grassmannian

Let Gr(k,n) denote the Grassmannian of k-planes in R”. Postnikov [Pos07] defined its totally
nonnegative part Grso(k,n) as the set of X € Gr(k,n) whose Pliicker coordinates are all

nonnegative. Postnikov conjectured that Gr>o(k,n) is a regular CW complex homeomorphic
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to a closed ball. He gave a decomposition of Grsq(k,n) into positroid cells, where each cell
is specified by requiring some subset of the Pliicker coordinates to be strictly positive, and
requiring the rest to equal zero.

Over the past decade, much work has been done towards Postnikov’s conjecture. The
face poset of the positroid cell decomposition (described in [Rie98|, [Rie06, Pos07|) was shown
to be thin and shellable by Williams [Wil07|. Combined with Bjorner’s results [Bjo84], this
implies that there exists some regular CW complex with the same face poset. Postnikov,
Speyer, and Williams [PSW09| showed that the cell decomposition is a CW complex, and
Rietsch and Williams [RW10| showed that the closure of each cell is contractible. We start

by giving a simple proof of the following result.
Theorem 1.1.1. Grso(k,n) is homeomorphic to a k(n — k)-dimensional closed ball.

This proves a special case of Postnikov’s conjecture: there is one top-dimensional positroid
cell in Grs((k,n) whose closure is the whole Gr>o(k,n), and thus Theorem shows that
the closure of this cell is homeomorphic to a ball. Our proof of Theorem employs a cer-
tain cyclic shift vector field T on Grso(k,n). The flow defined by 7 contracts all of Grso(k,n)
to the unique cyclically symmetric point Xy € Grso(k,n). We construct a homeomorphism
from Grso(k,n) to a closed ball B C Grso(k,n) centered at Xy, by mapping each trajectory
in Grso(k,n) to its intersection with B. A feature of our construction is that we do not rely
on any cell decomposition of Grso(k,n).

We also prove Postnikov’s conjecture in full generality, although in this case the proof is

much more involved, see Sections [3.1] and [3.2]

Theorem 1.1.2. Grso(k,n) is a reqular CW complex homeomorphic to a closed ball.

1.2 The totally nonnegative part of a partial flag variety

Let G be a simple and simply connected algebraic group, split over R, and let P C G be a
parabolic subgroup. Lusztig [Lus94] introduced the totally nonnegative part of the partial
flag variety G/ P, denoted (G/P)>o. He called (G/P)>o a “remarkable polyhedral subspace”,
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and conjectured that (G/P)>o has a decomposition into cells TI;° = R4™(9) - which was

proved by Rietsch |[Rie99]. The following result was conjectured by Williams [Wil07].
Theorem 1.2.1. (G/P)>¢ is a reqular CW complex homeomorphic to a closed ball.

For a specific choice of G and P, (G/P)>o becomes the totally nonnegative Grassmannian
Grso(k,n), thus Theorems and are special cases of Theorem . Similarly to
the case of Grso(k,n), Williams [Wil07| proved that the face poset of (G/P)> is thin and
shellable, and then Rietsch-Williams [RW08, RW10] showed that (G/P)>¢ is a CW complex

such that the closure of every cell is contractible.

1.3 The totally nonnegative part of the unipotent radical

The theory of total positivity originated in the 1930’s, and concerns real matrices whose
minors are all nonnegative [Sch30, [GK50, Whi52|. Later, Lusztig [Lus94] was motivated by
a question of Kostant to consider connections between totally nonnegative matrices and his
theory of canonical bases for quantum groups [Lus90]. This led him to introduce the totally
nonnegative part G>( of a split semisimple G.

Fomin and Shapiro [FS00] realized that Lusztig’s work may be used to address a long-
standing problem in poset topology. Namely, the Bruhat order of the Weyl group W of G
had been shown to be shellable by Bjorner and Wachs [BW82|, and by general results of
Bjorner [Bjo84] it follows that there exists a “synthetic” regular CW complex whose face
poset coincides with (W, <). The motivation of [FS00] was to answer a natural question
due to Bernstein and Bjorner of whether such a regular CW complex exists “in nature”. Let
U C G be the unipotent radical of the standard Borel subgroup, and let Usq := U N G>g
be its totally nonnegative part. For G = SL,, Us( is the semigroup of upper-triangular
unipotent matrices with all minors nonnegative. The work of Lusztig [Lus94| implies that
Uso has a cell decomposition whose face poset is (W, <). The space Us( is not compact,
but Fomin and Shapiro [ES00] conjectured that taking the link of the identity element in
Usg, which also has (W, <) as its face poset, gives the desired regular CW complex. Their

conjecture was confirmed by Hersh [Herl4]|. Alternatively, it follows as a corollary to our
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proof of Theorem [1.2.1], see Remark [3.3.12] Thus we provide an independent proof of the

Fomin—Shapiro conjecture.

Corollary 1.3.1 ([Herl4]). The link of the identity in Usq is a reqular CW complez.

1.4 The cyclically symmetric amplituhedron

A robust connection between the totally nonnegative Grassmannian and the physics of scat-
tering amplitudes was developed in JAHBC™16], which led Arkani-Hamed and Trnka [AHTT4]
to define topological spaces called amplituhedra.

Let k, m,n be nonnegative integers with k+m < n, and Z be a (k+m) X n matrix whose
(k +m) x (k+m) minors are all positive. We regard Z as a linear map R™ — R*™™ which
induces a map Zg, on Gr(k,n) taking the subspace X to the subspace {Z(v) : v € X}. The
(tree) amplituhedron A, ;m(Z) is the image of Grso(k,n) in Gr(k,k + m) under the map
Za, [AHT14l Section 4]. When k = 1, the totally nonnegative Grassmannian Grso(1,n) is
a simplex in P"!, and the amplituhedron A, 1,,(Z) is a cyclic polytope in P™ [Stu8§].

We now take m to be even, and Z = Z; such that the rows of Z; span the unique element
of Grso(k + m,n) invariant under Z/nZ-cyclic action (cf. [Karl8]). We call A, ;.m(Zo) the
cyclically symmetric amplituhedron. When k = 1 and m = 2, A,,12(Z) is a regular n-gon
in the plane. More generally, A, 1.,(Zp) is a polytope whose vertices are n regularly spaced

points on the trigonometric moment curve in P™.

Theorem 1.4.1. The cyclically symmetric amplituhedron A, i..(Zy) is homeomorphic to a

km-dimensional closed ball.

It is expected that every amplituhedron is homeomorphic to a closed ball. In some special

cases, this is indeed true, see [KW19, BGPZ19].

1.5 The space of planar electrical networks

Let I" be an electrical network consisting only of resistors, modeled as an undirected graph

whose edge weights (conductances) are positive real numbers. The electrical properties of

14



[' are encoded by the response matrix A(I') : R™ — R", sending a vector of voltages at
n distinguished boundary vertices to the vector of currents induced at the same vertices.
The response matrix can be computed using (only) Kirchhoff’s law and Ohm’s law. Fol-
lowing Curtis, Ingerman, and Morrow [CIM98| and Colin de Verdiére, Gitler, and Verti-
gan [CAVGVI0], we consider the space 2, of response matrices of planar electrical networks:
those I' embedded into a disk, with boundary vertices on the boundary of the disk. This
space is not compact; a compactification E,, was defined by Lam [Lam18]|. It comes equipped
with a natural embedding ¢ : E,, < Grso(n —1,2n). We exploit this embedding to establish

the following result.
Theorem 1.5.1. The space E,, is homeomorphic to an (Z) -dimensional closed ball.

A cell decomposition of E, was defined in [Laml18]|, extending earlier work in [CIM98,
CdVGV96|. The face poset of this cell decomposition had been defined and studied by
Kenyon [Kenl2, Section 4.5.2]. Theorem says that the closure of the unique cell of
top dimension in F, is homeomorphic to a closed ball. In [Lam15], Lam showed that the
face poset of the cell decomposition of E, is Eulerian, and conjectured that it is shellable.
Hersh and Kenyon recently proved this conjecture [HK18]. Bjorner’s results [Bjo84] therefore
imply that this poset is the face poset of some regular CW complex homeomorphic to a ball.
We expect that E, forms such a CW complex, so that the closure of every cell of F, is

homeomorphic to a closed ball. Proving this remains an open problem.

1.6 The space of planar Ising networks

The Ising model, introduced by Lenz in 1920 as a model for ferromagnetism and solved
by Ising [Isi25] in dimension 1, plays a central role in statistical mechanics and conformal
field theory. One of the main features of this model is that it undergoes a phase transition
in dimensions larger than 1, and in particular its critical temperature %10g(\/§ + 1) in
dimension 2 has been computed by Kramers and Wannier [KW4I], who found a duality
transformation exchanging subcritical and supercritical temperatures. The free energy of

the model was computed by Onsager [Ons44]| and Yang [Yan52|, and since then it became
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a subject of active mathematical and physical research. Conformal invariance of the scaling
limit was conjectured in [BPZ84b| [BPZ84al in relation to conformal field theory, and proven
more recently as a part of a series of groundbreaking results by Smirnov, Chelkak, Hongler,
Izyurov, and others [Smil0), (CHIT5, [CS12l [HS13, ICDCH™14].

Among the most important quantities associated with the Ising model are two-point
correlation functions. It was shown in |Gri67] and later generalized in |[KS6§| that these
correlation functions satisfy natural inequalities, and in particular, the question of char-
acterizing correlation functions coming from the Ising model was raised in the appendix
of [KS68].

A starting point for our results was recent insightful work of Lis [Lis17|, where he dis-
covered a deep connection between the planar Ising model and total positivity, and used it
to prove new inequalities on boundary two-point correlation functions in the planar case.

Despite the enormous amount of research on the planar Ising model, some basic questions
seem to have remained unanswered. Let us denote by X, C Mat,(R) the space of all
boundary correlation matrices of planar Ising networks with n boundary nodes embedded in
a disk. This is a subspace of the space Mat, (R) of n x n matrices with real entries. Every
matrix in X, is symmetric and has diagonal entries equal to 1, but X, is neither a closed
nor an open subset of the space of such matrices. Let X, denote the closure of X, inside
Mat, (R), i.e., X', is the space of boundary correlation matrices of a slightly more general
class of planar Ising networks, as discussed in Section [4.5]

Two fundamental questions about X, that we answer (see Theorem are:

e Describe X, by equalities and inequalities inside Mat,, (R).
e Describe the topology of X,,.

Using a construction similar to the one in [Lis17], we give a simple embedding ¢ of the space
X, as a subset of Grso(n,2n) which turns out to be precisely the totally nonnegative or-
thogonal Grassmannian OGsg(n,2n), introduced in [HW13| HWX14| in the study of ABJM
scattering amplitudes. This gives a solution to the first question. Next, we show that X,
is homeomorphic to an (Z)—dimensional closed ball using the same cyclic shift vector field 7

that was used in the proof of Theorem [1.1.1] Surprisingly, we find (Theorem [4.2.4)) that the
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Theorem [4.1.3|
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OGzo(n,2n) X, (Ising)

Figure 1-1: Connections between various totally positive spaces, see Section .

[RI WV =6 ABJM K=

celebrated Kramers—Wannier’s duality [KW41] is translated by our map ¢ into the cyclic
shift on Grso(k,n).

1.7 Connections

Totally positive spaces have attracted a lot of interest due to their appearances in other
contexts such as cluster algebras [FZ02] and the physics of scattering amplitudes [AHBCT16].
In particular, our original motivation came from studying the amplituhedron of [AHT14] and
the more general Grassmann polytopes of [Lam16]. The faces of a Grassmann polytope are
linear projections of closures of positroid cells, which is why it is essential to understand the
topology of these closures in order to develop a theory of Grassmann polytopes.

The relationship between the following objects is shown schematically in Figure [I-T}
1. the planar N/ = 4 supersymmetric Yang—Mills theory;

2. the three-dimensional N' = 6 supersymmetric Chern—Simons matter theory (also known

as ABJM theory);
3. the amplituhedron A, ., (Z) from Section [1.4}
4. the totally nonnegative Grassmannian Grsg(k,n) from Section [1.1}
5. the totally nonnegative part (G/P)>o of a partial flag variety from Section [1.2}
6. the compactification E,, of the space of electrical networks from Section [I.5}

7. the space X, of planar Ising networks from Section

17



8. the totally nonnegative orthogonal Grassmannian OGsq(n,2n) from Section

The scattering amplitudes in the planar N/ = 4 supersymmetric Yang—Mills theory can
be computed by formally integrating a certain differential form over the amplituhedron
A kem(Z), cf. JAHBCT16,[AHT14]. By definition, A, k., (Z) is a linear projection of Gr>q(k, n),
see Section As we explained in Section Postnikov’s Grsg(k,n) is a special case of
Lusztig’s (G/P)>¢. Next, Lam [Laml8| constructed an embedding of his compactification
E,, of the space of electrical networks into Grso(n — 1,2n), see . Similarly, the space
X, of planar Ising networks from Section is identified via Theorem with the to-
tally nonnegative orthogonal Grassmannian OGsg(n,2n), which is a subset of Grsg(n,2n)
by definition. The spaces E, and X, share a lot of common properties (cf. Section ,
for example, their face posets are isomorphic. However, the precise relationship between
them remains completely mysterious to us, see Question £.8.2] By Remark [£.4.2] each of
these spaces can be realized as a subset of G/P for a suitable choice of G and P, but this
subset does not coincide with the totally nonnegative part (G/P)>¢. Finally, the totally non-
negative orthogonal Grassmannian OGs(n,2n) (which is homeomorphic to X,,) was first
introduced in [HW13, HWX14] in connection with the N'=6 ABJM theory, analogously to
the relationship [AHBC™16] between Grso(k,n) and the N'=4 SYM theory.

1.8 Outline

Chapters [2| B} [] correspond to papers [GKLI7, [GKLI19, [GP18]. Theorems [1.1.1] [1.4.1]
and are proved in Chapter 2] using the cyclic shift vector field 7. Theorem and

its special case Theorem [I.1.2] are proved in Chapter [3, Chapter [4] develops the theory of

planar Ising networks, see Section [4.1] for the precise statement of the main results.
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The cyclic shift vector field

In this chapter, give a simple unified approach to show that the spaces Gr>o(k,n), Ay, k.m(Zo),

and E,, are homeomorphic to closed balls, thus proving Theorems|1.1.1] [1.4.1} and [L.5.1} We

note that the same approach can be used to show that the spaces Usy (when G = SL,,) and
(G/P)>o (when G and P are arbitrary) are homeomorphic to closed balls as well, see [GKL17,
§4] and |GKL1S].

In Section [2.1] we introduce contractive flows, and then we use them in Sections [2.2] 2.3]

and to prove Theorems [I.1.1] [[.4.1], and [I.5.1], respectively.

2.1 Contractive flows

In this section we prove Lemma [2.1.3] which we will repeatedly use in establishing our
theorems. Consider a real normed vector space (RY, || -||). Thus for each r > 0, the closed
ball BY := {p € RY : ||p|| < r} of radius r is a compact convex body in RY whose interior

contains the origin. We denote its boundary by dB%, which is the sphere of radius 7.

Definition 2.1.1. We say that a map f : RxRY — R¥ is a contractive flow if the following

conditions are satisfied:
(1) the map f is continuous;

(2) for all p € RY and ¢;,t, € R, we have f(0,p) = p and f(t; +t2,p) = f(t1, f(t2,p)); and

19



(3) for all p # 0 and ¢ > 0, we have ||f(¢,p)| < |Ip]|-

The condition says that f induces a group action of (R,+) on RY. In particular,
f(t,p) = q is equivalent to f(—t,q) = p, so implies that if ¢ # 0 and f(¢,p) = p, then
p = 0. The converse to this statement is given below in Lemma 2.1.2(i)}

For K C RY and t € R, we let f(t, K) denote {f(t,p) : p € K}.
Lemma 2.1.2. Let f : R x RY — R be a contractive flow.
(i) We have f(t,0) =0 for all t € R.
(ii) Let p # 0. Then the function t — || f(¢, p)|| is strictly decreasing on (—o0, 00).
(i) Let p # 0. Then lim [[£(t,p)]| = 0 and_lim_[|£(t,p)] = ox.

Proof. [i)| By[(1)] the function s — || f(s,0)| is continuous on R, and it equals 0 when s = 0.
If f(t,0) # 0 for some ¢t > 0, then 0 < || f(s,0)| < [|f(¢,0)] for some s € (0,t), which
contradicts applied to p = f(s,0) and t — s. Therefore f(¢,0) = 0 for all t > 0. By ,
for t > 0 we have 0 = f(0,0) = f(—t, f(¢,0)) = f(—t,0), and so f(—t,0) =0 as well.

This follows from and the fact that f induces a group action of R on RY, once we
know that f(¢,p) is never 0. But if f(¢,p) = 0 then f(—t,0) = p, which contradicts part (1)}

Let r1(p) and 75(p) denote the respective limits. By part [(ii)} both limits exist,
where 71(p) € [0,00) and 72(p) € (0,00]. For any r € (0,00), consider the compact set
K, = (N,s0 f(s, BY). By we have K, C f(t,K,) = (5, f(s, BY) for any t > 0. On
the other hand, if ¢ € K, is a point with maximum norm, and ¢ # 0, then implies that
q ¢ f(t,K,) for any t > 0. Thus K, = {0}. Taking r = ||p|| implies that r1(p) = 0. Suppose
now that ry(p) # oo. Then for any ¢t > 0, we have f(—t,p) € Bg(p), ie. p e f(t, Bg(p)).
Thus p € K, = {0}, a contradiction. O

Lemma 2.1.3. Let Q C RY be a smooth embedded submanifold of dimension d < N, and

f:RxRY — RN a contractive flow. Suppose that () is bounded and satisfies the condition

ft,Q)cQ fort>0. (2.1.1)
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Then the closure () is homeomorphic to a closed ball of dimension d, and @ \ @ is homeo-

morphic to a sphere of dimension d — 1.

Proof. Since @ is bounded, its closure @ is compact. By Lemma and (2.1.1]) we

have 0 € @, and therefore 0 € Q. Because @ is smoothly embedded, we can take 7 > 0
sufficiently small so that B := BY N Q is homeomorphic to a closed ball of dimension d. We
let OB denote (OBY) N Q, which is a (d — 1)-dimensional sphere.

For any p € RY \ {0}, consider the curve ¢t — f(t,p) starting at p and defined for
all t € R. By Lemma this curve intersects the sphere dBY for a unique t € R,
which we denote by t.(p). Also, for p € Q \ {0}, define t5(p) € (—00,0] as follows. Let
T(p) == {t € R: f(t,p) € Q}. We have 0 € T(p), and T(p) is bounded from below by
Lemma because @ is bounded. By (2.1.1), if t € T(p) then [t,00) C T(p). Also,
T(p) is closed since it is the preimage of @ under the continuous map ¢ — f(¢,p). It follows

that T'(p) = [ts(p), o0) for some ty(p) € (—o0,0].

Claim. The functions t, and ty are continuous on @ \ {0}.

Proof. First we prove that ¢, is continuous on R\ {0}. It suffices to show that the preimage
of any open interval I C R is open. To this end, let ¢ € ¢ '(I). Take t;,t, € I with
t1 < t.(q) < to. By Lemma [2.1.(ii)} we have || f(t1,q)|| > v > || f(t2,¢)||. Note that the
map v, : RN — RN p > f(t1,p) is continuous and RY \ BY is open, so 4, '(RV \ BY) is
an open neighborhood of ¢. Similarly, defining v, : RY — RY p +— f(t2,p), we have that
75 1 (int(BY)) is an open neighborhood of g. Therefore 4, '(RY \ BN) N+, (int(BY)) is an
open neighborhood of ¢, whose image under ¢, is contained in (t;,%2) C I. This shows that
t, is continuous on RV \ {0}.

Next, let us define

R:={f(t,p): (t,p) € R x Q}. (2.1.2)

The map b: R x 9B — R\ {0} defined by (¢,p) — f(t,p) is a continuous bijection. (Recall
that 0B = (0BY)NQ.) Tts inverse p — (—t,.(p), f(t.(p),p)) is continuous as well. Therefore

b is a homeomorphism. We claim that @ is relatively open in R. Indeed, since @ \ {0} is a
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submanifold of R\ {0} of the same dimension d, we deduce that @ \ {0} is an open subset
of R\ {0}. Also, @ contains the neighborhood int(BY) N R of 0 in R. Thus @ is an open
subset of R.

We now prove that the map t5 : @ \ {0} — R is continuous, by a very similar argument.
Let I C R be an open interval and consider a point ¢ € tgl(l). Take t1,to € I with
t; < ta(q) < t. By the definition of t5, we have f(t;,q) € R\ Q. By , we have
f(t2,q) € Q. Note that themap v, : R — R, p + f(t1, p) is continuous and R\Q is open in R,
so v, H(R\ Q) is an open neighborhood of ¢ in R. Similarly, defining v, : R — R, p +— f(t2,p),
we have that v, '(Q) is an open neighborhood of ¢ in R. Therefore v;*(R\ Q) N, H(Q)NQ
is an open neighborhood of ¢ in @, whose image under ¢ is contained inside (t1,t,) C I.

This finishes the proof of the claim. O

Define the maps a: Q — B and 5 : B — Q by

a(p) == f(t.(p) —ta(p),p), Bp) = f(talp) —t.(p);p)

for p # 0, and «(0) := 0, 5(0) := 0. Let us verify that o sends () inside B and [ sends
B inside Q. If p € Q\ {0}, then f(t,.(p),p) € B and t5(p) < 0, whence the contractive

property implies a(p) = f(—ta(p), f(t.(p),p)) € B. Similarly, if p € B\ {0}, then

f(ta(p),p) € Q and t,(p) < 0, whence ([2.1.1) implies 3(p) = f(~t,(p), f(ta(p).p)) € Q.
Now we check that o and f are inverse maps. For any p € @ and At € R such that

f(At,p) € Q, we have

t-(f(At,p)) =t.(p) — At,  ta(f(At,p)) = ta(p) — At.

Taking At := tg(p) — t,.(p), we find

a(B(p)) = a(f(At, p)) = f(t(f(AL,p)) = ta(f(AL, ), f(AL,p)) = f(=At, f(At, p)) = p.

We can similarly verify that S(«(p)) = p, by instead taking At := t,(p) — ta(p).
By the claim, ¢, and t, are continuous on @ \ {0}, so « is continuous everywhere except

possibly at 0. Also, ¢,(p) > ta(p) for all p € Q\{0}, so « is continuous at 0 by Lemma [2.1.2(ii )|
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Thus « is a continuous bijection from a compact space to a Hausdorff space, so it is a
homeomorphism. This shows that ) is homeomorphic to a closed d-dimensional ball.

It remains to prove that @ \ @ is homeomorphic to a (d — 1)-dimensional sphere. We
claim that o restricts to a homeomorphism from Q \ @ to dB. We need to check that o
sends @ \ Q inside B, and 8 sends OB inside Q \ Q. To this end, let p € Q \ Q. By

condition [(2) we have p = f(—ta(p), f(ta(p),p)). Hence if ty(p) < 0, then (2.1.1)) implies
p € @, a contradiction. Therefore ty9(p) = 0, and a(p) = f(¢.(p),p) € 9B. Now let g € IB.

We have t,.(q) = 0, so B(q) = f(ta(q),q). If B(q) € Q, then f(ts(q) —t,q) € Q for t > 0
sufficiently small (as @ is open in R from ([2.1.2))), contradicting the definition of t5(¢). Thus

Blg) € Q\ Q. O

2.2 The totally nonnegative Grassmannian

Let Gr(k,n) denote the real Grassmannian, the space of all k-dimensional subspaces of
R™ We set [n] := {1,...,n}, and let ([Z]) denote the set of k-element subsets of [n]. For
X € Gr(k,n), we denote by <AI(X))IG([Z]) e P(i)=1 the Pliicker coordinates of X: Ar(X)is
the k x k minor of X (viewed as a k x n matrix modulo row operations) with column set .

Recall that Grso(k,n) is the subset of Gr(k, n) where all Pliicker coordinates are nonneg-
ative (up to a common scalar). We also define the totally positive Grassmannian Grsg(k,n)

as the subset of Gr>o(k,n) where all Pliicker coordinates are positive.

2.2.1 Global coordinates for Grs(k,n)

For each k and n, we introduce several distinguished linear operators on R"™. Define the
left cyclic shift S € gl,(R) = End(R") by S(vi,...,v,) := (va, ..., v, (—1)"1v;). The sign
(—1)%~1 can be explained as follows: if we pretend that S is an element of GL,(R), then the
action of S on Gr(k,n) preserves Grso(k,n) (it acts on Pliicker coordinates by rotating the
index set [n]).

Note that the transpose ST of S is the right cyclic shift given by ST(vy,...,v,) =
(=) vy, v1, ... 00 1). Let 7 := S+ ST € End(R"). We endow R" with the stan-

dard inner product, so that 7 (being symmetric) has an orthogonal basis of eigenvectors
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Uy, ..., u, € R" corresponding to real eigenvalues A\; > --- > \,. Let Xy € Gr(k,n) be the

linear span of uq,...,u;. The following lemma implies that X is totally positive and does
not depend on the choice of eigenvectors uy, ..., u,.
Lemma 2.2.1.

(i) The eigenvalues A\; > --- > )\, are given as follows, depending on the parity of k:

o if kis even, Ay = Xy =2c0s(Z), A3 = Ay = 2cos(2F), A5 = Xg = 2cos(2F), ...

o if kisodd, \y =1, Ay = Ay = 2cos(2), Ay = A5 = 2cos(E), ...

n

In either case, we have

A = 2008(%%) > 2cos(k+17r) = Aet1-

(i) [Sco79] The Pliicker coordinates of X, are given by

Ar(Xp) = H sin(Zim) >0 forall I € ([Z}). (2.2.1)

i,J€1,1<j

For an example in the case of Gr(2,4), see Section [2.2.5] (We remark that in the example,

the Pliicker coordinates of X, are scaled by a factor of 2 compared to the formula above.)

Proof. In this proof, we work over C. Let ¢ € C be an nth root of (—1)*~!. There are n
such values of ¢, each of the form ¢ = €™/ for some integer m congruent to k — 1 modulo

2. Let 2, := (1,(, (3, ..., (") € C". We have S(z,,) = (2, and ST (z,,) = (12, s0
T(2m) = (C+ ) zm = 2c08(T2) 2y, (2.2.2)

The n distinct z,,’s are linearly independent (they form an n x n Vandermonde matrix with

nonzero determinant), so they give a basis of C" of eigenvectors of 7.

We deduce part from (2.2.2)). For part , we apply Vandermonde’s determinantal
identity, following an argument outlined by Scott [Sco79|. That is, by (2.2.2)), the C-linear
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span of uy,...,u; is the same as the span of z_j 1,2 k13,2 g45,...,2k-1. Let M be the

matrix whose rows are z_ji1, 2 ki3, Z—kt5, -« Zk_1, 1-€.
M, ; = em(RR2G=D/n for 1 <r<kand 1< j <n.

Then the Pliicker coordinates of X, are the k& x k minors of M (up to a common nonzero
complex scalar), which can be computed explicitly by Vandermonde’s identity after appro-

priately rescaling the columns. We refer the reader to [Karl8| for details. O

Denote by Mat(k,n — k) the vector space of real k X (n — k) matrices. Define a map

¢ : Mat(k,n — k) — Gr(k,n) by
¢(A) := span(u; + Z?:—f A jupy; 1 <i<k). (2.2.3)

In other words, the entries of A are the usual coordinates on the big Schubert cell of Gr(k, n)

with respect to the basis uq, ..., u, of R™, this Schubert cell being
o(Mat(k,n —k)) ={X € Gr(k,n) : X Nspan(ugt1,...,u,) = 0}.

In particular, ¢ is a smooth embedding, and it sends the zero matrix to X,. For an example

in the case of Gr(2,4), see Section
Proposition 2.2.2. The image ¢(Mat(k,n — k)) contains Grsq(k,n).

Proof. Let X € Grxo(k,n) be a totally nonnegative subspace. We need to show that X N
span(ugy1,-..,u,) = 0. Suppose otherwise that there exists a nonzero vector v in this
intersection. Extend v to a basis of X, and write this basis as the rows of a k x n matrix M.
Because X is totally nonnegative, the nonzero k x k minors of M all have the same sign (and

at least one minor is nonzero, since M has rank k). Also let M, be the k x n matrix with

rOwS U1, . .., u,. By Lemma [2.2.1}(ii)}, all £ x k& minors of Mj are nonzero and have the same
sign. The vectors uq,...,u, are orthogonal, so v is orthogonal to the rows of M. Hence

the first column of MyM? is zero, and we obtain det(MyM?) = 0. On the other hand, the

25



Cauchy-Binet identity implies

det(MoM™) = Y det((Mo))det(M;),

1e(%)

where A; denotes the matrix A restricted to the columns /. Each summand has the same

sign and at least one summand is nonzero, contradicting det(MyMT) = 0. O

We have shown that the restriction of ¢~ to Grso(k,n) yields an embedding
Crso(k,n) = Mat(k,n — k) ~ RF=F)

whose restriction to Grso(k,n) is smooth.

2.2.2 Flows on Gr(k,n)

For g € GL,(R), we let g act on Gr(k, n) by taking the subspace X to g- X := {g(v) : v € X}.
Welet 1 € GL,(R) denote the identity matrix, and for z € g, (R) we let exp(z) := 3% j—f €
GL,(R) denote the matrix exponential of .

We examine the action of exp(tS) and exp(t7) on Gr(k,n).
Lemma 2.2.3. For X € Grso(k,n) and t > 0, we have exp(tS) - X € Grso(k,n).
Proof. We claim that it suffices to prove the following two facts:
(i) for X € Gryo(k,n) and t > 0, we have exp(tS) - X € Grso(k,n); and

(ii) for X € Grso(k,n) \ Grao(k,n), we have exp(tS) - X ¢ Grso(k,n) for all t < 0

sufficiently close to zero.

To see why this is sufficient, let X € Grso(k,n) and ¢ > 0. By part [(i)| we have exp(tS)- X €
Grso(k,n), so we just need to show that exp(tS) - X € Groo(k,n). Suppose otherwise that
exp(tS) - X ¢ Groo(k,n). Then applying part to exp(tS) - X, we get that exp((t +
t)S) - X & Grso(k,n) for ¢ < 0 sufficiently close to zero. But by part [(i)] we know that
exp((t +t')S) - X € Grso(k,n) for all ¢’ in the interval [—t,0]. This is a contradiction.
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Now we prove parts|(i)| and . We will make use of the operator 1+ ¢S, which belongs
to GL,(R) for |t| < 1. Note that if [M; | --- | M,] is a k x n matrix representing X, then a
k x n matrix representing (1 +¢S5) - X is

M' =My +tMy | My +tM; | -+ | M,_y +tM, | M, + (=1)*1tM).
We can evaluate the k& x k minors of M’ using multilinearity of the determinant. We obtain

Af((L41S) - X) = > 977 F AL ey (X)) for T={i,... ik} C[n], (2.24)
ec{0,1}k

where i1 + €1,...,4; + ¢ are taken modulo n. Therefore (1 +¢5) - X € Grso(k,n) for
X € Grso(k,n) and ¢t € [0,1). Since exp(tS) = lim;_, <1 + %)J and Grso(k, n) is closed,
we obtain exp(tS) - X € Grso(k,n) for ¢ > 0. This proves part [(i)}

To prove part first note that exp(tS) = 1 + ¢S + O(t?). By (2.2.4), we have

Af(exp(tS) - X) = Ap(X) +t Y Ap(X)+0(t?)  for I € (), (2.2.5)

where the sum is over all I’ € ([Z]) obtained from [ by increasing exactly one element
by 1 modulo n. If we can find such I and I’ with A;(X) = 0 and Ap(X) > 0, then
A(exp(tS)-X) < 0 for all ¢ < 0 sufficiently close to zero, thereby proving part [(i)] In order
to do this, we introduce the directed graph D with vertex set ([Z}), where J — J' is an edge
of D if and only if we can obtain J’ from J by increasing exactly one element by 1 modulo

n. Note that for any two vertices K and K’ of D, there exists a directed path from K to K’:
e we can get from [k] to any {iy < --- < i} by shifting &k to g, &k — 1 to ix_1, etc.;
e similarly, we can get from any {i; <--- < iz} to{n—k+1,n—k+2,...,n}
e we can get from {n —k+1,...,n} to [k] by shifting n to k, n — 1 to k — 1, etc.

Now take K, K’ € ([Z]) with Ag(X) =0and Ag/(X) > 0, and consider a directed path from
K to K'. It goes through an edge I — I’ with A;(X) =0 and Ap(X) > 0, as desired. [
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Now we consider exp(t7) = exp(t(S + ST)). Recall that S and ST are the left and right
cyclic shift maps, so by symmetry Lemma holds with S replaced by ST. Also, S and
ST commute, so exp(t7) = exp(tS) exp(tST). We obtain the following.

Corollary 2.2.4. For X € Grs(k,n) and ¢t > 0, we have exp(t7) - X € Grso(k,n).

Let us see how exp(t7) acts on matrices A € Mat(k,n — k). Note that 7(u;) = A\u; for
1 <i<n,soexp(tr)(u;) = eu;. Therefore exp(t7) acts on the basis of ¢(A) in (2.2.3)) by

exp(t7)(u; + Z;:f A jugyy) = € (u; + Z?:_f S T

forall 1 <i < k. Thusexp(tr)-¢(A) = ¢(f(t, A)), where by definition f(¢, A) € Mat(k,n—k)

is the matrix with entries

(f(t, A))ij =Pt A for 1 <i<kand1<j<n—k (2.2.6)

2.2.3 Proof of Theorem [1.1.1]

Consider the map f : R x Mat(k,n — k) — Mat(k,n — k) defined by (2.2.6). We claim that

f is a contractive flow on Mat(k,n — k) equipped with the Euclidean norm

k n—k

AP = A

i=1 j=1

Indeed, parts and of Definition hold for f. To see that part holds, note that
forany 1 <¢<kand1<j<n-—Fkwith A;; # 0, we have

[(F(t, A))ij| = [Pt A, | = fPuei ™M) | A, o) < A for t >0,

using the fact that A; > A, > Mgy > Ay from Lemma 2.2.1[(0)] Therefore || f(¢, A)|| < [|A]
if A # 0, verifying part .

Let us now apply Lemma with RY = Mat(k,n — k) and Q = ¢ *(Grso(k,n)).
We need to know that Grso(k,n) is the closure of Grso(k,n). This was proved by Post-
nikov [Pos07, Section 17]; it also follows directly from Corollary , since we can express
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any X € Grso(k,n) as a limit of totally positive subspaces:

X = tli%i exp(tr) - X.

Therefore Q = ¢~(Grso(k,n)). Moreover, Grso(k,n) is closed inside the compact space
P(Z)_l, and is therefore also compact. So, @ is compact (and hence bounded). Finally, the
property in this case is precisely Corollary . We have verified all the hypotheses
of Lemma and conclude that @ (and also Grso(k,n)) is homeomorphic to a k(n — k)-

dimensional closed ball. O

2.2.4 Related work

Lusztig [Lus98bl, Section 4] used a flow similar to exp(¢7) to show that (G/P)s¢ is con-
tractible. In fact, we used his flow to show that (G/P)> is a ball in [GKLIS8|. Our flow can
be thought of as an affine (or loop group) analogue of his flow, and is closely related to the
whirl matrices of [LP12]. We also remark that Ayala, Kliemann, and San Martin [AKSMO04]|
used the language of control theory to give an alternative development in type A of Lusztig’s
theory of total positivity. In that context, exp(t7) (¢ > 0) lies in the interior of the compres-

sion semigroup of Grso(k,n), and Xy is its attractor.

Marsh and Rietsch defined and studied a superpotential on the Grassmannian in the
context of mirror symmetry [MR15, Section 6]. It follows from results of Rietsch |[Rie0S§]
(as explained in [Karl§|) that X, is, rather surprisingly, also the unique totally nonnegative
critical point of the ¢ = 1 specialization of the superpotential. However, the superpotential
is not defined on the boundary of Grs(k,n). The precise relationship between 7 and the

gradient flow of the superpotential remains mysterious.
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2.2.5 Example: the case Gr(2,4)

The matrix 7 = S + ST € gl,(R) and an orthogonal basis of real eigenvectors wuy, u, us, uy

are
(0 10 _1] =(0,1,v2,1), A= V2,
1 01 0 = (—V2,-1,0,1),  A=V2
T = )
0 10 1 = (v/2,-1,0,1), Ay = —V/2,
-1 01 0 uy = (0,1, —v2,1), A= —V2.
b
The embedding ¢ : Mat(2,2) — Gr(2,4) sends the matrix A = ¢ ] to
c d
uy + aus + buy V2a l—a+b V2—v2b 1+a+b
5(A) =X = -
Uy + cus + duy “V24+V2¢ —1—c+d —/2d 1+c+d

Above we are identifying X € Gr(2,4) with a 2 x 4 matrix whose rows form a basis of X.

In terms of Pliicker coordinates A;; = Ay; ;3(X), the map ¢ is given by

Ay = V2(1 —2a+b—c+ad — be),
Aps =V2(1—2d—b+c+ad—bc), Ayg=21—b—c—ad+bec),
A34—\/5( )
A14—\/§(1—|—2a—|—b—c—|—ad—bc),

(2.2.7)
1+2d—b+c+ ad— be), Aoy =2(1+b+c—ad+ be),

and its inverse is given by

a= (214 —2A12)/9, b= (A2 — Doz — Agy + Aqy — \/§A13 + \/§A24)/57
d= (2034 — 2093)/6, = (—Aa+ Aoz + Agy — Ay — V2A13 + V2A44) /9,
where § = Ajp + Agg + Agg + Ay + V2A13 + V2.
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The point X, = ¢(0) = span(uy, uz) € Grso(2,4) has Pliicker coordinates
A =Do3 =03 =Au=V2, Ap=»2y=2

which agrees with Lemma [2.2.1}(ii)l The image of ¢ is the subset of Gr(2,4) where § # 0,
which we see includes Grso(2,4), verifying Proposition in this case. Restricting ¢~*
to Grso(2,4) gives a homeomorphism onto the subset of R* of points (a, b, c,d) where the
6 polynomials A;; in are nonnegative. By Theorem , these spaces are both
homeomorphic to 4-dimensional closed balls. The closures of cells in the cell decomposition
of Gr>¢(2,4) are obtained in R* by taking an intersection with the zero locus of some subset
of the 6 polynomials. The 0-dimensional cells (corresponding to points of Grso(2,4) with

only one nonzero Pliicker coordinate) are
(a,b,c,d) =(-2,1,-1,0), (0,-1,1,-2), (0,-1,1,2), (2,1,—1,0), (0,—1,—1,0), (0,1,1,0).

In general, using the embedding ¢ we can describe Grsq(k,n) as the subset of RE™"~*) where

some (Z) polynomials of degree at most k are nonnegative.

2.3 The cyclically symmetric amplituhedron

Let k,m,n be nonnegative integers with k¥ + m < n and m even, and let S,7 € gl,(R)
be the operators from Section . Let Ay > --- > X, € R be the eigenvalues of 7
corresponding to orthogonal eigenvectors uq,...,u,. In this section, we assume that these
eigenvectors have norm 1. Recall from Lemma that Ay > Api 1. Since m is even, we
have (—1)™=1 = (=1)*1 and Ay > Mevmit-

Let Zy denote the (k+m)xn matrix whose rows are w1, . . ., Utm. By Lemma[2.2.1[(ii)| the
(k+m) x (k+m) minors of Z; are all positive (perhaps after replacing u; with —u;). We may
also think of Zj as a linear map R™® — R¥*™_ Since the vectors uy, ..., u, are orthonormal,
this map takes u; to the ith unit vector e; € R¥*™ if § < k+m, and to 0 if i > k+m. Recall
from Section that Zy induces a map (Zy)g, : Grso(k,n) — Gr(k, k + m), whose image
is the cyclically symmetric amplituhedron A, m(Zy). We remark that if g € GLj1(R),

31



then A, x.m(9Z0) and A, 1.m(Zo) are related by the automorphism g of Gr(k, k 4+ m), so the

topology of A, .m(Zy) depends only on the row span of Z; in Gr(k + m,n).

Proof of Theorem[1./.1. We consider the map ¢ : Mat(k,n—k) — Gr(k, n) defined in (2.2.3)).
We write each k x (n—k) matrix A € Mat(k,n—k) as [A" | A”], where A"’ and A” are the kxm
and k X (n — k —m) submatrices of A with column sets {1,...,m} and {m+1,...,n—k},

respectively. We introduce a projection map
7 Mat(k,n — k) — Mat(k,m), A=[A"| A"]— A"

We claim that there exists an embedding v : A, j.m(Zo) — Mat(k, m) making the following

diagram commute:
Mat(k,n — k) —— Mat(k, m)
o1 - : (2.3.1)
J

Grzo(k,n) % An,k,m(ZO)

Let A = [A" | A”] € Mat(k,n — k) be a matrix such that ¢(A) € Grso(k,n). Then the
element (Zy)cr(¢(A)) of Gr(k, k + m) is the row span of the k x (k + m) matrix [Id, | 4],
where Idj denotes the k x k identity matrix. Thus A, xm(Zo) = (Zo)a(Grso(k,n)) lies
inside the Schubert cell

{Y € Gr(k,k+m) : Ay (Y) # 0}

Every element Y of this Schubert cell is the row span of [Id, | A’] for a unique A’, and we
define y(Y') := A’. Thus 7 embeds A, . (Zy) inside Mat(k, m), and (2.3.1) commutes.
Now we define

Qo = (¢~ (Grso(k,n))) C Mat(k, m).

We know from Section [2.2.3|that ¢~ (Grs(k, n)) is an open subset of Mat(k, n) whose closure
¢ Y(Grso(k,n)) is compact. Note that 7 is an open map (since it is essentially a projection
RF(=k) 5 RF™) 50 )y is an open subset of Mat(k,m). Note that any open subset of RY is
a smooth embedded submanifold of dimension N. The closure Qy = (¢~ (Grso(k,n))) of
Qo is compact. By , Qo is homeomorphic to Ay, j.m(Zo).

Let f: R x Mat(k,n — k) — Mat(k,n — k) be the map defined by (2.2.6), and define a
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similar map fp : R x Mat(k, m) — Mat(k, m) by

fo(t, Ay = etOrti=2) A7 - for1<i<kand1<j<m.

2y

That is, fo(t,m(A)) = w(f(t,A)) for all t € R and A € Mat(k,n — k). We showed in
Section that f is a contractive flow, so fy is also a contractive flow. We also showed
that

f(t, 67 (Grzo(k,n))) € ¢~ (Gro(k,n))  for t >0,

and applying 7 to both sides shows that

fot,Qo) C Qo fort > 0.

Thus Lemma applies to Qg and fy, showing that Qo (and hence A, 1. (Zo)) is homeo-

morphic to a km-dimensional closed ball. O

Example 2.3.1. Let k=1, n =4, m = 2. We have

B 7 111 1
0101 u=(337313) A =2, o
1 1 2 2 D) 2
1 01 0 Uz = (75707_7570) ) )‘2 = 07
T = 5 . . ZOZ \/Li 0 _\/Li 0
CLu u3:<0’7§’0’_7§>’ A3 =0, 0 L 1
1 010 A N
T R v

Note that this 7 differs in the top-right and bottom-left entries from the one in Section [2.2.5]
because k is odd rather than even. Also, here the eigenvectors are required to have norm 1.
The embedding ¢ : Mat(1,3) < Gr(1,4) sends a matrix A := [a b c] to the line ¢(A) in
Gr(1,4) spanned by the vector

1
v:u1+au2+bu3+cu4:§<1+\/§a+c,1+\/§b—c,1—\/§a+c,1—\/§b—c).

This line gets sent by (Zg)ag: to the row span of the matrix v - ZI = [1 a b}. Finally, ~
sends this element of Gr(1,3) to the matrix [a b}, so (2.3.1) indeed commutes.
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In order for ¢(A) to land in Grs((1,4), the coordinates of v must all have the same sign,

and since their sum is 2, they must all be nonnegative:
14vV2a+¢>0, 14vV2b—¢>0, 1—vV2a4¢>0, 1—+v2b—c>0.

These linear inequalities define a tetrahedron in R® ~ Mat(1,3) with the four vertices
(0, +4/2, —1) , (j:\/ﬁ,O, 1). The projection m = 7y o (Zp)ar © ¢ sends this tetrahedron to a
square in R? ~ Mat(1, 2) with vertices (O, i\/i) , (j:\/ﬁ, 0). This square is a km-dimensional
ball, as implied by Theorem [1.4.1] We note that when k = 1, the amplituhedron A, 4 ,,(Z)
(for any (k+m) x n matrix Z with positive maximal minors) is a cyclic polytope in the pro-
jective space Gr(1,m+1) = P™ [Stu88|, and is therefore homeomorphic to a km-dimensional

closed ball. The case of k > 2 and Z # Z, remains open.

2.4 The space of planar electrical networks

2.4.1 A slice of the totally nonnegative Grassmannian

We recall some background on electrical networks, and refer the reader to |[Laml8| and

Example [2.4.3| for details. Let R0 have basis vectors ey for I € (7[311]1)7 and let P(a71)1

denote the corresponding projective space. We define
[2n)odaa :==1{2i —1: 7 € [n]}, [2n]even :={2i : 7 € [n]}.

Let NC,, denote the set of non-crossing partitions of [2n),qq. Each o € NC,, comes with
a dual non-crossing partition (or Kreweras complement) & of [2n]even. We call a subset
S (}fﬂ) concordant with o if every part of ¢ and every part of & contains exactly one
element not in I. Let A, € R be the sum of e 7 over all I concordant with o, and let H

be the linear subspace of p(:) -1 spanned by the images of A, for o € NC,,.

Identifying Gr(n — 1,2n) with its image under the Pliicker embedding, we consider the
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subvariety &), := Gr(n — 1,2n) NH. In [Lam18, Theorem 5.8, an embedding
L: B, ~ X, NGrso(n—1,2n) = Grso(n — 1,2n) (2.4.1)

was constructed, identifying the compactification of the space of planar electrical networks
with n boundary vertices E, with the compact space X, N Gr>o(n —1,2n). We will need the
following property of (E,)sq := &, N Grso(n — 1,2n).

(5)

Proposition 2.4.1. The space (E,)so is diffeomorphic to Rj, and the inclusion (E,)s¢ <

Gr=o(n — 1,2n) is a smooth embedding.

Here Groo(n—1,2n) C Gr(n—1,2n) is an open submanifold diffeomorphic to R(;Lo_l)(nﬂ).

Proof. We recall from [CIM98, Theorem 4| that each point in (E,)so = €} is uniquely
represented by assigning a positive real number (the conductance) to each edge of a well-

(3)

connected electrical network I" with (g) edges. This gives a parametrization (E,)s¢ ~ R3Y .

The construction I' — N(I') of [LamI8, Section 5| sends I' to a weighted bipartite graph
N(T') embedded into a disk compatibly with the inclusion (2.4.1)). The edge weights of N(T')
are monomials in the edge weights of I'. Furthermore, the underlying bipartite graph G of
N(T') parametrizes Gro(n —1,2n). That is, we can choose a set of (n—1)(n+1) edges of G,
so that assigning arbitrary positive edge weights to these edges and weight 1 to the remaining
edges induces a parametrization Grso(n — 1,2n) ~ R(fo_l)(nﬂ) (see [Pos07| or [Talll]). It
follows that the inclusion R(;%) ~ (En)so = Greo(n —1,2n) ~ R(fofl)(nﬂ) is a monomial

map, and in particular a homomorphism of Lie groups. The result follows. n

2.4.2 Operators acting on non-crossing partitions

For each i € [2n], we define u; and d; in g[( 2n )(]R) by

n—1

wiles) = erufiiny, fiel, i+1¢1, dier) = erufi-ip\{iy, fie€l,i—1¢1,
iler) == iler) ==
0, otherwise, 0, otherwise.

Here the indices are taken modulo 2n.
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For i € [2n]oaq, we let k(i) € NC,, be the non-crossing partition which has two parts,
namely {i} and [2n]oqq \{i}. For i € [2n]eyen, we let u(i) € NC, be the non-crossing partition
with n — 1 parts, one of which is {i — 1,7+ 1} and the rest being singletons. Given o € NC,
and i € [2n], we define the noncrossing partition ¢’(i) € NC,, as the common refinement of
o and k(i) if 7 is odd, and the common coarsening of ¢ and p(i) if 7 is even. The following

combinatorial lemma is essentially [Lam18, Proposition 5.15|, and can be verified directly.
Lemma 2.4.2. For all i € [2n], we have

0, if o0 = 0'(1),
(wi +di)(A;) = g

Agriiy, otherwise.

Example 2.4.3. Let n := 3 and o := {{1,3},{5}} € NC,, so that ¢ = {{2},{4,6}}, 0'(1) =
o' (3) = {{1},{3},{5}}, 0/(2) = 0/(5) = o, and o'(4) = ¢'(6) = {{1,3,5}}. Abbreviating
€{a,b} DY €ap, We have

A, = €14+ €16 + €34 + es6.

Note that o # ¢’(1) and
(ug + d)(Ay) = (€21 + €26) + (€46) = Aor(1),

in agreement with Lemma (since the dual of ¢/(1) is {{2,4,6}}). Similarly, we have
o =0'(2) and
(ug +d2)(Ay;) =04+0=0.

We define the operator @ := 21221 u; +d; € g[( 2n )(R)
n—1
Lemma 2.4.4. Let X € E,. We have exp(t7) - X € (E,,)so for all £ > 0.

Proof. This follows from Corollary [2.2.4) once we show that exp(t7) - X € H for X € A,

1

and ¢t € R. To do this, we identify Gr(n — 1,2n) with its image in P71 under the

Pliicker embedding sending X € Gr(n — 1,2n) to Zle([zn]) Ar(X)er € P(:2)=". Then for
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any X € AX,,, we have a smooth curve t — exp(t7) - X in P2 Asin (2.2.5)), we find that
exp(t7) - X = X +10(X) + O(?) in PG

as t — 0. Therefore exp(¢7) - X is an integral curve for the smooth vector field on p(."1) -1
defined by the infinitesimal action of ®. By Lemma [2.4.2] this vector field is tangent to #,
so exp(tT) - X € H for all t € R. O

Proof of Theorem[1.5.1. We are identifying (E,,)~¢ as a subset Gr=o(n—1,2n) via the smooth
embedding of Proposition In turn, Greg(n — 1,2n) is smoothly embedded inside
Mat(n — 1,n + 1) by the map ¢! defined in (2.2.3). Thus Q := ¢ !((E,)s¢) C Mat(n —
1,n+1) is a smoothly embedded submanifold of Mat(n—1,n+1) of dimension (). The map
¢! sends the compact set E, homeomorphically onto its image ¢~ (E,). Since (E,)sq is
dense in E,, we have that ¢—'(E,) equals the closure Q of Q. Let f : Rx Mat(n—1,n+1) —
Mat(n — 1,n + 1) be the map defined by (2.2.6). We showed in Section [2.2.3 that f is a
contractive flow, and Lemma implies that holds for our choice of () and f. Thus
Lemma applies, completing the proof. ]
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Regularity theorem for totally

nonnegative flag varieties

The goal of this chapter is to prove Theorem and its special case Theorem [1.1.2, We

start by giving a quick explanation of the proof idea in Section[3.1] and then give an outline of
the rest of this chapter. A more detailed description of the proof can be found in Section [3.2]

3.1 Stars, links, and the Fomin—Shapiro atlas

Rietsch |[Rie06] defined a certain poset (();, <) and proved the decomposition (G/P)so =
Ll,eq, IT;°. She showed that for h € @, the closure I17° of T1;° is given by IT;° = Lly<n I1;°.
When (G/P)> is the totally nonnegative Grassmannian Grso(k, n), this gives the positroid

cell decomposition of [Pos07].

Given g € ), define the star of g in (G/P)>o by

Star; = | |1I;°. (3.1.1)

h=g

In Section , we define another space Lk;0 stratified as Lk;0 = e p Lk;g. We later
show in Theorem |3.3.11|that Lk;0 is a regular CW complex homeomorphic to a closed ball.
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5251 5152
Vg
IT>0 —
g
51 592
id

Figure 3-1: The map 7, for the case G = SL3 and P = B from Example

For each g € @), we construct a (stratification-preserving) homeomorphism
7y : Star;? = 1170 x Cone(Lk:"), (3.1.2)

Here for a topological space A, we denote by Cone(A) := (AXxRx>q)/(A x {0}) the open cone

over A.

Example 3.1.1. When G = SL,, and P = B is the standard Borel subgroup, G/B is the
complete flag variety consisting of flags in C”, and the Weyl group W is the group S, of
permutations of n elements. The face poset @, of (G/B)>¢ is the set of Bruhat intervals
{(vyw) € S, xS, | v < w} in S, and the cell H@?w) C (G/B)so indexed by (v,w) has
dimension ¢(w) — ¢(v). For example, when n = 3, this gives a cell decomposition of a 3-

dimensional ball, see Figure (left). For g := (s1, $251), Hg>0 is an open line segment, and

>0

Stargzo consists of 4 cells: a line segment Hg>0 =117° ?
1,Wo

(s1,5251)7 UWO Open square faces 11

) and

>0
(id,SQ 81) )

1170 x Cone(Lk:") shown in Figure (right). Here L2 is a closed line segment whose

and an open 3-dimensional ball Hég wo)" This union is indeed homeomorphic to

endpoints are k>, and Lk>?, ., and whose interior is Lk (.-

At the core of our construction lies the notion of a Fomin—Shapiro atlas, which is essen-
tially the collection of homeomorphisms 7, for all g € @);. For technical reasons, we require
v, to be a smooth map defined on an open neighborhood O, of Stargzo, see Section m

Our maps are analogous to those introduced in [F'S00] for the unipotent radical Us,.

In Section [3.3] we prove that constructing a Fomin—Shapiro atlas is sufficient to deduce
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that (G/P)>o is a regular CW complex. Our topological argument proceeds by induction
on the dimension of a cell. It relies on the generalized Poincaré conjecture [Sma61l, [Fre82),
Per(2, [Per(03al, [Per03b] combined with the result of Williams [Wil07] that the face poset @,
of (G/P)>q is shellable.

In order to construct the Fomin—Shapiro atlas, for each g € ) ; we give an isomorphism
@, between an open dense subset Oy, C G/P and a certain subset of the affine flag variety
G/B of the loop group G associated with G. The map @, sends the projected Richardson
stratification [KLS14] of G/ P to the affine Richardson stratification of its image inside G/B.
The hardest part of the proof consists of showing that the subset O, C G/P contains Starfo.

See Section [3.2.2 for a more in-depth overview of our proof.

Remark 3.1.2. The map ¢, generalizes (up to changing signs of some entries) the map
of Snider [Snil0] from Gr(k,n) to all G/P, see Remark [3.9.9] A different approach to give
such a generalization is due to He-Knutson—Lu [HKL19|, which led them to the notion of a
Bruhat atlas. See [Elel6] for the definition. We call our map @, an affine Bruhat atlas since
its target space is always an affine flag variety, while Bruhat atlases of [HKL19] necessarily

involve more general Kac—Moody flag varieties.

Outline

In Section 3.2) we introduce (abstract) totally nonnegative spaces and define Fomin—Shapiro
atlases. We state in Theorem [3.2.4] that every totally nonnegative space that admits a
Fomin—Shapiro atlas is a regular CW complex, and prove it in Section [3.3 We give back-
ground on G/P in Section and study subtraction-free Marsh—Rietsch parametrizations
in Section [3.5] We then apply our results on such parametrizations to prove Theorem [3.6.4]

that will later imply that the above open subset O, contains Starfo.

We introduce affine
Bruhat atlases in Section and use them to construct a Fomin-Shapiro atlas for G/P in
Section . Theorem m (which implies our main result Theorem is proved in Sec-
tion . Section [3.9]is devoted to specializing our construction to type A (when G = SLy,,),

with a special focus on the totally nonnegative Grassmannian Grso(k,n). We illustrate many

of our constructions by examples in Section [3.9, and we encourage the reader to consult this
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section while studying other parts of the paper. We discuss some conjectures and further di-
rections in Section [3.10} Finally, we give additional background on Kac-Moody flag varieties
in Section [3.Al

3.2 Overview of the proof

We formulate our results in the abstract language of totally nonnegative spaces, since we

expect that they can be applied in other contexts, see Section [3.10]

3.2.1 Totally nonnegative spaces

We refer the reader to Section for background on posets and regular CW complexes.
For a finite poset (@, =), we denote by @ := QU{0} the poset obtained from Q by adjoining
a minimum 0. Bjérner showed [Bjo84], Prop. 4.5(a)| that if @\ is graded, thin, and shellable,
then () is isomorphic to the face poset of some regular CW complex. If @ is a graded poset,

we let dim : () = Z>( denote the rank function of Q).

Definition 3.2.1. We say that a triple (¥, Y=, Q) is a totally nonnegative space (or TNN

space for short) if the following conditions are satisfied.
(TNN1) (@, =) is graded, thin, shellable, and contains a unique maximal element 1eq.

(TNN2) Y is a smooth manifold, stratified into embedded submanifolds ) = | | €0 3029, and
for each h € Q, Y, has dimension dim(h) and closure Yy := [ |, )O)g.

(TNN3) Y=Y is a compact subset of V.
(TNN4) Forg € Q, V.0 := j}gmyzo is a connected component of )O)g diffeomorphic to RZ™" @
(TNN5) The closure of y,fo inside ) equals y,?“ = |_|gjh yg>0.

For the case ) = G/P, the smooth submanifolds Joig are the open projected Richardson
varieties of [KLS14].
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Definition 3.2.2. Let N > 0, and denote by || - || the Euclidean norm on RY. We say that a
pair (Z, 1) is a smooth cone if Z C R¥ is a closed embedded submanifold and ¥ : RugxZ — Z

a smooth map such that
(SC1) ¥ gives an (Rsg, -)-action on RY that restricts to an (Rs, -)-action on Z.
(SC2) 2||9(t,z)|| > 0 for all t € Rog and z € RN \ {0}.

The map 1 is a smooth analog of a contractive flow from Definition [2.1.1

For g € Q, define Star, :=| |, Y, and Star>" := Llpsg V505 cf. (B.11).

Definition 3.2.3. We say that a TNN space (), Y=Y, Q) admits a Fomin—Shapiro atlas if
for each g € @, there exists an open subset O, C Star,, a smooth cone (Z,,7,), and a
diffeomorphism

by 0y 5 (V,N0,) x Z, (3.2.1)
satisfying the following conditions.
(FS1) For each h > g we are given Zog,h C Z, such that Z, = [ |, Zog,h and Zoghq = {0}.
(FS2) For all h = g and t € Ry, we have 9,(t, Zy1) = Zy.
(FS3) For all h > g, we have Dg(JOJh no,) = (:)O)g nNQo,) x Zogvh.
(FS4) For all y € Joig N Oy, we have 7,(y) = (y,0).

(FS5) Stargzo C O,.

Theorem 3.2.4. Suppose that a TNN space (¥, V=2, Q) admits a Fomin—Shapiro atlas.
Then Y=9 = |_|heQ yh>° 15 a reqular CW complex. In particular, for each h € (@, hzo 18

homeomorphic to a closed ball of dimension dim(h).
Thus Theorem follows as a corollary of the following result.

Theorem 3.2.5. (G/P,(G/P)>0,Qs) is a TNN space that admits a Fomin—Shapiro atlas.
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3.2.2 Plan of the proof

We give a brief outline of the proof of Theorem . See Section E for background on G/ P
and see Sections and |3.7| for background on G/B. We deduce that (G/P, (G/P)>o, Q) is
a TNN space from known results in Corollary [3.4.20] In order to construct a Fomin—Shapiro
atlas, we consider the (infinite-dimensional) affine flag variety G/B associated to G. It is
stratified into (finite-dimensional) affine Richardson varieties G/B = [ |;; Few Rf where W
is the affine Weyl group and < denotes its Bruhat order. There exists an order-reversing
injective map ¢ : Q; — W, defined by [HLIH], see (3-7.7). The set of minimal elements
of Q equals {(u,u) | u € W7}, where W7 is the set of minimal length parabolic coset
representatives of the Weyl group, see Section [3.4.6] For each minimal element f := (u, u) €
@, ¥ identifies the interval [f, 1] of @ with (the dual of) a certain interval [T, Tur] C w.
For the case G/P = Gr(k,n), elements of @), are in bijection with Le diagrams of [Pos(07],
and 1 sends a Le diagram indexing a positroid cell to the corresponding bounded affine
permutation of [KLSI4], see Example [3.9.6]

In Section , we lift ¢ to the geometric level: given a minimal element [ := (u,u) €
(s, we introduce a map @, : oY)~ g /B defined on an open dense subset c)ca /P. We
show in Theorem that for g € ()5 such that g > f, ¢, sends o n ﬁg isomorphically
to the affine Richardson cell Rw(f )

¥(g)”
For every § € W, we consider an open dense subset C; C g/B defined by C; :=g-B_-B/B,
as well as affine Schubert and opposite Schubert cells X9 |_|h< <5 Ay = ;< Rf In

Proposition [3.8.2] we give a natural isomorphism

O ~ ~

C; = Xy x X9, which restricts to  (C; N 7O€£) - 7035 X 7%% forallh<g<f. (322)
A finite-dimensional analog of this map is due to [KWY13|, and similar maps have been
considered by [KL79, [FS00]. The action of ¥ on X9 essentially amounts to multiplying by
an element of the affine torus, and thus preserves 702% for all h < §.

Let us now fix ¢ € @, and choose some minimal element f := (u,u) € @ such that

f = ¢g. Then the map @, is defined on an open dense subset ct) ca /P, and let us denote
by O, C CY) the preimage of Cy, under @,. The diffeomorphism (3.2.1]) is obtained by
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conjugating the isomorphism by the map ¢,. The smooth cone (Z,,9,) is extracted
from the corresponding structure on X¥9). As we have already mentioned, the hardest
step in the proof consists of showing . To achieve this, we study subtraction-free
parametrizations of partial flag varieties in Section and then use them to show that some
generalized minors of a particular group element QSJU) (z) from Section m do not vanish for all
x € Stargzo. The definition of sz%) (x) is quite technical, but we conjecture in Section that
in the Grassmannian case, these generalized minors specialize to simple functions on Gr(k, n)

that we call u-truncated minors. We complete the proof of Theorem in Section [3.8.3

3.3 Topological results

Throughout this section, we assume that (), =% Q) is a TNN space that admits a Fomin—
Shapiro atlas. Thus for each g € ), we have the objects O,, Z,, ¥,, and v, from Defini-
tion [3.2.3] Additionally, we assume some familiarity with basic theory of smooth manifolds,

see e.g. |[Leel3).

3.3.1 Links

Throughout, we denote the two components of the map v, from (3.2.1) by v, = (7,1, 742),

where 7,1 : Oy — JO/gﬂOg and 7,5 : Oy — Z,. We set Starig = y,?”msmrgo = Ugjg,jh yg>,0.

Definition 3.3.1. Let g < h and assume that Z, C R¥s. Denote

77" =y, (Star;?), ZZ) =y (StarZy) Zo0 =270 Zyg,
Sgi={x eRY : |z =1},  Lk;, =205, Lk} == Z_) NS,

Notice that Lk C S, N Zog7g, but Zog,g = {0} by |(FS1), thus we have a stratification

Lk2p) = || Lk;9. (3.3.1)

g=<g'=h

Recall that Cone(A) := (A x Rx>g)/(A x {0}) is the open cone over A. We denote by
¢ := (*,0) € Cone(A) its cone point.
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Lemma 3.3.2. Let g < h € Q.

(i) For all x € Oy, we have x € Y;7° if and only if v,(x) € Y70 x Z7}.
(ii

(iii

)
) Z;g is an embedded submanifold of Z, that intersects Sy transversely.
) Lk;% is a contractible smooth manifold of dimension dim(h) — dim(g) — 1.

(iv) Lki% is a compact subset of Z,.
Before we prove these properties, let us state some simple preliminary results on smooth
manifolds. Given smooth manifolds A, B and a smooth map f : A — B, a point a € A
is called a regular point of f if the differential of f at a is surjective. Similarly, b € B is

called a regular value of f if f~1(b) consists of regular points. In this case f~'(b) is a closed

embedded submanifold of A of dimension dim(A) — dim(B).

Lemma 3.3.3. Suppose that A, B are smooth manifolds and B' C B is such that A x B’ is
an embedded submanifold of A x B. Then B’ is an embedded submanifold of B.

Proof. Choose a € A. Clearly a is a regular value of the projection map Ax B’ — A, therefore
{a} x B’ is an embedded submanifold of {a} x B. The projection map {a} x B — B is a
diffeomorphism. O

Proof of Lemma|[3.5.3. : We prove this more generally for ¢ < h. The set Starfo is

. . . _ > .
connected since it contains a connected dense subset ) 0. Therefore 7y, (Star;”) is a

connected subset of )O)g N O, By |(FS4), it contains V°, therefore ngl(StargZO) = V0
by [(TNN4)| By definition, 7y (Star;,) = Z2), thus p,(Star;,) C V> x ZZ). By |(FS3)|

we get 7,(V;°) € V70 x Z7). In particular, Z7) = 1745(V;°) is a connected subset of Zgn.

Let C be the connected component of Zog,h containing Z_7. By |(FS3), 7,'(V;0 x O) is a

connected subset of )Oih N O,, which contains );” 0 as we have just shown. Therefore we must
have v, 1 (V70 x C) = Y70 by , which shows that Z) = C'is a connected component
of Zyp. Thus indeed 7,(V7°) = V70 x 227,

Applying Lemmato A:=Y>%and B := Z,, and B’ := Z;ﬁ, we get that Z;g is
an embedded submanifold of Z, by . Moreover, it follows fromthat Vy(t, Z.3)) = 2.
for all t € R since Z;}? is a connected component of Zogﬁh. Thus 1 is a regular value of the

restriction || - || : Z;g — R+, so the manifolds S, and Zg>2 intersect transversely inside R™s.
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: By Lk;?l = Z;g NS, is an embedded submanifold of Z; of dimension dim(h) —
dim(g) — 1. To show that it is contractible, note that };° is contractible, therefore so is
v,(V7°) = V70 x Z7). We see that Z7) is contractible since {z} x Z7) is a retract of
yg>0 X Z;g for any x € yg>0, cf. [Hat02, Ex. 0.9].

For each z € RMs \ {0}, the function ¢ — ||J,(¢, )| is a diffeomorphism R.q = Ry
by Lemma [2.1.2] so there exists a unique ¢, € R such that ||0,(t,, )| = 1, and we get a
continuous map RN \ {0} — S, sending x — Jy(t,, x). It gives a retraction Z>) — Lk,
finishing the proof of .

: Clearly Starig =" NStar;® = =910, is a closed subset of O,. Thus Dg(Starig)
is a closed subset of yg>0 X Zg4. Since Dg(Star;?l) = yg>0 X Z;g, we get that Z;g is a closed
subset of Z,. It follows that Lkig = Zgzﬁ NSy is a closed bounded subset of Z;, which is
closed in R™s by Definition m O

Proposition 3.3.4. Let g < h € Q.

(i) There exists a homeomorphism Z;g — Cone(Lkiz) sending 0 to the cone point c. For
g =g =< h, it sends Z;g, to Lk;g, XR<g.

(ii) We have a homeomorphism
StarZ) = V% x Cone(Lk)). (3.3.2)

Proof. |(i)i Consider the map & : Zgzﬁ — Cone(Lkig) sending 0 — ¢ and x > (ﬁg(tm x), %)
for z € Zig \ {0}, where ¢, was defined in the proof of Lemma . We claim that ¢ is a
homeomorphism. We have already shown that (¢, Z;g/) = Z;g/ for all ¢ < ¢’. In particular,
for x € Zig, we find that £(t,,x) € Cone(Lkig). It is easy to see that £ is a bijection whose
inverse sends ¢ — 0 and (y,t) — 4(¢,y) for (y,t) € Cone(Lkig) \{c} = Lkiz XxR<g. Clearly
¢ is continuous on Zg%,? \ {0} while its inverse is continuous on Lki% XR<o.

Suppose that (z,),>0 is a sequence of elements of Z;g \ {0} converging to 0. We claim
that t,, — oo as n — oo. Otherwise, after passing to a subsequence, we may assume that
tz, < R for some R € R and all n > 0. The limit of J,(R, z,,) is ¥4(R,0) = 0, which gives
a contradiction since ||0,(R, zy,)|| > ||94(ts., xn)|| = 1 for all n > 0. This shows that ¢ is

continuous at 0.
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Suppose now that ((y,,t,))n>0 is a sequence of elements of Lkig xR<q that converges
to ¢, which is equivalent to ¢, — 0. Let z,, := U,(tn, yn) = € *(Yn, tn). Suppose that ||z, ||
does not converge to 0. The function D(t) := max,eg, |[J,4(t, z)| is strictly increasing in ¢ by
compactness of Sy and [[SC2)] Since for each = € Sy, limyo4 |U4(¢, )| = 0 by Lemmal[2.1.2]
we get lim; oy D(t) = 0 by compactness of S, (more precisely, by Dini’s theorem). This
gives a contradiction, showing that £~! is continuous at c.

By Lemma [3.3.2(i)| 7, restricts to a homeomorphism Starig = V70 x Z;g. By ,

>0 - : >0
Z5y, is homeomorphic to Cone(LkZ},). O

Our next aim is to analyze the local structure of the space Lk;g. For two topological
spaces A and B and a € A, b € B, we say that there is a local homeomorphism between (A, a)
and (B, b) if there exist open neighborhoods a € U C A, b € V C B, and a homeomorphism
U = V sending a to b.

Lemma 3.3.5. Let g <p = h € Q, 7, € Lk.°, and d := dim(p) — dim(g) — 1. Then there

9.
exists a local homeomorphism between (Lkgzﬁb,xp) and (Zio x R?, (0, O)) .
Proof. Choose some z, € yg>0 and consider the open subset H, C Z, defined by H, := {z €

Zy | v (xg,2) € Op}. Introduce a map
0,p : H,NSy — Z,, x+— Dpyz(ﬁg_l(a:g,x)). (3.3.3)

Since z, € Lk.) C Z70 and 2, € V>0, we get T, := v, (4, 2,) € V;° by Lemma[3.3.2(i)} By
(FS), Y0 C Star,® C O, thus z,, € H,. Since H, is open in Z,, H,N S, is an open subset
of Z, N Sy, which is nonempty since it contains x,. Moreover, since 7,,(Y;") = Z;) = {0}
by Lemma [3.3.2(i), we find that 6, ,(x,) = 0.

We claim that xz, is a regular point of 8,,. Clearly the differential of v,, : O, — Z,

is surjective at Z,, and its kernel is the tangent space of Jo)p at 7,. Recall from |(TNN4)

and [(FS5)|that J>°° is a connected component of )O/pﬂ(’)p, and it contains 7, = 7, " (x4, z,) as

we have shown above. Therefore x,, is a regular point of 0, if and only if the manifolds yp> 0
and F := 7, ({zy} x (H, N S,)) intersect transversely at Z,. By Lemma [3.3.2(i), we have
7,(V;°) = V70 x Z7), and clearly 7y (F) = {z,} x (H, N S,). These two manifolds intersect

transversely at (x4, z,) by Lemma [3.3.2(ii)l We have shown that z, is a regular point of 6,,,.
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By the Submersion theorem (see e.g. [Kos93, Cor. A(1.3)]), there exist local coordi-
nates centered at z, € H, N S, and 0 € Z, in which 6,, is just the canonical projec-
tion RAMUHpNSy) _y RAim(Z) — Recall that @ contains a unique maximal element 1, and
we have dim(Z,) = codim(g) := dim(1) — dim(g). Thus dim(H, N S,) = codim(g) — 1,
dim(Z,) = codim(p), and dim(H,NS,) —dim(Z,) = d. We have shown that there exist open
neighborhoods z, € U C H,N S, and 0 € V C Z, and a diffeomorphism 3 : U = V x R?
sending x, to (0,0).

In order to complete the proof, we need to show that the image 5(U N Lkig) equals
(VN Z;,?) x RY. We may assume that U is connected. Suppose we are given x € U and
let r € Q be such that 2/ := v, (z,,2) € ;)oir. Since U C H,, ' belongs to O, C Star, by

g

Definition , and therefore p < r. By Lemma [3.3.2(i)|, we have z € U N Lkg>0 if and only

T

if 2/ € Y7°. On the other hand, 7,,(7, " ({4} x U)) is a connected subset of Y, N O, that
contains 7,1(Z,) € Y;°. Thus 7,1(7, (x4, U)) C Y;° by (TNN4)| It follows that 2’ € J°

if and only if 0,,(x) = ,2(2") belongs to Z. The result follows by taking the union over

all p <r =<h. O

3.3.2 Topological background
Regular CW complexes

We refer to [Hat02, LWG69| for background on CW complexes.

Definition 3.3.6. Let X be a Hausdorff space. We call a finite disjoint union X = | | .p Xq

a reqular CW complez if it satisfies the following two properties.

(CW1) For each a € P, there exists a homeomorphism from the closure X, to a closed ball

B which sends X, to the interior of B;
(CW2) For each 8 € P, X4 equals ||, X4 for some P’ C P.

The property (CW2) is often omitted from the definition of a regular CW complex, but is
necessary in order to apply the arguments of [Bjo84]. We remark that the cell decomposition

of V=0 satisfies (CW2)| by [(TNN5)|
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Posets

We review the notions of thinness and shellability (see e.g. [Bj680]), though we will not need
them in our arguments. Let (P, <) be a finite poset. We say that P is thin if for all z <y < z
in P (where < denotes a covering relation of P), there exists a unique 3’ # y with x < ¢’ < z.
We say that a pure d-dimensional simplicial complex A is shellable if its maximal faces can
be ordered as Fi,..., F, so that for 2 < k < n, F, N (U1§i<k E) is a nonempty union of
(d — 1)-dimensional faces of F,. We say that P is graded if all maximal chains in P have the
same length [, in which case we denote by ht(P) := [ the height of P. Each graded poset P
gives rise to a pure (ht(P) — 1)-dimensional simplicial complex called the order complex Ap
of P. The vertices of Ap are the elements of P and the faces of Ap are the chains in P. We
say that P is shellable if its order complex Ap is shellable. For z < z € P, we denote by

[z, 2] :={y € P |z <y <z} the corresponding interval.

Proposition 3.3.7 (|[Bjo80, Prop. 4.2]). If a poset is shellable then so are each of its inter-

vals.
See |Bjo84], §2,3] for the proof of the following result.

Theorem 3.3.8 ([LW69, DK74, Bjo84]). Suppose that X is a reqular CW complex with face
poset P. If P L {6, i} 1s graded, thin, and shellable, then X is homeomorphic to a sphere of
dimension ht(P) — 1.

Poincaré conjecture

Recall that an n-dimensional topological manifold C with boundary is a Hausdorff space
such that every point z € C' has an open neighborhood homeomorphic either to R™ or to
Rso x R™""1. In the latter case, we say that x belongs to the boundary C of C.

The following is a well known consequence of the (generalized) Poincaré conjecture due to
Smale [Sma61], Freedman [Fre82], and Perelman [Per02, Per03al Per03b|. We refer to [Dav08|
Thm. 10.3.3(ii)] for this formulation.

Theorem 3.3.9 (|Sma61l [Fre82, [Per02] [Per03al, [Per03b]). Let C' be a compact contractible n-
dimensional topological manifold with boundary, such that its boundary OC is homeomorphic

to an (n — 1)-dimensional sphere. Then C' is homeomorphic to a closed n-dimensional ball.
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For n > 6, Theorem can be proved using the topological h-cobordism theorem [Mil65,
KS77|. We sketch another standard argument for deducing Theorem from the Poincaré
conjecture when n is arbitrary. The boundary of C'is collared by [Bro62, Thm. 2|. Thus we
can attach the (collared) boundary of a closed n-dimensional ball to the (collared) boundary
of C, obtaining a topological manifold C’. By van Kampen’s theorem, C” is simply connected.
It is easy to see from the Mayer—Vietoris sequence that C’ is a homology sphere. Thus C’
must be homeomorphic to a sphere by the Poincaré conjecture. Therefore C'is homeomorphic

to a closed ball by Brown’s Schoenflies theorem [Bro60).

Proposition 3.3.10. Suppose that C' is a topological manifold with boundary 0C. Then C
is homotopy equivalent to its interior int(C) := C'\ 0C.

Proof. By |Bro62, Thm. 2|, there exists an open subset 0C' C U C C' that is homeomorphic
to OC x [0,1), which shows the result. O

3.3.3 Link induction

Theorem 3.3.11. Let (Y,Y=° Q) be a TNN space that admits a Fomin—Shapiro atlas.
Suppose that g < h € Q. Then Lkig 1s homeomorphic to a closed ball of dimension d =
dim(h) — dim(g) — 1.

Proof. We proceed by induction on d. For the base case d = 0, we see by (3.3.1)) that
Lkig = Lk;%, which is a 0-dimensional contractible manifold by Lemma [3.3.2(iii), Thus
Lk;g is a point and we are done with the base case.

Assume now that d > 0. We claim that Lkig is a topological manifold with boundary

oLk = | | Lk, (3.3.4)

g=g’'<h

Let x € Lki%. By (3.3.1), we have x € Lk;g, for a unique g < ¢’ < h. If ¢ = h, then
x has an open neighborhood in Lkig homeomorphic to R? by Lemma [3.3.2(iii)l If ¢ < h,

~

then by Lemma [3.3.5 we have a local homeomorphism (Lk;g,x) — (Zgz,?h x RY,(0,0)),

where d' := dim(¢’) — dim(g) — 1. By Proposition [3.3.4(i), we have a homeomorphism

Zgz,f)h = Cone(Lkgz,?h) which sends 0 to the cone point c. By the induction hypothesis, Lk;?h
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is homeomorphic to a (d —d’ — 1)-dimensional closed ball, and so we have a homeomorphism
Cone(ij,Oh) = Ry x R¥¥~1 which sends ¢ to (0,0). Composing gives a local homeo-
morphism (LK), 2) = (Rso x R~ x R? (0,0,0)). Thus indeed LkZ} is a topological
manifold with boundary given by .

By Lemma|3.3.2(iv)| Lkig is compact. By Lemma [3.3.2(iii)| and Proposition Lkig
is contractible. Thus LkZ?L is a compact contractible topological manifold with boundary.
In addition, the boundary 8Lk—h is a regular CW complex by the induction hypothesis.
Its face poset is the interval (g,h) := [g,h] \ {g,h} in Q. The interval [g, h] is graded,
thin, and shellable by |(TNN1)| and Proposition | thus 8Lk*h is homeomorphic to a
(d — 1)-dimensional sphere by Theorem We are done by Theorem [3.3.9] ]

Proof of Theorem[3.2.4) The proof follows the same structure as the proof of Theorem[3.3.11]
We proceed by induction on dim(h). If dim(h) = 0 then Y;° = Y70 is a point by |(TNN4)|
which finishes the base case.

Let dim(h) > 0. We want to show that J;° is a topological manifold with boundary

oV =1 |0 (3.3.5)

g=h

Let x € )} =0 By |(TNN5), we have z € y>0 for a unique g < h. If ¢ = h then x has an open
neighborhood in ;" homeomorphic to RE™(®) by [(TNN4)|

If g < h then Stargo is an open subset of Y=Y, since its complement is  J , y 7, which

g'zg
is closed by [(TNN5)l Thus Starig is an open neighborhood of x in yh— . By Proposi-
tion |3.3.4(ii)|, |(TNN4)|, and Theorem Starig is homeomorphic to Rsq x RAmA-1,
This shows that thO is a topological manifold with boundary given by .

By [(TNN3)| and |(TNN5), Y-° is compact. By and Proposition V0 s

contractible. Thus y,?“ is a compact contractible topological manifold with boundary. In

addition, the boundary 8)),%0 is a regular CW complex by the induction hypothesis. Its face
poset is the interval (0, %) in @ The interval [0, h] is graded, thin, and shellable by
and Proposition 7}, thus ayh— is a (d — 1)-dimensional sphere by Theorem [3.3.8, We are
done by Theorem @ O
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Remark 3.3.12. We note that Theorems [3.2.5 and [3.3.11] imply the result of Hersh [Her14]
(see Corollary [1.3.1)) that the link of the identity in the Bruhat decomposition of Us is a

regular CW complex. (Recall that U is the unipotent radical of the standard Borel subgroup
B C G.) Indeed, let B_ C G denote the opposite Borel subgroup. Then the natural inclusion
U — G/B_ sends U to the opposite Schubert cell Star(q;qy indexed by id € W, and the
composition of this map with 744y sends the link of the identity in U_;”O homeomorphically

to Lk

(id.id),(id.w) for all w e W.

3.4 (G/P: preliminaries

We give some background on partial flag varieties. Throughout, K denotes an algebraically
closed field of characteristic 0, and K* := K\ {0} denotes its multiplicative group. We work
with a simple algebraic group G; the case of a general semisimple group reduces to the simple

case by taking products.

3.4.1 Pinnings

We recall some standard notions that can be found in e.g. [Lus94, §1|. Suppose that G is
a simple and simply connected algebraic group over K, with T C G a maximal torus. Let
B, B_ be opposite Borel subgroups satisfying T' = B N B_. We identify G with its set of
K-valued points. When K = C, we assume that G and T are split over R, and denote by
G(R) € G and T(R) C T the sets of their R-valued points. (Thus what was denoted by G
in Section [1.2]is from now on denoted by G(R).)

Let X(T) := Hom(T,K*) be weight lattice, and for a weight v € X(T') and a € T, we
denote the value of 7 on a by a”. Let ® C X (T') be the set of roots. We have a decomposition
® = T 1D of ¢ as a union of positive and negative roots corresponding to the choice of
B, see [Hum75, §27.3]. For o € ®, we write @ > 0 if « € &+ and o < 0 if & € &~ Let
{a;}ier be the simple roots corresponding to the choice of ®. For every i € I, we have a

homomorphism ¢; : SLy — G, and denote
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zi(t) == ¢ o uil(t) =g o Si= ¢ = yi(Dai(—=1)wi(1).

(3.4.1)

The data (T, B, B_,x;,y;;i € I) is called a pinning for G. Let W := Ng(T')/T be the
Weyl group, and for ¢ € I, let s; € W be represented by s; above. Then W is generated
by {si}ier, and (W, {s;}icr) is a finite Coxeter group. For w € W, we denote by ¢(w) the
minimal n such that w = s;, ---s;, for some iy,...,4, € I. When n = l(w), i:= (i1,...,ip)
is called a reduced word for w. The representatives {$; };c; satisfy the braid relations, so we

set w :=§;, ---5;, € G, and this representative does not depend on the choice of i.

Let Y(T') := Hom(K*,T') be the coweight lattice. For ¢ € I, we have a simple coroot

t 0
)l (t) == ¢; € Y (T). Denote by (-,-) : X(T') x Y(T') — Z the natural pairing so
0 ¢

that for v € X(T), B € Y(T), and t € K*, we have (3(t))” = t99). Let {w;}ic; C X(T) be

the fundamental weights. They form a dual basis to {a} }ier: (wi, af) = 0y for d,j € 1.

The Weyl group W acts on T' by conjugation, which induces an action on Y (T'), X (T),
and ®. For v € X(T),t € K*, a € T, and w € W, we have [FZ99, Eqns. (1.2) and (2.5)]

(taw) = a, azi(t)a”t = z;(a®t), ayi(t)a ' = yi(at).b (3.4.2)

Following [BZ97, Eqns. (1.6) and (1.7)] (see also [FZ99, Eqns. (2.1) and (2.2)]), we define

two involutive anti-automorphisms z + 27 and z +— z* of G by

(z:(1)" = wi(t), (yi(1))" = (), " =, al =a (3.4.3)

('ri(t))L = Ii(t>7 (yi(t))L = yi(t)v w' =z, a' = a_17 (344)

forallie I, t € K*, a €T, and w € W, where z := w™!. We note that when z =w=! € W

and i = (iy,...,i,) is a reduced word for w then &~ = §;'--- 5" while 2 = §; -+ §;,.
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3.4.2 Subgroups of U

We say that a subset © C ® is bracket closed if whenever o, 5 € © are such that o+ 5 € ®,
we have a+ 5 € ©. For a bracket closed subset © C &7, define U(©) C U to be the subgroup
generated by {U, | @ € O}, where U, is a root subgroup of G, see [Hum75, Theorem 26.3|.
For a bracket closed subset © C ®~, let U_(0) :=U(-0)T C U_.

Given closed subgroups Hiy, ..., H, of an algebraic group H, we say that Hy,---, H,

directly span H if the multiplication map H; X --- x H,, — H is a biregular isomorphism.
Lemma 3.4.1 ([Hum?75, Prop. 28.1]). Let © C ®* be a bracket closed subset.

i) Ifo = [].,0; and ©,04,...,0, C ®F are bracket closed then U(®O) is directly
spanned by U(©4),...,U(O,).

(ii) In particular, U(©) is directly spanned by {U, | a € O} in any order, and therefore
U(e) = Kel

For « € ® and w € W, we have wU,™! = Uy For w € W, define Inv(w) :=
(w™'®7) N ®T. The subsets Inv(w) and T \ Inv(w) are bracket closed [Hum?75), §28.1], and

U(Inv(w)) = v~ 'U_wNU. (3.4.5)

3.4.3 Bruhat projections

Let © C 7 be bracket closed, and let w € W. Define O, := ONInv(w) and O, := O\ Inv(w).
Thus both sets are bracket closed and

WwU(©)w ' NU_ =U_(wO,), @U@ 'NU = U(wO,).

Denote Uy := U_(w®O;) and Uy := U(wO,). Then by Lemma[3.4.1(1)} the multiplication map
gives isomorphisms jiy5 : Uy x Uy — wU(©)w ™" and g : Uy x Uy — wU(O)w ™. Denote
by v - wU(©)w™" — Uy and vy : wU(©)w~" — U, the second component of p5)' and pujy,
respectively. In other words, given g € wU(0)w ™!, v1(g) is the unique element in U; N Usg

and 15(g) is the unique element in Uy N Uy g.
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Lemma 3.4.2 (JKWY13| Lemma 2.2|). The map (v1,12) : wU(O)w™' — Uy x Uy is a

biregular isomorphism.

3.4.4 Commutation relations

Let a,b € W be such that ¢(ab) = £(a) + £(b). Then
Inv(b) C Inv(ab), b 'Inv(a) C ®*, and Inv(ab) = (b~ 'Inv(a)) L Inv(b). (3.4.6)
Thus by Lemma the multiplication map gives an isomorphism
b=*U (Inv(a))b x U(Inv(b)) = U(Inv(ab)). (3.4.7)
We will later need the following trivial consequences of (3.4.7): if ¢(ab) = ¢(a) + ¢(b) then

b=t (U_na~'Ua) c (U_ N (ab)~*Uab) - b1, (3.4.8)
(UnatU_a)-bcb-(UN (ab)"'U_ab). (3.4.9)

Multiplying both sides of (3:4.9) by b~! on the left, we get b='U(Inv(a))b C U(Inv(ab)),
which follows from (3.4.6). Eq. (3.4.8) follows from (3.4.9) by applying the map z > 27,
see (3.4.3)

Lemma 3.4.3. Let a € @1 and i € I be such that o # «;. Let W C ® denote the set of all
roots of the form ma — ra; for integers m > 0, r > 0. Then V is a bracket closed subset of

Ot and for all t € K we have y;(t)Uqyy;(—t) C U(P).
Proof. Let z € U, and 2/ := é;lxéi € Ug,o- Recall from [BB0S, Lemma 4.4.3] that s;

permutes ® \ {a;} (in particular, s;a > 0). Write

i

Denote by W' C & the set of all roots of the form ms;a + ra; for integers m,r > 0. It is
clear that U C ®* \ {«y, s;a} is a bracket closed subset. By [Hum75, Lemma 32.5], we have
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zi(=t)'z; ()2’ € UV, so z;(—t)z'z;(t) € U(V')z’. Thus ¥ := s,¥ is also a bracket
closed subset of ®*+\ {;, a}, and we have 5;U(V')z's;" = U(¥")x. Clearly, ¥ = ¥” LI {a}.
We thus have y;(t)Uyyi(—t) C U(V")U, = U(¥). O

3.4.5 Flag variety and Bruhat decomposition

Let G/B be the flag variety of G (over K). We recall some standard properties of the Bruhat
decomposition that can be found in e.g. [Hum75, §28|. Define open Schubert, opposite

Schubert, and Richardson varieties:

X" = BWB/B, X,=B_0B/B, Ry,:=X,nX" (forv<weW). (3.4.10)

Recall the Bruhat and Birkhoff decompositions:

G= || BiB=|]|B.oB, where (3.4.11)
weWw veW
B 9BNBwB=0 and X,NXY=0 forvLwelV. (3.4.12)

Let X, denote the (Zariski) closure of &,. Similarly, let X™ denote the closure of X",
and then R,,, = X, N X" is the closure of ]-giuw in G/B. We have

X, =| |, xv=| | (3.4.13)
v<v’ w'<w
G/B=| | Row Riw= || Row (3.4.14)
v<w v<v’'<w’<w
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For any w € W, i € I, and t € K*, we have

BS,L’(UB, if s;w > w,
Bs;B - BuB C (3.4.16)
\Bf}in U BwB, if s;w < w,
.
B_s;wB, if s;,w < w,
B_s;,B_-B_wB C (3.4.17)

\B_éin UB_wB, if sjw > w,

BuB - BwB C BowB for v € W such that {(vw) = £(v) + {(w). (3.4.18)
For t = (t1,...,t,) € (K*)" and a reduced word i = (iy,...,4,) for w € W, define

xi(t) == a;, (t1) -y, (tn), and  y;i(t) == vy, (t1) -y, (tn). (3.4.19)

It follows from (3.4.15)), (3.4.16)), and (3.4.3)) that

xi(t) € BLwB_, yi(t) € BuB. (3.4.20)

3.4.6 Parabolic subgroup W; of W

Let J C I, and denote by W; C W the subgroup generated by {s;};c;. Let w; be the
longest element of Wy, and w’ := wyw; be the maximal element of W. Let ®; C ® consist

of roots that are linear combinations of {«; };c;. Define
T =0, N0, O;:=0,nd, V) :=dt\dF oY=\
J J ) J J ) + - Jo - J:

The sets ®7F, q)f), o7, ®) are clearly bracket closed, so consider subgroups

Uy =U®}), Uy =U-(2;), UV =v@y), vV =v_(a)
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In fact, we have
ot = Inv(wy), @ =Inv(w’), w,U;u;'=U). (3.4.21)

Let W/

max

= {wwy | w € W’}. By |[BB05, Prop. 2.4.4|, every w € W admits a unique
parabolic factorization w = wyw, for w; € WY and ws € Wj, and this factorization is

length-additive. We state some standard facts on parabolic factorizations for later use.
Lemma 3.4.4.

(i) Ifu € W’ and s;u < u then siu € W7,

(ii) Given uw € W7 and r,r" € Wy, we have ur < ur' if and only if r <1,

Proof. Part follows since if s;u ¢ W then sius; < s;u for some j € J, therefore s;us; <
siu < u < us;, which contradicts ¢(us;) = ¢(s;us;)£1. For[(ii)| see [BB03, Exercise 2.21]. [

Lemma 3.4.5. For any w € W7, we have Inv(w) C @f). In particular, w®t C &,

wUyw=t CU, and wU;w ™ CcU.

Proof. Let v € T be a positive root. Then it can be written as o = Y. _, ¢;a; for ¢; € Z>y.

el
Since w € W7, we have wa; > 0 for all i € J. Thus if wa < 0, we must have ¢; # 0 for some

i¢J soaed O
Lemma 3.4.6 (|[He09]). Let x,y € W.

(1) The set {uv | u < x, v <y} contains a unique maximal element, denoted x xy. The
set {zv | v <y} contains a unique minimal element, denoted x <y.
(ii) There exist elements v < x and v' < y such that v xy = xv' = 'y, and these
factorizations are both length-additive.
(i) If ' <z, thena' sy <z*xy and 2’ qy <z <y.

(iv) If wy is length-additive, then x x y = zy and (xy) <y~ ! = z.

The operation * is known as the Demazure product.

Proof. The first three parts were shown in [He09, §1.3|, with the caveat that our < is the
‘mirror image’ of his >. Part follows from the definitions of % and <. O
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Definition 3.4.7. Let Q; = {(v,w) € W x W7 | v < w}. We define an order relation < on
Q@ as follows: for (v,w), (v,w'") € Q, we write (v,w) < (v',w’) if and only if there exists

r € W such that vr is length-additive and v" < vr < wr < w'. For (v,w) € @, denote
Q7" = {(' W) € Qs (ww) 2 (W)}, Q7Y = {0 w) € Q| (v.w) X (v, w)}

Lemma 3.4.8.

(i) Suppose that (v, w), (v, w') € Qs, v € Wy, andv' < ovr <wr <w'. Then (v,w) < (v, w’).

(i) Let (u,u), (v,w), (v, w') € Qs. Then (u,u) < (v,w) = (v',w') if and only if

v <wor' <ur <wr’ <w' o for some r,r’ € W such that vr’ is length-additive.

(3.4.22)

Proof. By Lemma there exists ' < r such that v xr = v’ > vr, and v’ is
length-additive. We have vr’ < wr’ by Lemma and wr’ < wr by Lemma [3.4.4(i1)|
Therefore v < vr < vr’ < wr’ <wr <w';so (v,w) = (V,w').

(ii)] (=): Suppose that (u,u) < (v,w) < (v/,w’). Then by Definition [3.4.7] there exist
r',r” € W; such that vr’ is length-additive, v' < vr’ < wr’ < w’', and v < wr” < w. Define
r € W, by the equality (ur”) % r’ = ur. Then applying *r’ on the right to v < ur” < w, by

Lemma (iv), we obtain vr’ < wr < wr’. Therefore (3.4.22)) holds.
(ii)| («<=): Suppose that (3.4.22) holds. Then (v,w) < (v,w’). Define " € W; by the

—1 " -1

equality (ur) <r'~' = wr”. Then applying <(r’)

Lemma (iv)|, we obtain v < ur” < w. Therefore (u,u) < (v, w). O

on the right to vr’ < wr < wr’, by

Remark 3.4.9. By Lemma , Definition remains unchanged if we omit the
condition that vr is length-additive. It follows that (); coincides with the poset studied
in [HL15, §2.4]. Therefore by [HL15, Appendix|, @, is also isomorphic to the posets studied
in [Rie06, [GY09, KLS13].
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3.4.7 The partial flag variety G/P

Fix J C I as before. Let P C G be the subgroup generated by B and {y;(t) | t € K*, i € J}.
We denote by G/P the partial flag variety corresponding to J, and let 7; : G/B — G/P
be the natural projection map. Let L; C P be the Levi subgroup of P. It is generated by
T and {z;(t),y;(t) | i € J, t € K*}. Let P_ be the parabolic subgroup opposite to P, with
L;=PnP_.

For (v, w) € Qs we introduce ﬁuw = WJ(]%W) C G/ P, and define the projected Richard-
son variety 11,, C G/P to be the closure of lglv,w in the Zariski topology. By [KLS14,

Prop. 3.6, we have

G/P= || Myw and M= || T (3.4.23)
(v,w)eQ s ' w/)€Q<<v w)

Let now K = C. The varieties X%, &X,, X, X%, ]%M,, and R, , are defined over R.
The map 7 is defined over R as well, thus so are IEIU,w and II, ,. Welet (G/B)r := {¢B |
g€ GR)} C G/B, k%, := (G/B)& N Ry, and R¥, := (G/B)g N R,,,. Additionally, set
(G/P)g = {zP | z € GR)} C G/P, 1%, = Il,,, N (G/P)g, and 1%, := 11, N (G/P)g.
It follows that the decomposition (3.4.23)) is valid over R:

(G/Pr= || I, m, = || .. (3.4.24)
(v,w)eQs (W w)eQ3™)

3.4.8 Total positivity

Assume K = C in this subsection. Recall that for each ¢ € I, we have one-parameter

subgroups x;(t), y;(t), ) (t) (for t € C), see (3.4.1]).

Definition 3.4.10 ([Lus94]). Let G>¢ C G(R) be the submonoid generated by z;(t), v:(t), ¥ (¢)
fort € R.y. Define (G/B)> to be the closure of (G>o/B) C (G/B)g in the analytic topology.
For v <w € W, let R}, denote the closure of R}}, := Ry N (G/B)s inside (G/B)so.

Definition 3.4.11 ([Lus98al Rie99]). Set (G/P)>¢ := m;((G/B)>o). For (v,w) € Q, let
HE?U denote the closure of Hi?u = WJ(RigU) inside (G/P)>o.
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Thus we denote by H>0 what was denoted by H>D

(o) in Example n We have decomposi-

tions

(G/P)zo= || 132 = || ml. (3.4.25)

v,W) v,W v w

(v,w)€Q, (v, w/)€Q<(U w)

As a special case of (3.4.25)) for J = (), we have

(G/B)so = | | R2Y. R = || RS (3.4.26)

v<w <o/ <w' <w

Lemma 3.4.12. (Assume K = C.) Let (v,w) € Q; and r € W be such that vr is length-
additive. Then

o o

ﬁv,w = 7TJ(Rv,w) = 7TJ<er,wr)a Hi?p = 7TJ(RiO )= (Rz?rowr) (3‘4'27>
My = m1(Ryw) = 7 (Rorwr), 150, = ms(Ryy,) = my(Ryuy)- (3.4.28)

o

Proof. By [KLS13, Lemma 3.1], we have Wj(év7w) = T (Ryrwr) = lglvw, and 7y restricts to
isomorphisms Io%v,w = IEIM,, ]?iw,wr = IELW. Thus 7;(R;Y,) = 7s(R;?,,) = 11,7, follows from

vr,wr

the equality 7,;((G/B)s0) = (G/P)so, proving (3.4.27). To show (3.4.28)), note that R,

and ng are compact for any a < b, and therefore their images under 7, are closed. O]

Recall the definition of x;(t) and yi(t) from (3.4.19). Choose a reduced word i =
(11,...,1,) for w € W and define

Uso(w) :={xi(t) [t € Ry}, Uso(w) = {yi(t) [ t € Ry}

Let Uso C U(R) (resp., U5, C U_(R)) be the submonoid generated by x;(t) (resp., by v;(t))
for t € Ryg. Then Usg = |, e Uso(w) and U3y = |],cp Uso(w). We have Uso(w) =
UsoNB_wB_ and UZy(w) = UsyN BwB, and these sets do not depend on the choice of the

reduced word i for w, see [Lus94, Prop. 2.7]|.
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3.4.9 MR-parametrizations

Assume that K is algebraically closed. Given w € W, an expression w for w is a sequence
w = (W), - - ., W(n)) such that wy = id, w) = w, and for j = 1,...,n, either w(;y = w1
or w(j) = w(;—1)S;; for some ¢; € I. In the latter case we require w(; 1y < wyj), unlike [MRO4].
We denote J} = {1 <j <n|wy_1) <wytand Jy, = {1 <j <n|wg_1)=wy} so that
JruJo ={1,2,...,n}. Every reduced word i = (iy,...,1,) for w gives rise to a reduced

expression w = w(i) = (w(o), . . ., W(n)) With w(;y = w_1)s;, for j =1,...,n.

Lemma 3.4.13 ([MR04, Lemma 3.5]). Let v < w € W, and consider a reduced expression
w = (w(), ..., W) for w corresponding to a reduced word i = (i1,...,i,). Then there exists
a unique positive subexpression v for v inside w, i.e., an expression v = (v(), ..., Vx)) for
v such that for j = 1,...,n, we have v(;_1) < v(j-1)si;- This positive subexpression can be

constructed inductively by setting v(,) == v and

VSi, W USi, < Uiiy,
o1y = % R S BT (3.4.29)

V), otherwise,

Corollary 3.4.14. In the above setting, if vy = s; for some i € I then v £ s;w.

Proof. Indeed, if v < s;w < w then there exists a positive subexpression v/ = (UEO), e vgn_l))
for v inside w(i’), where i’ = (iz,...,4,). By (3.4.29), we have vj;) = v for j =
0,1,...,n — 1, which contradicts the fact that 1}20) = 1 while v(;) = s;. O

For w € W, let Red(w) := {w | w is a reduced expression for w}. For v <w € W, let
Red(v,w) := {(v,w) | w € Red(w), v is a positive subexpression for v inside w}.

Thus for all v < w, the sets Red(w) and Red (v, w) have the same cardinality. Let v <w € W

and (v, w) € Red(v,w). Given a collection t = (t))reso € (K*)7, define

yin(t), itk € T3,
gv7w(t) =4g1 " Gn, where gk = ’ (3430)
G,  ifkeJt.
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MR-parametrizations of (G/B)>q

In this section, we assume K = C. Let v, w, v, and w be as above. Define a subset
G\>/,9av C G(R) by
G?,%v = {gV,W(t) [t e ]Ri%}'

Theorem 3.4.15 (]MR04, Theorem 11.3]). The map G(R) — (G/B)g sending g — gB

restricts to an isomorphism of real semialgebraic varieties
Go% = R
Proposition 3.4.16 ([Lus94 Prop. 8.12]). We have Gx¢ - (G/B)>o C (G/B)>o.

Lemma 3.4.17. Suppose that g € G>¢ and x € G are such that xB € Ri?ﬂ for some

v<wéeW. Then gxB € Ri,ow/ for some v < v <w<w.

Proof. By Proposition [3.4.16] we have gzB € (G/B)>, so it suffices to show that gz €
Buw'B N B_9'B for some v < v < w < w'. Note that we have x € BwB N B_0B. By
Definition [3.4.10] it is enough to consider the cases g = z;(t) and g = y;(¢) for i € I and
t € Roy.

Suppose that g = y;(t). We clearly have gr € B_0B. If s;w > w then by we
have gz € B$;wB. Thus we may assume that s;w < w. By Theorem [3.4.15] we can also

assume r = gy w(t) =¢1---g, fort € ]Ri% and some choice of (v,w) € Red(v,w) such that

W = (W), . - . W) satisfies way = s;. Let v = (v(o), ..., 0m)). If vay # s; then g1 = y;(t') so
gz € G375, and we are done. If v(y) = s; then by Corollary [3.4.14| we have v £ s;w. Recall

that gx € B_0B and by (3.4.16)), gr € Bs;wB U BwB. But B_.oBN Bs;wB = () by (3.4.12]).

Therefore we must have gx € BwB, finishing the proof in this case.

The case g = z;(t) follows analogously using a “dual” Marsh—Rietsch parametrization |[Rie06,

>0

wwo,vwe 1S parametrized as

Section 3.4|, where for (v,w) € Red(v, w), every element of R

l‘,k(tk), lf k’ € ‘]37
g1 gnoB, where g = O

st ifke Jr

1k
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We will use the following consequence of Theorem [3.4.15|in Section [3.9.11

Corollary 3.4.18 (cf. [KLS14, Prop. 3.3|). Let u € WY, r € W;, and v € W be such that
v <ur. Then

7TJ(R>O ) — 7TJ(R>0 ) _ H>0

v UT var—1lu var—1lu’

Proof. Let i = (i1,...,7,) be a reduced word for w := ur, such that (igu)s1,...,%,) is a
reduced word for r. Let (v, w) € Red(v,w) be such that w corresponds to i. Then it is clear
from Lemma that after setting v/ := (v(), . . ., V(w))) and u := (W, . . ., W), We
get (v/,u) € Red(v<r~t u). Moreover, the indices iu)11,- .., %, clearly belong to J, so if
gi...gn € G?,SN then g1 ... gow € Gi,?u and 75(g1...9.B) = 715(g1 ... gyuwyB). We are done
by Theorem [3.4.15] O

3.4.10 G/P is a TNN space

We show that the triple ((G/P)g,(G/P)>0,Q,) is a TNN space in the sense of Defini-
tion [3.2.1] We start by recalling several well known facts.

Proposition 3.4.19.

(i) The poset @J = QU {0} is graded, thin, and shellable.
(ii) (G/P)g is a smooth manifold, and each lglﬂf’w is a smooth embedded submanifold of (G/P)g.

(iii) For (v,w) € Qy, II2% is a connected component of ﬂgw.

VW

Proof. For[(i)] see [Wil07]. For[(ii)} (G/P)r is a smooth manifold because it is a homogeneous
space of a real Lie group, and ﬁiliw is a smooth embedded manifold because it is the set of real
points of a smooth algebraic subvariety lglvyw of G/ P, see [KLS14l, Cor. 3.2] or [Lus98a, [Rie06].
Part is due to |[Rie99]. O

Corollary 3.4.20. ((G/P)g,(G/P)>o, Q) is a TNN space.

Proof. Let us check each part of Definition [3.2.1

: Follows from Proposition . The maximal element 1 € Q; is given by
(id, w”), see Section [3.4.6]

[(TNN2)} Follows from Proposition [3.4.19(ii)| and (3.4.24)).
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(TNN3); Clear since (G/P)g is compact and 117, C G/P is closed.

(TNN4); Follows from Proposition [3.4.19(iii)| combined with Theorem [3.4.15|
(TNN5)f This result is due to [Rie06], see (3.4.25). O

3.4.11 Gaussian decomposition

Assume K is algebraically closed. Let us define
Gf:=B.B, Gi:=BB..

Fori € I, let AT : Gf — K and AF : G — K be defined as follows. Given (z_,zg,7,) €

U. xT x U, we have x_zory € Gf and z,20v_ € G5, and we set AT (v_mzozy) = 24",
2n A

AF (v zoz_) := 2. For a finite set A, let P(")=1" denote the (|A| — 1)-dimensional

projective space over K, with coordinates indexed by elements of A.
Lemma 3.4.21.

(i) The multiplication map gives biregular isomorphisms:
U xTxU>SGE, UxTxU_->GE.

(ii) The maps AT and AF extend to regular functions G — K.

(iii) We have Gf = {z € G | AF(v) #0Vi € I} and Gf = {zx € G | AF(z) #0 Vi € I}.

(iv) Fiz i € I and let Ww; := {ww; | w € W} denote the W-orbit of the corresponding
Ww;

fundamental weight. Then there exists a regular map A?ag :G/B — p(a) -1 such

that for w € W and x € G, the ww;-th coordinate of A?ag(xB) equals Af (w™1x).

Proof. For see [HumT75, Prop. 28.5]. Parts and are well known when K = C,
see [FZ99, Prop. 2.4 and Cor. 2.5]. We give a proof for arbitrary algebraically closed K,
using a standard argument that relies on representation theory. We refer to [Hum75, §31]
for the necessary notation and background.

We have G5 = iy ‘G and AF (g gun) = AF(g) for all g € GF. Thus it suffices to

give a proof for AF and GJ. For i € I, there exists a regular function ¢,, : G — K that
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coincides with AT on G, see [HumT75, §31.4]. This shows . Explicitly, ¢, is given as
follows: consider the highest weight module V,, for G, and let v, € V,,; be its highest weight
vector. We have a direct sum of vector spaces V,,, = Kv; @ V', where V' is spanned by
weight vectors of weight other than w;. Let r* : V. — K denote the linear function such
that r*(vy) = 1 and r* (V') = {0}, then ¢,,(g) := r"(gvy) for all g € G. The decomposition
Vi, = Koy @ V7 is such that for (z_,x¢,2.) € U- x T x U and w € W, we have z v, = v,
xovy = Muvy for some M € K*, z_v, € vy + V', 2 V' C V'  and wvy € V' if ww; # w;.
Thus if g € G then c,,(g) # 0 for all i € I. Conversely, if z ¢ G then by (3.4.11]), there
exists a unique w # id € W such that ¢ € U_wTU. For i € I such that ww; # w;, we
get ¢,,(g) = 0. This proves . For 7 let V,,, = Vi @ V5 where V] is spanned by all
weight vectors of weight in Ww;, and V5, is spanned by the remaining weight vectors. Let
m @ V,, — Vi denote the projection along V,. It follows that for all g € G, m(gvs) # 0.
Then A is the natural morphism G/B — P(n2f1>_1(1/1), sending ¢gB to [m1(gvy)]. O

Lemma 3.4.22. Define G(()J) =P_P.

: o B .

(i) We have Gy’ = P-B and P = |,y BF'B.

ii) Forp e P, we have pUYp~! = . Similarly, for p € P_, we have pU"'p~' = U,

i) Forp € P, we have pUp~' = U Similarl P_, we have pup~t = U
In particular, for p € L;, we have pUPp~t = UY) and QDUE‘])}T1 =y,

iii e multiplication map gives a bireqular isomorphism U>’ x Lj X = . In

iii) The multiplicati ' biregular i hism U x Ly x U 2 G T
particular, every element x € Gé‘]) can be uniquely factorized as [x] (_J)-[a:'] J~[:E]S;]) cuY.
Ly-UY. The map Gé‘]) — Ly sending x — [x]; satisfies [p_xpy]; = [p_]s[x]s[p+]s
for all z € G(()J), p_ € P, and p, € P.

(iv) The map b — [b]; gives group homomorphisms U — Uy and U_ — U; , sending

zi(t) = [zi(t)]s = yi(t) = [yi(t)]s =
1, otherwise, 1, otherwise.

Proof. By [Hum75, §30.2], U") is the unipotent radical (in particular, a normal subgroup) of
P and U is the unipotent radical of P_. This shows . It follows that P = L;U") = LB,

therefore Gé‘]) = P_B. By [Hum75, §30.1] and (3.4.11), P = | | oy, B7 B, which proves .
By [Bor91, Prop. 14.21(iii)|, the multiplication map gives a biregular isomorphism U x
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P — Gé‘]). By [Hum75, §30.2|, the multiplication map gives a biregular isomorphism L; X
U — P. Thus we get a biregular isomorphism U x L, x U) = G(()J). It is clear from the
definition that [p_2p.]; = [p_]s[z]s[p.]s, since we can factorize p_ = [p_]""[p_]; and p, =
[D+]s [p+]( ). Thus we are done with (i), and follows by repeatedly applying |(iii), [

3.4.12 Affine charts

For u € WY, denote ot = uGé‘]) /P C G/P. The following maps are biregular isomor-
phisms for v € W7 and v,w € W, see [Bor91, Prop. 14.21(iii)|, [Spr98, Prop. 8.5.1(ii)],
and [FH91, Cor. 23.60]:

aU ot = o), g s gy, (3.4.31)
WU_ o' nU_ S X, g+ guB, (3.4.32)
wU_w™ ' NU = XY, g+ guB. (3.4.33)

As a consequence of (3.4.32) and (3.4.33)), we get

B_9B = (WU.NU_%)-B, BwB = (wU_NUw)-B. (3.4.34)

The isomorphism in ((3.4.31]) identifies an open dense subset oot @ /P with the group
U %=1, We now combine this with Lemma m

Definition 3.4.23. Let U!” = U4 N U and U} = w04 NU_. For z € 4G{”,
consider the element ¢\ € U741 such that g e PN uUSJ), unique by .
Further, let th),gl € Ul( and hg‘] ,92 € UQ(J) be the elements such that hé‘])g(‘])

¢ and n\ = ¢V, By (3.4.3]] (3:4:31)), the map = — ¢ is regular, and the map g/} —
(g%‘]), 95 ,hg‘] ,h )) is regular by Lemma m Let us denote by « : uG(()J) — UQ(J) the map

T Ry i= h2 . It descends to a regular map x : Cq([]) — UQ(J) sending P — K.

3.5 Subtraction-free parametrizations

We study subtraction-free analogs of Marsh—Rietsch parametrizations of (G/B)>o.
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3.5.1 Subtraction-free subsets

Given some fixed collection t of variables of size |t|, let R[t] be the ring of polynomials in t,
and R-o[t] C R[t] be the semiring of nonzero polynomials in t with positive real coefficients.

Let F := R(t) be the field of rational functions in t. Define
Fie = {R(t)/Q(t) | R(t), Q(t) € Roolt]}, Fi = {0} UFG,

F7i=A{R(t)/Q(t) | R(t) € R[t], Q(t) € Ruo[t]}.

We call elements of Fy subtraction-free rational expressions in t. In this section, we assume

that K = F is the algebraic closure of F.

Definition 3.5.1. Let 75! C T be the submonoid generated by o (t) for i € I and t € Fz.

Let G° C G be the subgroup generated by
{z;(t),ys(t) i€, te FYU{w|weW}yuT

We define subgroups U® := UNG®, U° = U_.NG°, B .= T5U° = U°T* and B =
Ts'U® = U°T* (cf. Lemma [3.5.2) below). We also put U°(0) := U°NU(O) (resp., U*(O) :=
U° NU_(O)) for a bracket closed subset © of & (resp., of ®7). Given a reduced word i for
w € W, define

Ust(w) := {xi(t') | t € (FH)"}, Ug(w) = {yi(t) [ ¢ € (FH)"} (3.5.1)

These subsets do not depend on the choice of i, see [BZ97].
For two subsets Hy, Hy of G, we say that Hy commutes with Hy if Hy - Hy = Hy - H;. We

say that Hy commutes with g € G it Hy - g = g - H;.
Lemma 3.5.2. T commutes with B, U, U_, U°(0), U%(0), Ug(w), U (w) and .

Proof. Tt follows from (3.4.2) that T™' commutes with B, U, U_, Uy(w), U;(w) and 1.
For U°(©), U°(O), we use a generalization of (3.4.2)): for « € &+, i € I, and w € W such
that wa; = «, write z,(t) := wz;(H)w™ € U°({a}) and yu(t) := wy;(t)w™! € U® ({—a}) for

t € F°. Then (3.4.2) implies az,(t)a ! = z,(a“t) and ay,(t)a™t = yo(a™). O

69



Let us now introduce subtraction-free analogs of MR parametrizations. Let v <w € W
and (v, w) € Red(v,w). Recall that for t' = (¢} )rese € (K*)™v, gvw(t') = g1 - gy is defined
in ([3.4.30). Define GY, := {gvw(t') | t' € (F})’V} C G°. The following result is closely
related to [MR04, Lemma 11.8].

Lemma 3.5.3. Let v <w € W and (v,w) € Red(v,w). Let gy w(t') be as in (3.4.30)) for
t' € (Fx)™v. Then for each k =0,1,....,n and for all zx € U°N @@%U,i}(k), we have

gl...gk.x.gk+1...gnEgl...gn.UO' (352)

Proof. We prove this by induction on k. For k = n, the result is trivial, so suppose that
k<n. Let 2 € U°N @@;UJ)(;@). If gry1 = 8; for some @ € I then l(vi1)) = Llvw) + £(si),
so we use (3.4.9) to show that = - gxy1 = ggr1 - @' for some 2’ € U N 2.’(_k;1+1)U—7.}(k+1)' Since

T = s;lxéi and each term belongs to G°, we see that 2’ € U° N D(k U_9(j+41), SO We are

1
+1)
done by induction.

Suppose now that gx1 = y;(t) for some ¢ € I and t € FJ;. Write
_ -1 _
T Gkl = Grt1 Gpr1 L0kl = i1 - Yi(—t)zyi(t).

By (3.4.5), U°n D@%U_i)(k) = U°(Inv(vy)). Clearly again y;(—t)xy;(t) € G°, and we claim
that y;(—t)xy:(t) € U(Inv(vgy)) for all 2 € U(Inv(vp))). First, using Lemma [3.4.1(i1)] we
can assume that € U, for some a € Inv(v()). Since vgys; > vuy, we have a; ¢ Inv (v, ), so
o # ;. Let ¥ = {ma—ra;} C ®* be the set of roots as in Lemma[3.4.3] Our goal is to show
that ¥ C Inv(vg)). Let v := ma —ra; € ¥ for some m > 0 and 7 > 0. We now show that
v € Inv(vy), which is equivalent to saying that v,y < 0. Indeed, vy = mvga — rog)a;.
Since o € Inv(vwy), vy < 0. Since oy ¢ Inv(vwy), vwyas > 0. Thus vy < 0, because
—V (k)Y Is a positive linear combination of positive roots. We have shown that ¥ C Inv(vg,),

thus by Lemma [3.4.3 we find y;(—t)zy;(t) € U(Inv(vgy)). Since vy = vkt1), We get
yi(—t)xyi(t) € UO(IDV(U(k))) =U°N @&%U_’ii(k) =U°nN 1‘)(_]€1+1)U_1‘)(k+1),

and we are done by induction. O
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Proposition 3.5.4. Forv < w € W, the set Gf,{w -U® C G° does not depend on the choice
of (v,w) € Red(v,w). In other words: let (vo,wy), (v1,w1) € Red(v,w). Then for any

to € (F2)™o there ewists t, € (F5)™ and x € U® such that gy, wy(to) = vy, (t1) - .

Proof. Recall that for each wy € Red(w) there exists a unique positive subexpression vg
for v such that (vo,wq) € Red(v,w). We need to show that choosing a different reduced
expression w for w results in a subtraction-free coordinate change ty — t; of the parameters
in Theorem Any two reduced expressions for w are related by a sequence of braid

moves, so it suffices to assume that wy and w; differ in a single braid move.

The explicit formulae for the corresponding coordinate transformations can be found in
the proof of [Rie08, Prop. 7.2|, however, an extra step is needed to show that those formulae
indeed give the correct coordinate transformations. More precisely, suppose that ®’ is a root
subsystem of ® of rank 2 (i.e., ¢’ is of type A; x Ay, Ay, By, or Gy), and let W’ be its Weyl
group. Then it was checked in the proof of |[Rie08| Prop. 7.2| that for any v' < w' € W', any
(vh, wg), (Vi,w]) € Red(v',w'), and any tj € ( S*f)J‘L:t'), there exists t} € (f;f)J‘?/l and z € U
such that gy wr (tg) = gvi wi (t]) - .

Since gv/ w; (ty) and gy w (t7) belong to G°, we must have x € U°. Note that the only
non-trivial cases to check are the ones where w' = (s;5;)™ is the longest element of W’ and
v € W' is arbitrary. If ®' is of type G5 then we must have ® = & and w’ = w = wy, so we
are done. Using a computer algebra system [Sagl6|, we were able to additionally check in

each of the remaining cases (i.e. ® being of type A; x Ay, Ay, or By) that x € v'"*U_7'.

Let us now complete the proof of Proposition [3.5.4] (as well as of [Rie08, Prop. 7.2]).
Suppose that wy and w; differ in a braid move along a subword ggi1 - grrm Of g1+ gn.
Here gri1---gktm = 8vjwy(to) as above. Applying a move from [Rie08|, we transform

k41 Yo KO Gh iy -+ Ghoyp @ for some 2 € U and gp iy -+ Ghiy = 8vjwi (t7). Thus

91"'9n291"’%'92+1"'92+m'$'9k+m+1"'9n-

We have checked that z € U®, and if K +m < n then x € U° Nv'"1U_v, where v/ € W
satisfies Viim)y = V) - v and L(V(gim)) = L(vw)) + £(v"). It follows by (3.4.6) that z €
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Uenut

(k+m)U—U(k+m)7 so by Lemma |3.5.3] we have

gl...gn6gl...gk.g;+1...g;+m.gk+m+1...gn.UO. D

Definition 3.5.5. From now on we denote Rf}fw = GSVf’WBSf C G°. By Proposition , the
set RS, does not depend on the choice of (v, w) € Red(v,w). As we discuss in Section W,

R is the “subtraction-free” analog of R0

3.5.2 Collision moves

Assume K = F. By [FZ99, Eq. (2.13)], for each t € F7 there exist t, € F, ap € T*, and
t_ € F° satisfying

$iwi(t) = arwi(t-)yi(ts),  xi(t)s; = yity)zi(t-)as, (3.5.3)

$70i(t) = asyi(t-)mi(ts),  wi()s = 2t )y(t-)as. (3.5.4)

(Here, each of the four moves yields different ¢,,a,t_.) By [FZ99, Eq. (2.11)], for each

t,t € F7 there exist t,,t, € F4 and ay € T* satisfying
zi(yi(t) = yi(t)wi(t)ay,  y()ai(t) = ity )yt )ay. (3.5.5)
We also have [FZ99, Eq. (2.9)]
2Oy () = gy ()i(0), for i £ J. (3.5.6)
As a direct consequence of , , and Lemma , for any v,w € W we get
Ust(v) - Ug (w) - T = Ug (w) - Ut () - T (3.5.7)

Lemma 3.5.6.
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(i) Letw e W. Then
Bt UL (w) = BY - Ug(w™)  and Uz (w)-w™'- B = Ug(w™) - B, (3.5.8)
(i) If v,w € W are such that {(vw) = {(v) + {(w) then
ot U (v) € BY -t Ug(v™). (3.5.9)

(i) Let wy,...,w € W be such that {(wy---wy) = L(wy) + --- + L(wg). Then for any
h € Ug(wy---wy) there exist by € Ug(wih), ... by € Ug(w, ') such that for each
1 <i <k, we have

Wt he BY b by (3.5.10)

)

(iv) Letv <w € W. Then
ot UL (w) € B - Ug(v™). (3.5.11)

Proof. Let us prove the following claim: if vv; = w and ¢(w) = ¢(v) + ¢(vy) then
v UL (w) C T - (U2 o™t U0) - Ug (v1) - Ug(v™1). (3.5.12)

We prove this by induction on ¢(v). If £(v) = 0 then v = id and (3.5.12)) is trivial. Otherwise
there exists an ¢ € I such that v' := s;uv < v and thus v’ := s;w < w. Let y;(t') € U; (w).
Using (3.5.4), we see that for some t, € Fj, ty € Fiand t_ € F°,

oyt € 0 ST () - Ui (w') C T8y~ yi(t_)zi(ty) - Uz (w').

By (B3.5.7), xi(ty)-Ug(w') C T Uz (w')-Ug(s;). Clearly s;v’ >0/, soy’ =o'y, (t_)o' € U_.
On the other hand, vy'v~! = &, y;(t_)$; = x;(—t_) € U. Thus ¢ € U_ N0~ 'Uv, and it is
also clear that 3y’ € G°. We have shown that

oyt € Ty o UL (W) - Ugg (i) € T (U o™t U0) -9 Ug (w') - Uge (s4). (3.5.13)

S
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We have v'v; = w’, so by induction,
o UG (W) € T (U 000 - U (v1) - Ug(v'™1).
Since Uy (v'™1) - Uge(s;) = Ugt(v™1), we have shown that
v lyi(t) € T (U noTtU0) - (U Nt UY) - Ug (v1) - Ug(v™h).

By applied to a = s;, b = v/, ab = v, we get Inv(v') C Inv(v), so (U® No'~1UY) C
(U2 No~'U%), and we have finished the proof of (3.5.12). Combining with (3.4.8),
we obtain . Next, can be shown by induction: the case £ = 0 is trivial. For
k> 1, we can write h = hy---hy € Uz (wy) -+ - Uy (wy). By (3.5.9 - we have

w-_l---wl_1~h1~--hkeBif-wi_l---wgl-b’l-hQ---hk

7

for some 0] € Ugk(w;) that does not depend on i. Using (3.5.7), we write b - ho---hy =
Ry - hy-by € Uy (ws) - - - Uy (wy) - Ug(wy), and then proceed by induction.Let us state several

S

further corollaries of (3.5.12)):

Wt Ug (w) € T (U2 Nt Uw) - Ug(w™), (3.5.14)
Uz (w) - C Ug(w™) - (U Nl ) - T, (3.5.15)
W - Ug(w™) C (U NwU_w™Y) - Ug(w) - T (3.5.16)

Indeed, specializing (3.5.12]) to v = w, we obtain (3.5.14)). Eq. (3.5.15|) is obtained from (3.5.14))

by replacing w with z := w™! and then applying the involution z +— z* of ([3.4.4]), while ([3.5.16)
is obtained from (3.5.15)) by applying the involution z + 27 of (3.4.3).

To show (3.5.8)), observe that the inclusion B - 1w~ - Us(w) C B - Ug(w™') follows

from (3.5.14]). To show the reverse inclusion, we use (|3.5.16) to write

B Ug(w™) =B ™ - Ug(w™) € B ™ - (U° nlU_w™ ) - U (w).
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Since w1 - (U°NwU_w™') C U™, we obtain B - w1 U (w) = B - Ug(w™'), which is
the first part of (3.5.8)). The second part follows by applying the involution x — x* of (3.4.4]).

It remains to show (3.5.11)). We argue by induction on ¢(w), and the base case ¢(w) =0
is clear. Suppose that v < w, and let w’ := s;w < w for some ¢ € I. If v/ := s;u < v then by

the same argument as in the proof of (3.5.13), we get
o UL (w) € BY -7 U (w') - Ug(s5).

Since v < w', we can apply the induction hypothesis to write o'~! - U (w') C B - Ug(v'71).

We thus obtain
o UL (w) € BY - Ug(v'™Y) - Ug(sy) = BY - Ug(v71),

finishing the induction step in the case s;v < v. But if s;v > v then 0 'y;(t;)0 € U°, so
in this case we have 0~ 'U;(w) C U® - o' - U (w'), and the result follows by applying the

induction hypothesis to the pair v < w'. O

3.5.3 Alternative parametrizations for the top cell

The following two lemmas are subtraction-free versions of |[Rie06, Lemmas 4.2 and 4.3].

Lemma 3.5.7. Let v €¢ W. Then we have

Rfﬁwo = Uy (vwy) - iy - B,
Proof. Recall from Definition that R, = G5, - B. We have w = wy, so choose a
reduced expression wq for wy that ends with v. With this choice, Gf,f’WO = Uz (wov™) - 0.

Thus we can write

Ry =G oy - BY = Uy (wov™") -0+ B = Uy (wov™") - i " - tiyg - B

v, W0 V,Wo
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Let 2z := wov~!. Using (3.5.8) and B - 1y = 1y - B, we have
Uz (wov™) - gt - aig - BY = U (2) - 271 - aiyg - B = Uge(271) - 1ivy - B,

sf

Combining the above equations, we find Ry, = Ug(z7") - o - B¥, and it remains to note

that 271 = vwy ' = vwy. O

Lemma 3.5.8. Let v <w e W. Then we have

Ug(v™) - Ug(wow™) - R, = RS, = Ug (wo) - BY. (3.5.17)

id,wg S

Proof. Tt follows from the definition of G ,, that if w'w is length-additive then Uy (w') R, =
Rt , we get Uy (wow™) - RY,, = Ry, . By Lemma W,

v,w'w*

we have RS - BS' = Ug(vwg) -1y - B, Thus Ug(v™1) - Ug(vwg) - 1ig - B = Ugt(wy) - iy - B,

v,W0

Applying this to v’ = wow™!

so applying Lemma m again, we find Ug(wg) - 1y - BS' = Risiwo - B!, The result follows
since R, = Uy (wp) - BY. O

3.5.4 Evaluation

We explain the relationship between R ~and Ry 9. Given t’' € R|>t|0, we denote by evaly :

Fi — Ry the evaluation homomorphism (of semifields) sending f(t) — f(t). It extends to
a well defined group homomorphism evaly : G* — G(R), and it follows from Theorem [3.4.15
that {evaly(9)B | g € Ry, } = R;Y as subsets of (G/B)r. It is clear that the following

v, W

diagram is commutative.
AF A

Fer— @ — 5 F
evalt/i levalt/ \Levalt/ (3 0.1 8)

Here solid arrows denote regular maps, and dashed arrows denote maps defined on a sub-
set F' C F given by F' := {R(t)/Q(t) | R(t),Q(t) € R[t], Q(t') # 0}. Since the dia-
gram (3.5.18) is commutative, it follows that the images AF(G°) and A¥(G®) belong to
F'.

Let t = (t/,t”). Observe that any f(t',t”) € FJ gives rise to a continuous function
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R xR R
>0 >0 —* >0

Lemma 3.5.9. Suppose that f(t',t") € Fl is such that the corresponding function R';/OI X

/| |t//|

R';g' — R.g extends to a continuous function ]REO xRSy — Ryg. Then limgn o f(t', ") can

be represented (as a function R':O‘ — Rxo) by a subtraction-free rational expression in t'.

Proof. By induction, it is enough to prove this when |t”| = 1, where t” = t” is a single
variable. In this case, f(t',t") = R(t',t")/Q(t',t") where R and @ have positive coefficients.
Let us consider R and @ as polynomials in ¢’ only. After dividing R and Q by (¢")* for some
k, we may assume that one of them is not divisible by ¢”. Then @) cannot be divisible by t”,
otherwise f would not give rise to a continuous function R|>tlol X R;g‘ — R>y. We can write
Q' t") = Q:(t/,t")t" + Q2(t") and R(t',t") = Ry(t',t")t' + Ry(t'), where Ry, Ry, Q1, Q2
are polynomials with nonnegative coefficients and Qs(t") # 0. Thus limy_, f(t',t”) can be

represented by Ry(t')/Q2(t"), which is a subtraction free rational expression in t'. O

Lemma 3.5.10. (Assume K = C.) Suppose that a < b < ¢ € W. Then we cannot have
AT (b~'z) = 0 for all € G(R) such that zB € R

Proof. Suppose that AF(b~'z) = 0 for all 2 € G(R) such that 2B € R;}. Consider the
n Wwi
map A : G/B — PGZ)" from Lemma 3.4.21(iv)l We get that the bw;-th coordinate

of A8 ig identically zero on R;?. Therefore it must be zero on the Zariski closure of R;?
inside G/ B. It is well known that R;? is Zariski dense in éa,a so the closure of R;? is R,..
By (3.4.14), R, contains bB = }O%b’b, thus AT (b~'b) must be zero. We get a contradiction
since by definition AT (b71h) = 1. O

3.5.5 Applications to the flag variety

We use the machinery developed in the previous sections to obtain some natural statements

about (G/B)>y.

Lemma 3.5.11. (Assume K = F.) Suppose that a < ¢ € W and b € W. Then for any

x e R

a,c

and i € 1,
AF(b7'z) € Fy. (3.5.19)
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Moreover, if a < b < ¢ then

AF(b'z) e and z € bB_B. (3.5.20)

sf

Proof. Let t = (ty, ta, t3) for [t1]| = {(a), |ta] = £(wo)—L(c), |ts] = €(c)—{(a). Choose reduced
words i for a™! and j for woc™!, and let (a, c¢) € Red(a, ). Suppose that 2 € g, (t3) B and
let

9= xi(t1) - ¥j(t2) - Gac(ts) € Us(a™) - Ug (woe™) - R,

By Lemma[3.5.8) g € U (wo)- B = U (b)-Uz (b~ wp)- B¥. By (85.8), we have b=1-U (b) C
Bt Ug(b~1). Therefore

blge BE - Ug(b™) - U7 (b wy) - B

By (35.7), we get b~'g € B -UZ (b""wy)-Ug(b~1)- B = B¥- B¥, and by definition, AT (y) €

* for any y € BB, Since AT is a regular function on G' by Lemma , the function
ft1,ta,t3) = AF(b'g) € F3 extends to a continuous function on R';B' X R;é' X RE%‘.
Therefore by Lemma limg, t,0 f(t1,t2,t3) is a subtraction-free rational expression in
ts. Since limg, ¢, 509 = Zae(ts), we get that AT (b 'gac(ts)) € Fip. Since z € gac(ts)BY,
follows.

Suppose now that a < b < ¢. We would like to show , thus let us assume that for
some i € I and for z € R, we have AT (b~'z) = 0. Let t' € (F)!¥l and (a,c) € Red(a,c)
be such that 2 € ga.(t)B, and let y(t) := gac(t). Then we have AT (b~ 'y(t)) € Fy
by (3:5.19). If AF(b~'y(t)) was a nonzero rational function in t then clearly substituting
t — t' for t' € (F%)!*l would also produce a nonzero rational function. Since substituting
t — t’ yields AT (b~'z) = 0, we must have AF(h~'y(t)) = 0. Therefore AF(h~'z') = 0 for
all 2/ € RS ..

Let now t' € RE'O. Recall from Section [3.5.4] that the image of RS in (G/B)g under

a,c

the map evaly equals R>9, thus by (3.5.18), AF(b~'2’) = 0 for all 2/ € G(R) such that

a,c)

2'B € R;?. This contradicts Lemma 3.5.10, hence AF(b~'z) € F%, and therefore x € bB_B
follows from Lemma [3.4.21(iii)} finishing the proof of (3.5.20)). ]
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Corollary 3.5.12. (Assume K = C.) Suppose that a < ¢ € W and b € W. Then for any

(a,c) € Red(a,c) and t' € Ri’%, we have
AT (7' gac(t)) > 0. (3.5.21)
Moreover, if a < b < ¢ then

AF (b7 'gac(t')) >0, and R°c bB_B/B. (3.5.22)

,C

Proof. By (3.5.19), we know that AT (b7 'ga.(t)) € Fi for all i € I. Evaluating at t =

t’ (cf. Section , we find that Af(é_lga7c(t’)) > 0 for all i« € I, showing (3.5.21)).
Similarly, (3.5.22)) follows from (3.5.20)). O

Proposition 3.5.13. (Assume K = F.) For allv,w,v',w’ € W and x € Uyx(v')-T*-U; (v'),

we have AF(vxi) € Fy.

Proof. Let t = (tq,to, t],t) with [t1] = £(V), [ta| = L(w'), |t]] = l(we) — £(V), and |t =
l(wg) — L(w'). Let t, := (t},t1) and t,, := (t2,t}). Choose reduced words i,j for wy
such that i ends with a reduced word for v" and j starts with a reduced word for w’. Set

g = g(t1,ta,t,,t,) := x;(t,) - @ - yj(t,) for some arbitrary element a € T™f. We get
gt € 0 Uy (wo) -TSf-US}(wO) A C O Ug(v™) - Ugp(vwg) -TSf~US}(w0w_1)-US}(w) L

By (3.5.16), (3.5.7), and (3.5.8), we get g~ € B U (v)-Ug(w™)- B, By (8.5.7)), we can

permute U (v) and Uy (w™!), showing 0gi~t € BB, Thus AF (vgu') € F. Tt gives rise

. . t t t t! . .
to a continuous function on RLB' X RL%' X Rlzgl X R‘Z%‘, so sending t},t, — 0 via Lemma [3.5.9

and varying ti, ty, and a, we get AF(vxi~!) € Fy for all z € Ug(v') - T - UL (w'). O

3.6 Bruhat projections and total positivity

In this section, we prove a technical result (Theorem [3.6.4) which will be later used to finish
the proof of Theorem Assume K is algebraically closed and fix v € W7,
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3.6.1 The map Q(j]v)

Retain the notation from Definition [3.4.23, Given v € W and v € W, let us introduce a

subset

G ={re uG(()J) | Ky € @G(()J)} C G. (3.6.1)

U,V

Note that if € G&Q then xP C GSL‘Q, see Lemma below.

1

Definition 3.6.1. Define a map n : GY) — L, sending 2 € G to n(x) = [0 kel

Also define a map mp_ : uG(()J) — uP_ sending x € UG(()J) to the unique element m;p (x) €

uP_ N xUY), Explicitly (cf. Lemma [3.4.22(iii)), we put

mop_(x) == afa 2] e e]; = o - ([0 2) ) (3.6.2)

Finally, define ¢ : G/} — G by ¢’) (z) == map_(z) - n(x)~L.
Lemma 3.6.2.

(i) The maps k and m,p_ are reqular on uGg‘]).

(ii) The maps n and &%) are reqular on GY) C UG(()J).
(iii) If x € iLGé‘]) and ' € o P then Ky = Ky.

. (J) ’ (J) _ Dy
(iv) If x € Gy and 2’ € xP then (uy () = Guw (7).

Proof. Parts|(i)|and are clear since each map is a composition of regular maps. Part
follows from Definition [3.4.23] since by construction the map k starts by applying the iso-
morphism in (3.4.31]), which gives a regular map o) = auYyt To prove , suppose
that z € GY) and 2’ € 2P is given by 2’ = ap for p € P. Then mp._ (') = map_(x)[p]s by
Lemma [3.4.22(ii1)} By |(iii), kK = K., and

n(2') = [0 kwa']; = [0 k] 5 p] s = n(2)[p) s, thus
CON") = map_ (') - n(a) ™" = map (2)[pls - [Pl n(2) ™" = ¢ (). O
Lemma 3.6.3. Let x € uP-_.

(i) We have mup (x) = x.
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(ii) Ifz € G then ¢{%)(x) = an(z) L.
Proof. Both parts are clear from Definition [3.6.1] O

The ultimate goal of this section is to prove the following result.

Theorem 3.6.4. (Assume K = C.) Let (u,u) < (v,w) < (Vv,w') € Q; and x € G be such
that tB € R;",,. Then x € GY) and ¢8)(x) € BB .

3.6.2 Properties of «

We further investigate the element x,x. Denote 4 := uw,; € W/

max*

Lemma 3.6.5. The groups U, U1(J); UQ(J) from Definition satisfy

WU gt = GuDE1 (3.6.3)
U =qu e nU = aU_a Tt N, (3.6.4)
U =P a T N = au_i nU_. (3.6.5)

Proof. By Lemmam we see that w,;Uw; ! = UY)| which shows (3-6.3)). For (3.6.4),
Ul(J) = U 4=1NU is just the definition. By Lemma , we have wU;u™ C U_, so
follows from ((3.4.5)).

For (B.6.5)), observe that w;®} = &7, so ad} C &~ by (3.4.6). We thus have aU_u~! =
(ﬂU;fFl)-(ﬁU&])ffl) where (uU;4~') C U, and hence aU_u'NU_ = auanu_ = ul?
by the definition of Uz(‘]) . ]

Lemma 3.6.6. For x € uGé‘]), there exists a unique element h € UQ(J) such that hx €

Ul(J)uP, and we have h = K.

Proof. Let g0 € UY) and p € P be such that ¢t/)4 = xp. We first show that such an
h e UQ(J) exists. By Definition [3.4.23] k, is an element of UQ(J) such that r,g) € Ul(J). In
particular, Koz = kg up! € Ul(‘])uP, which shows the existence. To show the uniqueness,

observe that the action of 4”4~ on uGgJ)/P C G/P is free by (3.4.31]), and in particular

the action of UQ(J) is also free. O
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Lemma 3.6.7. If x € uGé‘]) N BurB for some r € Wj then k, = 1.

Proof. By Lemma m, it suffices to show that BurB C Ul(J)uP. Write
BB  BuP C (BuB) - P.
By (8.4.34), BuB C (aU_ NU%) - B, therefore we find
BuiB C (aU_NU) - P = (aU_a' NU)aP = U uP,

where the last equality follows from (3.6.4)). O
Lemma 3.6.8. Leta € T.

(i) The subgroups ulU a1, Ul(‘]), and UQ(‘]) are preserved under conjugation by a.
(i) If x € UG(()J) then ax € UGé‘]) and KqzAT = kK, x.
(iii) (Assume K = C.) For each w € W, there exists p;, € Y(T) such that for all
r € wB_B, limy g p)(t) - B = wB in G/B. If w € W’ then for all x € ngJ%
limy g pY,(t) - P = WP in G/P.

Proof. Since @ € Ng(T), there exists b € T such that ai = ab. Thus auUPu ta™! =
WU~ = UMY u~", which shows , and is a simple consequence of . To
show [(iii)} assume K = C and choose p¥ € Y (T) such that {(a;, p¥) < 0 for all i € I. Then
limy_yo p" ()yp" ()" = 1 for all y € U_, in particular, for all y € U, Set pY := w=1pV,
thus for t € C*, pY (t) = wp" (t)w ™!, see (3.4.2). Every x € wB_B belongs to wyB for some
yeU_,sopl(t)-x-B=1p’(t)yp'(t)"' B — wB ast — 0. Similarly, if w € W then every
x € u')GéJ) belongs to wyP for some y € Ut by (3.4.31), so py(t) - P — wP ast — 0. O

Lemma 3.6.9. Suppose that v" < ur < w” for some v" , w” € W andr € Wy, and let x € G.

(i) (Assume K=TF.) If v € R, . then z € uGE)J).
ii) (Assume K = C.) If tB € R , then z € uGY’ and kyrB € R>? or some
v w 0

v Uy

re € Wy such that ry, > r.
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Proof. WhenK = F, shows that Rff,,@u C urB_B C uP_B, and by Lemma,
P B = G(()J), which shows . Similarly (for K = C), by Corollary [3.5.12] we have
x € wrB_B for any x € R}) ., 50 R C aGY).

Assume now that K = C and zB € Rv>,9’w,,. Let p € P and ¢gV) € U4~ be such
that xp = ¢*)4. Then kyzp = gf)u for gg‘]) € Ul(‘]). By , Ul(‘])u C Uu C BuB. By
Lemma we have p~! € Br,B for some r,, € W;. We get ko = g%‘])u pt e
BuB - Br,B C Bur,B by . On the other hand, k, € U_ and x € B_v"B, so

kyx € B_v"B. Therefore k,xB € Ry yy, -

We now show r,, > r. By (3.5.22)), € wrB_B, so by Lemma [3.6.8(iii), we have p).(t) -
B — urBast — 0in G/B. Since ur € uG(()J), k is regular at ur B, and by Lemma , we

have kg = 1. Thus K,y (1)epr,(t)xB — 4B ast — 0. By Lemma/3.6.8(ii)| £,y (1)zpu, (1) B =
pu.(t) - Kz B, which belongs to fo{qju,ww for all ¢t € C*. We see that the closure of ]SEUHMM

contains ur B, thus v" < ur < wur, by (3.4.14)), so r <, by Lemma [3.4.4(ii)|

Finally, we show k,zB € (G/B)so. First, clearly the map x is defined over R, thus
kexB € (G/B)r. Consider the subset R? = Lursa Borwr C (G/B)so. It contains

U”7[’a7w0} '

Ri,?wo as an open dense subset, and therefore R;? i, 100] is connected. We have already shown

that for any 2/ € Rj,f{[ﬂ’wo], kpt'B € }%5,7@ (because we have r, > r = wy). Thus the

image of the set R;,?[a wo) under the map 2/ — k2’ must lie inside a single connected

component of }O%fi,’ﬁ. However, if 2’ € R} C R;P[a w,) then k= 1 by Lemma [3.6.7]

so in this case kyx’ € R.P.. We conclude that the image of R;P[a w,] 18 contained inside
R>). C (G/B)so. It follows by continuity that for arbitrary v < ur < w” and z € R>? .,
we have k2B € (G/B)>o. O

We will use the following consequence of Lemma in Section |3.9.11]

Corollary 3.6.10. (Assume K = C.) In the notation of Lemma we have k,xP €

17, for o = o"<ryt.

Proof. Indeed, Lemma [3.6.9(ii)| says that xk,xB € R;gww, so applying Corollary [3.4.18] we
find that 7;(k,2B) = K,z P € 11! O

o
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3.6.3 Proof via subtraction-free parametrizations

In this section, we fix some set t of variables and assume K = F. Also fix u € W and recall

that @ = vw,; € W/

max*

By Definition 3.4.23] the map & is defined on iLG(()J). By Lemma 3.6.9(i), we have Rf)f,,@u C

uG[()J) whenever v” < ur < w” for some r € W;. In particular,  is defined on Uy (w”) C

Risé o for all w” > 1.

Proposition 3.6.11. Let ¢ € W be such that {(uq) = ((a)+€(q). Then for h € Us(uq), we
have kph € Ug ().

Proof. Write h € Uy (uq) = Ug () - U;(q). Using (3.5.8)), we find
het-u " Ug(i) Ug(q) Cu-B* - Ug(@ ") - Ug(q).

By (3.5.7), B -Ug(a™")-Us(q) = B U (q)-Ug(a™) C B -Ug(a™"). Writing B c U_-T*",
we get

het -U_-T" Ug(a™) =T - aU_i™" i - Ug(a™).
Applying (3.5.16)), we find

he T GU it - T (U N aU i) - Ug (@) € au it - T - Ug ().

Let g € @U_ii~* be such that b € g-T* U (i1). Recall from (3.6.5) that US”) = aU_ii 'nU_.
By Lemma [3.4.1(i)| there exists &’ € US” such that h'g € GU_a ' NU. Thus

Whe @U-uwnU) T U (a) cU-T - Ug ().

But observe that both h and A’ belong to U_. Since the factorization of A'h as an element

of U - T -U_ is unique by Lemma [3.4.21(i), it follows that h'h € Ug(w). By (3.4.20)),
U, (@) C BuB. By Lemma , Kwn =1, so k, = I, thus kph € Ug (). O

Corollary 3.6.12. Forq € W such that £(iiq) = ((@)+L(q) and v < @, we have RS, . G).

id,aq

c uGY. Let

Proof. As we have already mentioned, Lemma [3.6.9(i)| shows that R ;.
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v € R . = U;(ug) - B, and let b € B and h € U;(uq) be such that = hb. By

id,agq S
Lemma |3.6.2(iii), we have x, = k;,. By Proposition [3.6.11} xk,h € U; (@), therefore k,x €
Ug(u) - BY = Ry ;. By (8.5.20), we get k,z € 0B_B. O

Corollary |3.6.12| shows that the map Q%) is defined on the whole R

id,aq"

Lemma 3.6.13. Suppose that ug € W’ and vy < 1y := wowy. Let h € Uj(tp), and let
by, b, € U be such that ﬁalh € B_-b, and 05'h € B_ -b,. Then [b,b;"]; € Ug(r) for some
r e WJ.

Proof. First, recall from Lemma|3.4.21(i) and (3.5.11)) that b, and b, are uniquely defined and
satisfy b, € Ug(tig'), b, € Ug(vy'). Let h = hyhy for hy € U (up) and hy € Uy (wy). Our

first goal is to show that [b,],; € U satisfies (and is uniquely defined by) u')jlhg € B_-[bu]J.
Letting b/, € U; be uniquely defined by ;' hy € B_-b,, we thus need to show that [b,]; = b,.
By (3.5.9)), there exists d € Ug(uy ') such that

.11 sf .1

Since d € U, we can use Lemma [3.4.22(iii)| to factorize it as d = [d]J[d]f). Since hy € U; C
Ly, Lemma [3.4.22(ii)| shows that there exists d’ € U) such that [d]f)hQ = hod'. Since

: .1 .1 .. .
J 4. 4. _ .
[d]; € Uy by Lemma [3.4.22(iv)}, (3.4.21]) shows that w;'[d]; € U_w;". Combining the pieces

together, we get
Gy h = 5 g hahy € BY <y ' - [d)y[d])Y” - hy € B_ -ty hod' = B_ - bd.

On the other hand, ug'h € B_ - by, so b, = b,d’, where V, € Uy and d' € U). Tt follows
that [b,]; = b,, and thus we have shown that @ hy € B_ - [b,] .

We now prove the result by induction on ¢(uy). When ¢(ug) = 0, we have @y = w; and
vo € Wy. Thus there exists v; € W such that w; = vy - vy with l(wy) = l(vg) + £(vq).

We have b,,b, € Uy, so [b,b;1]; = b,b,' by Lemma [3.4.22(iv)l By (3.5.10)), there exist

bo € Ug(vy') and by € Ug(vyh) such that

ogth € B by, wth e B bib.
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In particular, we have b, = by and b, = byby. Thus [b,b;']; = b1 € Ug(vy?'), and we are done
with the base case.

Assume l(ug) > 0, and let i € I be such that u; := s;up < up. By Lemma [3.4.4(1)]
u; € WY, so denote 1y := wywy; € Wl . Let h € U (i) be factorized as h = h;h)hy for
hi = yi(t) € Us(s:), by € Uy (uq), and hy € Uy (wy).

Suppose that s;vg > wvg, in which case we have vy < @;. Let A’ := hlhy and U, € U
be defined by u;'h' € B_ - V,. Since s;vg > vy, we see that vy 'h; € B_ -0y, so 0y 'h €
B_ - 1')_1h = B_ - b,. By the induction hypothesis applied to vy < @; and b’ € Us (@), we
have [0),b;']; € U (r) for some r € W;. On the other hand, we have shown above that [b,]

satisfies w7 'hy € B_ - [b,];. But since I/ = hihy for hy € U (wy), we get that [b,]; satisfies
W, hy € B_ - [V,], thus [b,]; = [b];. Therefore using Lemma [3.4.22(iv)}, we get

[buby, '] = [bulslby ] = [B]s[0; ] = [bub, ']y € Use(r),

finishing the induction step in the case s;vg > vy.

Suppose now that vy := s;u9 < vg. Let h = h;hlhy € U; (@) be as above. By (3.5.§ m
$;'hy € B - Ug(s;), so let d; € Ug(s;) be such that 5;'h; € B - d;. By (3.5.7), Us(s;)
Ug(t) = Ug () - Use(s4), so let b; € Usg(s;) and b’ € Ug(ay) be such that d;hjhy = W'b;.
We check using that

igth € BY - ay'h b, ogth e BY o7 - b, (3.6.6)

Let b,,b, € U be defined by a4, 'k’ € B_ - ¥, and 0;'W € B_ - b,. Then by the induction

u) v

hypothesis applied to v; < @y and ' € Uy (1), we find [b,0 '], € Ug(r) for some r € Wj.

But it is clear from (3.6.6) that b, = b.b; and b, = b,b;. Therefore [b,b;']; € Uy (7). O
Theorem 3.6.14. For allv <, we W7, i€ I, and x € R wys WE have
AF () (@)™ € Fyr. (3.6.7)

Proof. Let ¢ € W be such that wy = ag, thus {(dg) = £(a) + £(q). Let = € R, =
U (wo) - B be written as & = h - b, where h = hihsohs € Uy (wy) for hy € Us(u), hy €
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Uz (wy), hs € U;(q), and b € BS'. By (3.5.10), there exist b; € Ug(u™1), by € Ug(wy), and
bs € Us(q') such that

wthe B by, a'he BT byby, aig'he B bsbyby. (3.6.8)

Let o' := hb; . We have 2/ = 2b~'b;' € 2B C P, therefore 2’ € GY) and Q(j]v) (') = Q([Iv)(:v)

by Lemma [3.6.2(iv)l On the other hand, by (3.6.§)), 2/ € uB* C uP_, so Lemma [3.6.3(ii)

implies Q([]v) (¢/) = a'n(a")~".

Let us now compute n(z’) = [0~ kp2'];. By Lemma Ky = Ky = Ky, and by
Proposition , kph € Uy (@). Thus by @B.5.11)), o 'kph € B - Ug(v), so let dy € B
and by € Ug(v™') be such that 07 'k,h = dobg. By definition, k; € UQ(J), so by (3.6.F),
'Kyt € U_, and therefore using we find

a kph =0 ‘kpu - i th e U_ - h C B_ - byby.

We can now apply Lemma [3.6.13; we have v < @, xkyh € Ug (@), W 'kph € B_ - byby,
and v 'kph € B_ - by. Let b, := boby € U and b, := by € U. By Lemma [3.6.13] [b,b;']; =

[b2b1by '] € Ut (r) for some r € W

Recall that 9~ 'kyh = dgby for dy € B and by € Ug(v—"). Thus
n(2) = [0 kpa'l; = [0 k2] ; = [0 kphb s = [doboby Y] 5.
By Lemma [3.4.22(iii)| we get [doboby *]; = [do]s[boby ], Thus
G () = ¢S (') = a'n(a") ™t = 2’ [boby 15 [do] 7

By (3.6.8)), we have g ‘2’ € B - bsby, so 2’ € B¥igbsby. Using Lemma [3.4.22(iv)| we thus

get
({7 () = a'[boby ']; " [do] ;' € B - ingbs[babiby '] 5[do] ;"

u,v

We are interested in the element (4% (z)w~'. We know that dy € B, thus [do); € T5'U7,
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and by Lemma [3.4.5 [do] =" € T - U_. Hence

¢ ()™t € B - aingbs[babiby Y] s[do) ;™ € B - isgbs[bobiby Yyt - T U

u,

In particular, AF( ) (@)~1) € Fy if and only if AF (tigbs[babiby ] ") € Fy. Recall that
bs € Uy(q™") and [babiby '] € Ug(r) for some r € Wy, Thus bs[bobiby '] € Ug(q'r), so we
are done by Proposition [3.5.13 O

Proof of Theorem[3.6.4 Our strategy will be very similar to the one we used in the proof of
Corollary

Fix (u,u) < (v,w) <X (V,w') € Q;. Let t = (t1,ta,t3) with [t1| = £(0'), |ta] = l(wy) —
{(w'), and |t3| := £(w") — £(v'), and assume K = F. Choose reduced words i for v'~! and j

for wow'~!, and let (v/,w’) € Red(v',w’). Suppose that x € gy w(t3) - B*. Then
g(tl,tg,tg) = Xi<t1> . yJ(tg) . gv’,w’(t3) - Usf<U,_1) . US;(’LUQIU/_I) . Rif/’w/.

By Lemma , we have g(ti,to,t3) € Risiwo. Thus by Theorem , for all i € I we
have AF (¢ (g(t1,ta,t3))0") € Fyg. Denote by f(ty,ta,t3) == AF(CI) (g(t1, ta, t3))0 ")
the corresponding subtraction-free rational expression, which yields a continuous function
REB' X R';%‘ X ]R‘;%‘ — R>p. We claim that f extends to a continuous function Rgg' X
Rlztf)l X Rg%l — R>g. Indeed, fix some (t7,t},t}) € R;B‘ X R;é‘ X RE%‘ and let K = C. The
element 2’ := g(t], t}, t5) (obtained by evaluating at (t},t}, t}), see Section belongs to
Gso- RZ° ,, and by Lemma there exist v”,w” € W such that v" < v <w <w” and

v w'

«’' € R} . Recall from Lemma [3.4.8(ii)| that we have
V<Y < or <ur <wr’ <uw' <w”

for some r',r € W; such that ¢(vr’) = ¢(v) + ¢(r’). In particular, by Lemma [3.6.9(ii)|

= uG(()J) and kya' € R

V' UTy

for some r,, € W such that r,, > r. By Corollary |3.5.12]

ket € 0F'B_B C DGE)J), which shows that 2/ € GE;Q The map Q([/;,) is therefore regular at

2" by Lemma [3.6.2(ii) The map AF is regular on G by Lemma [3.4.21(ii), so in particular

it is regular at Q(L‘]v) (2/)w~. We have shown that the map z” Ali(Q%) (2")w™1) is regular
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at ' = g(t},th, ty) for all (t],t),t}) € R;B' X R;g' X R';‘Z’)'. Thus the map f(ti, to, t3)

extends to a continuous function R';B' X ]Rg%' X Rg%l — R5¢. By Lemma [3.5.9] we find that

£(0,0,t3) := limy, ¢,—,0 f(t1,t2,t3) belongs to Fy, i.e., can be represented by a subtraction-
free rational expression in the variables t3. On the other hand, it is clear that f(0,0,t3) =
AF (G (v ()™,

Our next goal is to show that (0,0, ts) € FJ. Indeed, suppose otherwise that f(0,0,t3) =
0 (as an element of F). By Lemma , Q%) descends to a regular map Gq% /P — G
(still assuming K = C). Therefore the map f : G%/P — C sending 2'P — Af((&j]v)(x’)w_l)
is also regular. If £(0,0,t3) = 0 then f vanishes on 7 J(R;%,) =11;°,,, and therefore it van-
ishes on its Zariski closure, which is IL, ,». We have m;(R;S,) = 1179 C Iy 4, thus f(z) =0

for any x € G%’g such that B € R7 0. Let us show that this leads to a contradiction.

Let © € G be such that 2B € R;),. By (3.4.27), there exists 2/ € 2P such that
B € R

vr! wr’*

By Lemma [3.6.9(ii), we have 2’ € uG[()J), and thus = € uG’é‘]). Having

¢B € RZY implies + € B_oB N BwB. Since x, € Uy} € U_, we have r,z € B_0B.
By (3:4.34), B_oB = (0U_NU_0)B C ¥B_B, thus k,x € vB_B, and therefore = € G§;’3
Moreover, v *k,z € B_B, thus n(x) = [0"'k,z]; € U;TU;. On the other hand, m,p () €
2UY) C B C BwB, see Definition m Thus

¢Y(2) = mup_(x)n(x)™' € BwB-U,;TU; = BwB-Uj.

u,v

Recall that because w € W7, we have Uy ™' C v~ 'U_ by Lemma[3.4.5 Hence

¢ (2)w™" € BuB-U; -w™' C BB 'B_.

By (3.4.34)) (after taking inverses of both sides), BwB = B - (U_w NwU), so

()t e B-(U_NnwUw™')-B_c B-B_.

u,v

In particular, Af((j&‘?(w)w‘l) # 0 for all ¢ € I. This gives a contradiction, showing
f(0,0,t3) € FZ. But then evaluating f at any t} € Ri(g]/)_é(vl) yields a positive real number.
We have shown that Af(d[?(w)w’l) # 0 for all z € G such that 2B € R" ,. We are done

v w'*
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by Lemma [3.4.21(ii1) O

3.7 Affine Bruhat atlas for the projected Richardson strat-

ification

In this section, we embed the stratification (3.4.23) of G//P inside the affine Richardson

stratification of the affine flag variety. Throughout, we work over K = C.

3.7.1 Loop groups and affine flag varieties

Recall that G is a simple and simply connected algebraic group. Let A := C[z,27!] and
Ay, A_ C A denote the subrings given by A, := C[z], A_ := C[27!]. Then we have ring
homomorphisms €vg : A, — C (resp., évy : A_ — C), sending a polynomial in z (resp., in

271) to its constant term. Let G := G(A) denote the polynomial loop group of G.

Remark 3.7.1. The group G is closely related to the (minimal) affine Kac—Moody group
g™ associated to G, introduced by Kac-Peterson [KP83, [PK83]. Below we state many
standard results on G without proof. We refer the reader unfamiliar with Kac-Moody groups
to Section where we give some background and explain how to derive these statements

from Kumar’s book [Kum02].

We introduce opposite Iwahori subgroups
B:={g(z) € G(A,) | evo(g9) € B},  B_:={g(z7") € G(A) | eve(g) € B_}
of G, and denote by
U:={g(z) € G(A}) [ evo(g) € U}, U-:={g(z7") € G(A-) | 67c(9) € U-}

their unipotent radicals. There exists a tautological embedding G — G, and we treat G as

a subset of G.
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We let T := C* x T C C* x GG be the affine torus, where C* acts on G via loop rotation,
see Section [B.8.2] The affine root system A of G is the subset of X (7)) := Hom(7,C*) &
X(T) & Zo given by

A=AeUAj, where A:={f+j0[Be® jeZ}, Auy:={jo|jecZ\{0}}
are the real and imaginary roots, and the set of positive roots AT C A has the form
At ={jo|j>0tu{B+j0|Bed j>0U{3|Bed"} (3.7.1)

We let Al := ATNA, and A, := A”NAL. For each o € A, (resp., a € A7) , we have a
one-parameter subgroup U, C U (resp., U, C U_). The group U (resp., U_) is generated by

{Ua}qens (resp., {Ua}en- ), and for each o € A, we fix a group isomorphism x4 : C = Us,.

Let Q3 := @,c; Zo denote the coroot lattice of ®. The affine Weyl group W=WxQy
is a semidirect product of W and @y, i.e., as a set we have W =W x Q%, and the product
rule is given by (wy, A1) « (wa, A2) := (wiwg, Ay + w1 Ag). For A € Qf, we denote the element
(id,\) € W by 7n. The group W is isomorphic to Ngeng(T)/T, and for f € W, we
choose a representative f € G of f in Newwg(T), with the assumption that for w € W, the
representative w € G C G is given by . Thus W is a Coxeter group with generators
so U {s;}ier, length function ¢ : W — Ly, and affine Bruhat order <. The group W acts

on A, and for « € , € A, A € Qy, and w € W, we have

wrnw ' =T, ma=a+ (\a)d, mo=0, mlUsty =U,p. (3.7.2)

Let G/B denote the affine flag variety of G. This is an ind-variety that is isomorphic to the
flag variety of the corresponding affine Kac-Moody group G™®, see Section m For each
h, f € W we have Schubert cells X! = BfB/B and opposite Schubert cells /"Eh = B_BB/B.
If h £ f € W then Q\Cj’fﬂih = (). For h < f, we denote RI = /'\?hﬂ/'\?f. For all g € W, we
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have

Xo=| Ry, X, =R ar=| At x=] A (3.7.3)
h<g g<f h<g g<f
For g € W, let
C,:=gB_B/B, U(g):=¢U g 'NU, and U(g):=gU g 'NU_. (3.7.4)

As we explain in Section the map x — xgB gives biregular isomorphisms

GU_GT 5 C, Ui(g) D X9, Un(g) S X, (3.7.5)

Let UY) C U be the subgroup generated by {Uy},c At\g+- Similarly, let U c U e
the subgroup generated by {Uo},caz\o-- For € G C G, we have

R R N A (3.7.6)

3.7.2 Combinatorial Bruhat atlas for G/P

We fix an element A € Q4 such that (A\,a;) =0 for i € J and (A, ;) € Zy fori € I\ J.
Thus A is anti-dominant and the stabilizer of A in W is equal to W;. Following [HL15|,
define a map

V:Qy =W, (v,w)—vnw . (3.7.7)

By [HLI15, Thm. 2.2], the map ¢ gives an order-reversing bijection between @) ; and a subposet
of W. More precisely, let 7§ := 7\(w”/)~", and recall from (3.7.2) that umu™" = 7.
By [HL15, §2.3], for all (v,w) € Q; we have

vt =v-r - wlwTt omw ™) = L) + 41 + wwh, (3.7.8)
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see Figure for an example. By [HL15, Thm. 2.2, for all u € WY we have

DTy ={geW |7 <g<mn}, and (3.7.9)

V(Qy) ={g e W | 1] < g < Ty for some w € W'}, (3.7.10)

3.7.3 Bruhat atlas for the projected Richardson stratification of
G/P

Let u € W7. Recall that A € Q3 has been fixed. We further assume that the representatives

7\ and 7, satisfy the identity uru =t = 7.

Our goal is to construct a geometric lifting of the map 1. Recall the maps = +— g%‘]) and

T gé‘]) from Definition [3.4.23] We define maps

0, CY) = G, xP — gi‘])u STy (géJ)U)_l = g%‘]) Tun - (gé‘]))_l, and  (3.7.11)

@, :CY) = G/B,  xP s p,(zP)-B. (3.7.12)

The main result of this section is the following theorem.
Theorem 3.7.2.

(1) The map @y is a biregular isomorphism

PO S X nx = | ] R

VT W™
(v,w)eQs ™™

and for all (v,w) = (u,u) in Qj, @, restricts to a biregular isomorphism
Du C’fLJ) N ﬁww = 7%,:;11[},1.
(2) Suppose that (u,u) < (v,w) = (V,w') in Q. Then

Gu (I1;°) C Coryut-

The remainder of this section will be devoted to the proof of Theorem [3.7.2
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3.7.4 An alternative definition of ¢,

Recall the notation from Definition (3.4.23, and that we have fixed u € WY and X\ € Q}
satisfying (A, ;) = 0 for i € J and (N, ;) € Zo for ¢ € I\ J. We list the rules for

conjugating elements of G C G by 7).

Lemma 3.7.3. We have

T p=p-7x forallp€e Ly, (3.7.13)
H-UD it cu?, w Uit cu®, (3.7.14)
L UD i cuD, w5 oY s cu, (3.7.15)
furn - U il ey 2ol U culh, (3.7.16)

Proof. Recall that L is generated by T', Uy, and U}, and since Thya = a for all o € ¢, we

see that (3.7.13) follows from . By (3.7.2] - we find Ty € AL\ O for o € @) and
o€ AL\ @ for a € @ ), which shows (3.7.14). Similarly, 7, 'a € AL\ ®* for a € CIDS;])

and 7, 'a € A\ @ for a € ®") which shows (13.7.15]).
To show (3.7.10)), we use (3.7.0), (3.7.14), (3-7.15), and U\, UL c a1 to get

Fur - U il = ana - U - ad et Cary - Uit cauPat =y @,

AU i = ai U anat cargt - UY et cauPat =y O

The map @, can alternatively be characterized as follows. Recall from Definition [3.4.23

that we have a regular map & : uG(()J) — UQ(J) that descends to a regular map & : o) UZ(J)

by Lemma . Recall also from Lemma [3.4.22(i)| that UG(()J) =ubP_ - B.

Lemma 3.7.4. Let x € uP_. Then
Pu(TP) = Kpx -7y -1 - B. (3.7.17)

Proof. We continue using the notation of Definition [3.4.23| Let p € L; and ¢//) € a1
be such that zp = ¢)4. Note that gé‘])u = th)g(J)u = hg‘])xp, and since hg‘]) € UI(J) cUC

94



B, we see that (¢{”4)~-B = (zp)~'-B. On the other hand, r,zp = hS ¢ u = ¢”a. Since
p commutes with 7, by (3.7.13)), we find

Pu(zP) = gi‘])u STy - (gé‘])u)_l B=rkgxp-ty-(xp) - B=kex -7\ -1z - B O

3.7.5 The affine Richardson cell of ¢,

Lemma 3.7.5. We have

u

e = || (@Y NniLw). (3.7.18)

=(u,u)

(vw)eQ]
Proof. The torus T acts on G/ P by left multiplication and preserves the sets cY) and 10107“,
for all (v,w) € Q;. By (3.4.23), IL,,, contains @P if and only if (u,u) < (v,w). Suppose
that 2P € C" n ﬁv,w for some (v, w) € @Q;. Then TxP/P C Ct”, and by Lemma ,
the closure of this set contains @P. On the other hand, the closure of this set is contained

inside II,, ,,, thus (u,u) < (v, w). O

Lemma 3.7.6. Let (v,w) € Q5"™. Then

2.(C N1L,,) CRIZ, (3.7.19)

VYW

Proof. Let x € uGé‘]) be such that zP € f[v,w. Let us first show that ¢,(xP) € XTon,

By (3.7.12), we have

pu(@P) = gi” - dur - (g8) Al Fun - B (3.7.20)

Observe that gy) € Ul(‘]) C U and by (3.7.16)), 7, - (gé‘]))*l b e U so by (3.7.6), we

have

ou(xP) -7l €U, thus ¢,(zP) € B 7, B. (3.7.21)

This proves that ¢, (xP) € X,

We now show @, (xP) € )%WW—L Recall that lg[v,w = WJ(ém,), so assume that z €
B_vB N BwB. Since uGé‘]) = wP_B by Lemma , we may assume that z € uP_,
in which case @, (zP) is given by (3.7.17). We have r,z € B_9B and ' € B 'B, so it
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suffices to show

B_0B -1y -Buw B CB_-ioma - B. (3.7.22)

Clearly we have
BibB'j—)\'BwilBCB*'@'U(J)‘UJ'%A'U(J)-Uwa*l-B_

By (3.7.13) and Lemma [3.4.22(ii), U; can be moved to the right past 7, and U). We can
then move UY) to the left past 7, using (3.7.14]), which gives

B_UBT)‘B/LU_IBCB—UU(J)'USI)T)\UJ'/LU_IB

By (3.7.6), 4" can be moved to the left past @ - U), and then U can be moved to the
right past 7, using (3.7.15)), yielding

B OB -1 -Biw'BCcB_ -v-m-UD U, -0t B

By (3.7.6), ") can be moved to the right past U;-w~'. Since w € W, Lemma shows
that U; -w~! C w™ U, so (3.7.22) follows. O

3.7.6 Proof of Theorem (3.7.2(1)|

Observe that X,y N A7 |_|(UwEQ><uu) RZ:iw—l by and (3.7.9). By (3.7.19),
@u(CZ([])) C Xy N A7 Let us identify X7or with the affine variety Ui (1,y) via (3.7.5)),

and denote by ¢! : o U, (7,)) the composition of and @,.

We claim that ¢ gives a biregular isomorphism between CY) and a closed subvariety of
Ui (Ty)). Let z € uG(‘]) and let g), g%‘]), géj) be as in Definition . Let y := @ (v P) 7,
$0 @u(xP) =y - 7yr - B. Thus ¢! (zP) = y if and only if y € U;(7,x). By m, we have
y € U. Hence in order to prove y € U (7,)), we need to show y € 7,\U_7,, . Conjugating

both sides by 7., we get

_ . . J) . J)\—
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which belongs to U_ since (géJ))_1 € Uz(‘]) C U_ by definition and t;;gf)m e u

by (3.7.16). Thus y € Ui(7y) and @} (zP) = y. By Lemma , we may identify %
with UI(J) X UQ(J), so let @t - Ul(‘]) X UQ(J) — Uy (T,x) be the map sending (gg‘]),gé‘”) =y =
gt” - Funlgs)

Let ©; = ud”) N &+ and Oy := ud) N &~ thus U = U(©,), U = U_(©,), and
O, LU0, = ud). By the proof of , TunO2 C AL\ T and Tu_)\l@l C A, thus

O U 7,002 C Inv(7,)). Let O3 C Af be defined by 03 := IHV(Tu_Al) \ (61 U ©,). By

Lemma [3.AT] the multiplication map gives a biregular isomorphism

UO1) x U(TinO2) x [] U = U(Inv(7,)))) = Un(7ur), (3.7.23)
acO;

where U(©) denotes the subgroup generated by {U, }aco. In particular, U(©;) - U(7,,O2) is
a closed subvariety of U, (7,) isomorphic to CI®1+1®2l = C!”) " Observe that U(TunO2) =
%uAUZ(J)T';\l, thus @} essentially coincides with the restriction of the map to U(O) x
U(T,202) x {1}. We have thus shown that @} gives a biregular isomorphism between UI(J) X
U2(J) and a closed ¢(w”)-dimensional subvariety of U;(7,y). Therefore @, gives a biregular
isomorphism between O and a closed ¢ (w”)-dimensional subvariety @u(C’q(j])) of X7, By
Proposition [3.A.2] XT{ N X7 is a closed irreducible subvariety of X Tuxand by and
Proposition [3.A.2] it has dimension ¢(w”’). Since @u(C’z([])) C Xy N X7 it follows that
@U(Cq([])) =N X7ux. We are done with the proof of Theorem [3.7.2(1),

Remark 3.7.7. Alternatively, the proof of Theorem|3.7.2(1)[could be deduced from Deodhar-
type parametrizations [Had84, [Had85l BD94| of R

vrw— 1)

by observing that any reduced word
for 7, that is compatible with the length-additive factorization 7,5 = -7y -w/u=! in (3.7.8)

contains a unique reduced subword for 7y

3.7.7 Proof of Theorem (3.7.2(2)|

We use the notation and results from Section . Let z € GG be such that zP € Hj,ow,. Since

I;°, = 7;(R;°,), we may assume that 2B € R;°,,. Then x € uGé‘]) by Lemma [3.6.9(ii)},

v’ Jw

5o @u(zP) is defined. In addition, by Lemma [3.4.22(i)| we may assume that = € «P_. By
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definition, @,(zP) € Cyryp-1 if and only if w7y 0@, (zP) € B_B/B. By (3.7.17), this is

equivalent to

Wiy, 0T Rz Ty a7 € BUB. (3.7.24)

By Theorem [3.6.4, z € G\, so v 'k,z € GY). Let us factorize y := 0 'k,z as y =

9] [y)o[y)\” using Lemma [3.4.22(iii)| By (.7.13) and (3.7.15), we get

Wiy W kg iy 2Tt = a7y i o iy W] e e U [ylo - U

Using (3.7.6)), we can move U to the left and UD to the right, so we see that (3.7.24) is

equivalent to w(y]oz ™! € B_B. By Definition|3.6.1} we have [y]o = n(x), and by Lemma|3.6.3(ii)}
we have ({7 (z) = zn(x)~' = z[y];*. By Theorem , o (x) € BB_w, and after taking

inverses, we obtain w[yloz™' € B_B C B_B, finishing the proof. O

3.8 From Bruhat atlas to Fomin—Shapiro atlas

We use Theorem to prove Theorem [3.2.5]

3.8.1 Affine Bruhat projections

We first define the affine flag variety version of the map 7, from (3.2.1)). We will need some
results on Gaussian decomposition inside G, see Section for a proof.

Lemma 3.8.1. Let Gy:=B_-B.

(1) The multiplication map gives a bireqular isomorphism of ind-varieties:
U xTxU= G, (3.8.1)

For x € Gy, we denote by [x]- € U_, [x]p € T, and [x]+ € U the unique elements such
that x = [x]_[z]o[x], .

(ii) For g € W, the multiplication map gives bireqular isomorphisms of ind-varieties:

paz  U(g) X Us(g) = UG, par = Us(g) x Ur(g) = gU-§*. (3.8.2)
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The group gU_g~ ", as well as its subgroups U; (¢g) and Us(g), act on C,. The following result,
which we state for the polynomial loop group G, holds in Kac-Moody generality.

Proposition 3.8.2. Let g € .

(i) For x € G such that xB € C,, there exist unique elements y; € Uy(g) and ya € Us(g)
such that y1xB € 22g and ysxB € X9,
(ii) The map v, : C, = é‘ég x X9 sending xB — (1B, y2xB) is a biregular isomorphism
of ind-varieties.
(iii) Forallh, f € W satisfying h < g < f, the map U, restricts to a bireqular isomorphism

CyN Ri = 7025 X Ri of finite-dimensional varieties.

Proof. Let us first prove an affine analog of Lemma . Let vy : gU_g7 1 — Us(g), vs :
GU_g~* — Ui (g) denote the second component of 15 and 51" (cf. (3.8.2)), respectively, and
let v = (v1,19) : gU_G7' — Us(g) X Ui(g). We claim that v is a biregular isomorphism.
By Lemma v is a regular morphism. Let us now compute the inverse of v. Given
x1 € Uy(g) and x5 € Us(g), we claim that there exist unique y; € U;(g) and y, € Us(g) such
that y1z9 = yox1. Indeed, this equation is equivalent to y; 'y; = x125 ", 50 we must have y, =
[z1251]~" and y; = [2125'],. Clearly, v~ (22, 21) = y172 = 21, and by Lemma ,
the map v~! is regular. Applying finishes the proof of (i) and .

We now prove ((iii)l Observe that if 2B € C, N R£ for some h < f € W then z €
B_hB N BfB. Let yi,ys be as in . Then 4, € Us(g) C U, so gz € BfB. Similarly,
ys € Us(g) C U, 50 yox € B_hB. Tt follows that if 2B € C, N R} then i,(zB) € RY x R.
In particular, we must have h < g < f, and we are done by . ]

3.8.2 Torus action

Recall that 7 = C*x T is the affine torus. The group C* acts on G via loop rotation as follows.
For t € C*, we have t- g(z) = g(tz). We form the semidirect product C* x G with multiplica-
tion given by (t1,z1(2)) - (t2, x2(2)) := (t1ta, x1(2)xa(t12)), for (t1,21(2)), (t2, 22(2)) € C* x G.
Let Y(7) := Hom(C*,T) 2 Zd®Y(T). For A€ Y(T),t € C*, t' € C, and o € A, we have

A xo(EINE) ! = 2(tD9). (3.8.3)



where x, : C = U, is as in Section , and (-,-) : Y(T) x X(T) — Z extends the pairing
from Section in such a way that (d,0) =1 and (d, ;) = (o), ) =0 for i € I.

Let g € W and denote N := ¢(g). If Inv(g) = {a™,...,a™} then by Lemma [3.A.1] the
map x, : CV — U (g) given by

Xg<t1, . ,tN) = J]a(l)(tl) TN (tN) (384)

is a biregular isomorphism. For t = (¢,...,ty) € CV, define ||t]| := (|[t:)* + -+ + |tN|2)% €
R>o, and let || - || : 1 (g9) = Rxo be defined by ||yl := [Ix; ' (y)|. Identifying U;(g) with X9
via (3.7.5), we get a function || - || : X9 R>o.

We say that p € Y(T) is a reqular dominant integral coweight if (p,d) € Z~o and (p, ;) €
Z~o for all i € I. In this case, we have (p,a) € Z~q for any oo € AL. Let us choose such a
coweight p, and define 9, : Rog x G/B — G/B by U,(t,x2B) := p(t)zB.

It follows from that if g € W and y € Uy(g) is such that x;'(y) = (t1,...,tx)

then there exist ky,...,ky € Z~ satisfying

N|=

194(t,ygB)|| = (" |ta|* + -+ + "V [tn]?)®  for all t € Ry (3.8.5)

3.8.3 Proof of Theorem [3.2.5|

By Corollary [3.4.20] ((G/P)r, (G/P)so, Q) is a TNN space in the sense of Definition [3.2.1]
Thus it suffices to construct a Fomin—Shapiro atlas.

Let (u,u) = (v,w) € @y, and denote f := (u,u), g := (v,w). Thus we have ¥ (f) = T\

and 1(g) = vryw™'. Moreover, for the maximal element 1 = (id,w’) € @, we have

(1) = 7J. By Theorem [3.7.2(1)| the map @, gives an isomorphism o) = Xy N xeW.

Let (’);C c O be the preimage of Cy(g) N X4y N X0 under ®u, and denote by O,

(’);C N (G/P)g. Since Cy(g is open in G/B, we see that (’)gj is open in C” which is open

in G/P, so O, is an open subset of (G/P)z. By Theorem [3.7.2(2), O, contains Star ",

which shows |(F'S5)] m Moreover, we claim that O, C Star,. Indeed, if h = f but h 2 g then

¥(h) £(g). The map @, sends 11,nCY to Rigi) which does not intersect Cy(q) by (3.A.3)).
We now define the smooth cone (Z,,9,). Throughout, we identify X% with CYo for

100



=l(¢ via (3.8.4). We set Z7 = X, N X% and Z‘Ch = ”R,w ) for g 2 h €@y
We let Zg = Z;F NRY and Z,), = Zg,h NRMs denote the corresponding sets of real points.
Thus follows trivially. The action 9, restricts to R™s, and by (3.8.F)), it satisfies|(SC2)|
As we discussed in Section the action of ¥, also preserves Z, (showing and Zog h
(showing [(FS2)).

Finally, we define a map 7, : Of — (1019 NOF) x CY as follows. Let 7y = (Fg1,7g2) :
C, — Pég x X9 be the map from Proposition m We let 7,9 := 742 0 ¢y, so it sends
O;C — Cy(g) — X¥9) o Ny By Proposition [3.8.2(iii)} the image of 7, is precisely Zg. We

also let 7,1 := @, ' o ;1 0 @y, thus it sends
c ~ zb 3 C

It follows from Theorem and Proposition “ 3.8.2|that v, := (7,1, 7,2) gives a biregular
isomorphism (”)(C (H N OC) X Z(C All maps in the definition of Z(C are defined over R,
thus 7, gives a smooth embedding O, — (H]}f N0O,) x RN with image (HIgR NO,) x Z,. By
Lemma , we find that Z, is an embedded submanifold of R™7, so we get a diffeomorphism

7y 0y 5 (IEN0O,) x Z

By Theorem |3.7.2(1) and Proposition |3.8.2(iii)j we find that for h > g, 7, sends 11, N O,
o (fIg NQO,) x ég,}w showing |(FS3)l When zP € fIg N O,, we have @,(xP) € Rig) SO
clearly Dy,1 (@ (2P)) = @u(xP) and 7,5(@,(xP)) € R, Thus 7, (vP) = x and Dy (xP) =
0, showing |(FS4)l We have thus completed all requirements of Definitions [3.2.1} |3.2.2]

and B23 =

3.9 The case G =SL,

In this section, we illustrate our construction in type A. We mostly focus on the case when
G/ P is the Grassmannian Gr(k, n) so that (G/P)> is the totally nonnegative Grassmannian
Gr>o(k,n). Throughout, we assume K = C.
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3.9.1 Preliminaries

Fix an integer n > 1 and recall the notation [n] := {1,2,...,n}, ([Z]) ={S C[n]:|S| =k}

Let G = SL,, be the group of n x n matrices over C of determinant 1. We have subgroups
B,B_,T,U,U_ C G consisting of upper triangular, lower triangular, diagonal, upper unitri-
angular, and lower unitriangular matrices of determinant 1, respectively. The Weyl group
W is the group S,, of permutations of [n|, and for i € I = [n — 1], s; € W is the simple
transposition of elements ¢ and 7 + 1. If w € W is written as a product w = s;, ...s;, then
the action of w on [n] is given by w(j) = s;,(...(s;(j))...) for j € [n]. For S C [n], we
set wS = {w(j) | j € S}. For example, if n = 3 and w = s351 then w(l) = 3, w(2) = 1,
w(3) =2, and w{l, 3} = {2, 3}.

For i € [n—1], the homomorphism ¢; : SLy — G just sends a matrix A € SLy to the n xn
matrix ¢;(A) € SL, which has a 2 x 2 block equal to A in rows and columns ,7+ 1. Thus if
n = 3 then §; = [[1) o 8}, 89 = [(1J 0 —01}, and for w = sys1, W = [8 o Pl] In general, given

00 1 010 10 0
w € S,, w contains a +1 in row w(j) and column j for each j € [n], and the sign of this
entry is —1 if and only if the number of +1’s strictly below and to the left of it is odd. In
other words, the (w(j),j)-th entry of W equals (—1)#{<ilw(@>w()}

For « € SL,, 7 is just the matrix transpose of x, and x* defined in has (4, j)-th
entry equal to the determinant of the submatrix obtained from x by deleting row j and
column 7.

For i € [n — 1], the function AF : SL, — C is the top-left ¢ x i principal minor, while
AF : SL, — C is the bottom-right ¢ x i principal minor. The subset G = B_B consists

precisely of matrices x € SL,, all of whose top-left principal minors are nonzero, in agreement

with Lemma [3.4.21(iii)] We denote AF(z) = AX(z) :=detz = 1.

3.9.2 Flag variety

The group B acts on G = SL,, by right multiplication, and G/B is the complete flag variety
in C™. It consists of flags {0} = Vo Cc V4 C --- C V,, = C" in C" such that dimV; = i for
i € [n]. For a matrix « € SL,,, the element B € G/B givesrise toaflagVy C V; C --- C V,

such that V; is the span of columns 1, ...i of . For k € [n], S € ([Z]), and z € SL,,, we denote
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by Agag the determinant of the k& x k submatrix of x with row set S and column set [k].
Thus for each k € [n], we have a map Al*® : G/B — cp(i)-! sending =B to (Agag(:v))Se([n]).

k
Here ([Z]) is identified with the set Wwy from Lemma [3.4.21(iv)|

3.9.3 Partial flag variety

For J C [n], we have a parabolic subgroup P C G, and the partial flag variety G/ P consists
of partial flags {0} =Vo C V;, C--- CV;, CV,, =C" where {j; <--- <ji} = (n—1]\J)
and dim Vj, = j; for ¢ € [l]. The projection 7; : G/B — G/P sends a flag (V, V1,...,V,,) to
(Vo, Viry -+, V3, V). When J = (), we have P = B and G/P = G/B. We will focus on the

“opposite” special case.
Unless otherwise stated, we assume that J = [n — 1] \ {k} for some fixed k € [n — 1].

In this case, G/P is the (complex) Grassmannian Gr(k,n), which we will identify with the

space of n x k full rank matrices modulo column operations. Let us write matrices in SL,,

in block form [A b

c|p
%i} € SL,,, we denote by [z| :=
c|p

first k£ columns of x. Thus every x € SL, gives rise to an element P of G/P which is a

, where A is of size k X k and D is of size (n — k) x (n — k). For a

matrix © =

A} the n x k submatrix consisting of the
C

k-dimensional subspace Vj, C C" equal to the column span of [z|. The map Azag in this case
is the classical Pliicker embedding AN - Gr(k,n) < (C]P’G)*l, cf. Section

The set W+ from Section consists of Grassmannian permutations: we have w € W+
if and only if w = id or every reduced word for w ends with s;. Equivalently, w € W if
and only if w(1) < -+ < w(k) and w(k + 1) < --- < w(n), so the map w — wlk] gives
a bijection W7 — ([Z]). The parabolic subgroup W, (generated by {s;}jcs) consists of
permutations w € S, such that w[k] = [k], and the longest element w; € W} is given by

(wy(1),...,ws(n)) = (k,...,1,n,...,k+1). The maximal element w”’ of W7 is given by

(w’(1),...,w'(n))=Mm—k+1,...,n,1,...,n — k). We have
U, — Uy, 0 U(])_ I, O I = AlO p A| B
R R A s e A oD ||’
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where U, is an 7 X r upper unitriangular matrix, [, is an r X r identity matrix, A € SLy,

D € SL,_k, and B, C are arbitrary k x (n — k) and (n — k) x k matrices, respectively.

3.9.4 Affine charts

We have GY) = {z € G | A&?g(x) # 0}, and for z = e GY (such that A?k?g(x) =

A|B
C|D

det A # 0), the factorization = = [z] ) [m][()‘]) ] f) from Lemma [3.4.22(iii)| is given by

AlB :[ | o ].[A 0 ]_[IkAIB]‘ (39.1)
clp oAt 1, 0|p-catp 0| I

The matrix D — CA~'B is called the Schur complement of D in x.

For u € W, the set C'”) c G/P consists of elements 2P such that Ag?,f] (x) # 0. The

(inverse of the) isomorphism ([3.4.31]) essentially amounts to computing the reduced column

echelon form of an n x k matrix: if z € @ is such that zP € C{” is sent to gY) € AUy
via then the n x k matrices [z| and [g(J >a} have the same column span, and the
submatrix of [g(‘] >u| with row set u[k] is the k X k identity matrix. Let us say that an n x k
matrix M is in u[k]-echelon form if its submatrix with row set u[k] is the k X k identity
matrix.

The matrices g%‘])u and géj)u from Definition are obtained from ¢)u simply

(J)

by replacing some entries with 0. Explicitly, let (M; ;) = [g(‘])u|, (M;) = [gl u|, and

(M) = [gé‘])u‘ be the corresponding n x k matrices. Thus M; ; = §; ;) for all i € u[k]| and
J € [k], and we have

M, ;, iti<u(j), M, ;, ifti>wu(y),
M!. = ’ ) M = ’ b) for all i € [n] and j € [k].

3 4,7
0, otherwise, 0, otherwise,

The operation M — M’ which we call u-truncation, will play an important role.

Example 3.9.1. Let G/P = Gr(2,4) and u = s3s5 € W/, so u[k] = {1,4}. We have

1 1 1 1
g xr1 T2 — xr1 T J) . €T J) . x
ng(")UZ[méﬁi } [:c|:{z;m§}, {gPu\:[ zlz], {gé)u\zlmél]
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3.9.5 Positroid varieties

We review the background on positroid varieties inside Gr(k,n), which were introduced
in [KLS13], building on the work of Postnikov [Pos07]. Let S, be the group of affine permu-
tations, i.e., bijections f : Z — Z such that f(i+n) = f(i)+n for all i € Z. We have a func-
tion av : S, — Z sending f to av(f) := L3 ((f(i) —4), which is an integer for all f € Sy
For j € Z, denote S;,, .= {f € S, | av(f) = j}. Every f € S, is determined by the sequence
f(1),..., f(n), thus we write f in window notation as f = [f(1),..., f(n)]. For A € Z",
define 7, € S, by 7 := [dy,...,d,], where d; = i+n); for all i € [n]. Let Bound(k,n) C gk,n
be the set of bounded affine permutations, which consists of all f € S, satisfying av(f) = k
and i < f(i) < i+ n for all i € Z. The subset S’O,n is a Coxeter group with generators
S1y.+ySn_1,Sn = So, where for i € [n], s, 1 Z — Z sends i — i+ 1, i+ 1+ 4, and j > j
for all j # i,i+1 (mod n). We let < denote the Bruhat order on Sy, and ¢ : Sy,, — Zx
denote the length function. The sets Sy, and Sy, are in bijection sending (i — f(i)) to
(1 — f(1)+k), and thus we get a poset structure and a length function on S;m When f < g,
we write g <°° f and we will be interested in the poset (Bound(k,n), <°?), which has a
unique maximal element 75, := [1+k,2+k,...,n+k]. It is known that Bound(k, n) is a lower
order ideal of (Sk,, <°?). We fix A = 170" % .= (1,...,1,0,...,0) € Z" (with k 1’s). Then

T™n=[1+n,....k+n,k+1,... n]is one of the ([Z]) minimal elements of (Bound(k, n), <°P).

1

The group S, is naturally a subset of Sy, and we have 7, = 7\(w”’)~" = 7, where 77 was

introduced in Section B.7.2

Given an n x k matrix M and i € [n], we let M; denote the i-th row of M. We extend
this to all i € Z in such a way that M;,, = (—=1)*"'M; for all i € Z. Thus we view M as
a periodic Z x k matrix. (The sign (—1)*=! is chosen so that if M € Grso(k,n), then the
matrix with rows M;, ..., M;,,—1 belongs to Grso(k,n) for all i € Z, see Section )
Every n x k matrix M of rank k gives rise to a map fy : Z — Z sending ¢ € Z to the
minimal j > ¢ such that M; belongs to the linear span of M4, ..., M;. It is easy to see that
fu € Bound(k,n) and fy; depends only on the column span of M. For h € Bound(k,n),
the (open) positroid variety 1, c Gr(k,n) is the subset I, = {M € Gr(k,n) | fu = h}. Its

Zariski closure inside Gr(k,n) is I, = || copy, 12[9.
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For h € Bound(k,n), define the Grassmann necklace I, = (1,)aez of h by
I, :={h(i)|i<a, h(i) >a} forac€Z. (3.9.2)

Then [, is a k-element subset of [a, a+n), where for a < b € Z we set [a,b) := {a,a+1,...,b—
1}. Fora <be Z and M € Gr(k,n), define rk(M;a,b) to be the rank of the submatrix of
M with row set [a,b). For a,b € Z and h € S,,, define rou(h) := #{i < a | h(i) > b}. We

describe two well known alternative characterizations of open positroid varieties, see [KLS13].
Proposition 3.9.2. Let h € Bound(k,n) and let I, = (I1,)acz be its Grassmann necklace.

(i) The set ﬁh consists of all M € Gr(k,n) such that for each a € Z, 1, is the lexicograph-
ically minimal k-element subset S of [a,a+n) such that the rows (M;);es are linearly

independent.

(ii) For M € Gr(k,n), we have M € ﬁh if and only if
k—rk(M;a,b) =rqp(h) foralla <beZ. (3.9.3)

We use window notation for Grassmann necklaces as well, i.e., we write Z, = [, ..., I,].

Recall that we have fixed A = 1%0"* € Z". For (v,w) € Q, define f,,, € S, by
fow = vTaw™ " (3.9.4)
Theorem 3.9.3 (|[KLS13|). The map (v, w) — f,. gives a poset isomorphism
(Qs,=) = (Bound(k,n), <°P).

For (v,w) € Q,, we have IEIMU = lglfv,w and 11, ,, = Iy, , as subsets of G/P = Gr(k,n).

Example 3.9.4. There are n positroid varieties of codimension 1, each given by the condition

A?ffk 41,4 = 0 for some i € [n]. The top element (id,w’) € Q; covers n elements, namely,

(s, w?) for i € [n — 1] together with (id, s,,_pw’). Fori € [n — 1], v = s;, and w = w’, we

have f, ., = s;73, which corresponds to the variety A??fk 1,y = 0. For the remaining pair

-----

_ _ J _ J : flag _
v =id, w = s,_pw”’, we have f,,, = 75 S,—k, which corresponds to the cell A{nfkﬂ ..... 0y =
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-10 1 2 3 45 6 7 8 9101112

S52(53(54

51|52

-101 2 3 45 6 7 8 9101112

Figure 3-2: A Le diagram (bottom left) and the labeling of its squares by simple trans-
positions (top left). The result of applying the bijection of Theorem m (right). See
Example [3.9.6] for details.

Example 3.9.5. It is easy to see directly from (3.9.4]) and (3.9.2]) that the first element of

the Grassmann necklace of f,,, is [y = v[k|. Similarly, w[k] = {i € [n] | fo.u(i) > n}.

Example 3.9.6. Elements of Bound(k,n) and @ ; are in bijection with Le diagrams of [Pos07].
The bijection between @); and the set of Le diagrams is described in [Pos07, §19]: a pair
(v,w) € @ gives rise to a Le diagram whose shape is a Young diagram inside a k x (n — k)
rectangle, corresponding to the set w[k]. The squares of the Le diagram correspond to
the terms in a reduced expression for w, as shown in Figure (top left): the box with
coordinates (7, j) in matrix notation is labeled by sj.;_;. The terms in the positive subex-
pression for v inside w correspond to the squares of the Le diagram that are not filled with
dots, see Figure (bottom left). Thus the bijection of Theorem can be pictorially
represented as in Figure (right). We refer to [Pos07, §19] or [Wil07, Appendix A| for
the precise description. For the example in Figure [3-2] we have v = s1, w = $951545352,
and f,, = [3,4,7,5,6] in window notation, which is obtained by following the strands in

Figure [3-2| (right) starting from the top.

3.9.6 Polynomial loop group

We explain how the construction in Section applies to the case G/P = Gr(k,n). Recall
that A := Clz,27!]. Let GL,(A) denote the polynomial loop group of GL,, consisting of
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n X n matrices with entries in A whose determinant is a nonzero Laurent monomial in z,
i.e., an invertible element of A. (We use GL,(A) instead of SL,(A) as the constructions are
combinatorially more elegant.) We have a group homomorphism val : GL,,(A) — Z sending
z € GL,(A) to j € Z such that detz = ¢z for some ¢ € C*, and we let GLY)(A) =
{z € GL,(A) | val = j}. The subgroups GL,(A;) and GL,(A_-) are contained inside
the group GL”(A) of matrices whose determinant belongs to C*. We have subgroups
U(AL) == evy ' (U), U_(A) = ev 1 (U.), B(A,) == evy'(B) and B_(A_) := ev }(B_) of
GL"(A). Thus in the notation of Sectionfor G = SL,, we have G = SL,(A) € GLO(A),
B=SL,(A)NB(AL) C B(Ay), U=U(A;),and U_ =U_(A).

To each matrix € GL,(A), we associate a Z X Z matrix & = (Z; j); jez that is uniquely

defined by the conditions
1. 2 = Tiqnj+n for all i,j € Z, and
2. the entry z; ;(z) equals the finite sum Y, ; @i j1an2? for all i, 5 € [n].

One can check that if © = x29, then £ = Z,25. With this identification, the subgroups U,
U_, B(A,), and B_(A_) have a very natural meaning. For example, x € GL,(A) belongs
to U if and only if 7;; = 0 for i > j and 7;; = 1 for all 4 € Z. Similarly, B(A;) consists of
all elements x € GL,(.A) such that ; ; =0 for ¢ > j and %;; # 0 for all i € Z.

To each affine permutation f &€ S”k,n, we associate an element f € GL,(A) so that the
corresponding Z x Z matrix f satisfies fu =1ifi= f(j) and fu = 0 otherwise, for all 7, j €
Z. Tn other words, if for i, j € [n] there exists d € Z such that f(j) = i+dn then f; ;(z) := 2~
and otherwise f; ;(z) := 0. Observe that val f = k for all f € Sy, thus f € GL®(A). Recall
that we have fixed A = 1¥0"~% € Z". We obtain 7, = diag (%, ce %, 1,..., 1) with k entries
equal to 1, and for u € W7, we therefore get 7,, = diag(ci, ..., ¢,), where ¢; = 1 for i € ulk]

and ¢; = 1 for i ¢ u[k].

3.9.7 Affine flag variety

The quotient GL* (A)/B(A,) is isomorphic to the affine flag variety G/B of Section
for the case ¢ = SL,. Indeed, GL;O) (A) acts simply transitively on GLglk)(A) and we
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clearly have GL(A)/B(A,) = G/B. For f <® h € S, and g € S, we have subsets
X7 X, RE.c, c GL®(A)/B(A,) defined by

X = B(Ay) - [+ B(A,)/B(AL), Xy = B_(A.) - h-B(A,)/B(A,),
RI =X, N X/, C,:=g-B_(A_)- B(A,)/B(A,).

Let us now calculate the map ¢, from (3.7.11). Recall that it sends =P € ) to
gi‘]) CTun (gé‘]))_l. Assuming as before that z = ¢/u € uUEJ), consider the corresponding

n X k matrix (M; ;) := [z] in u[k]-echelon form.
Proposition 3.9.7. The matriz y := ¢, (xP) € GLW(A) is given for alli,j € [n] by

(
5@}]'7 if J ¢ u[k]i
Yij(2) = § =M, ifi>j and j = u(s) for some s € [k], (3.9.5)

M; s

z )

if i <j and j = u(s) for some s € [k].

\

Proof. This follows by directly computing the product g\” - 7, - (¢5”)~1. O
Example 3.9.8. In the notation of Example [3.9.1] we have
1
- ) 1 ! 1 % ! 1 _;1 1 *2
y - 91 . TuA * (92 )_ = |: 1 §2:| . 1 1 ) |::£§ 1 :| - —z5 1 i (396)
! z 1

Remark 3.9.9. The map ¢, : P — gy) -T'UA-(géJ))’l -B(A.) is a slight variation of a similar

embedding of [Snil0] which we denote ¢!,. We have @ (zP) = ¢ i g8 - B(AL), and
the corresponding matrix ' = ¢/ (xP) := gg‘]) “Tun gg‘]) is given by except that —M;
should be replaced by M, . Thus ¢ is obtained from y by substituting z — —z and then
changing the signs of all columns in u[k]. In particular, ¢’ and y are related by an element
of the affine torus from Section [.8.2] Proposition below is due to Snider [Snil(].
Theorem generalizes Snider’s result to arbitrary G/P.

We give a standard convenient characterization of X using lattices. For each x € GL,(A)

and column a € Z, we introduce a Laurent polynomial z,(t) € C[t,t™!] defined by z,(t) :=
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> ez Liat', and an infinite-dimensional linear subspace L,(x) C C[t,t™'] given by L4(z) :=
Span{x;(t) | j < a}, where Span denotes the space of all finite linear combinations. For
b € Z, define another linear subspace F, C C[t,t"!] by F, := Span{t' | ¢ > b}. Finally,
for a,b € Z, define r,;(x) € Z to be the dimension of L,(z) N E,. In other words, r,,(z)
is the dimension of the space of Z x 1 vectors that have zeros in rows b — 1,b — 2,... and
can be obtained as finite linear combinations of columns @ — 1,a — 2,... of . Recall from

Section m that for a,b € Z and h € S,,, we denote 74,(h) := #{i < a | h(i) > b}.
Lemma 3.9.10. Let x € GLY(A) and h € Sy, for some d € Z. Then
x-B(Ay) € X, if and only if Tap(T) = rap(h) for all a,b € Z. (3.9.7)

Proof. Tt is clear that 7, () = 745(h) when 2 = h. One can check that 74 (y_zy,) = 745(x)
for all z € GLW(A), y_ € B_(A_), y, € B(A,), and a,b € Z. This proves ([3.9.7) since
L (A)/B(AL) = Les,, A by BAD). s

Remark 3.9.11. A lattice £ is usually defined (see e.g. [Kum02, §13.2.13]) to be a free
C|[z]]-submodule of C((t)) = C((2))" (where z = t") satisfying £ ®c[)) C((2)) = C((2))™.

The C|[z]]-submodule generated by our L,(x) gives a lattice £,(z) in the usual sense.

Definition 3.9.12. Suppose we are given an n X k matrix M in u[k]-echelon form. Recall
that we have defined the row M, for all a € Z in such a way that M, = (=1)*"1M,. For
a € Z and j € [k], denote by 0, ; € [a,a+n) the unique integer that is equal to u(j) modulo
n. Define the u-truncation M+ of M to be the [a, a+n) x k matrix M = (M;;Z) such that
for i € [a,a +n) and j € [k], the entry M;;Z is equal to M;; if i < 6} ; and to 0 otherwise,
see Example |3.9.18, Thus M™ is obtained from the matrix with rows M,,..., My, ,_1 by
setting an entry to 0 if it is below the corresponding £1 in the same column, and we label

its rows by a,...,a +n — 1 rather than by 1,...,n. For example, if z = ¢/)i and M = [x|
then MTw = [gg‘])u‘, cf. Example 3.9.1|

Lemma 3.9.13. Let 2 = ¢Va € aUY), M = (x|, and y := @, (xP). Then for all a € Z,
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the space Lq(y) has a basis

a+n—1

{t']i<ayU{Py(t),..., P(t)}, where Py(t):= Z M;;Zti for s € [k]. (3.9.8)

Proof. For a subset S C Z, define S +nZ :={j+in |j€ S, i € Z}. The space L,(y) is the
span of y;(t) for all j < a. If j ¢ u[k] + nZ then y;(t) = by definition. If j € u[k] + nZ
then y; ,(t) =t/ + 3. ;. cit’, where ¢; is zero for i € u[k] +nZ. Tt follows that Lq(y)
contains ¢* for all ¢ < a. Moreover, the only indices j < a such that y;(t) ¢ Span{t’ | i < a}
are those that belong to [a — n,a) N (u[k] + nZ). Let j € [a — n,a) N (u[k] + nZ) be such
an index, and let s € [k] be the unique index such that u(s) € j + nZ. Then clearly
y;(t) £ Py(t) € Span{t' | i < a}, where the sign depends on the parity of # € Z. Thus
P,(t) € Ly(y) for all s € [k], and L,(y) is the span of {t' | i < a} U{Pi(t),..., P.(t)}. Since
the Laurent polynomials Ps(t) have different degrees, they must be linearly independent. [

We give an alternative proof of Theorem [3.7.2(1)| for the case G/P = Gr(k,n).

Proposition 3.9.14. For h € Bound(k,n) such that 7,5 <°° h, the map ¢, gives isomor-
phisms

Bu: CY 5 X o, CO NI, S RN

Proof. Tt is clear from that we have a biregular isomorphism Ul(‘]) X UQ(J) = Uy (Tun)
sending (g1, 95”) = gi” - 7ur(98”) 17,3 Thus the map (gi”, g8”) = gi” - 7un - (g87) 1
B(A,) gives a parametrization of X7 see (3.7.5). Since et = uheBonnd(k’n)(aﬁ” N ﬁh),
let us fix h € Bound(k,n) and x = g € aU'). Denote M = [z| and y := @, (zP).
By (3.9.3), we have M € I, if and only if k — tk(M;a,b) = rqp(h) for all « < b € Z.
By (3.9.7), we have y - B(A,) € /{”h if and only if r,4(y) = rap(h) for all a,b € Z. If a > b
then 7,,(y) = raps1(y) + 1 by and 7r,4(h) = rapt1(h) + 1 since h € Bound(k,n)
satisfies h=1(b) < b, so h='(b) < a. We have shown that y - B(A,) € X, if and only if

Tap(y) = rap(h) for all a < b € Z. Thus it suffices to show

rap(y) +1k(M;a,b) =k foralla <beZ. (3.9.9)
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By (3.9.8)), ros(y) is the dimension of Span{P;(t),...,Py(t)} N E,. By the rank-nullity
theorem, k — r,;(y) is the rank of the submatrix of M™+ with row set [a,b), which is

obtained by downward row operations from the submatrix of M with row set [a,b). This

shows (13.9.9)). O

Remark 3.9.15. By Theorem 3.7.2(1)} the image of ¢, is X,y NX™, where 77 = 7y (w’) L.
But recall from Section that 7y(w’)~! = 7, and since X, is dense in GL¥ (4)/B(A,),
we find that A7y N X = Y7o,

Example 3.9.16. Suppose that @ = ¢()@ is given in Example m, then y = ¢, (zP) is
the matrix from Example [3.9.8] It is clear that y € B(A,) - 7,) regardless of the values

of 1, xs,x3, 24, and therefore y - B(A,) belongs to X7, We can try to factorize y as an

element of B_(A_) -7, - B(Ay):

1 z2 z4 1 T1T4—T3T3 _Z4 1
. (z1a4—zo23)2 w32 Z EP ;;2 v
Yy = Z4 1 . % . TiT —TOQT3  T]TH—TQT3
z2 1 1
1 1 1 1 z3
2 T1T4—X2T3 —X1z z o

This factorization makes sense only when all denominators on the right-hand side are nonzero,
which shows that y- B(A,) € 702:;:* whenever the minors AM8(2) = 2,5, ABE — 2124 — 2924,
and A48 = 4 are nonzero. Observe also that A8(z) = 1. Thus y- B(A4) € 7031? precisely
when zP € IEITk, where 7, = [3,4,5,6] in window notation. If o = 0 then zP € ﬁh for
h =1[2,4,5,7]. In this case, we have

1 1 —-1L Z4 1 —xq 1
. z r1z r3% z %3 1
A R I I B S Y
1 ) 2= 1 1
z __®3 1 4 z z3
1 z1T 1
124 T4 —x32 z x4

Therefore y|,,—o belongs to 7022“A whenever xy,x3,x4 # 0. Observe that the Grassmann

necklace of h is given by Z,, = [{1,3},{2,3},{3,4},{4,5}] in window notation, and the

corresponding flag minors of z|,,— are given by AS® = x4, A3® = zxy, A} = 3,

A?Zg = 1, in agreement with Proposition [3.9.14]
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3.9.8 Preimage of C,

For this section, we fix 7,5 <°? g € Bound(k,n). We would like to understand the preimage
of ()%Tu* ﬂCg) C GLW(A)/B(A,) under the map @,. For a set S C [a,a + n) of size k,
define AEZ(M ) to be the determinant of the k& x k submatrix of M"« with row set S. Let

Z, = (14)qez be the Grassmann necklace of g.

Proposition 3.9.17. Suppose that 2P € C\ and let M := [g(‘])u|. Then ¢, (zP) € Cy if
and only if AtIzZ(M) # 0 for all a € [n].

Proof. Let h € S, be the unique element such that ¢~'@,(zP) belongs to ?z'h, thus ¢, (zP) €
C, if and only if h = id. Since val ¢, (zP) = k and val g~ = —k, we get h € g()m. Hence
h = id if and only if r,,(h) = 0 for all @ € Z. Let y := p,(zP) and v := ¢~ 'y. Then
for a € Z, we get Lqo(y') = g 'La(y), where g=! acts on C[t,#7!] by a linear map sending
t/ — 1970, In particular, L,(y') N E, = (g 'La(y)) N E, has the same dimension as
L.(y) N gE,. Let us denote H, := {t" | i > a}, so E, = Span(H,) and gE, = Span(gH,).
Since g(i) > i for all i € Z, it follows from that gH, = H, \ {#},es,. Therefore
by BI), Lu(y) N g = {0} if and only if Span{P(t)}jc N Span (H, \ {H}1er,) = {0},

which happens precisely when the submatrix of M with row set I, is nonsingular, i.c.,
ATH(M) # 0. O
Example 3.9.18. Suppose that z is the matrix from Example 3.9.1} then y := ¢, (zP) is
given in Example |3.9.8] We have
1 1 1 2 Tl T2 3 T3 T4 4 1
M: {iégi], Mtru: |: gi:|7 Mtru: |:273 2:14:|7 Mtru: |:_1 1:|7 Mtru: |:_1 :|

1 1 -1

Suppose that g = [2,4,5,7] as in Example [3.9.16, then its Grassmann necklace is Z, =
{1,3},{2,3},{3,4}, {4,5}] in window notation. This gives

I'l r2 r3 r4
At13“(M) = 1y, A;;(M) = I1X4 — ToT3, Ag[(]\/[) = I3, AZ;(M) =1. (3.9.10)

1
z

On the other hand, recall from Example |3.9.16|that ¢ = [1 1] . Since y € C, if and only
1

z
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if 7'y € B_(A_) - B(A,), we can factorize it as

1 z9 _zyT4—T0T3 1 _zo

—x1 1 ac72 T4z T4 Ty

T 1 x3 zq
.1 1 3 1 —_— —
g y= 5 = )Ty —TOT3 T4z | . TiTy—TQT3  T1TL—TQT3 . (3.9.11)
1 . ®4a T4 1
—x32 Z x4 T1Tq—T2T3 T3 r3
1 —x32 z x4

Again, this is valid only when the denominators in the right-hand side are nonzero. We thus
see that g~y belongs to B_(A_) - B(A,) precisely when all minors in (3.9.10]) are nonzero,
in agreement with Proposition [3.9.17]

3.9.9 Fomin—Shapiro atlas

The computation in (3.9.11]) can now be used to find the maps 7, and J,. As in Section 3.8.3]
denote by O, C ct the preimage of C, N X7x under @y. Thus for our running example,
O, is the subset of CY") where all minors in are nonzero. We are interested in the
map v, = (Uy1,V42) : Op — (1219 N O,) x Z, from (3.2.1)), defined in Section m The
first component is 7,1 = ¢, 0 Iy 0 @, where 7y : C; N X 7035“ x X9 is the map
from Proposition . In order to compute it, we consider the factorization ¢~ 'y =
y_-y+ € U_-B(Ay) from (3.9.11). The group U;(g) is 1-dimensional since ¢(g) = 1, and the
corresponding element y; € U;(g) from Proposition can be computed by factorizing

gy_g~ ' as an element of U, (g) - Us(g):

T4 T4

1 —— %4 Ty T4
) (11141*96213)2 oy x32 1 L o2 1 _(z1w4£w2z3)z w32 1 _ag
gy-9- = o = 7| ! O o
. ®3 i 1 1 [ T— % 1 1

BT TErTY T1e4—T223 T4

Therefore the map 7, sends y - B(A4) from (3.9.6)) to

1 1

_ z11;4271;2z3 1 _Zz2 _ 11E427ZQI3 1
. — T4 T4 . — T4 .
y1y - B(A4) . o B(Ay) o | B(AL).
i i
z z
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Applying @' to the right-hand side, we see that the map 7, is given by

1
_ © xll o T1T4—TT3
Vg1: 0y = 11, N Oy, el TR
1 1

Similarly, factorizing gy_¢~' as an element of Us(g) - U, (g), we find that

z2

Vg2(y - B(A4)) = yoy - B(A4) = [ Pa| g BAy).

1

1
We have N, = {(g) = 1, and the map 7,5 : O, = Z, = R sends [ﬁ; ii} — 22

1 v
Torus action

We compute the maps from Section . Let p € Y(T) denote the group homomorphism
p:C* — C* x T sending t — p(t) := (t", diag(t"1,...,t,1)). If z € GL,(.A) is represented
by a Z x Z matrix (Z; ;) then the element y := p(t)xp(t) "t € GL,(A) satisfies g; ; = t/7'7;
for all 7,5 € Z.

Example 3.9.19. Continuing the above example, we find that

r2

p(t) - yay - p(t) "t B(AL) = [ 1 ?

|72

g-B(Ay), and |y B(Ay)| = —

|374|

1

Thus the action of ¥, on Z, is given by ¥, (t, %) = @2 The pullback of this action
4 T4
to O, C C via 179_1 preserves 3, x4, and z124 — Toxs (since it preserves 7, ;(z)), but
multiplies #2 by ¢. Therefore it is given by
1 ! r2r3
ﬂg_l o (id x V,(t,-)) o vy : Oy — O, [i; gg} — [“Ht_l)u t“] .

| x3 :7614

3.9.10 The maps « and Q([]v)

The subset iLGé‘]) consists of matrices x € G such that Ag?]f] () # 0. Suppose that z =
g e U, Then the elements g@u and gé‘])u are obtained from x by setting some

entries to zero, see Section m The map x — k,x from Definition [3.4.23| sends = = ¢4
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1 1
to gi‘])a, e.g., if [x] = [ﬁ; ii} then [k,z| = [ ﬁi} as in Example [3.9.1, Comparing this to
1

1
Section [3.9.8, we see that if M = [z| is in u[k]-echelon form then [k,x| is the u-truncation
Mtru'

Let now (v,w) € QE(U’U), thus 7,0 <°? g := f, 4, and denote Z, := (1,)4ez. The set G&JJ
from ([3.6.1)) consists of x € G such that Ai?f] () # 0 and Aﬁ?kg] (kzz) # 0. But recall from
Example that v[k] = I;. Thus

U,V

GU) = {:c € G| AME(x) £ 0 and A (M) # o} . where M = [gWa|. (3.9.12)

Example 3.9.20. We compute the maps « and Q(LJU) for our running example. Suppose

that + = ¢4 is given in Example [3.9.1) and let ¢ = [2,4,5,7] as in Example [3.9.18

Then g = s97%, so under the correspondence (3.9.4), we have g = f,,, for v = s and

w = w’ = 5358389, see also Example . Since v[k] = I} = {1,3}, we see that = € G4
1

1
whenever z, # 0. We have just computed that [rk,z| = | 22|, thus 0 'K,z = [ B 1] :
1

1
Factorizing it as an element of UYL, UY via (3.9.1), we get

Thus we have computed 7(z) = [0 k,z]; from Definition . Since = € iLUEJ), we use

Lemma to find

T —= —1 —x -1 —z2 71
D@y =an@) ™ = |0 F |, thus (@)t = o

u,v —T4 u,v —ZT4 T3

S"‘"‘p‘w

Therefore the bottom-right principal minors of Q([Iv)(x)wfl are

L AR =, aft) = DT

Ai (J) =1y
1 (Cu,'u (I’)w ) T4 T4 T4

. (3.9.13)

By Proposition , the preimage of C, under ¢, is described by AZZ(M ) # 0 for all
a € [n]. Alternatively, as we showed in Section [3.7.7] the preimage of C, under ¢, is described
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by Af((é‘]v) (x)w™t) # 0 for all 4 € [n — 1]. The following result has been computationally

checked for all n < 5, k € [n], and (u,u) = (v,w) € Q-

Conjecture 3.9.21. Let (u,u) = (v,w) € Q;. Denote g := f, ., and let Z, := (1,).ez be

the Grassmann necklace of g. Suppose that z = ¢ € G&JZ and let M := [z|. Then

AT (M

AZ i
rl
AL (M)

E () = for all i € [n]. (3.9.14)
For example, compare ([3.9.13]) with (3.9.10). Recall also that when i = 1, AZ( o0 (x)w™t) =

1, so in this case ((3.9.14]) holds trivially.

3.9.11 Total positivity

We recall the background on the totally nonnegative Grassmannian Grsq(k,n) of [Pos07].
By a result of Whitney [Whi52|, G is the set of matrices in SL,,(R) all of whose minors (of

arbitrary sizes) are nonnegative. The following characterizations are well known:

(G/B)so = {xB € (G/B)z | A™(z) > 0 for all S C [n]} : (3.9.15)

Grso(k,n) = (G/P)so = {acP € (G/P)g | Agag(x) >0 forall Se ([Z]> } . (3.9.16)

Eq. (3.9.16) is due to Rietsch, see [Lam16, Rmk. 3.8] for a proof. Eq. (3.9.15) can be easily
deduced from the proof of Lemma [3.4.17| combined with the results of [Whi52]. We warn

the reader that the analogous statement is false for other choices of J. For instance, when
G = SLy and J = {2}, (G/P)s¢ does not contain all zP € (G/P)g such that A¥#(z) > 0
for all S € (1) U (%)), see [Chelll §10.1).

For f € Bound(k, n), we let IT7° := lon N Grso(k,n) and H?O = II; N Grso(k,n), thus
for (v,w) € @, we have Hi?w = 1179, and Hi(?w = 1179, by Theorem [3.9.3|

Recall that if M = [z| is in u[k]-echelon form then M’ := [k,x| equals the u-truncation

M®u of M.

Proposition 3.9.22. Let 7,0 <°° g <°® h € Bound(k,n), and denote by I, := (1,)aez

the Grassmann necklace of g. Suppose that a matriz M in ulk]-echelon form belongs to
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Grso(k,n). Then
M € Grso(k,n) and A;ZZ(M) >0 forallac€Z. (3.9.17)

Proof. Applying Theorem [3.9.3 we have (u,u) < (v,w) 2 (v/,w’) € Q,, where g = f,,, and
h = fow. By (3.422), we get v/ < vr’ < ur < wr’ < w' for some r, 7" € W,.

Suppose first that a = 1. Let € G be such that M = [¢()4] and P € II;°, and
denote M’ := M™:. We may assume that 2B € Ri?w,. By Corollary , we find that
kyxP € H;,?u, where v’ := v’ <r,! for some r, € W; satisfying r,, > r, see Lemma .

This shows that M’ € Grso(k,n). Since ur < ur,, we find that ur<ry! < u by Lemma[3.4.6]

Applying <r ! to v < vr’ < ur via Lemma [3.4.6(iii), we see

therefore ur <! = w.
that o < (v’ <ryl) < u. Let v = vyvy for v; € W7 and v, € W be the parabolic

factorization of v. Then vr’ <7y € viWy, thus (vy,v1) < (¢/,u) € Q;, which is equivalent

to AS?F,C](FLIJJ) > 0. From Example [3.9.5 we have that v[k] = [}, and vi[k] = v[k] since
v € vWy, so Azi(M) = A{;fg(lixfb) > 0. We have shown ([3.9.17) for a = 1. Applying the
cyclic shift x : Gr>o(k,n) = Gr>o(k,n) (which takes M to the matrix with rows (Ma11)acp)),

we obtain (3.9.17)) for all a € Z. O]

Note that our proof of Proposition [3.9.22 involves a lifting from G /P to G/B, so it does not
stay completely inside Gr(k,n).

Problem 3.9.23. Give a self-contained proof of Proposition [3.9.22]

Example 3.9.24. We now consider an example for the case G/P = Gr(2,5). Let u :=
sy € WY, so ulk] = {1,3}. Consider (v',w') € Q; given by v/ = s1, W' = 5351545382 as in
Figure , thus h := f, . = [3,4,7,5,6]. We use Marsh-Rietsch parametrizationsﬂ from
Section to compute x € G such that 2B € R.°, and 2P € I1;°:

v w

_ 1
! is

. 1 ‘Z g
x = ya(t1)51y4(t3)ys(ta)ya(ts) = [tl bt 1 ] ’ =gl =
ats  la —tats
tatats tatg t3 1 —t3tats

-
e

'For the Grassmannian case, Marsh-Rietsch parametrizations are closely related to BCFW bridge
parametrizations, see [BCEW05, IAHBC™ 16, [Kar16].
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Observe that B € (G/B)> since all flag minors of x are nonnegative. (For instance, the
first column of z consists of nonnegative entries.) In fact, flag minors of z are subtraction-
free rational expressions in t = (t1,t3,t4,¢5), cf. (3.5.19). The n x k matrix [z| is not in
u[k]-echelon form, but the matrix M = [g(‘])u‘ is. Up to a common scalar, the 2 x 2
flag minors of M are the same as the corresponding flag minors of z, however, other (i.e.,
1 x 1) flag minors of M are not necessarily nonnegative. The Grassmann necklace of h is
T, = [{1,2},{2,3},{3,4},{4,7},{5,7}]. Using Proposition [3.9.2(i)] we check that indeed
P e I1;°.

Let us choose (v, w) € Q; for v = s351, W = $251545352, so that g := f,, = [2,4,8,5,6].
The corresponding Le diagram is obtained from the one in Figure (bottom left) by
removing the dot in the bottom row. We have (u,u) < (v,w) < (v, w’) and 7, <° g <°? h.
We compute the elements x, = hg‘]) € UQ(J), map (), n(x), and &) (x) = map_(z) - n(x)!
from Definition 3.6.1k

) ' B o
ts 1 _ _ts 1t
(N, = noof ol o — a1 g — o
g 1 ) x 1 9 x t1 ts 1 )
—tats 1 tats 1 tg 1
L —t3tats 1] L t3tals 1 L taty t3 1
B —1 ) T [ t1 t15 B _tl
1 -+ L
_ t1 _ 1 (J) _ |t na
TupP_ (SL’) — |t i ) 77(5(3) - t > Cu,v (I) - 1
tats  tg 1 ty 1 tats 1
tatats tatg t3 1 | L t3tg t3 1 L tstats 1

We see that all flag minors of s,z are nonnegative, cf. Lemma [3.6.9(ii)l Observe that

Ky = ke by Lemma [3.6.2(iii), so by Lemma [3.6.3(ii)} we could alternatively compute

& (z) as the product ¢ - n(gtu)~:

1 e 1 . =
g - . .o\ — t t
ngPa) =1 1 @) =gDan(gPe)Tt = ST
1 —tats 1 1
—t3tals 1

-1

Finally, we compute the bottom-right ¢ x ¢ principal minors of QSJ@)(x)w and observe

that they are all nonzero subtraction-free expressions in t, agreeing with Theorems
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and [3.6.14}

- |4 B] @R =t A =t
w L | AT @) = tats, AT (@) = 2.
—1 tatyts ’ ’ tl

Let us check that this agrees with Conjecture [3.9.21] The Grassmann necklace of ¢ is
7, = [{1,3},{2,3},{3,4}, {4, 8}, {5, 8}] in window notation. We see that the corresponding

u-truncated minors of M = [g(‘] >u| are indeed given by

t r3 r4 1‘5
DA (M) = tyts,  ALE(M) = tats,  Awi(M) = tatyts.

I'1 1‘2
A;;(M) =1, A;;(M) - t

3.10 Further directions

In addition to Theorem and [Herl4|, we expect the regularity theorem to hold for
many other spaces occurring in total positivity. The most natural immediate direction is
total positivity for Kac-Moody flag varieties.

Let G™" be a minimal Kac-Moody group, ™, f™in Bmin gmin he ynipotent and Borel
subgroups, and W be the Weyl group as in Section . Furthermore, let P™" 5 B™i® denote
a standard parabolic subgroup of G™" (a group of the form G™® N Py in the notation of

IKum02]).

Definition 3.10.1. Define the totally nonnegative part U, of U™ to be the subsemigroup
generated by {z,,(t) | t € Rog, 1 < i < r}. Define the totally nonnegative part of the flag
variety G™™ /P™" to be the closure (G™™/P™")5 1= U Pmin /Pmin,

When G™" is an affine Kac-Moody group of type A, Definition [3.10.1] agrees with the
definition of Lam and Pylyavskyy (cf. [LP12, Theorem 2.6]) for the polynomial loop group.

Conjecture 3.10.2 (Regularity conjecture for Kac-Moody groups and flag varieties).

1. The intersection of U, with the Bruhat stratification {B™"wB™" | w € W} of g™t
endows U, with an (infinite) cell decomposition with closure partial order equal to
the Bruhat order of W. Furthermore, the link of the identity in any (closed) cell is a

regular CW complex homeomorphic to a closed ball.
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2. The intersection of (G™" /B™im) ¢ with the open Richardson stratification R of Gmin /Bmin
endows (G™™/B™n)., with the structure of a regular CW complex. The closure par-
tial order is the interval order of the Bruhat order of W, and after adding a minimum,

every interval of the closure partial order is thin and shellable.

3. The intersection of (G™®/P™n),, with the open projected Richardson stratification
IT; , of ™" /P™™ endows (G™™/P™")>, with the structure of a regular CW complex.
The closure partial order is the natural partial order on P-Bruhat intervals of W, and

after adding a minimum, every interval of the closure partial order is thin and shellable.

Note that every interval in the Bruhat order of 1 is known to be thin and shellable [BW82].
The stratification II; , and the P-Bruhat order can be defined analogously to [KLS14].
We include a list of some other spaces occurring in total positivity which we expect to

have a natural regular CW complex structure.

1. The totally nonnegative part of double Bruhat cells [FZ99]. It has been expected that
a link of a double Bruhat cell inside another double Bruhat cell is a regular CW
complex homeomorphic to a closed ball. Our Theorem confirms this in type A,
since double Bruhat cells for GL,, embed in the Grassmannian Gr(n,2n), see [Pos07,

Remark 3.11].

2. The space of planar electrical networks from Section and the space of planar Ising
models from Section [I.6] These spaces are homeomorphic to closed balls by Theo-

rems [1.5.1] and [4.1.3] and have cell decompositions whose face poset is graded, thin,

and shellable [HK18§].

3. Amplituhedra [AHT14] and, more generally, Grassmann polytopes [Lam16|. Grassmann
polytopes generalize convex polytopes into the Grassmannian Gr(k,n). The former are
well known to be regular CW complexes homeomorphic to closed balls. We caution

that not all Grassmann polytopes are balls.

4. The totally nonnegative part of the wonderful compactification [He07]. A cell decom-

position of this space was constructed in [He(07].

We expect that most spaces in this list are TNN spaces that admit a Fomin—Shapiro atlas.
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3.A Appendix: Kac—-Moody flag varieties

We recall some background on Kac-Moody groups, and refer to [Kum02| for all missing
definitions. We start by introducing the minimal Kac-Moody group G™" and its flag variety
Ggmin /Bmin - and then explain how they relate to the polynomial loop group G and its flag
variety G/B from Section [3.7]

3.A.1 Kac—Moody Lie algebras

Suppose that A is a generalized Cartan matriz [Kum02, Dfn. 1.1.1]. Thus Ais an rxr integer
matrix for some r > 1. We assume A is symmetrizable, that is, there exists a diagonal matrix
D € GL,(Q) such that DA is a symmetric matrix. As in [Kum02, §1.1], denote by g the
Kac—Moody Lie algebra associated with A, and let § C g be its Cartan subalgebra, whose
dual is denoted by h*. Thus h and h* are vector spaces over C of dimension 7 := 27’—rank(f1),
and we let (-,-) : h x h* — C denote the natural pairing.

We let A C h* denote the root system of g, as defined in [Kum02l, §1.2]. Let {a;}i_, C b*
be the simple roots and {«)'}!_; € b be the simple coroots.

Let A, C A denote the set of real roots and A, C A denote the set of imaginary roots,
s0 A = A UAjL. Also let A = AT 1A~ denote the decomposition of A into positive and
negative roots, and denote AL := AT N A, and AL := A, N A~. Denote by W the Weyl
group associated with A as in [Kum02), §1.3]. Thus W acts on A, and preserves the subset
Ar.. Moreover, W is generated by simple reflections s, ...,s, € W, and (W, {s;}/_,) is a
Coxeter group by [Kum02, Prop. 1.3.21]. We let (W, <) denote the Bruhat order on W and
(: W — Zq denote the length function.

3.A.2 Kac-Moody groups

Let G™® be the minimal Kac—Moody group associated to A by Kac and Peterson [PK83|,
KP83|, see [Kum02, §7.4]. For each real root a € A, there is a one-parameter subgroup
U, C g™ by [Kum02, Dfn. 6.2.7] For each a € A,., we fix an isomorphism z,, : C = U,

2The results in [Kum02] are usually stated for the mazimal Kac—Moody group which he denotes by G.
However, these results apply to G™™ as well, see Remark
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of algebraic groups. Similarly to the subgroups U,U_,T, B, B_ of G, we have subgroups
Umm Y T g Bt of Gt The subgroup U™ is generated by {Us }oent, and Y™™
is generated by {Uy} e n-. Next, 7™ is an 7-dimensional algebraic torus defined in [Kum02,
§6.1.6], Bmin = Tmin i ymin i the standard positive Borel subgroup and B™n = Tmin i g{min
is the standard negative Borel subgroup.

We define a bracket closed subset © C A, in the same way as in Section [3.4.2] and
for a bracket closed subset © C Af (resp., © C A), we have a subgroup U(©) C Y™n
(resp., U_(©) C U™™), generated by U, for a € O, see [Kum02, Eq. 6.1.1(6)] (resp., [Kum02,
§6.2.7]). For w € W, Inv(w) := A* Nw™'A~ C AL is a bracket closed subset of size £(w),
cf. [Kum02, Ex. 6.1.5(b)]. We state the Kac-Moody analog of Lemma [3.4.1(D)]

Lemma 3.A.1 ([Kum02, Lemma 6.1.4]). Suppose that © = | |'_, ©; and ©,0,,...,0,, C
AYL are finite bracket closed subsets. Then U(O),U(O1),...,U(O,) are finite-dimensional

re

unipotent algebraic groups, and the multiplication map gives a bireqular isomorphism

~

U(O1) x - xU(O,) = U(O). (3.A.1)

3.A.3 Kac—Moody flag varieties

The Weyl group W equals Ngmin (7™™)/T™" | where Ngmis (7™") is the normalizer of 7™
in g™ of. [Kum02, Lemma 7.4.2]. For f € W, we denote by f € G™" an arbitrary
representative of f in Ngm (7T™1).

By [Kum02, Lemma 7.4.2, Ex. 7.4.E(9), and Thm. 5.2.3(g)|, we have Bruhat and Birkhoff

decompositions of G™":

grn = | | BrnfBmn, gt = | | BMmABMY (3.A.2)

few heWw
We let G™"/B™" denote the Kac-Moody flag variety of G™™. For each h, f € W, we have
Schubert cells X/ := Bmin fBmin /Bmin and opposite Schubert cells X;, := BminjBmin /Bmin,
If h £ f € W then by [Kum02, Lemma 7.1.22(b)], XINX, =0. For h < f, we denote
by 7o€£ = é@h N X7. Therefore follows from . The flag variety g™ /B™ is a
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projective ind-variety by [Kum02, §7.1], the Schubert cell X/ and Schubert variety X/ are
finite-dimensional subvarieties, while the opposite Schubert cell )%h and opposite Schubert

variety A}, are ind-subvarieties.

Proposition 3.A.2. For h < f € W, X, N X/ is a closed irreducible (€(f) — ((h))-

dimensional subvariety of X7, and R;Z is an open dense subset of Xy N X7.

Proof. By ({3.7.5)), X7 s ((f)-dimensional, and by [Kum02, Lemma 7.3.10], X, N X7 has
codimension £(h) in X7. The rest follows by [Kum17, Prop. 6.6]. O

For g € W, let C, := gB™"B™™ /B™ We have

grin/pmn = | | R and C,= || (€,NRY), (3.A.3)
h<f h<g<f
where the unions are taken over h, f € W. The first part of ([3.A.3) follows from (3.A.2),
and for the second part, see the proof of Proposition [3.8.2(iii)l

Remark 3.A.3. Let G O G™™ be the “maximal” Kac-Moody group (denoted G in [Kum02])
associated to A, and let B o B™» be its standard positive Borel subgroup. Then the
standard negative Borel subgroup of G is still B2, By [Kum(2, Eq. 7.4.5(2)], we may
identify gmin /Bmin =y G/B. By [Kum02, Eq. 7.4.2(3)], X7 coincides with the variety BfB/B
in [Kum02, Dfn. 7.1.13] for f € W. Similarly, for h € W, X, = Bmin . hB™™ /B0 coincides
with the variety Bj := B™"hB/B defined in the last paragraph of [Kum02, §7.1.20).

3.A.4 Affine Kac—Moody groups and polynomial loop groups

Suppose that A is the affine Cartan matrix associated to a simple and simply-connected
algebraic group G. Thus we have r = |I| + 1, 7 = |I| + 2, and A is defined by [Kum02,
Eq. 13.1.1(7)]. Let G denote the polynomial loop group from Section . Our goal is to
explain that the flag varieties G/B and G™"/B™™ are isomorphic.

Let C € T C G be the center of GG, and let C C Tmin © gmin he the center of Ggmin,

see [Kum02, Lemma 6.2.9(c)|. By |[Kum02, Cor. 13.2.9], there exists a surjective group
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homomorphism 1 : G™» — (C* x G)/C with kernel C~', where C* acts on G as in Sec-
tion [3.8.2 see also [Kum02, Dfn. 13.2.1]. The groups U,U_ C G are identified with the
groups U™™ Y™ < G™inand we have 7/C = 7™ /C'. Thus ¢ induces an isomorphism
gmin/Bmin. = G /B between the affine Kac-Moody flag variety and the affine flag variety.
The Weyl groups W of G and g™ are isomorphic by [Kum02, Prop. 13.1.7], and the root
systems A coincide by [Kum02, Cor. 13.1.4]. Therefore the subsets X7 , 22’;1,702{1,@, of G/B
get sent by 1 to the corresponding subsets of G™»/B™in As explained in the last paragraph
of [Kum02, §13.2.8|, G can be viewed as a subset of G™ as well, and the restriction of 1 to
G is the quotient map G — G/C.

We justify some other statements that we used in Sections [3.7.1] and [3.8.2] For (3.7.2),
see [Kum02, §13.1]. For (3.7.6)), see [Kum02, §6.1.13]. For a description of Y'(7) from Sec-
tion [3.8.2] see [Kum02, §13.2.2]. For a description of the pairing (-,-) : Y/(7) x X(T) — Z

in the same section, see [Kum02) §13.1.1].

3.A.5 Gaussian decomposition and affine charts

By [Kum02, Thm. 7.4.14], G™" is an affine ind-group. Similarly, Y™ f™min T, Bmin Bmin
are affine ind-groups, see e.g. [Kum02), §7.4] and [Kum02, Cor. 7.3.8|.

Let Giin := Bmingmin and g € W. Recall the subgroups U (g) and Us(g) from (3.7.4).
Then U;(g) is a closed ¢(g)-dimensional subgroup of U™" = I and Us(g) is a closed ind-
subgroup of U™ = .

Proof of Lemma[3.81 For [(i)} see [Kum02, Prop. 7.4.11|. For [(ii)] we use an argument

given in [Will3 Prop. 2.5]: both maps are bijective morphisms by [Kum02, Lemma 6.1.3].

In particular, it follows that gU™"¢g~! C G and for z € U™ g™, we have [z], = 1.
—1

The inverse maps are given by 5! (z) = ([z]_, [2]1), uie (¥) = (2741, [#7YZY). They are

regular morphisms by [(i)] which proves [(ii)] O

Proof of (3.7.5). The map guU™"g~+ = C, is a biregular isomorphism for g = id by [Kum02,
Lemma 7.4.10]. Since W acts on G™™ /B™" by left multiplication, the case of general g € W

o

follows as well. Since U;(g), Us(g) are closed ind-subvarieties of gU™"g~! and X, X

g are

closed ind-subvarieties of C,, it suffices to show that the image of U, (g) equals X9 while the
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image of Us(g) equals Xog. By [Kum02, Ex. 7.4.E(9) and Eq. 5.2.3(11)], we have

umin — (umin N guﬁlingfl) . (umin N gumingfl) — ul(g) . (umin N gumingfl)’

UD = (UM O GUmm G - (U O GUTGTY) = Us(g) - (UTT O GU™G ).
Thus

BmingBmin _ u1<g) . (umin N guming—l) X gBmin — ul(g) X g X Bmin’
BTingBmin — u2<g) . (Z/[Elin N guming—l) X gBmin — UQ(Q) . g . Bmin.
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Ising model

The goal of this chapter is to describe a cell decomposition of the space X, of planar Ising
networks from Section [I.6] describe this space by inequalities, and show that it is homeo-
morphic to a ball. As we mentioned in Section [I.6] we also recognize Kramers—Wannier’s
duality [KWA4I] as the cyclic shift on Grso(n,2n) in Theorem [.2.4] We then explain (Re-
mark the connection between the planar Ising model at critical temperature and the
unique cyclically symmetric point X, € Grso(n,2n) from Section We also express
(Theorem generalized Griffiths’ inequalities of |Gri67, [KS68| as manifestly positive
linear combinations of the Pliicker coordinates of our embedding. We explain in Corol-
lary how the known formula for Pliicker coordinates in terms of the dimer model gives
a new expression for boundary correlation functions, which is related to Dubédat’s formula
for squared correlation functions [Dubll]. Finally, we solve the inverse problem in Sec-
tion m given a boundary correlation matrix M € Mat,(R) of the Ising model on a
planar graph G embedded in a disk, we show that if G is reduced then the edge weights of
the Ising model are uniquely and explicitly determined by M.

This chapter is organized as follows. We state our main result (Theorem in Sec-
tion [4.1] and then list several applications of our construction in Section We give some
background on the totally nonnegative Grassmannian in Section [£.3] and study the totally
nonnegative orthogonal Grassmannian in Section [£.4] After that, we prove our main results.
In Section we show that the formula for boundary correlations in terms of the dimer

model indeed yields the same result as the embedding ¢ from Section In Section [4.6]
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we prove that X, is homeomorphic to a ball and discuss the cyclic symmetry of this space.
We explain how to express generalized Griffiths’ inequalities as positive sums of Pliicker

coordinates in Section [4.7] and list several conjectures in Section [4.§]

4.1 Main results

We give some background necessary to formulate the main results of this chapter.

4.1.1 The Ising model

A planar Ising network is a pair N = (G, J) where G = (V, E) is a planar graph embedded
in a disk and J : E — R, is a function assigning positive real numbers to the edges
of G. We always label the vertices of G on the boundary of the disk by by,...,b, € V
in counterclockwise order. Given a planar Ising network N = (G, J), the Ising model on
N (with no external field and free boundary conditions) is a probability measure on the
space {—1,1}V of spin configurations on the vertices of G. Given a spin configuration

o:V — {—1,1}, its probability is given by

1
P(o) = 7 H exp (J{u,}0u0v) (4.1.1)

{uv}eFr

where Z is the partition function:

Z = Z H exp (J{u,u}(fu%)- (4.1.2)

oce{-1,1}V {u,v}eE

Our main focus will be boundary two-point correlation functions. Let [n] := {1,2,...,n}.

Given i, j € [n], we define the corresponding correlation function by

(0i0;) == Z P(o)oy,0u,. (4.1.3)

oe{-1,1}V

Clearly, we have (0;0;) = (0;0;), and if i = j then the correlation function (o;0;) is equal

to 1. We denote by Mat)>™ (R, 1) C Mat,(R) the space of all n x n symmetric real matrices
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with ones on the diagonal. Thus we obtain a matrix M = M (G, J) := (m; ;) € Mat>™(R, 1)

given by m; ; := (0,0;). Let us denote
X, ={M(G,J) | (G,J) is a planar Ising network with n boundary vertices}.

Denote by X, the closure of &, in the space Mat,(R) of n x n real matrices. (In other
words, X, can be defined as the space of all boundary correlation matrices M (G, J) where
J is allowed to take values in [0, 00|, or equivalently where G is obtained from a planar
graph embedded in a disk by contracting some edges that may connect boundary vertices,
as we discuss in Section ) We will see later (Proposition that X, admits a natural
stratification into cells indexed by matchings on [2n|, that is, by perfect matchings of the

complete graph Ky, (also called medial pairings). For n = 3, all matchings on [2n] are shown

in Figure [4-7

4.1.2 The orthogonal Grassmannian

Recall the definition of Grso(k,n) from Section [2.2]

Definition 4.1.1. The orthogonal Grassmannian OG(n,2n) C Gr(n,2n) is defined by

OG(n, 2n) == {X € Gr(n,2n) | Ap(X) = Apapr(X) for all I € ([2”]> } .

n

Its totally nonnegative part OGso(n,2n) C Grso(n,2n) is the intersection
OG>o(n,2n) := OG(n, 2n) N Grsg(n,2n).

The space OGx¢(n, 2n) has been first considered in [HW13] in the context of the scattering
amplitudes of ABJM theory. Postnikov defined a stratification of Grso(k,n) into positroid
cells, which induces a stratification of OGx¢(n,2n). As it was observed in [HW13, HWX14],

the strata of OGso(n,2n) are also naturally labeled by matchings on [2n]. We prove this in
Section [£.4l

129



1 M1z M1z Mig 1 1 M1z —Mi2 —Miz M3 mis  —Mig

M= | 1 moz moy L M= | e maz 1 1 Moz  —Magz —May My
miz Moz 1 my M3 —Mi3 —Mo3  Mo3 1 1 M3y —May
Mig Mag T34 1 —Mmig  Mig Mag  —Mog —M34 T3y 1 1

Figure 4-1: An example of the map M +— M for n = 4.

4.1.3 An embedding

Given a matrix M = (m; ;) € Mat;Y™(R, 1), one can construct an element ¢(M) € OG(n, 2n)
using the following rules. We will describe an n x 2n matrix M = (mi;), so that for
all 4,7 € [n], each of m;a;_1 and m;g; is equal to either m;; or —m;;, as in Figure [4-1]

Explicitly, for i = j we put m;2,-1 = m; 2 = m;; = 1, and for ¢ # j we set
ﬁli,Qj_l — —ﬁ’bigj == (—1)i+j+1(i<j)mi,j, (414)

where 1(i < j) denotes 1 if ¢ < 5 and 0 otherwise.

Remark 4.1.2. For each i € [n], the sum of columns 2i — 1 and 2i of M is equal to 2e;,
where e; is the i-th standard basis vector in R”. Thus the matrix M has full rank, and we

denote by ¢(M) € Gr(n,2n) its row span.

One can check that in fact ¢(M) belongs to OG(n,2n), see Corollary 4.4.6, We have
thus constructed a map ¢ : Mat}”™ (R, 1) — OG(n, 2n). Since boundary correlation matrices
of planar Ising networks belong to the space Mat®™ (R, 1), ¢ restricts to a map ¢ : X,, —

OG(n,2n). We are ready to state our main result.

Theorem 4.1.3. The restriction ¢ : X, — OG(n,2n) is a stratification-preserving home-
omorphism between X, and OGsxo(n,2n). Moreover, both spaces are homeomorphic to an

(g) -dimensional closed ball.

We prove the second part of Theorem [£.1.3]in Section [£.6] where we also deduce its first
part from Theorems [4.4.17 and [£.5.5]

Remark 4.1.4. The second sentence of Theorem [4.1.3] is an application of the machinery
developed in Chapter . The fact that the image ¢(X,,) is a subset of Grsg(n,2n) can be
deduced in a straightforward fashion from the work of Lis [Lis17|, see Section
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Example 4.1.5. We illustrate Theorem in the case n = 2. Let 019 := (0102), then the

boundary correlation matrix M has the form
M = . (4.1.5)

By definition, o1 < 1, and we also have o5 > 0 by one of the Griffiths’ inequalities |Gri67,
Theorem 1]. In fact, if G has a single edge connecting the vertices b; and by then it is
easy to check that depending on Jy, 4,), 012 can be any number strictly between 0 and 1.
If we remove the edge {by,by} from G, we get 015 = 0. Thus X, consists of all matrices
M of the form for 0 < 012 < 1. If we contract the edge {b1,b2}, we get 015 = 1.
The resulting graph will no longer be embedded in a disk, because the boundary vertices by
and by will get identified. This is an example of a generalized planar Ising network that we
introduce in Section . We see that the closure X, of X, consists of all matrices M of the
form for 0 < 012 < 1, and is stratified into three cells {012 = 0}, {0 < 012 < 1}, and
{012 = 1}. These three cells correspond to three possible matchings on {1,2, 3,4}, namely,

{{1,2},{3,4}}, {{1,3},{2,4}}, and {{1,4},{2,3}}, respectively.

We have
~ 1 1 o012 —0o

M= , (4.1.6)
—0o12 o012 1 1

and ¢(M) € Gr(n,2n) is the row span of M. The maximal minors of M are

Au(M) = A34(M) = 20’12, A14<M) = AQg(M) =1- 0'%2,

Alg(]/—\z> = A24(]/—\Z) =1+ 0'%2.

It follows that ¢(M) belongs to OG(n,2n) for all 012 € R, and moreover, we get ¢p(M) €
OG>o(n,2n) precisely when 0 < 15 < 1. Note that M is a matrix but ¢(M) is an element

of the Grassmannian, and thus the Plucker coordinates of ¢(M) are only defined up to
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rescaling. Nevertheless, we can recover o5 from these minors as follows:

_ Aja(d(M))
Aqs(p(M)) 4+ Aa(p(M))

(4.1.7)

012

Thus we see that for n = 2, the map ¢ is indeed a homeomorphism, and both spaces X',

n

and OGso(n, 2n) are homeomorphic to [0, 1], which is an (}

) = 1-dimensional closed ball.

4.2 Consequences of the main construction

In this section, we give further results on the relationship between the Ising model and the

orthogonal Grassmannian.

4.2.1 Reconstructing correlations from minors

Our first goal is, given an element X € OGx¢(n,2n), to find explicitly a matrix M = (m; ;) €
Mat?™ (R, 1) such that X is the row span of M. For the case n = 2, this was done in ([{.1.7).

In order to deal with the general case, we give the following important definition.

Definition 4.2.1. Given a subset S C [n], we denote by &,(S) C ([2:]) the collection of
n-element subsets I of [2n] such that for each i € [n], the intersection I N {2i — 1,2:} has

even size if and only if 7 € S.
The following result, proved in Section [4.5] is a simple consequence of Remark [4.1.2]

Lemma 4.2.2. Let M = (m;;) € Mat;”™(R,1) be a matriz. Then for each i,j € [n|, we

have
B Zleé‘n({i,j}) Ar(p(M)) B

T T e Ar(6(M))

27" N A(M). (4.2.1)
1e€n({ig})
We stress again that unlike 1/, the maximal minors of ¢(M) are defined up to a common
scalar, so it only makes sense to talk about their ratios. However, for the specific matrix M ,

we have

> A (M) =2", (4.2.2)
)

Ie&En (0
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by the multilinearity of the determinant, see Remark 4.1.2l Thus (4.2.2)) explains why the
two expressions for m; ; given in (4.2.1)) are actually equal.

For example, for n = 2, (4.2.2)) becomes

A13(M> + A14(M) + A23<M) + A24(M) = 4,

and for ¢ = 1 and j = 2, Lemma [£.2.2] gives another expression for oys:

_ App(d(M)) + Aza(p(M))
Av3(p(M)) + Arg(P(M)) 4+ Aoz (d(M)) + Aoy (d(M))’

012

which is easily seen to be equivalent to (4.1.7)).

4.2.2 Cyclic symmetry and Kramers—Wannier’s duality

A nice application of Theorem is a cyclic symmetry of the space X,, which comes
from the cyclic symmetry of OGsg(n,2n). It turns out that the cyclic shift operation on
OG>¢(n,2n) corresponds to a generalization of the Kramers-Wannier duality [KW41] that
switches between the high and low temperature expansions for the Ising model.

Let £ < N, and consider a linear operator S : RY — RY mapping a row vector v =
(v1,...,0n) € RN to v - S = (vg,vs,...,un, (=1)*t0y), see Section . As a matrix, S
is given by S;11; = 1 for i € [N — 1], and S; x = (—=1)¥"1. A simple observation is that
multiplying a k£ x N matrix A with nonnegative maximal minors by S on the right yields
another k£ x N matrix with nonnegative maximal minors. Since multiplication on the right
commutes with the left GL;(R)-action, we get a cyclic shift operator on Grso(k, N) mapping
X € Gryo(k,N) to X - S € Grso(k, N). It is clear from the definitions that for Grso(n,2n),
this action restricts to a cyclic shift action on OGso(n,2n). For example, if X € OG>((2,4)
is the row span of the matrix M given in then X - S is represented by

M-S = . (4.2.3)

012 1 1 0192

One can check that the row span X - .S of this matrix again belongs to OG>((2,4). By

133



/
1 o,

Theorem 4.1.3) there must exist a matrix M’ = such that ¢(M') = X - S in

oy 1
0G>¢(2,4) (i.e., such that M is obtained from the matrix in (#.2.3) by row operations).
The value of o7, can be found from the minors of X - S using (4.1.7):

0'/ _ Alg(XS> _ 1 —0'%2 _ 1 —0'12‘
12 Alg(XS)+A14(XS) 1+U%2+2012 1+012

Thus the cyclic shift operation on OGsg(n,2n) yields an automorphism of X, which has

order 2n for n > 2 and order n for n = 1,2. For n = 2, it sends o5 to }1—23

Let us now formulate a generalization of the duality of [KW41].

Definition 4.2.3. Let N = (G, J) be a connectedﬂ planar Ising network. The dual planar
Ising network N* := (G*,J*) is defined as follows. The graph G* = (V*, E*) is the planar
dual graph of GG, with boundary vertices b7, ..., b} placed counterclockwise on the boundary
of the disk so that b} is between b; and b;;1. For e € E, we denote by e* the edge of G* that
crosses e € E, and thus we have E* = {¢* | ¢ € F}. The edge parameters J%. € R, are

defined uniquely by the condition that

sinh(2J%) = (4.2.4)

sinh(2.J,)

foralle € .

For example, if GG is the graph in Figure (left) then its dual G* is shown in Figure
(middle). Note that we have sinh(2t) = 1/sinh(2t) if and only if ¢ = 1log(v/2 + 1) is the
critical temperature of the Ising model. We also remark that applying the duality twice

yields the same planar Ising network except that its boundary vertex labels are cyclically

shifted: (b)* = b;+1. We prove the following result in Section [4.6]

Theorem 4.2.4. Let N = (G, J) be a connected planar Ising network with dual planar Ising
network N* := (G*, J*). Then the correlation matrices M := M (G, J) and M* := M(G*, J*)

I This definition can be easily extended to all (not necessarily connected) generalized planar Ising networks.
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are related by the cyclic shift on OGso(n,2n):
(M) - S = o(M").

According to Theorem , the space Grso(k, N) is homeomorphic to a closed ball.
The main ingredient of the proof of this result is the cyclic symmetry of Grso(k, N). In
Section , we use the above cyclic symmetry of OGs¢(n,2n) in a similar way to show that
it is a closed ball, which by the first part of Theorem implies that the space X, of
boundary correlation matrices is homeomorphic to a closed ball as well.

Recall from Sectionthat we have a unique cyclically symmetric point X, € Grso(n, 2n).

It will follow from our proof of Theorem that this point X, actually belongs to
OG>¢(n,2n), and thus corresponds to some special planar Ising network with n boundary
vertices. For instance, for n = 2 this is the Ising network N with one edge e such that
J. = %log(\/ﬁ + 1). This planar Ising network is self-dual, i.e., satisfies N = N*. However,
it is easy to see that for n = 3 there are no self-dual planar Ising networks. Nevertheless, as
our next result shows, for each n, there exists a (usually not unique) planar Ising network

N = (G, J) with n boundary vertices such that the boundary correlation matrices of NV and

N* coincide: M (G, J) = M(G*, J*).

Proposition 4.2.5. For each n > 1, there exists a unique boundary correlation matriz My €
X of some planar Ising network such that the element ¢(My) € OGso(n,2n) is cyclically
symmetric, i.e., satisfies ¢(My) - S = ¢(My). For any planar Ising network N = (G, J)
satisfying M (G, J) = M, we have M (G, J) = M(G*, J*).

See Section [4.6] for the proof.

Remark 4.2.6. Consider a planar Ising network N = (G, J) such that G is the intersection
of the square lattice of small side length § with a disk, and let J, = % log(v/2 + 1) be critical
for all e € E. The dual network N* = (G*, J*) is “very close” to N in the sense that it is
obtained by shifting N by (§/2,0/2) and making some adjustments near the boundary of
the disk. Thus one could argue that the boundary correlations of N are “very close” to being

cyclically symmetric, in which case we can find them explicitly from (4.2.2)) and (2.2.1)). It
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ds dy

by® o),

dy d,
G GH G~

Figure 4-2: Transforming a graph G (left) with one edge e connecting two boundary vertices
by and by into a bipartite graph GY (middle) with eight edges. Four of those edges are
incident to the boundary and have weight 1, and the rest have weights s., c., s, ¢, as
shown in the figure. The corresponding medial graph G* from Section is shown on the
right.

seems plausible to us that this approach may be applied to studying the universality of the
scaling limit as 6 — 0. The notion of being “very close” is asymptotic and thus is left beyond

the scope of this paper.

4.2.3 Reduction to the dimer model

Lemma [4.2.2| shows that each two-point correlation function is a ratio of two sums of minors
of an element of OGs>g(n,2n). In the next section, we apply a well known result that each
minor of an element of Grso(k, N) is equal to a weighted sum of matchings in a certain
planar bipartite graph.

Suppose that we are given a planar Ising network N = (G, J). We introduce two functions

s,c: E — (0,1) satisfying s* + ¢ = 1 for each e € E, as follows. Given e € F, we set

2 exp(2J.) — exp(—2J,)

. :=sech(2J,) = ;¢ :=tanh(2J,) = .

e = seh(2he) = STy Fexp(—2dy T ) = ) T exp(—2.)
(4.2.5)

Next, we transform G into a weighted planar bipartite graph (a plabic graph in the sense
of [Pos07]) G* embedded in a disk, as in Figures and : we replace each edge e € E
of G by a bipartite square as in Figure (middle), and connect two such squares if the
corresponding edges of G share both a vertex and a face of G. Additionally, we connect each
of the 2n boundary vertices of G, which we label d;, ..., ds, in counterclockwise order, to a

unique vertex of G” in the interior of the disk in an obvious way (as in Figure 4-4). Thus d;
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is a white (resp., black) vertex if i is odd (resp., even). See Definitions [4.4.12| and {4.5.2| for

a precise description of the rules for constructing G" from G. We call G the plabic graph
associated with G.

Let us now describe the boundary measurement map of [Pos07, [Tal0§|, as explained

in [Lam16].

Definition 4.2.7. An almost perfect matching of G" is a collection A of edges of G such
that every vertex of G~ is incident to at most one edge in A, and every non-boundary vertex
of G is incident to exactly one edge in A. The boundary of A is a subset 9(A) C [2n] which
consists of all odd indices i such that d; is not incident to an edge of A together with all
even indices ¢ such that d; is incident to an edge of A. We define the weight wt(A) of A to

be the product of weights of all edges in A.

It is not hard to see that d(A) has size n for any almost perfect matching A of G=. We
are prepared to give a formula for the boundary correlation functions which is very similar

to Kenyon and Wilson’s grove measurement formula [KW11]. See Section for the proof.

Theorem 4.2.8. Let N = (G,J) be a planar Ising network and M = M(G,J) be its
boundary correlation matriz. Consider the element ¢(M) € OGsq(n,2n), and let GZ be the

weighted planar bipartite graph described above. Then up to a common rescaling, for every

I e ([2”]) we have

n

Ar(g(M) = > wi(A), (4.2.6)

A:d(A)=T

where the sum is over almost perfect matchings A of G with boundary I.

For example, consider the graph G in Figure (middle). There is a single almost
perfect matching of G- with boundary {1, 2}, shown in Figure [4-3| (left). Similarly, there are

two almost perfect matchings of GY with boundary {1,3} and one almost perfect matching

with boundary {1,4}, also shown in Figure Therefore by Theorem we get

App(p(M)) = e, Aps(@p(M)) =c?+52=1, Au(op(M)) = s,
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ds ds dy ds dy ds

d4 d4

{1,2} J(A) ={1,3} J(A) ={1,3} 0(A) = {1,4}

dl d4 dl d4

9(A)
wt(A) = ¢, wit(A) = s? wt(A) = 2 wt(A) = s,

Figure 4-3: Some almost perfect matchings of G, together with their boundaries and
weights.

up to a common rescaling. By (4.1.7)), we should have

_ A12(¢(M)) _ Ce
As(p(M)) + Au(o(M)) 1+,

(4.2.7)

012

where s, = sech(2J,) and ¢, = tanh(2J,) are expressed in terms of J. as in (4.2.5)). Simpli-

fying the expressions, we get

_ eXp(Je) — eXp<_Je)
712 = exp(Je) + exp(—J.) (4.2.8)

On the other hand, by the definition of the Ising model, the partition function is equal to
Z = 2(exp(J.) + exp(—J.)) and thus the correlation (oy09) is

2 _exp(Je) — exp(—Je)

(0102) = 7 (exp(J.) — exp(—Jp)) = exp(J.) + exp(—J.)’

in agreement with Theorem [£.2.§]

Lemma and Theorem together give a new simple way to express boundary
correlations in terms of almost perfect matchings which we summarize in the following corol-

lary.

Corollary 4.2.9. Let N = (G, J) be a planar Ising network. Then for all i,j € [n|, the

corresponding boundary correlation function is given by

, oy wt(A
<aiaj>zz““~8<““>egn<{”}> ) (4.2.9)

> aoayeen WHA)
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G*

Figure 4-4: A planar graph G embedded in a disk (left), its dual G* (middle), and the
corresponding plabic graph G" (right).

where the sums in the numerator and the denominator are over almost perfect matchings A

of G°.

Remark 4.2.10. Corollary is related to Dubédat’s bosonization identity [Dubll]. Let
us introduce a planar bipartite graph GU which is obtained from GZ by simply adding an
extra edge connecting dy;_; to dy; for all i € [n]. Then there is an elegant formula (see
Proposition expressing the squared boundary correlation (aiaj)Q as a ratio of sums of
perfect matchings in GP. We explain how to relate this formula to in Section .
We thank Marcin Lis for bringing the paper [Dubll] to our attention.

4.2.4 Generalized Griffiths’ inequalities

As we have already noted, the fact that we have J. > 0 for all edges e implies that all
two-point correlation functions (¢, 0,) are nonnegative [Gri67]. Equation (4.2.1)) shows that
(04,0,) is a positive linear combination of the minors of M , and thus its nonnegativity follows

from Theorem [4.1.3] More generally, for every subset A C [n], define

)=o) = 3 P@]]on

i€A oe{-1,1}V i€A

to be the expectation of the product of the spins in A. The following generalized Griffiths’

inequalities were proved in [KS68].
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Proposition 4.2.11 (JKS68|). For every A C [n], we have
(o4) > 0.
For every A, B C [n], we have
(ca0p) — (oa){op) > 0.

Here (0408) = ([ licaqp 0b:), where A® B = (A\ B) U (B \ A) denotes the symmetric
difference of A and B.

The goal of our next result is to explain how both inequalities in Proposition 4.2.11] also
arise as positive linear combinations of the minors of the matrix M , where M = M (G, J) is

the boundary correlation matrix.

Definition 4.2.12. For A C [n], we define A := {2i —1|i e A} U{2i | i € A}, and for
e €{0,1}, we let D(A) C ([2”]) be the set of all I € ([2"}) such that the sum of elements of

n n

INAis equal to € modulo 2.

Recall also the notation &,(S) from Definition 4.2.1] We prove the following result in
Section

Theorem 4.2.13. For every A C [n], we have
(ca)=27" > A(M). (4.2.10)
For every A, B C [n], there exists € € {0,1}, given explicitly in (4.7.1]), such that

(oa0p) — (oa)(op) =271 > Ar(M). (4.2.11)
1€, (A®B)NDe(B)

Thus the inequalities of Proposition [£.2.11] become manifestly true when expressed in

terms of minors of M, which are nonnegative by Theorem m
For example, when n = 2 and A = B = {1, 2}, we have e = 1 by (4.7.1]), and thus (4.2.11)
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dyo diy dig di
GX TQ

Figure 4-5: A planar graph G embedded in a disk (left), the corresponding medial graph
G* (middle) and its medial strands (right).

becomes

—~ —~

e Au() + Ay (M)
— 0y = 2 .

4.2.5 Inverse problem
In this section, we concentrate on answering the following question.

Question 4.2.14. Given a planar Ising network N = (G, J), is it possible to reconstruct
J from the matrix M (G, J)? In other words, is it true that the function J : £ — R.q is
uniquely determined by G and M (G, J)?

Of course, the answer to this question is negative if, for example, G has more than (g)
edges. In order to fix this, we introduce medial graphs. Namely, given a planar graph G
embedded in a disk, the medial graph G* associated with GG is a planar graph obtained from
G as in Figure (right) and Figure (middle). It has 2n boundary vertices dy, . .., da,,
each of degree 1, and |E| interior vertices, each of degree 4. See Section for a precise
description.

Since each interior vertex of G* has degree 4, we define a medial strand in G* to be
a path that starts at a boundary vertex d; of G*, follows the only edge of G* incident
to it, and then goes “straight” at each interior vertex of degree 4, until it reaches another

boundary vertex d; of G*. (More precisely, a medial strand is determined by the condition

that whenever two of its edges share a vertex, they do not share a face.) Clearly there are
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n medial strands in G*, and each of them connects d; to d; for some i, j € [2n], giving rise

to a matching 7 on [2n] called the medial pairing associated with G:
76 = {{i,j} C [2n] | a medial strand in G* starts at d; and ends at d; } .

Thus 7¢ is a partition of [2n] into n sets, each of size 2. For example, for the graph G in
Figure (left), there is a medial strand that starts at vertex ds, then follows the midpoints
of edges e, e3, eg, e7, and then terminates at vertex dg. Thus the medial pairing 74 of G

contains a pair {3,8}. Following the other five medial strands, we find
7o = {{1,4},{2,11},{3,8},{5,9},{6,10}, {7, 12} } , (4.2.12)

see Figure (right).

Definition 4.2.15. For i < j,i' < j' € [2n|, we say that pairs {i,7} and {¢,j'} form a
crossing if either i < ' < j < j' or i’ < i < j' < j. For a matching 7 of [2n], we let xing(7)

denote the number of pairs in 7 that form a crossing.

For example, if 7¢ is given in (4.2.12)) then xing(7g) = 9. We are now ready to state an
important definition, introduced in [CIM9§].

Definition 4.2.16. We say that G is reduced if its number |E| of edges equals xing(7¢).

For example, the graph G in Figure (left) is reduced since it has |E| = 9 = xing(7¢)
edges.

We will see later in Proposition that if we fix G and let J vary, the space of matrices
M (G, J) obtained in such a way is an open ball of dimension xing(7¢). Since J varies over
RE,, we see that if G is not reduced (in which case clearly |E| > xing(7¢)) then the answer

to Question is negative. On the other hand, if G is reduced then the answer turns out

to be always positive, as we show in Section [4.6]

Theorem 4.2.17. Let N = (G, J) be a planar Ising network such that G is reduced. Then
the map J — M (G, J) is injective, i.e., for each matrix M € Mat;Y™ (R, 1), there is at most
one function J : E — Ry such that M = M(G, J).
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Theorem combined with our results in Section [4.4] gives a simple explicit way to test
whether for a given reduced graph G and a matrix M € Mat}Y™ (R, 1) there exists a function
J: E — Ry such that M = M (G, J).

In order to describe a recursive way of reconstructing J from M(G,J), we introduce
operations of adjoining a boundary spike and adjoining a boundary edge to G. An identical

construction in the case of electrical networks has been considered in [CIMO98].

Definition 4.2.18. Let N’ = (G, J’) be a planar Ising network, where G' = (V', E’) has n
boundary vertices. Given k € [n], we say that another planar Ising network N = (G, J) with
n boundary vertices is obtained from N’ by adjoining a boundary spike at k if the vertex by,
in GG is incident to a single edge e and contracting this edge in G yields G'. Similarly, we say
that N is obtained from N’ by adjoining a boundary edge between k and k + 1 if G contains
an edge e connecting by and by, 1, and removing this edge from G yields G'. In both cases,
we additionally require that the restriction of J : E — R to E' = E \ {e} coincides with
J B — Ry.

When adjoining boundary edges, we allow for £ = n, in which case we set k+1 := 1. We

denote t := J., and our first goal will be to reconstruct ¢ from the matrix M (G, J).

Definition 4.2.19. Let ¢ € [2n]. Consider a total order <; on [2n] given by
1<it+1 < <2n <1< <50 —1,

where the indices are taken modulo 2n. For a planar Ising network N = (G, J) and i € [2n],
define subsets I™"(G), ["(G) € ([27?]) whose disjoint union is [2n] as follows. For each
unordered pair {a,b} of 7¢, we may assume that a <; b, and then we let a € I™"(G) and

b € I™*(G). In particular, we always have i € I[™"(G) and i — 1 € I"™(G).

For example, recall that if G is the graph from Figure (left) then 74 is given by (4.2.12)).

For : = 7 and ¢« = 12, we have

MG =17,8,9,10,11,1}, I™(G) = {6,5,4,3,2,12},
" ! (4.2.13)
NG ={12,1,2,3,5,6}, In™(G)={11,10,9,8,7,5}.
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We prove our next result in Section [4.6]
Theorem 4.2.20. Let G be a reduced planar graph embedded in a disk.

e Suppose that N = (G, J) is obtained from N' = (G',J') by adjoining a boundary spike

e atk € [n]. Let M := M(G,J), k =2k —1, and t := J.. Then for I := Iﬁ?(G), we

have

Ar(p(M))

s, = sech(2t) = .
(@) A gy (0(M))

e Suppose that N = (G, J) is obtained from N' = (G',J") by adjoining a boundary edge
e between k € [n] and k+ 1. Let M := M(G,J), k := 2k, and t := J.. Then for

I:=I""(G), we have

Ar(p(M))
AIU{TCH}\{;;}@(M)) '

c. = tanh(2t) =

For example, the graph G in Figure (left) can be obtained from another reduced

graph by adjoining a boundary spike es at k = 6, so we have k& = 11 in the first part of

Theorem [4.2.20 Since I = I5"™(G) = {1,2,3,5,6,12} by (4.2.13)), we have

_ Ap2sseaz(@(M))
Y Apassein(o(M))

Se

Similarly, G' can be obtained from another reduced graph by adjoining a boundary edge eg

between k = 3 and k + 1 = 4, so we have k = 6 in the second part of Theorem [4.2.20, Since
I =1(G)={2,3,4,5,6,12} by (4.2.13)), we have

_ Ag2345.6,12)(O(M))
Ag2345712)(0(M))

Ceg

Since both functions sech, tanh : (0,00) — (0,1) are strictly monotone, it follows from
Theorem [4.2.20| that we can reconstruct ¢ = J, uniquely from M (G, J) whenever e is either a
boundary spike or a boundary edge of G. This constitutes the first step of our reconstruction

algorithm, in view of the following result.

144



Proposition 4.2.21. Suppose that G is a connected reduced planar graph embedded in a disk,
having at least one edge. Then G is obtained from another reduced graph G’ by adjoining

either a boundary spike or a boundary edge.

We note that the graph G’ above need not be connected. Also, if G itself is not con-
nected then it is clearly enough to solve the inverse problem for each connected component
of G separately, and thus we may assume that G is connected. See Lemma for a
generalization of Proposition [4.2.21

Proposition says that given a reduced graph G and a matrix M (G, J), we can
reconstruct J, for at least one edge e of G. A natural thing to do now would be to contract e
if it is a boundary spike and remove e if it is a boundary edge, obtaining the reduced graph
G'. Our next goal is to explain the relationship between the matrices M (G, J) and M (G, J')
in the case when N = (G, J) is obtained from N’ = (G’, J’) by adjoining either a boundary
spike or a boundary edge.

We note that these two operations look like they have a very different effect on the
boundary correlation matrix. For example, adjoining a boundary spike at k only changes
the correlation (o;0;) when either ¢ or j is equal to k, but adjoining a boundary edge between
k and k + 1 in general changes all entries of the boundary correlation matrix. Surprisingly,
these two operations have exactly the same form when written in terms of the matrix M ,
as we now explain. (In fact, it is clear that applying the duality from Section switches
the roles of boundary spikes and boundary edges.)

Suppose that N = (G, J) is obtained from N’ = (G’, J') by adjoining a boundary spike e
at k € [n] (resp., a boundary edge e between k and k+1). Define k= 2k—1 (resp., k := 2k),
t:=J., s :=sech(2t), ¢, := tanh(2¢), as in Theorem [£.2.20] and let g = g;(¢) be a 2n x 2n

matrix which coincides with the identity matrix except that it contains a 2 x 2 block Rj, in

- - - 1/c. s./ce
rows and columns indexed by & and & + 1. When k is odd, we set R; := / /
SefCe 1/ce
> 1/sc ce/se ~ .
and when k is even, we set Rj 1= . In the case where we have k = 2n, i.e.,
Ce/Se 1/se

when we are adding a boundary edge between k = n and k + 1 = 1, the relevant entries of

g are gopon = g11 = 1/Se and 1.9, = gon1 = (—1)"'¢e/s.. This sign twist is related to the
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cyclic symmetry of Grs(n, 2n) as we explained in Section m For example, for n = 2 and

k = 1,4, we have

1/ce sefce 0 0 1/se 0 0 —co/se
Sefce 1/ce 0 0 0 10 0
gi(t) = ;o a(t) =
0 0 10 0 0 1 0
0 0 01 —ce/se 0 0 1/se

Recall that given an element X € Gr(n,2n) and a 2n x 2n invertible real matrix g, an
element X - g € Gr(n,2n) is well defined as the row span of A - g where A is any n x 2n

matrix whose row span is X.

Theorem 4.2.22. Suppose that N = (G, J) is obtained from N' = (G',J") by adjoining a
boundary spike e at k € [n] (resp., a boundary edge e between k and k+1). Let M = M (G, J),
M= M(G',J), and g;(t) be as above. Then we have

S(M) = (M) - gi(t).

Theorems [£.2.20] and [£.2.22] give the following inductive algorithm for reconstructing the
function J : E — R for a given reduced graph G = (V, E) from the matrix M = M (G, J).

The problem is trivial when G has no edges. Otherwise by Proposition 4.2.21], there is either
a boundary spike or a boundary edge e in G. The matrix M gives an element ¢(M) €
OG>o(n,2n), from which we compute either s, or ¢, using Theorem and thus find
t = J,. After that, we contract e in G if it is a boundary spike and remove it if it is a

boundary edge, and also modify the matrix M accordingly: we let
X":=¢(M) - (gp(t))"" € OGso(n,2n),

where (g;(¢)) " can be found using

—1 —1
1/ce  Sefce 1/ce —se/ce 1/se  CeofSe 1/se  —ce/Se

Sefce 1/ce —Se/ce  1/ce 7 Ce/Se 1/8e —Ce/Se  1/se
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By Lemma[4.2.2] we have X' = ¢(M') € OGx(n, 2n) for a unique matrix M’ € Mat$™ (R, 1).
We then express the entries of M’ in terms of the Pliicker coordinates of X’ using (4.2.1)).
It follows that this n x n matrix M’ is equal to M(G’, J'), so we set G := G’ and proceed
recursively until G has no edges left, splitting G’ into connected components if necessary. This
finishes a constructive proof of Theorem Alternatively, we deduce Theorem
from Theorem [£.1.3] at the end of Section [4.6l

Another question similar to Question is the following.

Question 4.2.23. Given an n x n matrix M € Mat;”™ (R, 1), does there exist a planar Ising

network N = (G, J) such that M = M(G, J)?

The answer to this question is provided by Theorem [f.1.3} the answer is “yes” if and
only if all minors of the matrix M are nonnegative. There are exponentially many minors to
check, that is, (2:), and in general one needs to check all of them to ensure that M is totally
nonnegative. However, checking whether ¢(M) € OG(n,2n) belongs to OGsg(n,2n) =
OG(n,2n) N Grsg(n,2n) (defined in (4.3.1)), as opposed to OGso(n,2n), can be done in
polynomial time. More precisely, one needs to check only n? 4+ 1 minors of M , as it follows
from the results of [Pos07]. These minors are algebraically independent as functions on
Gr(n,2n), but when restricted to OG(n, 2n), this is no longer the case. Thus if all of them
are positive then it follows that ¢(M) € OGso(n,2n), but in general one could check less

minors and arrive at the same conclusion. See Section [4.§ for further discussion.

4.3 Background on the combinatorics of the totally non-

negative Grassmannian

In this section, we recall some combinatorial objects related to Grso(k,n) that were intro-
duced by Postnikov [Pos07]|. Most of the results in this section can be found in either [Pos07]
or [Lam16].

Recall that the totally nonnegative Grassmannian Grso(k, N) is the subset of the real

Grassmannian Gr(k, N) where all Pliicker coordinates are nonnegative. Given a point X €
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Gr>o(k, N), define the matroid Mx C ([]1:]) of X by

e fre (M) 13,00 -0}

Given a collection M C (UZ]), define the positroid cell 117} C Grso(k, N) by
Hi/(t) = {X S Grzo(k’, N) | Mx = M}

For example, one can take M = ([],X ]), in which case the positroid cell IT7} coincides with

the totally positive Grassmannian Grso(k,n):
N
GI’>0<I€,N) = {X € GI’(k,N) ‘ A](X) >0 forall I € <[l{j]) } . (431)

A collection M C (UZ]) is called a positroid if Hf\fl) is nonempty. Positroids are special
kinds of matroids, and have a very nice structure which we now explain.
Recall that for i € [NV], the total order <; on [N]is given by i <; i +1 <; -+ <; N <;

1< <0 —1.

Definition 4.3.1. For two sets I,J € (U]X}), we write [ <; J if I = {i; <; -+ <y ix},
J={j1 =i <iJjr}, and isy <; js for 1 < s < k. It turns out that if M is a positroid then
for each i it has a unique <;-minimal element which we denote I™™(M). Thus I™"(M)
satisfies I (M) <; J for all J € M. Similarly, we let I*(M) be the unique <;-maximal
element of M.

Definition 4.3.2. A sequence Z := ([y,...,Iy) of k-element subsets of [N] is called a
Grassmann necklace if for each i € [N] there exists j; € [N] such that [;;; = I; \ {i} U {Ji}.

Here (and everywhere in this section) the index ¢ + 1 is taken modulo N.

There is a simple bijection between positroids and Grassmann necklaces, which sends a
positroid M to the sequence Z(M) := (I"™(M), IF™(M), ..., I (M)), which is a Grass-
mann necklace for each positroid M. Each Grassmann necklace 7 is encoded by an as-
sociated decorated permutation 77 : [N] — [N] which sends ¢ € [N] to the index j; from

Definition [£.3.2] (When i is a fixed point of 7z, i.e., mz(i) = i, there is an extra bit of data
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in 77 recording whether i € I; or i ¢ I;, but this will not be important for our exposition.)

The map Z — m7 is a bijection between Grassmann necklaces and decorated permutations.

Remark 4.3.3. Under the above correspondence, a positroid M gives rise to a decorated
permutation my, such that for ¢ € [N], map (i) is equal to the unique element of the set
I (M) \ I™(M), if it is nonempty, and is equal to ¢ otherwise. It is not hard to see that
Ty (1) is the unique element of the set I*(M) \ IR (M).

See [Pos(07, Section 16| for a detailed description of these objects and bijections between
them.

A plabic graph is a planar bipartite graph G = (V5 EY) embedded in a disk such that
it has N boundary vertices dy, ..., dy, each of degree 1. (Postnikov considers more general
plabic graphs where vertices of the same color are allowed to be connected by an edge, but
for our purposes it is sufficient to work with bipartite graphs.) Recall that the notion of an
almost perfect matching is given in Definition Given an almost perfect matching A of
G, we define its boundary 0(A) C [N] to be the set

O0(A) ={i € [N] | d; is black and is not incident to an edge of A}U

{i € [N] | d; is white and is incident to an edge of A}.

It turns out that for every G there exists an integer 0 < k < N such that every almost
perfect matching A of G" satisfies |0(A)| = k. The number k is given explicitly in terms of
the number of black and white vertices of G, see [Lam16, Eq. (9)].

Definition 4.3.4. Each plabic graph G gives rise to a decorated permutation 7,0, as
follows. A strand in G is a path that turns maximally right (resp., maximally left) at each
black (resp., white) vertex. If a strand that starts at b; ends at b; for some 4, j € [N] then
we put meo(i) := j, which defines a decorated permutation mgo : [n] — [n]. (For each i such

that m.o(i) = i, oo also contains the information whether i was black or white in G.)

Since decorated permutations are in bijection with Grassmann necklaces and positroids,
each plabic graph G© gives rise to a Grassmann necklace Z,o and a positroid Mo.
A weighted plabic graph is a pair (G5, wt) where G© is a plabic graph and wt : EY — Ry,

is a weight function assigning positive real numbers to the edges of G”. For an almost
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perfect matching A of G5, recall that wt(A) is the product of weights of edges of A. We can

consider a collection Meas(G", wt) 1= (A[(GD,Wt)>I€([N]) e RP(X)-1 of polynomials given
k

for I € ([]IX]) by

A(GT wt) = > wt(A), (4.3.2)
A:D(A)=I

where the sum is over all almost perfect matchings A of G- with boundary I. It turns out that

(A[(GD,Wt))I€<[N]) is the collection of Pliicker coordinates of some point X € Grso(k, N).
N >

The following result is implicit in [PSW09].

Theorem 4.3.5 (|[Laml16, Corollary 7.14]). Given a weighted plabic graph (G5, wt), there
exists a unique point X € Gr(k, N) such that

Meas(G", wt) = (AI(X))IG(“,Z])

as elements of the projective space Rp(¥)-1. The point X belongs to Grso(k, N) and in fact
to the positroid cell Hi’?cﬂ’ where Mgo is the positroid whose decorated permutation is mao.

Fvery point X € Hi,? -, arises in this way from some weight function wt : EY — Ryy.
G

The map Meas(G",-) : RJ;JE — Grxo(k, N) sending wt — X is not usually injective.
To see this, observe that each interior vertex of G is incident to precisely one edge of
each almost perfect matching A. Thus rescaling the weights of all edges incident to a single
interior vertex (i.e. applying a gauge transformation) does not change the value of Meas. We
denote by REOD / Gauge the space of gauge-equivalence classes of functions wt : EZ — R+, so
that wt and wt’ are the same in ng / Gauge if and only if wt’ can be obtained from wt by a
sequence of gauge transformations. It is not hard to see that ng / Gauge is homeomorphic
to an open ball of dimension F(GY) — 1, where F(G) denotes the number of faces of G".

Thus by Theorem [4.3.5 Meas gives rise to a map
Meas : Rﬂ?/ Gauge — Hi,?GD C Grso(k,N)

which turns out to be injective for some plabic graphs GY. More precisely, let us say that

G" is reduced if all of the following conditions are satisfied:
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e 1o strand in G intersects itself;
e there are no closed strands in G";
e 10 two strands in G have a bad double crossing.

Here two strands are said to form a bad double crossing if there are two vertices u,v € VV
such that both strands first pass through u and then through v. The following result can be
found in [Pos07, Lam16].

Theorem 4.3.6. For each positroid M, there exists a reduced plabic graph G such that
M = Mgo. Given a reduced plabic graph G, the map Meas : RgE/Gauge — H/>‘/(‘)GD s a
homeomorphism. Thus the positroid cell Hi,?GD 1s homeomorphic to RFED-1 Iy addition,

we have

Grso(k, N) = | |12, (4.3.3)
M

where the union is over all positroids M C ([JIX]).

The last ingredient from the theory of plabic graphs that we will need is BCF'W bridges,
introduced in [AHBCT16, BCEWO05]. Our exposition will follow [Laml16l, Section 7.

Recall that each boundary vertex of a plabic graph is incident to a unique edge.

Definition 4.3.7. Given i € [N], we say that a plabic graph G" has a removable bridge
between i and i+ 1 if there exists a path of length 3 between d; and d;;; in GZ. (In particular,

these vertices have to be of different color).

Here we again allow ¢« = N and i + 1 = 1. We refer to the middle edge of this path
of length 3 as a bridge between i and i + 1. There are two types of bridges, since ¢ can
be incident either to a white or to a black interior vertex. It turns out that the weight of
the bridge can always be recovered from the minors of the corresponding element of the
Grassmannian. The following result can be found in [Lam16l Proposition 7.10] and [Lam18|

Proposition 3.10], and is the main ingredient of the proof of Theorem 4.2.20

Theorem 4.3.8. Let (G2, wt) be a weighted reduced plabic graph, and suppose that it has

a removable bridge between i and i + 1. Assume that the weights of the edges incident to
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d; and d;yq are both equal to 1 (which can always be achieved using gauge transformations).

Let e € EV be the bridge between i and i + 1, and denote X := Meas(G"”, wt) € Grso(k, N).

o Ifi is white then for I := I (Mgn), we have

Ar(X)
Arogip i3 (X)

wt(e) =

o Ifi is black then for I .= I’"{*(Mgn), we have

_ Ar(X)
Apugisip g (X)

wt(e)

We will also need to explain how removing a bridge changes the corresponding element of
the Grassmannian. For i € [N —1] and ¢t € R, define z;(t) € Maty(R) to be a N x N matrix
with ones on the diagonal and a single nonzero off-diagonal entry in row ¢ and column 7 + 1
equal to t. We also define xy(t) to be the matrix with ones on the diagonal and the entry
in row N, column 1 equal to (—1)%712. We define y;(t) to be the matrix transpose of z;(t)
for i € [N].

Lemma 4.3.9 ([Lam16, Lemma 7.6]). Let (G",wt) be a weighted plabic graph, and suppose
that it has a remouvable bridge between i and i + 1. Assume that the weights of the edges
incident to d; and d;,, are both equal to 1. Let e € E- be the bridge between i and i+ 1 with
weight wt(e) = t, and denote X := Meas(GP,wt) € Grso(k, N). Let (G, wt') be obtained
from (G, wt) by removing e, and define X' := Meas(G™',wt). Then for all I € (UZ]) we

have the following.

o Ifi is white then X' = X - z;(—t), and

A](X) — tAI\{i+1}U{i}(X), ifi+1e€l butq §é I;
Ar(X') =

A(X), otherwise.
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o [fi is black then X' = X - y;(—t), and

A[(X) — tAI\{i}U{iJrl}(X)’ ifiel butt+1 ¢ I;
Ar(X') =

A(X), otherwise.

4.4 The totally nonnegative orthogonal Grassmannian

In this section, we discuss how the stratification of Gr(n,2n) induces a stratification of the
totally nonnegative orthogonal Grassmannian OGsg(n,2n). We remark that some of the
statements below have appeared in [HW13| [HWX14], but mostly without proofs.

Recall from Definition that the orthogonal Grassmannian OG(n,2n) C Gr(n,2n) is
the set of X € Gr(n,2n) such that A;(X) = Apgy(X) for all n-element sets I C [2n]. In the
literature, the term “orthogonal Grassmannian” usually refers to the set of subspaces where
a certain non-degenerate symmetric bilinear form vanishes. Over the complex numbers,
there is only one such bilinear form up to isomorphism, but over the real numbers, one
needs to choose a signature. Following [HW13|, define a non-degenerate symmetric bilinear
form 7 : R?™ x R?" — R by n(u,v) := w301 — UV + * ++ + Uy 10,1 — Uznay. Let us also
introduce another subset OG_(n,2n) C Gr(n,2n) consisting of all X € Gr(n,2n) such that

Ar(X) = =Apn(X) for all n-element sets I C [2n] E| We justify our terminology as follows.

Proposition 4.4.1. For a subspace X € Gr(n,2n), the following are equivalent:
e X € OG(n,2n) L OG_(n,2n);
e for any two vectors u,v € X C R*™, we have n(u,v) = 0.

Proof. Given an k x N matrix A = (a;;), define another k x N matrix alt(A4) := ((—1)7a; ;).
Taking row spans and setting k := n, N := 2n, we get a map alt : Gr(n,2n) — Gr(n,2n).
It is a classical result (see e.g. [Hoc75l, Section 7] or |[Karl7, Lemma 1.11]) that for X €
Gr(n,2n)and [ € ([2:]), we have Apq 7 (alt(X+)) = ¢Af(X), where L denotes the orthogonal

complement of X C R?" with respect to the standard scalar product (-,-) on R** and ¢ € R

2We thank David Speyer for suggesting to consider both OG(n,2n) and OG_(n, 2n).
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is some nonzero constant. Note that n(u,v) = {alt(u),v) for u,v € R?*", which shows that 7
vanishes on X if and only if A;(X) = cApu(X) for all I € ([2:}). Applying this equality
twice, we get Aj(X) = cApyp(X) = ?A(X), and thus ¢ = £1. We are done with the
proof. O

Remark 4.4.2. Lusztig [Lus94] has defined the totally nonnegative part (G/P)so of any
partial flag variety G/ P inside a split reductive algebraic group G over R. Rietsch showed
that the space Grsq(k,n) is a special case of (G/P)>, see [Lam16, Remark 3.8|. For a specific
choice of G = O(n,n) (i.e. the split orthogonal group, which corresponds to the Dynkin
diagram of type D,,) and a maximal parabolic subgroup P = SL,(R) (corresponding to the
Dynkin diagram of type A,,_1, obtained from D,, by removing a leaf adjacent to a degree 3
vertex), G/ P becomes equal to OG(n,2n). If we had (G/P)>o = OGs¢(n,2n) then the fact
that OG>o(n,2n) is a closed ball would follow from the results of [GKLI1S|. However, the
relationship between Lusztig’s (G/P)>o and OGx¢(n, 2n) remains unclear to us. For instance,
the cell decomposition of (G/P)sq conjectured by Lusztig and proved by Rietsch [Rie98|
Rie99] appears to have a different number of cells than the cell decomposition of OG>(n, 2n)
indexed by matchings on [2n] that we consider in this paper. David Speyer [Spel8| has
also informed us that the space E, of electrical networks can be realized as a subset of
the Lagrangian Grassmannian LG(n — 1,2n — 2), which is also equal to G/P when G is
the symplectic group Sp,,_o(C) (corresponding to the Dynkin diagram of type C,,_1). The

relationship between this subset and (G/P)>¢ is again unclear in this case.

Remark 4.4.3. A different relation between the Ising model and spin representations of the

orthogonal group can be found in |[Kau49, [SMJ7S8, [Pal07].

Remark 4.4.4. The generators g;(¢) from Section belong to O(n,n), and moreover,

they are hyperbolic rotation matrices, since for t € Ryy and ¢ := tanh(2t), s := sech(2t),
. . 1/c s/c cosh(r(t)) sinh(r(t))

there exists a unique r(¢) € R such that = . It would
sfe 1/c sinh(r(t)) cosh(r(t))

thus be interesting to find an analog of the theory of [LP15] for the orthogonal group rather
than the symplectic group.
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Remark 4.4.5. A more standard choice of coordinates for OG(n,2n) is to consider the
set OG'(n,2n) of all X € Gr(n,2n) where another symmetric bilinear form, n'(u,v) :=
U Up g1 + UsUpao + -+ + - + Uy, vanishes. Consider a 2n x 2n matrix J with the only nonzero
entries given by Jo;_1; = Jojj = Joj_1j4n = 1/2, Jojjin = —1/2, for all j € [n]. Then the
map X — X -J gives a bijection between OG(n, 2n)UOG_(n, 2n) and OG'(n, 2n). Moreover,
for M € MatY™(R, 1), the matrix M -J has the form [I,|M’] for a skew-symmetric matrix M’
given by mj ; = (=1)"*/*lm, ; for i # j and mj; = 0 for i = j. A standard way to work with
OG’(n,2n) is to consider spinor coordinates, which are essentially Pfaffians of the matrix M’
above, see e.g. [HS10, Section 5]. It was shown in [GBKT7S§| that these Pfaffians are multi-
point boundary correlation functions for the Ising model, as we explain in Proposition [£.7.7]

We thank David Speyer for this remark.

Proposition 4.4.1] allows one to deduce that the image of the map ¢ is contained inside

the orthogonal Grassmannian.
Corollary 4.4.6. We have ¢(Mat;™(R, 1)) C OG(n,2n).

Proof. Let M € Mat®™(R,1). It is obvious from the definition of M that if u,v € R2"
are any two rows of M then we have n(u,v) = 0, and thus by Proposition we get
o(Mat;Y™(R, 1)) € OG(n,2n) U OG_(n,2n). But note that OG(n,2n) and OG_(n,2n) are
not connected to each other inside OG(n, 2n)JOG_(n, 2n), however, Mat;>™ (R, 1) = R() is
connected. Thus ¢(Mat?™ (R, 1)) is connected, and clearly the image of the identity matrix
I, € Mat;Y™(RR, 1) belongs to OG(n, 2n) and not to OG_(n,2n). The result follows. O

Proposition 4.4.7. Let X € OGxy(n,2n), and let M := Mx be the positroid of X with

decorated permutation ma. Then ma is a fixed-point free involution: if ma(i) = j then

i # 7 and Tpm(j) = 1.
Proof. Tt is clear from Definition that we have I™"(M) = [2n] \ I™>(M), because
X € OG(n,2n). Suppose now that mr(i) = j and that i # j. By Remark 4.3.3| 7 (i) is
the unique element of the set

1)\ Z(M) = (20] \ TP (M) \ (120] \ T (M) = T (M) \ (M),
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which is equal to {mx (i)} = {j}. Thus 7y (i) = j, equivalently, ma(j) = i, s0 mr is an
involution. It remains to show that it is fized-point free, i.e., that ma(i) # ¢ for all i € [2n].
We can have ma(i) = i if either ¢ is a loop or a coloop of M, that is, if either ¢ € I for
all I € Mori ¢ I for all I € M, respectively. Choose some I € M. Then [2n] \ I also
belongs to M, which shows that ¢ is neither a loop nor a coloop of M. We are done with
the proof. n

Remark 4.4.8. Recall that given a matching 7 on [2n], Definition [4.2.19| gives two disjoint
sets I™1(7) and I™®(7) for each i € [2n]. It is easy to check that if 7 is the fixed-point free
involution corresponding to 7 then I™™(M,) = I™"(7) and I*(M,) = I™>(1).

In Section 4.2.5 we described how to transform a planar graph G embedded in a disk into
a medial graph G*, and then how to obtain a medial pairing 7o from G*. Not all matchings
can be obtained in this way, for example, when n = 2, the matching {{1,4}, {2,3}} is not a
medial pairing of any graph G. It will thus be more convenient for us to work with medial
graphs rather than matchings. In Section[4.5] we introduce generalized planar Ising networks

which correspond to all matchings on [2n].

Definition 4.4.9. A medial graph is a planar graph G* = (V*, E*) embedded in a disk,
such that it has 2n boundary vertices dy, ds, ..., ds, € V> in counterclockwise order, each of

degree 1, and such that every other vertex of G* has degree 4.

The non-boundary vertices (the ones that have degree 4) are called interior vertices of
G*, and we let Vi := V> \{dy,...,ds,} denote the set of such vertices. Each medial graph
G gives rise to a medial pairing Tgx, as in Section We say that a medial graph G* is
reduced if the number of its interior vertices equals xing(7gx ). Equivalently, G* is reduced
if every edge of G* belongs to some medial strand connecting two boundary vertices, no

medial strand intersects itself, and no two medial strands intersect more than once.

Lemma 4.4.10. For every matching T on [2n], there exists a reduced medial graph G*

satisfying Tgx = T.

Proof. For each pair {i,j} € 7, connect d; with d; by a straight line segment. Then perturb

each line segment slightly so that every point inside the disk would belong to at most two
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segments, obtaining a pseudoline arrangement. Let G* be obtained from this pseudoline
arrangement by putting an interior vertex at each intersection point. It is clear that G* is
a reduced medial graph whose medial pairing is 7. Alternatively, G* can be constructed by

induction on xing(7) in an obvious way using the poset P, from Definition [4.4.15 [

Let us say that a medial network N* = (G*, J*) is a medial graph G* together with a

function J* : VX

int

— Rop. Thus if N = (G, J) is a planar Ising network then the edges of G
correspond to the interior vertices of the corresponding medial graph G* and thus the Ising
network N gives rise to a medial network N* = (G*,.J*), as described in Sections
and [4.5] In the remainder of this section, we will work with medial networks rather than
with planar Ising networks.

Every medial graph gives rise to a plabic graph. In order to describe this correspondence,

we first introduce a canonical way to orient each medial graph, as described in [HWX14].

Proposition 4.4.11. Let G* be a medial graph. Then there exists a unique orientation of

the edges of G* such that:

1. fori € [2n], d; is a source if and only if i is odd;

X

2. each interior vertex v € V)i of G is incident to two incoming and two outgoing arrows

so that their directions alternate around v.

Proof. If G* is connected then it is easy to see that there are just two orientations satisfying
the second condition, since we can color the faces of G* in a bipartite way and then orient
all black faces clockwise and all white faces counterclockwise, or vice versa. One of these
two orientations will satisfy the first condition. If G* has C' connected components then
there are 2¢ orientations of G satisfying the second condition, but there will still be one
of them that satisfies the first condition, because the number of vertices of each connected

component is even. O

Definition 4.4.12. Given a medial network N* = (G*, J*), the associated weighted plabic
graph (G, wt) is constructed as follows. First, orient the edges of G* as in Proposi-
tion |4.4.11], and then for each oriented edge e of G*, put a white vertex e¢° of G- close

to the source of e and a black vertex e® of G" close to the target of e. If the source (resp.,
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Figure 4-6: Uncrossing the pairs {7, j} and {7, j'}.

the target) of e is a boundary vertex d; then we set e® := d; (resp., €* := d;). Now, for
each edge e € EY of G, connect e* and e® by an edge of G”, and set its weight to 1:
wt({e®,e°}) := 1. Additionally for every interior vertex v € V% of G" incident to edges
e1,ea,e3,e4 € EY in counterclockwise order so that v is the target of e; and e; and the

source of e; and ey, add four edges {ef,e5}, {€35, €3}, {e3, €5}, {e5, e} to GP. The weights of

these edges are given by
wi({el,e5}) = wt({e5, e3}) =50, wt({e3,e5}) = wt({eg, e1}) := co, (4.4.1)

where s, and ¢, are given by (4.2.5)), that is,

2 exp(2J)) — exp(—2J1)

= sech(2JX) = : = tanh(2J) = .
S0 = sech(2J,7) exp(2J%) + exp(—2J)’ ¢ i= tanh(2J,) exp(2J%) + exp(—=2J))

This defines a weighted plabic graph (GY,wt) associated to the medial network N* =
(G=,J*).

Recall that for a medial graph G*, the corresponding medial pairing 7gx = {{i1, 71}, .-, {in, jn}}
is a matching on [2n]. We define a permutation mgx : [2n] — [2n] by setting mgx (i) = jk

and wgx (ji) := i for all k € [2n]. Thus 7gx is a fixed-point free involution.

Lemma 4.4.13. A medial graph G* is reduced if and only if the corresponding plabic graph

G is reduced. We have mgx = mgo.

Proof. This is straightforward to check from the definitions, since the medial strands corre-

spond to the strands in G” from Definition [4.3.4] O
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Proposition 4.4.14. Given a medial network N* = (G*,J*), let (GZ,wt) be the corre-
sponding weighted plabic graph. Then Meas(G”, wt) yields an element of 1137 NOGso(n, 2n),
where M = M

nox 18 the positroid corresponding to the fized-point free involution Tgx .

Proof. By Lemma , we have mgx = mgo. Let X € Grso(n,2n) be the point given by
Meas(G", wt). By Theorem m, X belongs to I13Y, and it remains to show that X belongs
to OGsq(n,2n). Given an almost perfect matching A of GZ, let us define S*(A) C E* to
be the set of edges e of G* such that the edge {e®,e°} of G” belongs to A. We claim that

for all sets R C E* of edges of G*, we have

dowt(A) = D) wt(A), (4.4.2)
5% (A)=R 5% (A)=EX\R

where the sums are over almost perfect matchings of GY. The left hand side of is
equal to the product over all interior vertices v € Vi, of G* of ¢(v), where ¢(v) is equal to
either c., s., >+ 52, 1, or 0, depending on which of the four edges of G* adjacent to v belong
to R. It is clear from Figure that replacing R with its complement does not affect this
product. (The only non-trivial change is replacing ¢? + s? with 1, but recall that we have
2+ s2 = 1 by construction.) This proves (4.4.2)), and clearly if two almost perfect matchings
A, A’ of GP satisfy S*(A') = E*\ S*(A) then they also satisfy 9(A’) = [2n]\ d(A), finishing
the proof. n

For a matching 7 on [2n], let M be the positroid corresponding to the fixed-point free
involution 7 : [2n] — [2n] associated with 7, and denote by IT7° := II3? . Following [Lam18],

denote by P, the partially ordered set (poset) of all matchings 7 on [2n]. (It is easy to see

that P, has 512,32; elements.) The covering relations of P, are described as follows. Given a

matching 7 on [2n], suppose that the pairs {7, j},{i,j'} € 7 form a crossing, as in Defini-

tion [4.2.15] Introduce two matchings

=T\ {{i b {0 G A G
=\ {{i, g h A T U {6 0

(4.4.3)
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Definition 4.4.15. We say that 7/ and 7" are obtained from 7 by uncrossing the pairs {i, j}
and {7, j'} (see Figure [4-€]). In addition, if xing(7’) + 1 = xing(7) (resp., xing(7”) + 1 =
xing(7)), we write 7/ < 7 (resp., 77 < 7), and let P, be the poset whose order relation < is

the transitive closure of <.

Remark 4.4.16. Equivalently, as explained in [Laml8, Section 4.5, given a medial graph
G* with medial pairing 7, we have 7/ <7 if and only if “uncrossing” the unique vertex v € Vi
of G* that belongs to the intersection of medial strands connecting d; to d; and d;s to d;
yields a reduced medial graph with medial pairing 7. Here uncrossing an interior vertex of a

medial graph means replacing its neighborhood in one of the two ways shown in Figure [4-6]

By [Laml8, Lemma 4.13], the poset P, is graded with grading given by xing(7), and
by [HK18| Lam15|, P, is a shellable Eulerian poset. See Figure for the case n = 3.

We are now ready to state the main result of this section.
Theorem 4.4.17.

(i) Given a reduced medial graph G*, let GP be the corresponding plabic graph with
positroid M := Mco. Then the map J* — Meas(GP, wt) is a homeomorphism be-
tween RE) and 113 N OGso(n, 2n).
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(i) The set OGxg(n,2n) is a disjoint union of cells

0Gso(n,2n) = | | (IZ° N OGxo(n,2n)), (4.4.4)

TEP,

and each cell T12° N OGxg(n, 2n) is homeomorphic to R¥™&(7),

(iii) For T € P,, the closure of the cell I12° N OGxo(n, 2n) in Gr(n,2n) equals

(20N 0Gxo(n,2n)) = | | (I2°NOGx(n,2n)). (4.4.5)

c€Py:0<T

Proof. As we have shown in Proposition , for every X € OGso(n,2n), the decorated
permutation m = m, associated with the positroid M x of X is a fixed-point free involution,
and thus follows from (4.3.3)). The remainder of part (that each cell is an open
ball) follows from part , which we prove now. Thus we fix a reduced medial graph G*
and the corresponding plabic graph G¥, reduced by Lemma . Let ¢ : Rg; — va? N
OGso(n,2n) be the map that sends J* + Meas(G", wt). We first show that 1 is injective.
By Theorem m, it suffices to show that the map J* : V.

¢ — Ry can be reconstructed
from the corresponding weight function wt € R§§ / Gauge. Fix an interior vertex v € Vi of
G* and consider the corresponding four vertices v, v, v3,v4 € V5 of GF on the four edges
of G* incident to v. Let €1, €23, €34, €14 be the four edges of G- forming a square around v.
We have wt(ejp) = wt(ess) = s, and wt(egs) = wt(e1s) = ¢, as in . Suppose that we
have applied a gauge transformation to wt obtaining another weight function wt’. Thus we

have rescaled all edges adjacent to the vertex vy by some number ¢, € Ry for 1 < k£ < 4.

Therefore
Wt,(em) = tthSU, Wt,(634) = t3t4SU, Wt/<623) = tztgcv, Wt/(614) = t1t4CU.

In order for wt' to come from some other map (J*)" : Vi

¢ — R, we must have

titas, = tstys. = s, talsc, = titace = ¢, (s))*+(c))? =1,

161



where s/ = sech(2(J*)!) and ¢, = tanh(2(J*)!). But the above equations imply that
ty =ty =t3 =ty = 1, and it follows that 1 is injective.

Clearly v is continuous, and we now prove that it is surjective, and that its inverse is also
continuous. We need the following simple observation, whose proof we leave as an exercise

to the reader.

Lemma 4.4.18. Suppose that G* is a connected medial graph having at least one interior
vertex. Then there exists an interior vertex v € V.. and an index i € [2n] such that v is

int

connected in G* to both d; and d;y1 (modulo 2n).

Note that Proposition follows from Lemma as an immediate corollary.

We now return to the proof of Theorem , part . Let 7 be a matching on
[2n], m be the corresponding fixed-point free involution, M = M, be the corresponding
positroid. Choose a reduced medial graph G* with medial pairing 74« = 7 (which exists by
Lemma, and let GY be the associated plabic graph. If G* is not connected then each
of its connected components contains an even number of vertices. Moreover, in this case G"
induces the same partition of boundary vertices into connected components, and it is clear
from the definition of the map Meas and Theorem m that each minor of Meas(G", wt) is
a product of the individual minors for each of the connected components. Thus the problem
naturally separates into several independent problems, one for each connected component of
G, and in what follows, we assume that G* is connected.

Let X € II3] N OGso(n,2n). By Theorem m, there exists a weight function wt :
EY — R such that Meas(G", wt) = X, and our goal is to show that there exists a unique

function J* : V.

— Ry such that ¢(J*) : EY — Ry is obtained from wt using gauge

transformations. Choose v € V. and i € [2n] as in Lemma [4.4.18, Thus G" contains a

int
removable bridge between i and i + 1 (modulo 2n). Denote by v; and v, the vertices of GX
adjacent to d; and d;,, respectively, and denote by v3 and v4 the other two vertices of G- so
that vy, vq, v3,v4 surround v in counterclockwise order. Applying gauge transformations to
v1 and vy, we may assume that wt({vy,d;}) = wt({ve,d;11}) = 1. Let s := wt({vy,v2}) > 0.

Applying gauge transformations to v3 and vy, we may assume that wt({vs,v4}) = s, and

wt({v1,va}) = wt({ve, v3}) = ¢ for some ¢ € R.o. Now, let I := I'{}(M) and J := [2n]\ ] =
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IN(M). Thus i +1 € I and i € J. Choose some n x 2n matrix representing X and
denote by X € R™ its k-th column. For v € R™ and k € [2n], let X(k — u) denote the
matrix obtained from X by replacing its k-th column with u. We introduce linear functions

hr,hy: R" — R as follows:
hi(u) == Af(X(i+1 = u)), hy(u):=A;(X (0 = u)).

Denote u := X; and w := X;;;. Since X € OG(n,2n), we get hy(w) = hy(u) and h;(u) =
hy(w). Let (G7' wt') be obtained from (G, wt) by removing the bridge {vy,v,}, and let
X' € Grso(n,2n) := Meas(G™,wt/). By the first part of Theorem , we have s =
hi(w)/hi(u). By Lemma [£.3.9) we have (X'); = u while (X');y1 = w — su. Now, after
removing degree 2 vertice v1 and vy from G7' and denoting the resulting graph G7”,
each of the vertices d; and d;;, changes color and becomes adjacent to an edge of weight
wt'({d;,v4}) = wt'({d;+1,v3}) = c. Let us define wt” to be the same as wt’ except that
wt”({di, v4}) = wt”({di11,v3}) := 1, and let X" := Meas(G™", wt”). It is clear from the
definition of Meas that (X”); = cu and (X");11 = 1(w — su). Finally, G™" has a removable
bridge between i and i + 1 so by the second part of Theorem [4.3.8] the weight wt”({vs, v4})
of this bridge must be equal to

N ¢ R
t({vs, va}) Aguiringr (X)) hy ((w = su))’

which after substituting s := hr(w)/h;(u), hy(w) := hr(u), hy(u) := hy(w), and using the

linearity of h;, transforms into

Ahy(u)hr(w)
]’L[(U)2 — h[(UJ)Q ’

wt"({vs, va}) =

By construction, wt”({vs, v4}) is equal to s, and thus after substituting h;(w) := shy(u) the

above equation becomes
Zshr(u)? s

(1—82)hr(u)2  1—s2’

31t is well known that adding/removing vertices of degree 2 does not affect the result of Meas, see [Lam16,
Section 4.5 (M2)].
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which is equivalent to ¢ +s? = 1. Since we have s, ¢ > 0, it follows that 0 < s, ¢ < 1 and thus
there exists a unique t € R satisfying s = sech(2t) and ¢ = tanh(2t). Moreover, it is clear
that ¢ depends continuously on the minors of X, since the denominators A;(X) = A, (X)
must be positive. Setting J* := ¢, we uncross (in the sense of Remark the interior
vertex v in G* so that the corresponding graph G“ would be obtained by removing the
bridges {vy,vo} and {vs,v4}, and proceed by induction, finishing the proof of part ((i)| (and
therefore of part as well).

It remains to prove (4.4.5). There is a certain partial order (called the affine Bruhat
order) on the set of decorated permutations such that two decorated permutations 7, o

satisfy o < 7 if and only if the closure of the positroid cell Hf\/?w contains Hi/?o. We have

HMW = |_| Hi/?ﬁ

o<m

see e.g. [Laml6, Theorem 8.1]. Moreover, the restriction of the affine Bruhat order to the
set of fixed-point free involutions coincides with the poset P, from Definition [£.4.15] Thus

we have

(0N 0Gzo(n,2n)) € | | (%N OGs(n,2n)),

0EPyio<T
and it remains to prove that the left hand side of contains the right hand side, i.e.,
that for all pairs o < 7 in P,, the cell II2° N OGxg(n,2n) is contained inside the closure of
>N 0OGso(n,2n). Clearly it is enough to consider the case 0 < 7. Then o is obtained from
7 by uncrossing some pairs {i,7} and {i’,j'}. Moreover, since G* is reduced, it contains a
unique vertex v € V. which belongs to the medial strands connecting i to j and i’ to j/,
and one of the two ways of uncrossing v yields a reduced medial graph with medial pairing
o, see Remark But the two ways of uncrossing v correspond to sending J,© to either
0 or oo, or equivalently, sending either s, — 1,¢, =+ 0 or s, — 0,¢, — 1. By part , we

indeed see that II2° N OGxg(n, 2n) is a subset of the closure of II>° N OGx¢(n, 2n), finishing
the proof of Theorem [4.4.17, O
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4.5 From the Ising model to the orthogonal Grassman-
nian

In this section, we study the relationship between the space X, and the space OGsq(n, 2n).

We start by slightly extending the notion of a planar Ising network so that contracting
an edge in such a network would yield another such network. Throughout, we assume that
a planar graph embedded in a disk has no loops (i.e. edges connecting a vertex to itself) or

interior vertices of degree 1.

Definition 4.5.1. A generalized planar Ising network is a pair N = (G, J) where G = (V, E)
is a planar graph embedded in a disk and J : ' — Ryo U {oco}. We denote F = Eg, U E,
where E, :={e € E'| J. = co}. The Ising model associated to N is a probability measure

on the space
{—1,1VV/Ex .= {5V = {=1,1} | 04 = 0, for all {u,v} € E,}.

The definitions of the probability P(c) of a spin configuration o € {—1,1}"/F>~ the partition
function Z, and a two-point boundary correlation (o;0;) are obtained from the corresponding
definitions (4.1.1)), (4.1.2)), and by replacing {—1,1}" with {—1,1}"/P~ and E with
Es,. As before, we let M(G, J) = ({(0,0;)) € Mat}Y™(RR, 1) denote the boundary correlation
matrix. Thus we have m; ; = 1 whenever there exists a path connecting b; to b; by edges in

E.

Definition 4.5.2. To each generalized planar Ising network N = (G, J) we associate a
medial network N* = (G*, J*). First suppose that F' = Eg,, i.e., that J only takes values
in Rog. Then the medial graph G* = (V*, E*) is obtained from G as in Figures[4-2] and 4-4]

More precisely, the vertex set VV* is given by
VX = {dl,...,dgn}u{l)e | e c E},

where the dy, ..., ds, are boundary vertices placed counterclockwise on the boundary of the

disk so that b; is between ds;_1 and d;, while v, is the midpoint of the edge e € E of G.
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The edges of G* are described as follows. If e,e’ € E share both a vertex and a face then
we connect v, to v in G*. In addition, for each i € [n], we connect ds;_1 (resp., do;) with v,
where e € F is the first in the clockwise (resp., counterclockwise) order edge of G incident
to b;. If b; is isolated in GG then we connect dg;—1 to dy; in G*. Thus each vertex v, € V*
has degree 4, and each boundary vertex d;, i € [2n], has degree 1 in G*. Finally, we set
I = Je.

Suppose now that E # FEjg,, and thus J takes the value of co on some edges of GG. Let
Nin = (G, Jgn) be obtained from N by setting (Jg,)e := 1 for all e € E, and (Jgp)e := Je
for e € Egs,. Let Ng = (Gf,, Jg,) be the medial network associated to Ng,. Then the
medial network N* = (G*, J*) associated to N is obtained from N by “uncrossing” (see
Remark the vertices v, of G, for all e € E. There are two ways to uncross the
vertex v, as in Figure 4-6 and we choose the one where no edge of the resulting graph G*
intersects the corresponding edge e of G. This uniquely defines the medial graph G*, and

we set J = J, for all e € Egy,.

The notion of a generalized planar Ising network is equivalent to the notion of a cactus
network introduced in [Laml18, Section 4.1], where he also assigns a medial graph to it in

the same way as in Definition [4.5.2]

Remark 4.5.3. Given a planar Ising network N = (G, J), the above procedure assigns a
medial network N* = (G*,J*) to it. In Section we assign a weighted plabic graph
(G2, wt) to N*. It is trivial to check that the same weighted plabic graph (G",wt) gets
assigned to N = (G, J) in the construction described in Section m

To each medial graph G* (and thus to each generalized planar Ising network) we have

associated a medial pairing 7 in Section Let us denote
X, ={M(G,J) | N =(G,J) is a generalized planar Ising network with medial pairing 7}.

The following stratification of X, will be deduced from Theorem at the end of Sec-
tion 4.0

166



Proposition 4.5.4. The space X,, decomposes as
X, =| | &, (4.5.1)

and for each T € P,, X, is homeomorphic to R¥"(") with closure relations given by the

poset P,.

Given a (generalized) planar Ising network N = (G, J), we have described two ways to
assign an element of X € OGs(n,2n) to N. First, one can take the boundary correlation
matrix M = M(G,J), and let X := ¢(M), as we did in Section[4.1.3] Second, one can con-
struct a medial network N* = (G*, J*) as above, transform it into a weighted plabic graph
(GP,wt), and then put X’ := Meas(G”, wt), as we did in Section m Theorem ,
part |(i){shows that the second map J + Meas(G", wt) gives a homeomorphism between RZ,,
and T12° N OGsg(n, 2n), where 7 is the medial pairing of G*. The goal of the rest of this
section is to show that the outputs X = ¢(M) and X’ = Meas(G”, wt) of these two maps

coincide.

Theorem 4.5.5. Let N = (G, J) be a (generalized) planar Ising network with boundary
correlation matric M = M(G,J). Define X := ¢(M). Let N* = (G*,J*) and (G°,wt)
be the medial network and the weighted plabic graph corresponding to N, and put X' :=
Meas(G”,wt). Then X = X" in Gr(n,2n).

We give two proofs of Theorem , one using Dubédat’s results [Dubl11], and one using
a formula of Lis |Lis17] for boundary correlations in terms of the random alternating flow
model. Note that it suffices to prove Theorem only for planar Ising networks, since
the corresponding statement for generalized planar Ising networks is obtained by taking the

limit J. — oo for all e € E..

Before we proceed with the proofs, we need several preliminary results.

iy B (M).
For k € [n], denote by e, € R™ the k-th standard basis vector, and for k € [2n], denote by

Proof of Lemma[4.2.9 By (4.2.2), it is enough to show that m;; = 27" Zlesn(
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(]Téf ) the k-th column of M. Consider an n x n matrix A with columns

€1,€2,...,€;_1, (M)Qi_l, (M)Qi, 62‘+1, ey 6j—17€j+17 R )

Since by Remark , 2ep, = (M)gk—1 + (M)gk for all k € [n], we can expand detA in terms
of minors of M:

detA = 2772 > Ay(M).

1€€,({i,j}):2i—1,2i€]
On the other hand, since most of the columns of A are basis vectors, we can compute its
determinant directly: detA = 2m, ;, where the sign in (4.1.4]) is chosen so that we would
have detA = 2m; ; and not detA = —2m, ;. Similarly, we can define an n X n matrix B with
columns

€1,€2,...,€6-1,€i4+1,--.,€j-1, (M)ijl, (M)Qj, €irly---,En.

We have detB = 2m; ; as well, and

detB = 272 > Ar(M).
Ie€n({i,4}):25—1,2j€l
It remains to note that for all I € &,({i,j}), we have either 2i — 1,2: € [ or 2j — 1,25 € I,
but not both. Thus

dm;; = detA+detB =27 " Ay(M),

finishing the proof. O]

Lemma 4.5.6. Let J :={1,3,...,2n — 1} and X' € OG>¢(n,2n). Then for all I € ([2"]),

n

we have

Ar(X") < Ay (X).

Proof. This follows from Skandera’s inequalities [Ska04] for Grs¢(n,2n). Namely, by [FP16]
Theorem 6.1], we have A7(X") A 1(X') < Aj(X")Apnp s (X') for all X’ € Grso(n,2n). In
particular, if X’ € OGsg(n,2n), this becomes (A;(X"))? < (A;(X’))?, which finishes the

proof. O
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An important consequence of the above lemma is that for J :={1,3,...,2n — 1} and all

X" € OGx¢(n,2n), we have A ;(X') > 0, since we must have A;(X’) > 0 for some [ € ([27’:]).

Lemma 4.5.7. The image ¢(Mat}’™ (R, 1)) contains OGso(n,2n). FEquivalently, for any
X" € OGso(n,2n), there exists a matric M' € Mat;Y™ (R, 1) such that X' = ¢(M') as
elements of Gr(n,2n).

Proof. We are going to use Lemma Choose some n x 2n matrix A representing X'
in Gr(n,2n), and let I, be the n x 2n matrix given by (INn)mi_l = (INn)ng = 1 and the
remaining entries being zero. Remark says that for a matrix M’ € Mat)™ (R, 1), we
have M- (f;L)T = 21, where I, is the n x n identity matrix, and 7 denotes matrix transpose.
Let B := A - (I,)T. We claim that if X' € OGs(n,2n) then B is an invertible matrix.
Indeed, by the multilinearity of the determinant, we have detB = >_ Ie&n () Ar(A). This sum
contains only nonnegative terms, and the term Ay 3  2,-13(A) is positive by Lemma m
Thus B € GL,(R) is invertible, and we can consider the matrix C' := 2 - B~ - A, which
represents the same element X’ in Gr(n,2n). The matrix C' satisfies C - (I,)T = 2I,, in
particular, Cj9; 1 = —Cjg; for i # j € [n]. We define the n X n matrix M' = (m] ;) by
m}; = 1and m} = (=1)"H0<IDC; 5, for i # j € [n], in agreement with (£.1.4). It turns
out that M’ is a symmetric matrix, since its entries can be recovered from the minors of C' as
follows. As we have mentioned in the proof of Lemma [1.2.2] for each I € &,({, j}), we have
either 2i—1,2i € [ or 2j—1,2j € I, but not both. Thus we can write m; ; = 272N AL(O),
where the sum is over all I € £,({7,j}) such that 2i —1,2i € I. Similarly, we have m/,; =
27235 As(C), where the sum is over all I € &,({i,j}) such that 2j — 1,25 € I. Since

Ar(C) = Apnpr(C) (because C represents X' € OGxo(n,2n)), we see that m; ; = m/,

4i» and

thus M’ belongs to Mat>>™ (R, 1). Similarly, using

2 Ciy = Y A(C)= ) A(C)=2""Ci,

Ie&Ey (0):2i—1€el I€&n(0):2iel

and Cj o1 + Cy; = 2, we get Cio-1 = Cj9; = 1, and thus ¢(M') = X’. We are done with
the proof of Lemma O

In order to prove Theorem [4.5.5, we need to show that X := ¢(M) equals to X' :=
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Meas(G", wt) as an element of Gr(n, 2n). By Theorem we know that X' € OG>¢(n,2n).
By Lemma [1.5.7, we get a matrix M’ € Mat?™(R, 1) such that ¢(M’) = X’. Since
X = ¢(M), we have X = X' if and only if M = M'. By Lemma the entries m; ; of M’
can be written as ratios of sums of minors of X’. By Theorem [4.3.5], each such minor is a
sum over almost perfect matchings of G® with prescribed boundary. Putting it all together,

we get the following: for i # j € [n],

' sy Wt (A
/ :ZA.a(A)esn({ 4} (A4) (4.5.2)

mi’ : B
’ > aoayes, o) WEHA)

where the sums are over almost perfect matchings in G”. Our goal is to show that m;

equals to m; ; == (0;0;).

4.5.1 Dubédat’s bosonization identity

Recall from Remark that the planar bipartite graph GP = (‘A/D, ED) is obtained from
G" by adding an edge of weight 1 connecting dy;_; to dy; for each i € [n]. We view GY as
a weighted graph embedded in the sphere, and for each i € [n|, we view the vertex b; of G
as a point inside of the square face of G which contains do;i—1 and dq;. We let Match(am)
denote the set of perfect matchings of GP. Given such a perfect matching A € Match(@'j),
its weight is the product of weights of its edges. We say that a generic path is a continuous
path P in the sphere whose endpoints belong to the interiors of faces of @D, and which
intersects every edge of G at most once. Clearly every path in G is a generic path. We
denote by E?(P) C E" the set of edges of GP that intersect P. Given a perfect matching
A € Match(GY) and a generic path P, we define wt_(A, P) := (—1)“@9(]3)”“4| wt(A). In
other words, wt_ (A, P) is the product of weights of edges in A, where the weight of every
edge that intersects P is negated. We are ready to state Dubédat’s formula, as explained

in [dT14, Corollary 1]. See also [BAT12| and [DCLI17, Remark 4] for related results.

Proposition 4.5.8 ([Dubll]). Let N = (G, J) be a planar Ising network with n boundary

vertices. Let i,j € [n], and choose some path P connecting b; to b; in G. Then the squared

170



boundary correlation function is given by

2 ZAGM&tCh(éD) wt_ (A7 P)
ZAeMatch(@D) wt(A)

Example 4.5.9. If G has two vertices and one edge as in Figure , then G” has the

following form:

There is exactly one path P in G that connects b; to by, and E\F(P) consists of two

edges of weight s,. There are five perfect matchings of G with weights s, s., s, 1, and ¢,

respectively. Thus (4.5.3)) in this case becomes

(010)? 1—2s.+s24+c2 1-s,
0109)" = = .
172 1+2s.+s2+c2 1+s,

Recall from (4.2.7) that (4.2.9)) in this case yields (0109) = —%—. These two formulas agree:

1+se

2
Ce 1—s,
(1+Se) 17, = E=(1+s)(1-s) = c+s=1

First proof of Theorem[{.5.5 Recall that our goal is to show that m;; = (0;0;), where m; ;
is given by . Since the right hand side of is manifestly positive, it is enough to
show (m] j)2 = <ai0j)2, which is given by . Observe that every perfect matching A’ of
G restricts to an almost perfect matching A of GZ such that d(A) € &,(0). Moreover, this
gives a weight-preserving bijection between Match(@m) and such almost perfect matchings
of GY. Thus the denominators of and are equal, and therefore it suffices to

show

Yoo owi(A) ] = > wt_(AP) Yoo owt(A) ], (454)

A:0(A)e€n({i,5}) AeMatch(GD) AeMatch(GD)
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where the sum on the left is over almost perfect matchings of G©.
Denote O(P) to be the set of ¢ € [n]| such that {dy;_1,ds;} intersects P. The following
simple observation shows that the right hand side of (4.5.3)) does not really depend on the

choice of a generic path P.

Lemma 4.5.10. Let P, P’ be two generic paths with the same endpoints. Then we have

(_1)|EQ(p)|+|a(P)| Z wt_(A,P) | = (_1)|E9(p/)\+la(pf)| Z wt_ (A, P')

AeMatch(GD) AeMatch(GD)

Proof. Since we can transform P continuously into P’ in a generic way, it is enough to
show the above equality when there is a single vertex v of G® that lies inside the region
bounded by P and P’. If v belongs to the interior of the disk then it has degree 3 in @D,
so |0(P)| = |8(P")| but |EZ(P)| and |EZ(P")| have different parity. Similarly, if v = d; for
some j € [2n] then it has degree 2 in G and thus |E9(P)| +|0(P)| and |E\9(P')| + |0(P")
again have different parity. On the other hand, each perfect matching A of GP contains
exactly one edge incident to v, and thus we also have wt_(A, P) = —wt_(A, P’). The result
follows. O

Observe that when P is a path in G, it necessarily intersects an even number of edges
of GD, and J(P) = (). Suppose now that P connects b; to b;. Consider another generic
path P’ which connects b; to b; but only intersects two edges of @D, namely, {dy;_1, ds;} and
{daj_1,d2;}. By Lemma we have 3 4y raren@o) W= (A P) = 3 jenpaien(@o) Wh- (A, P),
and thus it suffices to show for P replaced with P’.

For simplicity, we denote a = doi_1, b 1= dy;, ¢ := daj_1, d := dy;. Define @Ej to
be the subgraph obtained from GE by removing the edges {a,b} and {c,d}. Given a set
S C {a,b,c,d}, denote by @-DJ(S ) the graph obtained from é%'j by removing the vertices of
{a,b,c,d} \ S (each such vertex is removed together with the unique edge incident to it).

Finally, define

Rg = Z Wt(.A)

AeMatch(GY,(S))

for each S C {a,b,c,d}. Thus we have kg = K{apcap\s for all S by Proposition {4.4.14] After
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replacing P with P’, (4.5.4) becomes
(/{a,d + /{b,c)z - (’ia,bﬁ,d — Rab — Red + ’f@) (’ia,b,c,d + Rab + Re,d + /{0) ) (455)

where we denote kg qy = Kaq, etc. Since kqq = Ky, the left hand side equals 4“521,51 =
4K q,akpe. Similarly, the right hand side equals 4(kp — Kap)(Kg + Kap) = 4(K§ — K2,) =

A(Kapedkp — Kapked). Thus we need to show kg ke = Kapedko — Kapked, OF equivalently,
Ra,dRb,c + RabRed = Ra,b,e,d0- (456)

This is easy to prove bijectively using standard double-dimer arguments. For instance, su-
perimposing a pair of matchings (A, A’) € Match(égj({a,d})) X Match(@fj({b, c})) gives
a union of cycles in @Ej together with a path () connecting a to d and a path R connect-
ing b to c. Thus A @& R (the symmetric difference of sets of edges) is a perfect match-
ing of an({a, b,c,d}), while A’ & R is a perfect matching of @Ej(ﬁ). The case (A, A') €
A0 | . . . .
Match(G7;({a, b})) x Match(G;;({c,d})) is completely similar, and together they give a bi-
jection between the left and the right hand sides of (4.5.6)). We are done with the first proof
of Theorem [4.5.5] |

4.5.2 Random alternating flows of Lis

For our second proof, we use a formula due to Lis |Lis17|, which he proved using the random
currents model of [GHST0|, see also [DCI16, LW16|. Let us say that a clockwise bidirected
edge (resp., a counterclockwise bidirected edge) is a directed cycle of length two in the plane
which is oriented clockwise (resp., counterclockwise).

Suppose we are given a planar Ising network N = (G, J) with n boundary vertices and
two disjoint subsets A, B C [n] of the same size. We define GAZ = (VASB pAYB) t0 be the
graph obtained from G by adding a boundary spike at b; for all i € AU B.

An (A, B)-alternating flow F on G is a graph obtained from G4“Z by replacing each
edge {u,v} € EAYB of GAYB by either

(a) an undirected edge, or
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(b) a directed edge u — v or v — u, or
(c) a clockwise or a counterclockwise bidirected edge,

so that the vertex b; is incident to an outgoing (resp., incoming) edge if i € A (resp., if
i € B), and so that every other vertex v € V' of G is incident to an even number of directed
edges of F', and their directions alternate around v. The set of all (A, B)-alternating flows
on G is denoted Fu 5(G).

For e € E, we put

exp(J.) — exp(—Je) 2
. .= sech(J,) = .
exp(J,) + exp(—J.)’ Y sech(Je) exp(Je) + exp(—J)

T := tanh(J,) =

(Recall that z. and y. are not the same as ¢, = tanh(2.J.) and s, = sech(2J,).) Given an
edge e € EAYB and an (4, B)-alternating flow F' € Fa 5(G), we set

;

2z./y?, if e is a directed edge in F;
w(F,e) = q2s2/y2, if e is a bidirected edge in F;

1 otherwise.

Y

\

Following [Lis17, Eq. (4.2)], the weight of an (A, B)-alternating flow F is given by

w(F) =24V TT w(Fe), (4.5.7)

ec EAUB

where V(F) denotes the set of vertices v € VAUB\ {b; | i € AU B} incident to a directed or a
bidirected edge in F' (note that b; is always incident to a directed edge in F' when i € ALIB).

Remark 4.5.11. The equivalence of (4.5.7)) and [Lis17, Eq. (4.2)] is explained in the proof
of |[Lis17, Lemma 4.2].

We will be interested in the two special cases A = B = () and A = {a}, B = {b} for
a # b € [n]. We denote the corresponding graphs by G? and G*?, respectively. Denote also
Fo(G) == Fop(G) and Fop(G) := Fap 13 (G)-
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Lemma 4.5.12 (|[Lis17, Lemma 5.2]|). Let N = (G,J) be a planar Ising network with n

boundary vertices, and let i # j € [n|. Then the boundary correlation (o;0;) equals

2 reF, (@) W)
ZFE]—'@(G) w(F)

(0i0;) = (4.5.8)
Second proof of Theorem [£.5.9. For a flow F' € F4 5(G), let U(F') denote the set of vertices
v € VAUB that are not incident to a directed or a bidirected edge of F. Thus |U(F)| =
V| = |V(F)], and we set

W(F) = 2Vlw(F) = 2AHVON TT w(Fe).
cEEAUB
Suppose that we are given a flow F' € F4 p(G) together with a map o : U(F) — {—1,1}.
We say that the pair (F,«) is a spinned flow. The weight of a spinned flow is defined to be
W(F, a) = 24 ], pavs w(F,€), so that W(F) = >aci-11yvm W(F, @). We then define an
order relation < on spinned flows by writing (F, a) < (F”, /) if all of the following conditions

are satisfied:

e [’ is obtained from F by making some undirected edges bidirected (thus U(F’) C
U(F)),

e the restriction of a to U(F”) equals o/, and

e for every vertex v € U(F)\ U(F") such that a(v) =1 (resp., a(v) = —1), all bidirected

edges of F” incident to v are clockwise (resp., counterclockwise) bidirected edges.

Even though o' can be obtained from « by restricting it to U(F’) C U(F'), we can also
reconstruct a from (F’, /), since every vertex v € U(F) \ U(F") is incident to at least one
bidirected edge of F’, and either all such edges are clockwise (in which case we must have
a(v) = 1) or counterclockwise (in which case we must have a(v) = —1).

Given a spinned flow (F, «r), we say that an undirected edge e of F' is active if there exists
a spinned flow (F’,o’) > (F, «) such that e is bidirected in F’. Thus any (F', ') > (F,«a) is
obtained from (F,a) by making some active edges bidirected. (An active edge can become

either a clockwise or a counterclockwise bidirected edge but not both.) Equivalently, for
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T2 3E 3L OFE EE
A) = se (A) = s (A) =1 :

wt( wt wt

gy e e < T

Figure 4-8: The correspondence # between almost perfect matchings of G (top) and minimal
spinned flows (bottom), where + (resp., —) next to a vertex v denotes a(v,e) = 1 (resp.,
a(v,e) = —1).

every undirected edge e of F' and a vertex v incident to e, we set (v, e) := a(v) if v € U(F),
and a(v,e) := 1 (resp., a(v,e) ;== —1) if v € V \ U(F) and after replacing e by a clockwise
(resp., counterclockwise) bidirected edge, the directions of edges still alternate around v.

Then an undirected edge e = {u,v} of F' is active if and only if we have a(v,e) = a(u, e).

We say that a spinned flow (F,«) is minimal if it is minimal with respect to our order
relation <. Equivalently, (F, «) is minimal if /" has no bidirected edges. We denote Jfgig(G)
the set of all minimal spinned flows (F,a) where F' € Fu p(G). For (F,a) € FyB(G), we

define its weight

w(F, ) = w(F o) =2 ] w(Fae),
(F’,a’)Z(F,a) ec EAUB
where

.

2z /Y2, if e is a directed edge in F’;
W, a,e) =4 1+4222/y% = (1+22)/y?, if e is an active edge of (F,a); (4.5.9)

1, otherwise.

\

Here we used the fact that 22 + y? = 1.

It thus follows that

FeFu,B(G) (Foa)eFRiB (@)



Our goal is to give a map @ from almost perfect matchings of G™ to minimal spinned flows,
which locally is defined in Figure . Namely, each edge e = {u, v} of G corresponds to four
interior vertices of GU, as in Figure . Every almost perfect matching A of GY assigns a
single edge to each of those four vertices, and there are seven ways to do so, as in Figure [4-§|
(top). The product of the weights of edges of A incident to one of the four vertices of G-
equals, respectively, to ¢, Ce, Se, Se, 1, 52, 2, see Figure (top).

y“er e

Similarly, for every minimal spinned flow (F, «), e may be directed from u to v, or directed
from v to wu, or undirected, in which case the functions a(u,e),a(v,e) € {—1,1} are well
defined. As shown in Figure[4-8| the two matchings of weight ¢, correspond to the case where
e is directed in F', and the remaining five matchings correspond to e being undirected in F'.
Specifically, the two matchings of weight s, correspond to the two cases where a(u,e) #
a(v, e), the matching of weight 1 corresponds to the case a(u,e) = a(v,e) = 1, and the two

matchings of weights s2, ¢? correspond to a single case a(u, e) = a(v,e) = —1.

It is straightforward to check that these rules give a well defined map 6 from the set
of almost perfect matchings of G to the set of minimal spinned flows on G. Moreover,
it is easy to check that the set J := 0(A) C [2n] determines uniquely two disjoint sets
A, B C [n] such that 0(A) € FY'B(G). Namely, we have A = {i € [n] | 20 —1,2i ¢ J} and
B={ie[n]|2i—1,2 € J}. Finally, let (F,a) € F}'3(G) be a minimal spinned flow, then
we claim that

1

w(F, o) = wt(A), (4.5.10)

[eer 5 A:0(A)=(F,a)
where the sum is over almost perfect matchings A of GY. To see why this is the case, note
that the multiplicative contribution of an edge e € F to w(F,«) is given by . On
the other hand, it is clear from Figure that for any two almost perfect matchings A, A’
such that 0(A) = 0(A’), we have S*(A) = S*(A’), where S*(.A) is defined in the proof of
Proposition [£.4.14, Thus the total weight of almost perfect matchings in the preimage of

(F,«) under 0 equals to the product over all edges e € E of ¢(e), defined in the proof of
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Proposition as

(

Ce, if e is a directed edge in F;
qle) = 91 =52+ ifeisan active edge of (F,a); (4.5.11)
Ses otherwise.

\

Indeed, if e = {u,v} is an active edge of (F,«) then we either have a(u,e) = a(v,e) =1
in which case e corresponds locally to a single matching of weight 1, or we have a(u,e) =
a(v,e) = —1 in which case e corresponds locally to two matchings of weights s* and ¢?,
which can be interchanged in every almost perfect matching in the preimage of (F, ) under

0. It remains to note that the right hand side of (4.5.11)) can be obtained from the right
hand side of (4.5.9) by multiplying by s.:

(

22.5. /Y2 = ce, if e is a directed edge in F’;
seW(F,a,e) = ¢ (1+22)s./y2 =1, if e is an active edge of (F,a);

Se, otherwise.

\

Thus s.w(F,a,e) = q(e), which proves (4.5.10). This implies that the right hand sides
of (4.5.8) and (4.5.2)) are equal, finishing the second proof of Theorem [£.5.5] O

4.6 Cyclic symmetry and a homeomorphism with a ball

By Theorems [£.5.5] and [.4.17], the map ¢ is a stratification-preserving homeomorphism from
X, to OGx(n,2n), which is the first part of Theorem [4.1.3] In this section, we follow the
strategy of Chapter [2| to prove the second part of Theorem [4.1.3, which states that X, is

homeomorphic to a closed ball of dimension (g)

Recall that the cyclic shift 2n x 2n matrix S was defined in Section [4.2.20 We let ST
denote the matrix transpose of S. Also, recall from Corollary [2.2.4] that exp(¢(S+ST)) sends
Gr>o(k, N) to Grso(k, N) for all ¢ > 0. Here the totally positive Grassmannian Grsq(k, N)
is defined in . Let us define the totally positive orthogonal Grassmannian to be the
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intersection

OG=o(n,2n) := Grso(n, 2n) N OG(n,2n).

Lemma 4.6.1. For all X € OGx¢(n,2n) and all t > 0, we have X - exp(t(S + ST)) €
OGso(n,2n).

Proof. In view of Corollary [2.2.4] it suffices to show that X - exp(t(S + ST)) € OG(n, 2n).
By Proposition m, it is enough to prove that exp(t(S + ST)) belongs to the Lie group
O(n,n) consisting of all 2n x 2n matrices g preserving the bilinear form 7, i.e., satisfying
n(gu, gv) = n(u,v) for all u,v € R?". It is a standard fact from Lie theory that exp(t(S+S7))
is such a matrix if and only if S + ST belongs to the Lie algebra of O(n,n). Let D :=
diag(1,—1,1,—1,...,1,—1) be a 2n x 2n diagonal matrix with D;; = (=1)""! for 1 < i < 2n.
Then the Lie algebra of O(n, n) consists of all 2n x 2n matrices B such that B-D = —D- BT,
It is easy to check that S + ST belongs to this Lie algebra. We are done with the proof. [

Example 4.6.2. For n = 2, the computation we need to check that S + S belongs to the

Lie algebra of O(n,n) goes as follows.

0 10 -1\ (1 0 0 0 0 -1 0 1

. 1 01 0 0 -10 0 1 0 1 0

(S+S7)- D= _ ;

0 10 1 00 1 0 0 -1 0 -1

-1 01 0 0 0 0 -1 -1.0 1 0

1 0 0 0 0 10 -1 01 0 -1

e |0 =10 0 1 01 0 10 -1 0
D-(S+8T7 = _

0 0 1 0 0 10 1 0 1 0 1

00 0 -1/ \-101 0 1 0 -1 0

This shows (S + ST)- D =—D - (S+ ST)T for n = 2.

Remark 4.6.3. For all X € Grs(n,2n), it was shown in Chapter 2| that the limit of
X - exp(t(S + ST)) as t — oo is the unique cyclically symmetric element Xy € Grsg(n, 2n)
from Section [2.2.1] It follows from Lemma that this point Xy belongs to OGs(n, 2n).
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Proof of Theorem[{.1.5 As we have already discussed, the first part is a direct consequence
of Theorems [£.5.5] and [£.4.17] The second part follows from Lemma together with an

argument completely identical to the one in Chapter [2| which we briefly outline here.

It was shown in Sectionthat the space Gr>g(n, 2n) can be explicitly realized as a subset
of RY so that the image of Gr.g(n,2n) would be an embedded submanifold of R and that
the action of exp(t(S + ST)) on Grsg(n,2n) extends to a contractive flow on RY. Since
OG(n,2n) is an embedded submanifold of Gr(n, 2n), we see that @) := OGs(n,2n) becomes
an embedded submanifold of RY whose closure is Q := OGx(n, 2n) in RY. By Lemma ,
the contractive flow exp(t(S + ST)) restricts to OGxo(n, 2n) and satisfies (2.1.1). The result
follows. ]

Theorem [4.1.3| establishes the correspondence between the planar Ising model and the
totally nonnegative orthogonal Grassmannian. Having finished its proof, we are in a position

to deduce several other results stated in Section [4.2]

Proof of Theorem[{.2.4] This follows easily from studying the relationship of the map
(G, J) — (G, wt) — Meas(G”, wt) € OGxq(n, 2n)

with the duality map (G,J) — (G*,J*). Namely, a planar Ising network N = (G, J)
corresponds to a weighted plabic graph (GY,wt) then the dual planar Ising network N* =
(G*, J*) corresponds to a weighted plabic graph ((G*)Y, wt*) so that (G*)" is obtained from
G" by switching the colors of all vertices and cyclically relabeling boundary vertices (i.e.,

df :=d;;1), and wt* is obtained from wt by swapping s. and ¢, for all e € E. More precisely,

for each e € E we have sinh(2J,)sinh(2J%) = 1 by (4.2.4). On the other hand, by (4.2.5)),

we have sinh(2J.) = £ and sinh(2J%) = £, 50 Sex = ¢ and cex = se. It thus follows from
the definition of Meas given in (4.3.2)) that the minor A; of Meas(G”, wt) equals the minor
Ap of Meas((G*)Y,wt*) where I’ = {i + 1 | i € I} (modulo 2n) for all I € ([2:}). This is

equivalent to having Meas(G", wt) - S = Meas((G*)", wt*), which finishes the proof. O

Proof of Proposition [{.2.5, We know from Section that there exists a unique cyclically
symmetric element Xy € Gro(n,2n), and by Remark [4.6.3] we have Xy € OGs(n,2n). By
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Theorem m, X, corresponds to a unique boundary correlation matrix M, € X of a planar
Ising network (i.e., ¢(My) = Xj). Since the operation N = (G, J) — N* = (G*, J*) amounts
to applying the cyclic shift on OGso(n, 2n) by Theorem [4.2.4] we see that My = M(G, J) if
and only if M(G*, J*) = M(G, J). O

Proof of Theorem[{.2.8 This also follows easily from Theorem combined with (4.3.2)).
[

Proof of Theorem[{.2.17. Follows from Theorem and part [() of Theorem 4.4.17 O

Proof of Theorem [{.2.20. Follows from Theorems [4.3.8 and [£.1.3] O

Proof of Theorem [{.2.23. Indeed, adjoining a boundary spike e to G’ amounts to adding a
pair of bridges to (G")". Adding bridges to (G’)" translates into acting by zj(s.) and yj_(s.)
on Meas((G")”, wt') by Lemma m However, we also rescale the edges incident to k and
k +1 by ¢, between adding the two bridges, which amounts to multiplying Meas((G")~, wt)
by a diagonal matrix D;(c.) whose (%,%)—th and (/~€ + 1,k + 1)-th entries are equal to ¢,
and 1/c, respectively. Thus if N = (G, J) is obtained from N’ = (G’,J") by adjoining a
boundary spike, then the matrices M = M (G, J) and M’ = M(G’, J') are related by

¢(M) = Meas(G", wt) = Meas((G")~, wt') - (se) - Dy (ce) -y (se) = Meas((G')~, wt') - g (1),

which is equal to ¢(M") - g;(t). Here j(sc) - Di(ce) - Y541 (Se) = g7 (t) reduces to the following

2 X 2 matrix computation, which relies on s + ¢ = 1:

1 s ce O 1 0 1/ce  sefce
0 1 0 1/ce s. 1 Sefce 1/ce

We are done with the case of adjoining a boundary spike. The case of adjoining a boundary
edge is completely similar, and also follows by applying the duality from Section which
switches between s, and ¢, due to (4.2.4). We are done with the proof. O

Proof of Proposition[{.5.4). It follows from Theorem [£.5.5that ¢ sends X, homeomorphically
onto the cell IIZY N OGsg(n, 2n), and thus the result follows from Theorem combined
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with Theorem |4.4.17 . O

4.7 Generalized Griffiths’ inequalities

In this section, our goal is to prove Theorem [4.2.13] Note that follows from (4.2.11])
by taking disjoint A and B such that |B| = 1. We thus focus on proving . Let us fix
two subsets A, B C [n], and let C':= A& B be their symmetric difference. If C' has odd size
then both sides of become zero. Thus we assume that the size of C' is even. Recall
that &,(C) C ([2:]) consists of all n-element subsets I of [2n] such that I N {2i — 1,2} has
even size if and only if i € C. (In particular, &,(C) is empty when C has odd size.)

Throughout, we also fix a matrix M = (m,;) € Mat;”™(R, 1), and we treat the entries
m;j = m;, as indeterminates for ¢ # j.

Our first goal is to give a formula for the minors Aj(M) for I € &,(C).

Definition 4.7.1. Denote n’ := n — |C|/2. Let « : [2n] — [2n/] be the unique order-
preserving map such that «(2i — 1) = «(2¢) if and only if i € C. Let 3 : [2n/] — [n] be the
unique order-preserving map such that the composition o« : [2n] — [n] sends both 2i — 1

and 2i to i for all 7 € [n].

Example 4.7.2. Suppose that n = 4 and C' = {1,3}. Then n’ = 3, and the map « : [8] — [6]

. . 1 213|415 6|78 .
sends the top row entries of the 2-line array to the corresponding
1 11234 4|/5]|6
bottom row entries (i.e., a(l) = «(2) = 1,a(3) = 2, etc.). Similarly, g : [6] — [4] sends
. 2 3415 . . .. . .
the top row entries of to its bottom row entries, giving rise to a composite
112 21314 4

1 2(3 4|5 6|7 8
map 3 o a represented by a 3-line array |1 1|2 3|4 4|5 6|

1 1|2 2|3 3[4 4
For disjoint subsets I, J C [2N] of the same size, we say that 7 is a matching between I
and J if 7 contains |I| = |.J| pairs, and for each pair {7, j} € 7, we have either i € 1,5 € J or
i € J,j € 1. The set of matchings between I and J is denoted by Match(7, .J). For a subset
K C [2N] of even size, a matching on K is a partition of K into |K|/2 disjoint subsets of size
2, and we let Match(K') denote the set of matchings on K. Thus Match(7, J) C Match(/L.J),
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and Match([2n]) is as a set equal to P,. The function xing naturally extends to Match(Z, J)
and Match(K).

For each I € &,(C), we denote I’ := «(I), and it is easy to check that we have I’ € ([2:,/])
for I € £,(C). Given a matching 7 on [2n'], we define a monomial mg » == [y, ;1e, Ma0).50)-

Similarly, given a subset K C [n]| of even size and a matching 7 € Match(K), we set

My 1= H{i,j}@r my,j.
Proposition 4.7.3. For I € &,(C), we have

A (M) = 2€12 Z (=)<

weMatch(I’,[2n'|\I")
Proof. This is essentially [Pos07, Proposition 5.2, see also [Lisl7, Eq. (2.2)]. O

Remark 4.7.4. For any [ € ([2:]), there exists a unique C' C [n] such that I € &,(C). Thus
Proposition actually gives a formula for all maximal minors of M in terms of the entries
of M.

Example 4.7.5. Let n = 4 and C = {1,3} as in Example[4.7.2] so n’ = 3. The matrices M
and M are given in Figure . Let I :={1,2,4,7}. We have I € &,(C) since |[IN{1,2}| =2
and |I N {5,6}| = 0 are both even, while [/ N {3,4}| = |[I N {7,8}| = 1 are both odd. Next,
I'=a(l)={1,3,5} € ([25/]). Computing the maximal minor A;(M), we find

2
Ar(M) = 2(myamagmaos — M13Miay + M12MoaMzs + MiaMaz + M1aMgs + Ma3).

These six terms correspond to the six elements of Match(I”, [2n/]\I") = Match({1,3,5},{2,4,6}).
For instance, the term —mi3m3, comes from the matching = = {{1,4},{3,6},{5,2}} with
xing(m) = 3, while the term m;3 comes from the matching = = {{1,4}, {3,2},{5,6}} with

xing(7) = 0.

Definition 4.7.6. We introduce two disjoint subsets A’, B’ C [2n/] by:
Al:={ie2n]|B(i) e A\ B}U{ie2n]|B(i)=p(i+1) € AN B};
B':={ie2n]|B(i) e B\A}U{i+1€2n]|p(:) =p(i+1) € AnB}.
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Define the number € € {0, 1} mentioned in Theorem |4.2.13| by

e=1+ Zz (mod 2). (4.7.1)

Next, we state a classical result expressing correlations of the Ising model in terms of

Pfaffians. Given a set K C [n] of even size, we define

Pf(M):= Y (=1)"@m,.

meMatch(K)

If the size of K is odd, we set Pfx (M) := 0. The following classical result expresses multi-

point correlations in terms of two-point correlations.

Proposition 4.7.7 (JGBKT78, Theorem A|). Given a planar Ising network N = (G, J), let

M = M(G, J) be its boundary correlation matriz. Then for every set K C [n], we have
(ok) =Plg(M) = Z (—1)¥ins(m H (0:0;).
mEMatch(K) {i,j}em

Thus Theorem becomes a consequence of the following result.

Theorem 4.7.8. We have

Pfo(M) — PE4(M) Pfg(M) = ! > A;(M). (4.7.2)

2n—1
Ie&,(A®B)NDE(B)

Both sides of (4.7.2)) are polynomials in the entries of M by Propositions |4.7.3|and 4.7.7]

Remark 4.7.9. It may look like the right hand side of (4.7.2]) is not symmetric with respect
to A and B, but in fact it is easy to see that

E(A® B)ND(B) = &,(Ad B)ND (A),

where € =1+n+ ) ., i (mod 2).
Before we prove Theorem [£.7.8] we state a lemma which will be used repeatedly later.
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Lemma 4.7.10. Let 2N] = K, U Ky for two sets Ky, Ky of even size. Let m; € Match(K;),
mo € Match(Ky), and let m L my € Match([2N]) be obtained by superimposing m; and ms.
Then

xing(m U mp) — xing(m) — xing(ma) = [Ki[/2+ > i =|Ko|/2+ Y i (mod 2). (4.7.3)
1€K, 1€Ko

Proof. Suppose that there is ¢ € K; such that ¢ > 1 and ¢ — 1 ¢ K;. Then replacing K; with

K\ {i}U{i—1} and modifying 7, m accordingly changes the parity of each side of (4.7.3)).

Applying this operation repeatedly until K; = [| K[|, the result follows. O

Proof of Theorem[{.7.8 First, it is straightforward to check that if i € [n] \ (AU B) then
removing ¢ from [n] does not affect the left and right hand sides of (4.7.2). Thus from now
on we assume that AU B = [n].

Assume first that ANB = (). This implies C = AUB = [n], niseven,n’ =n/2, A’ = A,
and B’ = B. For a matching © € Match([n]), we are going to compare the coefficients of m,
on both sides of , and show that in all cases they are equal.

Here for two disjoint subsets I and J, we say that a matching 7 € Match(I U J) restricts
to I and J and write 7 € Match [ if for all {7, j} € 7 we have either {7, j} C [ or {7, j} C J.
We denote by 7|; € Match(I) and 7|; € Match(J) the corresponding restricted matchings.
Thus the set Match [} C Match(/ U J) is in bijection with Match(/) x Match(J).

For m € Match([n]), the coefficient of m, in Pfo(M) — Pf4(M)Pfp(M) is equal to

(_1)xing(7r) _ (_1)xing(7r|A)(_1)xing(7r|3) if 7 € Match ’ff,SBS
Cleft(ﬂ'> = .
(—1)xins(m) otherwise.

For the right hand side of (4.7.2)), observe that by Definition 4.2.12| a given set I € &,(C)
belongs to D¢(B) if and only if

d i=1+4) i (mod2),

because B = B’. Since C' = [n], we have I € &,(C) if and only if 7N{2i—1,2i} has even size
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for all i € [n]. Let us say that a set I € &£,(C) is compatible with 7 if m € Match(I’, [2n/]\ I").
It is clear that the coefficient of m, in the right hand side of (4.7.2) is equal to

271/2 xing(7)
Coge(7) 1= ooy (~ 1) (7).

where N () is the number of I € &,(C') N D(B) compatible with 7. We claim that N () is

given by
)
2"/2  if m € Match ['{% and |B|/2=14),.5i (mod 2);
N(m) =10 if 7 € Match % and [B|/2# 1+ 3, 50 (mod 2); (4.7.4)
k271/2—1 if m ¢ Match [%%.

Indeed, assume first 7 ¢ Match [§%. Then there exists a pair {i,j} € 7 such that i € A
and j € B. Note that there are a total of 2"/2 sets I € &,(C) compatible with 7. Each
such set satisfies either 20 — 1,2 € ,25 — 1,25 ¢ [ or 2j — 1,25 € I,2i — 1,21 ¢ I, so they
naturally split into pairs {1, I®{2i—1,2i,2j—1,2j}}. Exactly one set I in each pair satisfies
Y icinigt = € (mod 2). Thus the total number N(7) of sets I € &,(C) N D(B) compatible
with 7 equals 22~ in this case.

Assume now that m € Match [{%. Then for any I € &,(C) compatible with 7, we have
Y icingt = |B|/2 (mod 2). Thus, either all I compatible with 7 belong to &,(C)ND*(B), in
which case we get 2"/2 of them, or they all belong to &,(C) ND'~¢(B), in which case we get

N(m) = 0. It is easy to check that the former case happens exactly when |B[/2 =1+, i

(mod 2). This shows (4.7.4), which, combined with (4.7.3)), clearly implies Cief (7) = Crigh (7).
We are done with the case AN B = ().

Assume now that AN B # (). Since we are assuming A U B = [n], we have 2n' =
n+ |ANB|, and [2n'] = A'U B’

For k,k + 1 € [2n] such that (k) = B(k + 1) = j, let the flipping of a matching
m € Match([2n']) at j be a matching 7" obtained from 7’ by “swapping” the elements k, k+ 1,
Le., " =7m\{{a k}, {bk+1}}U{{a,k+1},{b,k}} for some a,b € 2n']. (If {k,k+1} e

then we set 7’ := 7.)
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Note that two different matchings 7, 7’ € Match([2n']) can yield the same monomial mg
if they differ by a flipping at some j € AN B. We write in this case 7 ~ 7/, and denote
IT = [n] the equivalence class of matchings m € Match([2n]) with respect to this equivalence

relation. Thus we have mg . = mg if and only if 7 ~ 7', and we denote mg ;) = Mg x.

We say that 7 is trivial on j € AN B, denoted 7 L j, if the pair {k,k + 1} = 871(j)
belongs to m. We say that « is trivial on AN B, denoted m 1. AN B, if 7 is trivial on all
elements of AN B. It is easy to see that triviality depends only on the equivalence class of
m, justifying the notation IT 1 j and IT 1. AN B. In the case I 1. AN B, II consists of just

a single element 7, so we define xing(II) := xing(7) in this case.

Let m € Match([2n]) be a matching. Consider a graph I'; = ([2n/], E(7)) with vertex set

[2n/] and edge set
E(r) =7U{{k,k+1} | k € [2n/] is such that B(k) = B(k+ 1)} =7 U{B7(j) | j € AN B}.

(Here if 7 is trivial on j then the corresponding pair {k,k + 1} = 87!(j) belongs to both 7
and {87'(j) | € AN B}, so I'; contains two edges connecting k to k + 1.)

Each connected component of I'; contains an even number of vertices and is either a cycle
or a path. We denote by Conn(I';) the set of connected components of I, and by Cyc(I';) C
Conn(I';) the set of cycles of T';. Clearly, flipping 7 at j € AN B preserves the set of vertices
of each connected component of I';. In particular, we have cyc(w) := | Cyc(nm)| = | Cyc(n')]

for all m ~ 7', and thus we set cyc([n]) := cyc(n).

For each equivalence class II of matchings we are going to compare the coefficients of mg
on both sides of (4.7.2)), and show that they are equal. (Recall that we have mg, = mg o if

and only if 7 ~ 7', and in particular we have mgy # mg for II # IT'.)
The coefficient of mgr in the left hand side of (4.7.2) equals

(

(—1)xine(iD) if TN Match | 5 =0 and IT L AN B;
Clee (IT) = § —(—1)na(rlan)txing(rlz) geve if 7 € T N Match [P and T £ AN B;
0 if ITN Match [’ = 0 and IT £ AN B.

\
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Note that the case IT N Match |'i? 5 # 0, II L AN B is impossible because AN B # (.
For the second case m € I1 N Match [’ 5/, IT £ AN B, the parity of xing(r|a/) + xing(7|p)
is uniquely determined, even if 7 itself may not be uniquely determined. Indeed, any two
m,m" € I N Match ['? 5, can be obtained from each other by flipping all j € S for some
S C AN B such that 371(S) is a union of cycles of T'; (and thus a union of cycles of T's).
Clearly in this case we have xing(7|a/) + xing(7|p/) = xing(n’| 4/) + xing(7'|5').

Recall that I € &,(C) is compatible with 7 if 7 € Match(I’, [2n/]\ I'). In this case we also
say that I" is compatible with w. Note that the map [ — I’ = a(I) is injective on &,(C), and
we denote by £ (C) :={I' | I € £,(C)} C ([27?,,]) the image of this map. Thus I’ € &£/ (C) if
and only if |I'| =n' and |I' N {k,k + 1}| = 1 for all k € [2n/] such that S(k) = S(k + 1).

It is clear that the coefficient of mgy in the right hand side of is equal to

ann’

Cright(H) = S Z(_l)xing(ﬂ7

(m,J)

where the sum is over all pairs (, J) such that 7 € IT and J € &,(C) is compatible with 7.

We claim that this sum equals

(—1)xine(hgn’~1 if ITN Match |7 5 = 0 and T L AN B;
Z(_l)xing(ﬂ) — _(_1>xing(7r|A/)+xing(7r\B/)2n/_1+cyc(1'[) if 7 € I N Match ‘i‘ls’s,B’ and TI 7‘K AN B;
(m,J)

0 if ITN Match |7 5 = 0 and TT £ AN B.

Consider the first case Il N Match |7 5, = 0, Il L AN B. Let 7 be the unique element
of TI. Pick some j € AN B, and let {k,k + 1} := 571(j). For each pair {i,7} € m except
for {k, k + 1}, choose arbitrarily which of i and ¢’ belongs to J’ and which does not. There
are total 2"'~! ways to do this. For each of the 2" ~! ways, the condition Y, ; 57 = €
(mod 2) uniquely determines whether k or k + 1 must belong to J’ in order for J to belong

to £,(C) ND(B). We are done with the first case.

Consider now the third case ITN Match [f p, = 0, IT £ AN B. It follows that there is a
pair {7,7'} common to all 7 € II such that 3(i) € A\ B and §(i') € B\ A. There is also a
pair {k,k+1} = B71(j) for some j € AN B such that k and k + 1 are not connected to each

188



other in any 7 € II. Consider a map 7 : £,(C)ND(B) — &£,(C)ND(B) defined as follows.
We put y(I) = J for I,J € E,(C)ND(B) if J' =1' ® {i,7, k, k+ 1}. Let ©’ be obtained
from 7 by flipping at j. We claim that I € &,(C') N D¢(B) is compatible with 7 if and only
if v(I) € £,(C)ND(B) is compatible with 7’. Moreover, xing(n’) differs from xing(m) by
1. Thus, we have a sign-reversing involution that cancels all the terms in J)(—l)"ing(”),

proving that it is equal to 0 in the third case.

Finally, consider the second case 7 € TIN Match |7 5/, IT £ AN B. We are going to show

that
_1\xing(m) _ _ (_ 1)\xing(n| 4r)+xing(7| gs) on' —1+cyc(II)
(1) (=1) 2 .

(7, J)
Fix a matching m € II N Match [[{? 5,. We claim that for any 7’ € II, there exists e, € {0,1}
such that for all I € &,(C) compatible with 7/, we have I € D' (B), that is,

Indeed, each component of ', is a bipartite graph (a path or a cycle with an even number
of vertices) so let us color its vertices black and white in a bipartite way. It is easy to check
that I € &,(C) is compatible with 7’ if and only if for each connected component of I';/, I’
contains either all white vertices or all black vertices of this component. Let S C [2n/] be the
set of vertices of a connected component of '/, and let J € &,(C) be such that J' =1'"® S
(thus J’ is obtained from I’ by switching from white to black inside the component S). It is

straightforward to check that because 7’ is equivalent to m € Match ['{? 5/, we have
Z i= Z i (mod 2).
i€INB i€JNB

We thus define e, := )., 5 for some I € £,(C) compatible with 7/, and we have shown

that e, does not depend on the choice of I.

Next, flipping «’ at some j € AN B changes €,/ into 1 — €¢,+. Thus we have ¢, = € for
precisely half of the matchings 7’ € II, and for each such matching 7', there are 2/ €=l =

oW =408l sets J € £,(C) compatible with 7. Since IT N Match % g # 0, we have IT /. j for
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each j € AN B, and thus |II| = 2475l Therefore the total number of pairs (7, .J) such that
7 €Il and J € &,(C) ND(B) equals 2%, and for each of them, the parity of xing(7’) is

the same, because it satisfies
€x — € = xing(m) — xing(n’).
Thus in order to finish the proof, it suffices to show that
xing(7) — xing(m|a) — xing(7|p/) Z €, — € (mod 2). (4.7.5)

Let J € &,(C) be compatible with . Then by the definition of €, and ¢, we have

er—€= Y i+ Y i+1 (mod2)

i€JNB B’

Combining this with Lemma [4.7.10, Equation (4.7.5) transforms into

B2+ i= Y i+ i (mod ?2),
i€B'  ejnB = i€B
equivalently, |B'|/2 = >, ;5% (mod 2), which follows in a straightforward way since 7 €
Match |7 5/, J contains either all white or all black vertices in each connected component of
I';, and hence the contribution of each connected component to the left and right hand side
is the same. We are done with the proof of Theorem [4.7.8, which implies Theorem as

discussed previously. O

4.8 Open problems and future directions

In this section, we briefly list several questions that in our opinion would be worth exploring
further.

According to ([£.4.4), OGxo(n,2n) is a union of cells labeled by matchings 7 on [2n],
and each such cell II>° N OGxg(n, 2n) is homeomorphic to R¥*&(™) . It would be nice to

understand the topology closures of these cells. In fact, we have a conjecture, analogous
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to [Pos07, Conjecture 3.6].

Conjecture 4.8.1. The cell decomposition (4.4.4)) gives a regular CW complex structure on
OGso(n,2n). In other words, the closure of each cell IT>° N OGs¢(n, 2n), given by (4.4.5)),

is homeomorphic to a closed xing(7)-dimensional ball.

As we have already mentioned, the poset P, of cells in OG>g(n,2n) has been studied
in the context of electrical networks. In particular, it has been shown to be shellable and
Eulerian by [Lam15, [HK18], which shows that P, is the face poset of some regular CW

complex by a result of [Bj684]. This leads to our next question.

Question 4.8.2. Does there exist a natural stratification-preserving homeomorphism be-
tween the compactification F,, of the space of response matrices of planar electrical networks
(as studied in [Lam18]) and the space X,, of boundary correlation matrices of planar Ising

networks?

Recall that both spaces have cell decompositions into cells indexed by matchings on
[2n], and both spaces are homeomorphic to a closed (Z:) -dimensional ball by Theorems m
and[£.1.3] Similarly to Conjecture[d.8.1] the space E,, is believed to be a regular CW complex

with face poset P,. There are many more surprising analogies between the two spaces:

e In both cases, a planar graph yields a point in the cell corresponding to its medial

pairing.

e Two reduced planar graphs yield the same point if and only if they are connected by

the corresponding Y — A (or star-triangle) moves/[]

e In both cases, there is an embedding of the space of boundary measurements into the

totally nonnegative Grassmannian, as in Theorem and |[Lam18, Theorem 5.8]E|

4In fact, under our map G — G5, applying a Y — A move to G corresponds to applying the superurban
renewal of [KP16] to GU.

5The corresponding decorated permutations differ by a “shift by 17, i.e., if 7 : [n] — [n] is a fixed-point
free involution then Lam embeds the electrical response matrix into the cell II>? of Grso(n — 1, 2n), where
7'(#) := w(i) — 1 modulo n for all ¢ € [n]. An analogous construction in the context of the amplituhedron
of [AHT14] is related to going from the momentum space to the momentum-twistor space, where one performs
a “shift by 2”. It remains an open problem to define the amplituhedron and related objects in the context of
ABJM amplitudes. We thank Thomas Lam for pointing this out to us.
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e Both spaces can be realized as subsets of the partial flag variety G/P for a suitable
choice of G and P, see Remark [£.4.2]

e The cyclic shift inside the corresponding Grassmannian amounts to the duality oper-
ation for Ising networks as in Section [£.2.2] and for electrical networks it corresponds
to taking the dual graph and replacing each conductance by its reciprocal, as easily

follows from the results of [Lam18| Section 5.

e Adding boundary spikes and boundary edges translates into adding pairs of bridges to
the corresponding plabic graph, see Theorem [4.2.20| and [Lam18], Proposition 5.12].

Our next question is related to Remark

Problem 4.8.3. Explain rigorously the relationship between the scaling limit of planar
[sing networks at critical temperature and the unique cyclically symmetric point X, €

OG3o(n, 2n) from Section [2.2.1]

Our main result establishes a correspondence between total positivity and planar Ising
networks, and thus potentially allows to apply results and intuition from one area to an-
other. For example, asymptotic properties of plabic graphs have not yet been studied, while
asymptotic properties of planar Ising networks have rich and important well-studied struc-
ture. Similarly, the space Grso(k, n) is usually studied in the context of cluster algebras and
canonical bases of Lusztig, see e.g. [FZ02, Lus97|. For instance, Theorem expresses
Griffiths’ inequalities as positive linear sums of minors of ¢(M). But the theory of cluster
algebras gives a much larger family of rational functions of the minors that all take positive

values on Grso(k,n).

Problem 4.8.4. Give an interpretation of the values of other cluster variables in the cluster

algebra of the Grassmannian in terms of the planar Ising model.

Another direction is related to Question [4.2.23| and the discussion after it: what is the
minimal number of minors one needs to check in order to test whether a given element
X € OG(n,2n) belongs to OG>o(n,2n)? A similar question for electrical networks has been

discussed in [Kenl2, Section 4.5.3]. This question also makes sense when X belongs to a
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lower-dimensional cell inside OGso(n,2n). Note also that in the case of the Grassmannian,
collections of such minors have a very nice structure [OPS15| as they form clusters in the as-
sociated cluster algebra. It is not clear to us whether there exists a similar “cluster structure”
on OGsg(n,2n).

Finally, there has been a rich interplay between the areas of scattering amplitudes and
total positivity, giving rise to canonical differential forms on positroid cells inside Grso(k, n),
see [AHT14, IAHBC™16, [AHBLI7, (GLI8|. A similar result for electrical networks can be
found in [Kenl2l Theorem 4.13|, which gives an explicit expression for the Jacobian of a
certain natural map. In [HWXI4] Section 2.4.2], an expression for another Jacobian was
given for OGs¢(n,2n) in the context of ABJM scattering amplitudes. It would thus be
interesting to understand their Jacobian in the language of planar Ising networks, as well as

develop an analog of the amplituhedron for which OGs(n,2n) plays the role of Grso(k, n).
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